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Abstract

Two agents are engaged in a joint activity that yields a common per-
period payoff at two rounds of play. The expert announces the probability
that the current state of the world is low, instead of high, at each stage.
Having received the report of the expert, the decision-maker takes action
at every period according to his posterior beliefs. At the end of each round
of play, the true current state is verifiable. The distinctive assumption
of the paper is that the decision-maker makes a subjective appraisal of
the expert’s reliability: he considers the expert’s true forecasts as the
outcomes of an experiment of unknown statistical bias. The paper shows
that the expert will have instrumental reputational concerns, related to
the future estimate of the systematic error associated to his predictions. In
contrast with previous work, reputational concerns are shown to enhance
the credibility of the initial messages, and to increase both the agents’
expected payoff at the first round of play in equilibrium. The equilibrium
messages will be noisy, but noisiness will be less costly than it would be
in single-stage games.

Key words: opinion, expert, strategic communication

JEL codes: D81, D84

1 Introduction

Many decisions depend on trusting someone. Trust matters especially when a
decision-maker is uncertain about some event of interest and asks for advice to
someone else called expert. In order to put the advice to use, the very first
choice of the decision-maker will concern his subjective assessment of the relia-
bility that he judges to be typical of the honest opinions of the expert. Indeed,
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a decision-maker could not even approach the problem of strategic communica-
tion on the expert’s side if he did not know how to deal with straight messages.
The reliability of an honest advice may not be obvious when the expert makes
predictions and the decision-maker has little substantive knowledge of the fac-
tors affecting the uncertain event of interest. For instance, the decision-maker
may not be aware of the specific process of information extraction connecting
signals and beliefs according to the expert. In that case honest forecasts are not
reliable per se. The decision-maker may take messages as being truthful and
biased at the same time: they can report the opinion of the expert faithfully,
and still be subject to some systematic error. The repeated interaction between
a decision-maker and an expert of uncertain reliability is the concern of the
present paper.

In particular, I consider a simple model of strategic communication between
two agents, who play a two-stage cheap-talk game. The agents have the same
preferences and aim at maximizing the undiscounted sum of the single-period
payoffs of their joint activity. At every round of play the decision-maker is
uncertain about the current and binary state of nature, that is identically and
independently distributed across time. The expert is a probability assessor
and is supposed to believe in the validity of his own predictions. At every
stage the expert forms his belief and sends to the decision-maker a message.
Having received the message, the decision-maker updates his probability that the
current state is low. Then, the decision-maker takes an action that determines
the state-contingent single-period payoff, common to both the agents.

Recurring to the statistical literature on the expert problem, the distinctive
assumption of the paper is the following: the decision-maker makes a subjective
assessment of the honest forecasts of the expert. In particular, the decision-
maker takes the expert’s true beliefs as the realizations of an experiment with
an unknown parameter 1. That parameter is a measure of the systematic error
in the predictions of the expert. So the expert’s true beliefs are considered
to be the outcomes of a random variable having a probability density function
conditional on the true state and the unknown parameter n. At the initial stage
the decision-maker believes the parameter ) to be a drawing from some prior
distribution function of 1 with support in the closed unit interval of the real
line.

At the end of the first stage, both the agents observe the true current state
of nature, and the decision-maker revises his measure of the statistical bias of
the expert. At the second round the same stage game is played again with
new beliefs and a new message, action and state. The paper focuses on perfect
Bayesian equilibria. The equilibrium properties will be valued with respect to
the agents’ expected payoffs, not with respect to information transmission, since
reputation in only subjectively assessed by the decision-maker.

The paper shows that the expert will not reveal his beliefs truthfully in
equilibrium at the last round of play. At period 2 the decision-maker’s best
action will be proportional to his posterior probability that the current state
is low. Since the agents share a common single-period payoff, if they hold
a common belief that the current state is low, they will agree to the optimal



current action. However, when the decision-maker cannot rule out the possibility
of an honest expert being biased, even in the case of genuine reports, the single-
period payoff expected by the agents will be different, as well as their best
action. So at each round of play the single-period payoff expected by the expert
will decrease in the distance between his true belief and the decision-maker’s
posterior probability that the current state is low. If the decision-maker expects
honest messages, the expert will have an incentive to send dishonest messages.
Strategic communication will work in the following way: if the expert is more
confident that a high state occurs, he will announce a probability that the
current state is high greater than his true belief; if the expert is more confident
that a low state occurs, he will announce a probability that the current state
is low higher than his true belief. In other words, the expert will exaggerate
his reports in order to lead the decision-maker to believe what he believes. The
worse is the reputation of the expert in the decision-maker’s mind, the less
reactive will be the decision-maker to messages. As a result, the distortion in
the announced probability will be stronger, and the loss expected by the expert
will be higher.

At each round the expert will choose a message rule, that is a probability
density function of message m; conditional on his belief p;. The paper shows
that in equilibrium the support of the final message rules of the expert will be
a finite partition of the closed unit interval of the real line. Unlike the usual
outcomes of cheap-talk games, equilibria are proved to exist for every finite
cardinality of the equilibrium partition at period 2. The reason is that in the
present paper the main problem is the conflict of opinions between the agents:
the decision-maker will choose an action that can be higher or lower than the
expert’s unconstrained best action. That "non-monotonic" conflict between
the agents is essential in yielding the result of no finite upper bound to the
equilibrium partitions at the second stage.

In equilibrium the expert’s incentive to misreport will reduce both the agents’
final expected payoffs. At the final stage of play both the agents would be better
off if the expert could commit to some message rules the support of which were
a finite partition different from the equilibrium one. Moreover, the equilibrium
final payoff expected by the expert at the end of period 1 is shown to depend
on the final bias expected by the decision-maker. Hence, the message that the
expert chooses to send at period 1 will have both a direct effect on his expected
current payoff, and an indirect effect on his future reputation and his expected
future payoff.

The paper shows that honest initial reports cannot be supported in equilib-
rium for every equilibrium profile at the final stage of play. As far as the expert’s
final reputation is concerned, the paper shows the following. If the true state at
period 1 is low and the expert has induced the decision-maker to have a lower
probability that the initial state is low, the expert’s reputation at period 2 will
be worse than it would have occurred if he had induced a higher probability.
The opposite will obtain if the true state at period 1 is high. Moreover, if the
expert induces the decision-maker to have a low probability that the initial state
is low, his future reputation will improve with respect to the expected current



bias only if the true state at period 1 is high.

Instrumental reputational concerns at period 1 are shown to imply a trade-
off between two conflicting purposes: a) the maximization of the initial payoff
expected by the expert, and b) the minimization of the future loss expected by
the expert when his reputation falls. In equilibrium the expert’s reputational
concern at period 1 will partially offset his incentive to misreport at the first
round of play. In other words, instrumental reputational concerns will enhance
the credibility that the decision-maker can associate to the first-period messages.
Consequently, the equilibrium payoff at period 1 expected by both the agents
will be higher in repeated games than in single-stage games. In equilibrium
all the agents will gain from reputational concerns. That result is in contrast
with recent contributions showing that reputational concerns will impair the
equilibrium welfare properties.

The rest of the paper is organized as follows. In Section 2, I discuss the
related literature, and, in Section 3, I describe the assumptions and the basic
model. Section 4 is concerned with the equilibria properties at the last stage of
play. Section 5 focuses on the equilibrium reports at the first round of play. In
Section 6, I conclude. All proofs are in the Appendix.

2 Related Literature

In the economic literature professional advice is often analyzed by way of models
of asymmetric information. At least two agents are interested in the value of
some parameter or state of the world #. Only one agent, called expert, is going
to observe some new data Y. All the parties agree upon the parameter space,
the space of the realizations of Y and the conditional distribution of ¥ given
6 for all possible values of 6§ (Bayarri-DeGroot (1991)). The consensus upon
the distribution of Y conditional on the unknown parameter makes expertise a
special instance of private information to be revealed according to the rules of
strategic communication'.

In particular, the quality of information exchanged in equilibrium® is a major
concern in cheap-talk games, along the path initiated by Crawford and Sobel
(1982). Ex-ante an agent called sender has observed the value of a random
variable, that can be modelled as the sender’s type. The sender sends a message
to a receiver. The receiver takes an action that determines the welfare of both
the agents, jointly with the sender’s type. The sender is a "partisan" expert
because he is better informed than the decision-maker, and because he has
preferences over actions, typically different from the decision-maker. Messages
are not verifiable and are "cheap" because their transmission is free of any direct

2

LA different approach to the issue of professional advice is taken by the contributions
concerned with credence goods. In that case, fraud and cheating are the major problems
in the interaction between experts and consumers (for an extensive review, see Dulleck and
Kerschbamer (2006)).

2In principal-agent relationships optimal delegation can be an effective susbtitute to ineffi-
cient mechanisms inducing disclosure of private information (for instance, Demski-Sappington
(1987), Li-Suen (2004) and Alonso-Matouschek (2008)).



cost. Equilibria are shown to involve noisy messages because the expert engages
in strategic information communication. The present paper takes from Crawford
and Sobel the idea of a partisan expert: the expert’s expected payoff will depend
on the action taken by the decision-maker. However, while in Crawford and
Sobel truthful messages will be sent in equilibrium when the interests of the
agents coincide®, in the present paper noisiness will persist under solidarity in
equilibrium.

Ottaviani and Sorensen (2006a) consider a professional expert concerned
about appearing to be well informed about the current state of the world. Ex-
ante the expert knows his ability, otherwise unobservable. During the game
only the expert observes a private signal generated by a multiplicative linear
experiment. In such experiment the ability of the expert is the measure of the
amount of information that is encoded in the signal. After observing the signal,
the expert is free to publicly report any message. At the end of the period an
evaluator combines the message from the expert with the ex-post realization of
the state to update the belief regarding the ability of the expert. That posterior
belief is the reputation of the expert that determines his final payoff. So the
correspondent cheap-talk game is static and the expert is perfectly indifferent to
the current use of his report. The expert’s reputational concern is shown to be
incompatible with truthful messages in equilibrium. In particular, if the prior is
already concentrated on any particular state, the expert will always wish to bias
his report in the same direction. The present paper shares with Ottaviani and
Sorensen the idea that reputational concerns can matter; however, the concern
for reputation will descend endogenously from the expert’s desire to be believed
in his repeated interaction with the decision-maker?.

Credibility in repeated rounds of information transmission is analyzed by
Sobel (1985) for a case in which the receiver must decide whether to trust the
sender, whose motives are uncertain. If the sender is a friend, he will share the
same preferences of the receiver; if he is an enemy, his best action will be the
opposite of the decision-maker’s best action. Sender and receiver interact for
a finite number of times. At the beginning of every stage, the agents observe
a random variable that measures the importance of that current round. Only
the sender observes the value of a binary random variable, that is indepen-
dently and identically distributed across time. Then the sender sends a message
to the receiver, who takes a decision affecting the welfare of both the agents.
The players maximize the undiscounted sum of their single-period payoffs. The
agents’ single-period payoff depends on the distance between action and signal.
The sender’s best action will be the signal if he is a friend, while it will be
the opposite of the signal if he is an enemy. Repeated interaction between the
agents, coupled with verifiable information at the end of each period of inter-
action, is shown to make it worthwhile for the receiver to build a reputation

3Crawford and Sobel show that the amount of information revealed in equilibrium will
increase as the preferences of the sender and the receiver become more aligned.

4 Contributions concerned with either the relative evaluation of many esperts (Ottaviani-
Sorensen (2006b, 2006¢), Scharfstein-Stein (1990)) or multiple signals about the same state
of the world (Li (2007), Prendergast-Stole (1996)) are less closely related to this paper.



for truthfulness®. In equilibrium the sender typically conveys accurate informa-
tion for the first several periods. An enemy will eventually take advantage of
the receiver by misleading him and losing all opportunities for deception in the
future. The present paper shares with Sobel the idea of a repeated interaction
between expert and decision-maker, both interested in the maximization of the
undiscounted sum of the single-period payoffs. However, the uncertainty about
the expert’s preferences is replaced by the decision-maker’s uncertainty about
the expert’s ability as a probability assessor. Moreover I will consider two-stage
games only.

In S. Morris (2001) an informed advisor wishes to convey his valuable infor-
mation to an uninformed decision-maker in a two-stage cheap-talk game. The
decision-maker believes that the advisor may have preferences different from his
own, biased in favor of particular decisions. At every round, the advisor observes
a noisy signal of the current and binary state of the world, and sends a message
to the decision-maker. Having received the message, the decision-maker takes
an action from a continuum, affecting the welfare of both the agents. At the
end of the period the state is verified and the decision-maker updates his be-
liefs about the advisor’s preferences, given his message and the true state of the
world at the first period. Then the game is played again, with the same advisor
but a new state, signal, message and action. Here the advisor has no intrinsic
reputational concerns as in Ottaviani and Sorensen, but he has instrumental
reputational concerns, that arise exclusively from his desire to have his unbi-
ased advice listened to in the future. Morris shows that the advisor will have a
reputational incentive to lie at the first stage, if he does not wish to be mistaken
for a biased expert. So, when reputational concerns are sufficiently important
relatively to the current decision problem, no information will be conveyed in
equilibrium at the first period. The present paper shares with Morris the idea
that an expert cares about his reputation instrumentally. Once again, the as-
sumption of a conflict of interest between the agents is replaced by different
opinions over the probability that a particular state is realized.

While the economic contributions are mostly concerned with the strategic
reporting of predictions, it is the use of predictions that is paid particular atten-
tion by the statistical literature. French (1986) summarizes the expert problem
in the following way: a decision-maker needs to assess his subjectivity prob-
ability for an event 6 of interest; having little substantive knowledge of the
factors affecting 0, the decision-maker asks another person for advice. An ex-
pert is anyone who can give predictions, i.e. anyone who can make probability
statements, called judgments or opinions, concerning the event of interest. The
problem is: how should the decision-maker incorporate the honest opinion of
an expert into his own? P.A. Morris (1974, 1977), Lindley et al. (1979), and
French (1980) suggest a Bayesian modeling approach to the use of expertsS.
The decision-maker should look upon the true opinion of the expert as a piece
of data: consulting an expert is like performing an experiment, and just as

5Honesty in informal communication is further analysed by Olszewski (2004).
6Related works are Morris (1983) and Genest-Schervish (1985).



the results of an experiment are a priori unknown to the experimenter, so the
advice of the expert is uncertain to the decision-maker prior to receiving it. Ac-
cording to P.A. Morris (1974), the model of the expert in the decision-maker’s
mind is a likelihood function [ (p () | #), that represents the probability of the
event that the expert’s prior is p (0) given 6 (not the probability of a probabil-
ity in the classical sense)”. The likelihood function I (p (#) | #) summarizes the
decision-maker’s subjective measure of the expert’s reliability®. Consequently, a
distinction is required between the meaning of an honest probability assessment
to the decision maker and the expert himself: the expert looks at his probability
assessment as the reflection of his own information, the decision-maker takes the
expert’s true opinion as information itself. The present paper borrows from the
statistical literature the idea that the decision-maker has his own model of the
true opinions of the expert. Further, it makes an attempt to reconcile it with
strategic behavior on the expert’s side, that is typical of the economic literature.

The role of probability assessor played by the expert in the present paper
is quite close to the spirit of Harris and Raviv (1993). They consider a popu-
lation of agents who receive public information but interpret that information
differently. That is, it is common knowledge that people have different opin-
ions and believe in the validity of their own judgements. In the present paper,
differences of opinions in the population of experts are not analyzed, but they
can be consistent with a decision-maker who can only appraise subjectively how
much reliable the forecasts of an expert are, when that expert is drawn from a
population of opinionated agents.

Finally, the issue of trust between decision-maker and expert can be related
to the issue of leadership. In Hermalin (1998) leadership is distinguished from
authority because following a leader is a voluntary, rather than coerced, ac-
tivity of the followers. In particular, in Hermalin leadership is the capacity of
the leader to induce rational agents to exert effort when the leader can have
incentives to mislead them. But leadership can spring also from the high regard
into which subordinates take the competence of a manager. When subordinates
receive instructions beyond their scope of direct observation or understanding,
they will face the same situation of a decision-maker weighting the opinion of
an expert. In this sense, while the theory of yes-men of Prendergast (1993) is

"Morris (1974, p.1238):

Suppose a decision maker is considering the weather to determine the
prospects for a picnic. His view is that there is a 50-50 chance of rain....While he
is waiting for the weather report he ponders how he will use the weatherman’s
advice. He first reason that the weatherman will state a probability of rain p...
The decision maker ... makes a subjective appraisal of the dependence between
the expert’s advice and the actual weather. Specifically, he asks himself what his
assessment of p would be if an honest clairvoyant told him that it will surely rain
on his picnic...For any given value of p he can calculate the posterior probability
of rain...

8 According to Lindley (1982), an expert is probability calibrated if the decision maker
adopts the expert’s opinion for his own. Other concepts of calibration are discussed by
DeGroot-Fienberg (1983).



concerned with the reliability that a manager expects to characterize the re-
ports from his subordinates, a complementary issue can regard the reliability
that subordinates expect to characterize the guidelines issued by their manager.

3 Set-up

For two periods a decision-maker and an expert, denoted by D and E respec-
tively, are engaged in a joint activity. That joint activity yields a common payoff
at every period. The payoff at period ¢ depends on the state of the world at
period t, denoted by wy, and the action chosen at period ¢, denoted by a;. Both
agents aim at maximizing the undiscounted sum of the per-period payoffs of
their joint activity.

At every period the state of the world can be either —1 (low state) or 1 (high
state). At every period the feasible action set A is the closed interval [—1,1] of
the real line. The common payoff function at period ¢, denoted by 7 (wy, at), is
the quadratic loss function, i.e.:

Tt (wt,at) = *(wt *at)z (1)

Then a best action is always implementable for every expected current payoff.

At the beginning of every period the expert makes an assessment of the
probability that the current state is low. Let p; denote the expert’s true belief
that wy is low, with p; in the closed unit interval of the real line, denoted by
1. During period ¢ the expert sends a message, denoted by my, to the decision-
maker. Every message m; belongs to I and can be interpreted as the expert’s
announced probability that the current state is low. Having received my, the
decision-maker updates his probability that w; is low, and chooses the current
action a;.

The beliefs of the expert are assumed to satisfy the following conditions®:
a) a belief p; is formed at period ¢ before any message m; is sent; b) if the
expert has belief p;, p; will represent his degree of confidence in the event "wy
is low", i.e. the expert believes p; to be unbiased; and c) at period (¢t — 1) the
expert expects that in the future he can have any belief p; in I with positive
probability. For simplicity, it is assumed that the prior joint probability density
function (p.d.f.) of p; and ps is represented by [f (p)]z, where f (p) is the uniform
p.d.f.. Hence, the final beliefs of the expert are stochastically independent from
his initial beliefs.

The decision-maker believes that each state occurs with equal prior prob-
ability, and that the states are stochastically independent across time. The
decision-maker considers the true beliefs of the expert as the realizations of an
experiment with an unknown parameter labelled 7. In particular, the decision-
maker considers the true belief p; of the expert as the outcome of the random
variable P; in the sample space I, having a p.d.f. conditional on the true state

9The process by which the expert comes to have his beliefs is not modelled. The main
reasons are the following: a) different experts may have different opinions, and b) the decision-
maker is unaware of the inferences that an expert can make.



and the unknown parameter 1. Moreover, the decision-maker believes that the
true beliefs of the expert at different times form a random sample: provided the
true states wy and ws are equal to w, the true beliefs P; and P, are i.i.d. with
common likelihood function I (p | w,n).

The parameter 7 is assumed to belong to the closed unit interval of the real
line. The likelihood functions related to the lowest and the highest parameters
are the following;:

Ipl-1,00 = 2p=1(1-p|1,0) Vpel (2)
l(p|—1,1) = 1:l(p|171) vpe]

When 7 is zero, the likelihood of p, conditional on a low (high) state, is lin-
early increasing (decreasing) in p. When 7 is the highest, the likelihood of p
conditional on state w is uniform. For every parameter 7 in (0, 1) the likelihood
function [ (p | w,n) is assumed to be the following:

Lplwn) =0=-nlp|lw0)+np|lwl) w=-11 (3)

i.e. the likelihood function [ (p | w,n) is a linear mixture of the experiments
characterized by the extreme values that n can take. The parameter 7 is a
measure of statistical bias for the following reason. Let u (—1 | p,n) denote the
decision-maker’s posterior probability that w is low conditional on p and 7, i.e.:

I(p|—1,n)
pl=Ln)+1l(p|1mn)

That is, u(—1|p,n) would be the decision-maker’s posterior belief that the
current state is low, if messages could not be other than honest, and if the
decision-maker believed that the expert’s forecasts were characterized by pa-
rameter 7 with certainty. From (2)-(3), if n; > n;, then | p —u(=1|p,n;)| <
}p —u (71 | p, nj)| for every p in I. In other words, the lower is 7, the smaller
will be the distance between the decision-maker’s posterior beliefs and the ex-
pert’s true beliefs. The higher is 7, the greater will be the correction deemed to
be right by the decision-maker over the expert’s forecasts. The decision-maker
would adopt the honest opinions of the expert for his own if he were certain
that 7 is equal to 0 (i.e. the expert is reputed to be perfectly calibrated). The
decision-maker would be indifferent to the expert’s reports if he were certain
that the expert is perfectly unreliable (i.e. 7 = 1). It follows that the parame-
ter n measures the systematic error that affects the true beliefs of the expert
according to the decision-maker.

To sum up, the uncertainty of the decision-maker is substantial for two
reasons. First, the decision-maker cannot be more uncertain about the current
state than at the beginning of every period, since his prior probability that
the current state is low is 0.5. Second, the decision-maker looks at the expert
as a source of forecasts with a systematic and unknown error represented by
the parameter 7. At the initial period the decision-maker believes the expert’s
parameter 7 to be a drawing from the distribution function (d.f.) G of n, with

U(*llp,n):l( (4)



corresponding generalized probability density function'® (g.p.d.f.) g1 of n on
I. Tt is assumed that under the g.p.d.f. g; of n both the expected value of 7,
denoted by 7, and the variance of 7, denoted by o2, exist. The support of
g1 (), denoted by Hj, is assumed to be non-singular in (0,1] !'. After action
a1 has been implemented, both the common payoff and the state at period 1
are realized and publicly observed. Then the game is played again by the same
agents with new predictions and a new state, a new message, a new g.p.d.f. of
n and a new action.

All aspects of the game except (p1,p2) are common knowledge. The game
solution concept is that of Perfect Bayesian Equilibria.

4 Message Rule for One Period Ahead

I begin the analysis with a discussion of the last stage. Let go (1) be the short
notation for the g.p.d.f. of n conditional on w; and my, with support denoted
by H> and corresponding expected bias denoted by 7m,. The expert will choose
a period-2 message rule that is a g.p.d.f. of ms conditional on his true belief ps,
denoted by ju(my | p2), with [; u(ms | p2)dma = 1. Let 3 (my | p2) denote the
decision-maker’s period-2 belief that the expert announces ms, conditional on
p2, with [, ; B(ma | p2)dma = 1. Finally, let v (m2) denote the decision-maker’s
period-2 posterior probability that ws is low, conditional on message mo, i.e.:

- sz [y U(p2 | =1,m) B (m2 | p2) g2 (n) dp2dn
S [ 2 [ =1m) + L (p2 | 1,0)] B (ma | p2) g2 (n) dpadn

v (ma)

For brevity, sometimes I will call v (ms) the decision-maker’s induced posterior
belief, meaning that it is the posterior probability that ws is low to which
the decision-maker is lead by the expert sending mo. The decision-maker will
choose a period-2 action rule that is a g.p.d.f. of ay conditional on ms, denoted
by a(az | mg), with [, a(ag | ma)day = 1.

In equilibrium:

a) if fi(mh | p2) > 0, then mb solves mazy, Eg |72 (w2, & (az | m2)) | pa),
where Eg [m2 () | p2] denotes the payoff at period 2 expected by the expert
having belief po;

b) if &(af | ma) > 0, then af solves mazq, Ep [r2 (w2,a2) | U (ms2)] where
Ep[ma(-) | 7(ms2)] denotes the payoff at period 2 expected by the decision-
maker who has received message mo; B

c) if [} fi(my | p2)dpz > 0, then fi(mj | p2) = B(mj | p2) for every ps.

Conditions a) and b) describe a Nash Bayesian equilibrium at period 2.
Condition c) says that the decision-maker’s period-2 beliefs {5 (mz | p2)}, and,
consequently, his posterior probabilities {v (ms)} are to be consistent with the
expert’s period-2 message rules in equilibrium.

10The adjective "generalized" is used in order to deal with a d.f. of 5 that can be a discrite
distribution, a continuous distribution or a mixture of the two.
11 Otherwise the d.f. of 7 could be degenerate.
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The following Proposition shows that the decision-maker will never adopt
mixed strategies at period 2. Moreover, the expert will not report his true beliefs
in equilibrium at the final stage of play.

Proposition 1 : the decision-maker’s best action ds conditional on mo is a
strictly monotonic function of v (-). Provided Tj, € (0,1), truthtelling will never
be the expert’s period-2 equilibrium message rule.

Truthtelling cannot be supported in equilibrium at period 2 for the following
reason. The decision-maker’s best final action depends on his posterior probabil-
ity that the current state is low. When the decision-maker expects the expert to
be honest but biased, the decision-maker’s induced posterior belief will typically
be different from the belief of that honest expert. If the agents show different
degrees of confidence in the event "the current state is low", they will disagree
about the expected single-period payoff, and the best action to implement. Con-
sequently, the single-period payoff expected by the expert will be decreasing in
the distance between his true belief and the decision-maker’s induced posterior
belief. In other words, the expert will have an interest in leading the decision-
maker to believe what he believes. When the decision-maker conjectures that
the messages are honest, the expert will misreport in order to squeeze the gap
between his true belief and the decision-maker induced posterior belief.

In particular, misreporting will work in the following direction: if the ex-
pert believes that a high state is more likely (i.e. ps > 0.5), he will send a
message mo higher than po; instead, if the expert is confident that a low state
will occur, he will announce a probability ms lower than ps. In other words, if
the decision-maker believes that the reports are honest, the expert will exagger-
ate his announcements in order to make the decision-maker’s induced posterior
probability closer to his true belief. Moreover, given two distribution functions
of n, G4 and GY, if the d.f. G5 dominates the d.f. G4 in the sense of first order
stochastic dominance, then the decision-maker’s induced posterior beliefs will
be less reactive to the messages sent by the expert under the d.f. G% than under
the d.f. GY. As a result, the worse is the reputation of the expert, measured
by the bias expected by the decision-maker, the stronger will be the intensity
of misreporting.

From Proposition 1 the decision-maker’s posterior probability v (ms) can-
not be a continuous function of mo in equilibrium at the final stage of play.
Now, in order to characterize period-2 equilibria with non-continuous posterior
probabilities {v (mz2)}, I need to proceed in the following way:

1) fix a g.p.d.f. g2 of n and a system of period-2 beliefs {3 (mz | p2)} of the
decision-maker that generate ny different posterior probabilities {v (m3)}. Let
Vi, denote the correspondent ordered set of period-2 posterior probabilities, i.e.
Vo ={vi | vi—1) <vi <visn}

2) Once a set V,, has been specified, let P (V},,) denote the set of the elements
{Y;} defined in the following way:

Yi=A{p2 [ |p2 —vil <Ip2—vj| Vvj € Vo, \vi} (6)
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By construction, UY; = I. From the proof of Proposition 1, if po belongs to Y;,
then the payoff at period-2 expected by the expert with belief ps from inducing
v; will not be lower than the payoff at period-2 expected by the same agent
from inducing any other v; (i.e. Eg[ma (w2,a(v;)) — 72 (w2,a(v;)) | p2] > 0
for every v; € Vp,,\v; if po € Y;, where @ (v;) stands for the decision-maker’s
best final action conditional on message mo inducing v;).

The following Proposition shows that equilibria at the final stage of play
always exist. In particular:

Proposition 2 :
a) provided T, € [0,1), for every integer ny there will be a unique period-2

equilibrium set \7n2 and a unique equilibrium set P (‘7712)7 that is a partition

with no elements, thereby simply denoted by ]an. For every ng > 1, both ‘7n2
and ]5n2 will be symmetric around 0.5. ‘7”2 will be a function of My if ng > 1,
while ]5n2 will be a function of My if ne > 2.

b) Provided Tjy = 1, there will be a unique period-2 equilibrium set Y~/1 and a
unique equilibrium set P (‘71) with \71 =0.5 and P (\71) =1.

Proposition 2 shows that the equilibria at the final stage of play are parti-
tional, similarly to the result of Crawford and Sobel (1982). Since the expert
believes in the validity of his own forecast, his reports will depend on his true be-
liefs only. In equilibrium every posterior probability v; in V,,, can be computed
as if the expert chose a uniform message rule for every interval in the equilibrium
partition. The equilibrium sets V,,, and F,, with more than one element are
shown to be symmetric around 0.5. Moreover, given an interval Y; = =
that belongs to the equilibrium partition ]3”2’ its size (i.e. (37Z — Yi—1y)) will
be constant for every i only if the expert is reputed to be perfectly reliable.
Otherwise, the size of each interval Y; in P,,will be decreasing in ¢ from 1 to
. Consequently, both the equilibrium sets ‘7”2 and 13”2 will be function of the
bias expected by the decision-maker at the final stage of play.

Unlike the usual outcomes of cheap-talk games, Proposition 2 shows that an
equilibrium partition with cardinality ns exists and is unique for every finite ns,
as long as the decision-maker does not expect the expert to be totally unreliable
(i.e. the g.p.d.f. go (n) is not degenerate on 1).The existence of an equilibrium
partition for every finite cardinality ns is due to the following reason. The action
that the expert would freely choose (his unconstrained best action), and the
action that the expert both prefers and can actually induce the decision-maker to
make are usually different. That difference between the expert’s best action and
the expert’s preferred action within the decision-maker’s best actions at period
2 has not always the same sign in the present paper, as it occurs in Crawford
and Sobel instead. Cheap-talk games are often marked by some "monotonic"
conflict of interest between the agents: for every state of the world the expert’s
unconstrained best action is always higher or lower than the decision-maker’s
best action. In the present paper the problem lies with a conflict of opinions
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between the agents: the decision-maker will choose an action that can be higher
or lower than the expert’s unconstrained best action. That feature is essential in
yielding the result of no finite upper bound to the equilibrium partitions at the
second stage, in contrast with the outcomes of cheap-talk games a la Crawford
and Sobel.

Since an equilibrium exists for every finite cardinality ns, the higher is the
number of messages to which the decision-maker associates a different posterior
probability that the current state is low, the finer will be the equilibrium parti-
tion at period 2. Thus, provided the expert is reputed to have some reliability at
period 2 (i.e. 5 < 1), multiple equilibria will prevail at period 2. Instead, if the
expert is reputed to be totally unreliable (i.e. 7, = 1), the unique equilibrium
will be the babbling equilibrium.

The following Corollary leads to show that at the end of period 1, fixed
the cardinality of the partition supporting the expert’s message rules, the final
payoffs expected by both the agents in equilibrium will never be the highest, if
ng > 2 and 7, € (0,1). That is:

Corollary 1 : let E;[mo (Vy,, P (Vy,))] denote the payoff at period 2 expected
by agent i at the end of period 1 when P (V,,,) is a partition with cardinality ne
and each v; in V,, is consistent with a uniform message rule for every interval
in P (Vy,). Provided 7y € [0,1), E; [m2 (Va,, P (Vp,))] will be mazimized if the
size of every Y; is equal to i

Proposition 2 and Corollary 1 show that at the final stage of play both the
agents would be better off if the expert could commit to message rules different
from the equilibrium ones, notwithstanding a partition with no elements. In
other words, in equilibrium the expert’s incentive to misreport will reduce both
the agents’ expected final payoffs.

Let Ry, denote the unique couple of the equilibrium sets Vn2 and Pn2
Period-2 equilibria characterized by Rn2 can be distinguished only with respect
to the decision-maker’s beliefs {8 (m | p1)} for messages that are never sent by
the expert in equilibrium. The following Corollary is concerned with the rela-
tionship between the bias expected by the decision-maker at period 2 and the
payoff at the final stage expected by the expert at an equilibrium characterized
by Rn,

Corollary 2 : at the end of period 1, the future payoff expected by the expert
at every non-babbling equilibrium is strictly decreasing and concave in 7;.

Corollary 2 shows that, if ny is greater than 2, the higher is the decision-
maker’s expected bias at period 2, the greater will be the size of Y7 and Y;,, in the
equilibrium partition Pn2 , while the the size of all the other intervals will squeeze.
As a consequence, every interval Yi in the equilibrium partition Pn2 with 7 #£
{1, ns}, will shift towards 0.5 as the reputation of the expert deteriorates. The
reason is that the expert’s incentive to induce the lowest or the highest posterior
beliefs, v1 or vy, , will increase with the decision-maker’s expected bias at period
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2. At the end of period 1, the future payoff expected by the expert at every
non-babbling final equilibrium will decrease with the expected distance between
his true belief and the decision-maker’s induced posterior probability that ws is
low. Hence, the equilibrium future payoff expected by the expert at the end of
period 1 will increase if his reputation improves (i.e. 7, gets lower than 7).
Since in correspondence to every non-babbling equilibrium at period 2 the
expert’s expected payoff depends on 7, ultimately, the expert will have an instru-
mental reputational concern at period 1. The message that the expert chooses
to send at period 1 will have both a direct effect on his expected current payoff,
and an indirect effect on his expected future payoff. The direct effect comes
from message m, bringing the decision-maker to choose a particular current ac-
tion. The indirect effect comes from message m; causing a positive or negative
change in the expert’s reputation, relevant for the second round of play.

5 Message Rules for Two Periods Ahead

The expert will choose a period-1 message rule that is a g.p.d.f. of my condi-
tional on his true belief py, denoted by u(m; | p1), with f[ wimy | p1)dmy = 1.
Let 8 (m1 | p1) denote the decision-maker’s period-1 belief that the expert an-
nounces my, conditional on py, with [, B(m1 | p1)dmi = 1. Let g5 (1 | w1, my)
denote the decision-maker’s posterior g.p.d.f of 1 at period 2, conditional on wy
and mq, and consistent with 8 (my | p1), i.e.:

Jr U1 [ m,w1) B (ma | p1) g1 (n) dpy

Bl ) = g o T B mr [ st dpudy

with corresponding expected bias denoted by 7§ (w1, m1). Finally, let A (mq)
denote the decision-maker’s period-1 posterior probability that w; is low, con-
ditional on message my, i.e.:

A ma) Jor, JiUou | =1,m) B(ma [ p1) g1 (n) dprdn ®)
1 =

Jer, LU | =1m) +1(pa [ 1,m)] B (ma [ p1) g1 (n) dprdn
The decision-maker will choose a period-1 action rule that is a g.p.d.f. of a;
conditional on m1, denoted by a (a1 | my), with [, a(ay | m1)da; = 1.

From Proposition 2 and Corollary 2, a final equilibrium can depend on the
bias expected by the decision-maker at period 2. I underline that dependence
with the notation R, (775 (w1, m1)). I restrict attention to profiles of period-2
equilibria characterized by cardinality no whatever the realized state at period

1, i.e. ﬁ;m (mq) = {EM (@5 (=1, mq)) ,EM (75 (1,m1))}. Let RS denote the

M2

set of the equilibrium profiles {ﬁ;m (ml)}. In equilibrium:

a)if p(m) | p1) > 0, then m/ solves maz,,, Eg [m (wy,a(ar | my)) + o (E‘;z (m1)> | pl},
where Fg [m1 (+) + 72 (+) | p1] denotes the sum of the payoffs expected by the ex-

pert who has belief p; and sends message m1, when the equilibrium final profile
is Rfu (mq);
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b) if &(a) | m1) > 0, then a] solves maz,, Ep [71'1 (w1,a1) + o (wa (ml)) | A (ml)},
where Ep [m1 (+) + w2 (+) | A (m1)] denotes the sum of the payoffs expected by the
decision-maker who has received message m1, when the equilibrium final profile
iS R’l(fLQ (ml);

c) if [, i(m4 | p1)dpr > 0, then fi(m] | p1) = B(mf | p1) for every pi.

Conditions a) and b) describe a Nash Bayesian equilibrium at period 1.
Condition c) says that the decision-maker’s period-1 beliefs {5 (m1 | p1)} are to
be consistent with the expert’s period-1 message rules in equilibrium. It fol-

lows that the equilibrium posterior probabilities {)\ (ml)} and the equilibrium

posterior distribution functions {ég | wi, ml)} need be consistent with the

expert’s equilibrium initial message rules as well.

The following Lemma shows that the decision-maker will not adopt mixed
strategies even at period 1. Moreover, truthtelling at the first stage of play
cannot not be supported in equilibrium.

Lemma 1 : the decision-maker’s best action a1 conditional on my is a strictly
monotonic function of A(-). Truthtelling will never be the expert’s period-1
equiltbrium message rule.

Lemma 1 shows that at period 1 the decision-maker’s best actions will be
strictly decreasing in his posterior probability that the state at period 1 is low.
Moreover, the decision-maker’s best initial actions are independent from the
equilibrium partition at the final stage of play. Indeed, it is the expert’s future
reputation that links his expected payoff at period 1 with the his expected future
payoff, but the expert’s future reputation is independent from the decision-
maker’s initial action. Moreover, Lemma 1 shows that honest reports at period
1 cannot be supported in equilibrium for every equilibrium profile at the final
stage of play.

In order to characterize equilibria with non-continuous initial action rules, I
need to proceed in the following way. Fix a system of period-1 beliefs {3 (m1 | p1)}
of the decision-maker, that generates n; different posterior probabilities {\ (m1)}.
Let L,, denote the correspondent ordered set of period-1 posterior probabilities,
ie: Ly, = {)\i | A=) < A < >‘(i+1)}~ The following Lemma shows that the
decision maker will expect the same bias at period 2 in correspondence to all
the different messages at period 1 that induce an equal posterior probability at
period 1, i.e.:

Lemma 2 : if A(m)) = A(mY), then 7§ (w1, m)) = 75 (w1, mY) for every wy.
If A(my) > X(my), then 75 (1,my) > 75 (1,m{) and 75 (=1, m}) <75 (=1, m7)

Lemma 2 shows that there is a correspondence between the cardinality of
the set of the initial posterior probabilities {);} and the cardinality of the sets
of the final expected biases. In other words, given L,,, there will be ny dif-
ferent expected biases at period 2, conditional on each realized state wi. Let
75 (w1,1) denote the expected final bias conditional on wy and any message m1
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inducing \;. Let ﬁfm () denote the period-2 equilibrium profile with cardinality
ny that would prevail if a message m; inducing \; were sent at period 1 (i.e.

R¢ , (1) = {E @5 (=1,4)) , Ry, (775 (1,2))}) Given a set L,, and the corre-

sponding equilibrium set an, let @ (Lnl fi;m) denote the set of the elements

{Q;} defined in the following way:

w1 (w1, () + 7o (R (75 (w1, ))) +

—m1 (w1, a1 (Aj)) — 2 (Rm 75 (w1, )
VA € L \\s

E >0
Q; = pi | EE | p1

(9)
where a7 (\;) stands for the decision-maker’s best initial action conditional on
message m1 inducing );. If p; belongs to Q; in (9), then the sum of the payoffs
expected by the expert with belief p; from inducing A; will not be lower than
the sum of the payoffs expected by the expert from inducing any other A;. By
construction, UQ; = I.

Finally, given the same set L, , let Q' (L,,) denote the set of the elements
{Q}} defined in the following way:

1 1] Eplm (wi, a1 (A)) — 1 (wi,a1 (A) =0 pa
@ = {p VA € L \As g } (10)

The set Q! (L,,,) would be relevant if the agents played a single-stage game.
The following Lemma shows that in equilibrium the set @ (Em,ﬁgQ) can

be a partition with n; elements.

Lemma 3 : giveni < j, if Q; and Q; are non-empty elements of Q (L Re ),

mn2

then any p1 in Q; cannot be higher than any p1 in Q5.

From Lemma 3, if the set <Ln1 , RfL 2) is a partition with n; elements, then

every A; in Ly, will be induced with positive probability, and vice versa. Let

gm <f~{ > denote the equilibrium couple { ny, @ (Lm , RC > }, where ) (Em , R¢

is a partition with finite cardinality n;. From Proposition 2 there will be a
unique equilibrium couple {f}“,éil }, denoted by ASV}“ The following Propo-
sition shows that instrumental reputational concerns will never make the equi-
librium initial payoffs expected ex-ante by the agents decrease.

Proposition 3 :
a) E; [7‘(‘1 (gm (ﬁfm))} =F, [7‘(‘1 (g}n)] for every i = E,D ifny <2
and/or ng = 1;

b) E; [m (S (RfQ))} E; [7r1 <§}“>} for every i = E,D ifn; > 2 and

ng > 1.

16

)



Proposition 3 is concerned with equilibria characterized by an equilibrium

set @ (Ln1 , an) that is partition with the same cardinality of the equilibrium
set Ln1 In that case every Ql in Q (Ln1 , an) is a proper interval [ (i—1)s qz]

Moreover, both the equilibrium sets Ln1 and @ (Lm,RfLJ will be symmet-

ric around 0.5. Proposition 3 shows that in equilibrium the posterior distri-
bution functions of 7 can be ordered according to the criterion of first order
statistical dominance. That is, the d.f. G (n|—1,7) will dominate the d.f.
G°(n| —1,(i+1)). Hence, if the true state at period 1 is low and the expert
induces Xz-, his reputation at period 2 will be worse than it would have occurred
if he had induced A(;11). The opposite will obtain if the true state at period
1 is high. Moreover, if ¢; < 0.5, the d.f. G¢ (n ] —1,7) will dominate the d.f.
Ge (n]1,4). In that case, if the expert induces Xi, his future reputation will
improve with respect to the expected current bias if the true state at period 1
is high.

_ When the difference in the expert’s expected current payoff if he induces
A; instead of A(;41) is positive, I will call that difference the expert’s expected

current advantage from );. Analogously, when the difference in the expert’s
expected future payoff if he induces A(;y1) instead of A; is positive, I will call

that difference the expert’s expected future advantage from X(Hl). When p;

belongs to @l and g; < 0.5, then the expert’s expected current advantage from
Ai; will never be lower than the difference in the expert’s expected future payoff
if he induces \ (i+1) instead of )\ When p; = ¢;, the expert’s expected current

advantage from )\ will be equal to the expert’s expected future advantage from
A(i+1)- It means that in equilibrium, when p; belongs to Q; and ¢; < 0.5, the
expert’s reputational concern at period 1 will reduce his incentive to announce
an exaggeratingly low probability that the current state is low. Instead, when
p1 belongs to @; and g; > 0.5, then the expert’s expected future advantage from
A; will never be lower than the difference in the expert’s expected current payoff
if he induces A(;41) instead of \;. When p; = ¢;, the expert’s expected future

advantage from XZ- will be equal to the expert’s expected current advantage from
A(i+1)- It means that in equilibrium, when p; belongs to @; and g; > 0.5, the
expert’s reputational concern at period 1 will partially offset his incentive to
misreport an exaggeratingly high probability that the current state is low. So,
reputational concerns at period 1 will imply a trade-off between two conflicting
purposes:

1) on one side, the current payoff expected by the expert will increase as
the gap between the expert’s current belief and the decision-maker’s posterior
belief at period 1 shrinks. That argument would result in noisy current messages,
inflated towards the tails of the distribution.

2) On the other side, the more extreme are the initial announcements of the
expert, the higher will be his expected future loss driven by a reduced reputation,
when he is sufficiently uncertain about the current state.
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Proposition 3 shows that the higher is the variance of n at period 1, the
stronger will be the impact of reputational concerns at period 1 in equilibrium.

So the intervals in @ <zn1,ﬁfm> will be distributed more evenly than the in-

tervals in @}Ll From Corollary 1, the initial payoffs expected ex-ante by both
the agents will be maximized if all the intervals in the initial partition have
the same size. It follows that reputational concerns at period 1 can improve
the equilibrium payoff at period 1 expected by both the agents. To sum up,
repeated interaction will make the expert concerned with his future reputation.
As a result, messages at period 1 will be less noisy than they would be in a
single-stage game. All the agents will gain from reputational concerns.

6 Conclusions

The paper is concerned with the repeated interaction between a decision-maker
and an expert of uncertain reliability. The distinctive assumption of the paper
is that the decision-maker makes a subjective assessment of the bias affecting
the true opinions of the expert. The distinctive result of the paper is that
reputational concerns at the first stage will increase the credibility of the initial
messages. Thereby reputational concerns will improve the equilibrium welfare
properties at the initial round of play.
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8 Appendix

Proof. of Proposition 1
From (1):

argmax Ep 13 (wa, az) [ v (m2)] = [1 = 20 (m2)] (11)
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Let @z (v (mg2)) denote the function mapping agent D’s period-2 posterior prob-
ability into his best current action. Hence, if v (mf) < v (mj), then as (v (mj5))
> @y (v (mh)).

Since (1 — 2pg) = argmaxy Eg [r2 (w2, a2) | p2], then, from (11), agent E’s
best choice at the final period, conditional on ps, will be the announcement of
a message m/, that solves min,,, |ps — v (ma)].

Suppose that agent D believes that agent E will report his true belief at
period 2. In that case, agent D’s period-2 beliefs will be such that:

1 if P2 = Mo

B (mz | p2) = 0 otherwise 12

Let v (mg) denote agent D’s period-2 posterior probability that wo is low, under
the system of beliefs in (12).
a) Suppose 7, € (0,1). From (5):

1>0(my)>0(mb) >0  YmY,mh:ml >m) (13)

and © (s) is invertible. From (3):
) Lp" | =1m) _ 1@ [ —1,m,)
L | =Lmy) = L@ | =Lm;)
) (L=m2) [y, L(ma | =1,m) g2 (n) dn > ma [y, L(ma | 1,n) g2 (1) dn if ma €
[0,0.5).
The last inequality will be reversed if my € (0.5,1]. So © (my) will be greater
than mg if mg € [0,0.5), and it will be lower than mg if mg € (0.5,1]. Then,

)pz — 0 (mg)| will be:

if m; <n; andp” >p'

S *

strictly increasing in mq if pa < v (0),
(0),5(1)],
strictly decreasing in mg if p2 > v (1).

)

-) zero if mgy = ”Z—l [p2] and ps € [

)

Hence, the following period-2 message rule will be optimal for agent E:
)

)

)

* ¥

meo = 0 for every py € [O,;(O)),

me = ik)_l (p2) for every po € [”TJ (0) ,”Z(l)},
mg = 1 for every ps € (’TJ (1), 1]

Accordingly, ma # py for every ps # {0,0.5,1}. Moreover, if two distri-
bution functions, G5 (n) and G4 (), are such G4 (1) dominates G4 () in the
sense of first order stochastic dominance, then v (ms | g4 (1)) will be lower than
v(ma | ¢4 (n)) for every ma < 0.5; the inequality will be reversed for every
mo > 0.5.

b) Suppose 7, = 1. From (2) and (4), v (mg) = 0.5 for every mo. Then,
)pz -0 (mg)| will be invariant with respect to mo, and truthtelling can be sup-
ported in equilibrium.
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¢) Suppose 7, = 0. From (2) and (4), ©(mg) = my for every mo. Then,
)pz -0 (mg)| will be zero only if my = py, and truthtelling can be supported in
equilibrium. =

Proof. of Proposition 2
a) Consider a set V,,, with ns finite and greater than 1. From (13):

1>0(1) > v, >0 >0(0) >0

Since (vi + 'U(H_l)) < (v(i_H) + ”U(H_z)) for every i from 1 to (ng — 2), from (6)
P (V,,,) will be a partition with ng elements such that:

Y = [yu-1)vi] 1=1,.,n0 Yo=0  yn, =1 (14)
Y- < ¥ =05 [Vi + V(i+1)] Vie{l,.,(ne —1)}

Let yv,, denote the corresponding vector (yl, v y(nz,l)).

b) Properties of period-2 equilibria.

b.1) Suppose that in equilibrium at period 2 the equilibrium set ‘7”2 has
finite cardinality np and is supported by the system of equilibrium message
rules { (m2 | p2)}. I want to show that the elements of the equilibrium set V;,,
are such that:

_ sz ff/ (p2 | =1,m) g2 (n) dp2dn

o Ju, I I =Lm) +1(p2 | 1,m)] g2 (1) dp2dn (15)

i i— — T j
_ Wity 1>)2( Ta) +7 Vi € {1,..,n}

Let M denote the subset of messages mducmg v; under Vn2 Since ns is finite,

there must be some v,, with non-singular M Let M} M7 denote the subset of Mm,
collecting all the messages in the support of period-2 equilibrium message rule
& (ma | p2) conditional on ps in Y,. If M is singular, then v, will satisfy (15).
Suppose M, to be non-singular. In that case, for every m} and m4 in M

v (my) — v (my) = (16)

(1—772)/Y (I

B(mj | pa) ( ) ),
v By | p2)dy [ B >d> -
_ N_= fi(ms | pa) ( ) | p2) _
= 0w [ (fyu(mzlm) BT hmd |y>dy>dp2 ’
U f(ma | p2) = Vp2 € (J(a—1) Uz) (17)

Now consider the followmg modified period-2 message rule:

fi(ms |p2) = Ji(ma|pa) Ymod M andps ¢ (1), e)  (18)
~ 1
p(me [ p2) = = Vm2€M+andp2€((z 1 Uz)

e
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From (17), under (18) :
(mh |p2) Uszr A (m2 | p2)
L (N

Let v (m2) denote agent D’s period-2 posterior probability that ws is low con-
ditional on ma € M and (18). Given m} in M;", from (16):

s d
[0 (mj) — ()] %

==

_ m pa(me [p2)  p(my|p2)
- U {/s? (2|y)dyl/ (fyumzly)y J5, B(m [ y) dy

ma€ (M \mj)
= 0
Consequently, if an equilibrium set \7”2 exists, it can be supported by the mes-
sage rule in (18) that implies (15).
b.2) Suppose 7, € [0,1) and ny > 1. From (15), if V,,, is an equilibrium set,
then the equilibrium vector 37‘7"2 will satisfy the following conditions:
-) ?V.nz is a solution to the system f (y,,,7,) of (ny — 1) equations where

the representative equation f; (yn,,7s) is the following;:
Yi-1 T Ya+n (1=7) 7o
fi (YnasTa) = (y — =) =0 (19
e 2 (14+72)  (1+73)

with i € {1,...,(n2 = 1)}, yo = 0, Y, = 1.
)y Y., is such that

0< 371 < 372 << g(,h,g) < ﬂ(nz,l) <1 (20)
From (19), y; = (1 —gj(nz,i)) and, from (16), v; = (1 —5(n2+1,i)). Hence,
from (20), both P (17”2> and 17”2 will be symmetric around 0.5.

c¢) Existence of period-2 equilibria.

c.1) Suppose 7, € [0,1). I want to show that there exists a unique equilib-
rium set Vn2 of cardlnahty ng for every finite ns. If no = 1, there will be a
unique equilibrium set V1, with V; = 0. 5, and a unique equlhbrlum partition
P <V1> = I (the babbling equilibrium). If ny > 1, since mz— is positive,
the system f (y,,,7) of (ng — 1) equations from (19) can be written in matrix
notation in the following way:

Zy,, =¢€ (21)
where:
-

11 ~ —mi—) 10_ 0 0 0

e/ 1 B S/ T 0 0
7 = 2(1+75) 2(14+7,) (22)

0 0

1-7
0 0 0 0 fng 1
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e = ﬁ2 ﬁZ 1
L4+7, 1+, 72

The matrix Z is invertible and every entry z;l of Z~! is strictly positive. Hence,
there will always exist a unique vector yn,such that y;, = Z~'e’. Moreover,
the vector y,, will satisfy (20). It follows that the solution ¥,, is the unique
equilibrium vector )7‘7”2, thereby simply denoted by yp,.

Finally, (ﬂl — J(i—1y) will be decreasing in i for i < 2 if 7, € (0,1). If
ny = 0, then y; = i Hence, P,, will be a function of 7, if ny > 2, while V,,,
will be a function of 7, if ny > 1.

c.2) Suppose 75, = 1. The only equilibrium set is X71, with 171 = 0.5, and the
unique equilibrium partition is P, =1. =

Proof. of Corollary 1
Eg [my (Va,, P (Viy,))] and Ep 2 (Vy,, P (Va,))] will be equal to:
-) when ng is an even integer:

m2
Ep [m2 (Vas, P (Vi) = 0m +up > 7 yiyian (G +1) — 95)

n2_
Ep [ma (Vay, P (Vay))] = 00 + up Z;l Y+ (YG+1) — )

with op =~ up =2 (1 -73), op = — EZUI) andup = 2(1 - 7,)?

-) when nz is an odd integer:
no—1

Bl Vo, P )] = 140z (3,

2
1 YiYG+n (Y1) —5) + Ynat (1 N y%’—l> )

ng—1

ED [71'2 (Vngv P (VHQ))] = 71+UD <Zj_2

2
UGy W —95) + v (- yman) >

Proof. of Corollary 2 _

From Proposition 2, P, will be independent of 7j, if ne < 2, while V,,, will
be independent of 7, if ny = 1.

Consider R,,, with ny > 2. From (19) and (21) — (22):

') Dyf (ynzvﬁz) =7

) D f (Yo Tl2) = —p 2 (1 =02, 1 = 1 = U3, L = Ylna—3) — Una—1)> —J(na—2))
where p = (1 + 7).

I
)

From the implicit function theorem, Df (¥,,,7,) = —Z ' D5 f (¥n,, 7).
Since ¥y, is symmetric around 0.5, then:
5 Wng—iy _ _ diji
-) for every yid<~ 0.5, == = —3_7]%2 <0
-)if g; = 0.5, T%L; =0.

Ay 7 . ~ - . .
Moreover, %{% > %% for i < %2 so that (yl — y(i,l)) will be decreasing

in 77, for every 7 not smaller than 2 and not greater than 2.

Let F (%,ﬁz) denote the following system of (ng — 1) equations where
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the representative equation Fj ( i ,772) is the following;:

£ (% — > _ 1-Thdyeny dyi =T dyasy 1= Ya-n —Yary
K3 ) -
dn, 2 2p dny dns 2p dny p?

with i € {1,...,(ne — 1)}, yo = 0, yn, = 1. It follows that:
d¥n, —
)bk (Sam) -2

AYny — AGins—2 \'
') Dﬁ2F (%27772) =3 (1—y2+P 7¢7 ’I’L2 2) +PL2_2>) ) where

. dGn Ay —
¢ = <1fy1 y3+p<;%+§4—*> v L= Ging=3) = (na—1) +p( sty ”))
dYn, — dVo —
) DF (%32.,7,) = ~27' Dy, F (2.7,
2~ ) _
Since y is symmetric around 0.5, then dié%*—” = 7%2% > 0 for every
ﬂi < 0.5.

At the end of period 1, the equilibrium payoff at period 2 expected by agent
E, denoted by Eg [7r2 ( n2> | 772}, will be equal to:

% 2 e~ S
~a 7 (7 -7-0) (=5 + @ ~ g-n) (2= G — g—y) 73 when
ng is an even integer,

- Zj:i B [(@? - %—1)) (1=3)" + (5 — §g-1) (2~ % — T5-1) fﬂ -

(1 — 2§(ﬂ;_1_1)) when no is an odd integer.

Consequently, if ny > 1, the function Eg [Wz <]§n2> |ﬁ2} will be strictly

decreasing and concave in 7,, with

0ER|m2 13%2 [75 _
s equal to 0 when 7, — 0. m

Proof. of Lemma 1
From (1):

argmax Ep [m (Wi, a1) + 7 (égz (ml)) |A(m1)} — [1— 2 (m1)]

Let @y (A (mq)) denote the function mapping agent D’s period 1 posterior prob-
ability into his best current action. If A(m}) < A(mf), then a; (A(m})) >
a1 (A (m)))-

Suppose that agent D believes that agent E will announce his true belief at
period 1. In that case, agent D’s period-1 beliefs will be such that:

1 if pP1=my

Bma|p) = 0 otherwise

(23)
Let A (m1) denote agent D’s posterior probability at period 1 that w; is low

under the system of period-1 beliefs in (23). From (8), A(m1) € (0,1). Since
I(p | n,w) is always positive for every positive n and for every w, then gs (9 | w1, m1)
will never be degenerate under (23) with 775 (w1, m1) € (0,1). From (7) and (23):
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) Ty (=1omy) =T + 0% g,

) T (Lma) =T = 0% gy
Suppose ny = 1 (i.e. babbling equilibrium at period 2). From Corollary 2,

the equilibrium payoff at period 2 expected by agent E will be equal to —1.

Hence:
Ep [m <w1,a1 (i (ml))> + 7z (Bi) |p1}

* *

- i —A(mnr —a(1-p) [Mml)r -1

In that case the result of Proposition 1 can be shown to hold with respect to
agent [’s period-1 equilibrium message rule.

Suppose ny > 1. Let R}, (m1) characterize a period-2 equilibrium profile
where the posterior generalized probability density functions of 7 are consistent
with the system of beliefs in (23). In that case:

122 [WI (leal (3‘\ (m1)>) + 1 (EZQ (ml)) |p1} =

% 2

2 *
—4p [1 -2 (ml)} —4(1—=p1) {)\ (ml)] +
91 i [ (B (73 (=Lm))) | + (1= p1) B [ma (B (75 (1,m1)))|

Hence, at period 1 the sum of the payoffs expected by agent F will be:
a) strictly decreasing in m; for every p; in some proper interval [0, p}]
b) strictly increasing in m; for every p; in some proper interval [pf, 1].
Consequently, agent D’s period-1 beliefs in (23) will be inconsistent with
agent E’s best period-1 message rule. m

Proof. of Lemma 2
From (8):

2(1-m,) / pB(m Ip)dp+7, / B(mi|p)dp
) A(my) = L L
2 / B(m4|p)dp
I

D A(my) > A(mY) if /[Pﬁ(mll\P)dP N /Ipﬁ(m,f\P)dp

/I B(milp)dp / B(mY|p)dp
Since |Hy N 0,1] > 2, then o2 > 0. From (7):
-) M5 (= 1m1)—772( Lmf) <75 (1,my) =75 (1,mY)
-) M5 (=1,mq) <75 (=1,my) <75 (1,my) > 75 (1,mY)
-) 5 (=1,my) <75 (=1L,my) if A(mi) = A(mf) =

Proof. of Lemma 3



a) Suppose ny = 1. From Corollary 2, given a set L,,, every subset @Q); in
(9) will be equal to Q} in (10). In that case, an analogous version of (14) can
be shown to hold. N

b) Suppose ny > 1. Given any Lj, the corresponding set @ (Ll, th) is 1.
Consider a set Ly, with n; > 2. From Corollary 2 and Lemma 2, if A\; < A,
then:

) B |2 (Fns (75 (1,1))) = 2 (Fons (5 (1,5))) | > 0
) B |2 (Bus (75 (<1,0))) = 72 (R (75 (-1,9))) | < 0.

Let § (w1, 4, j) denote the difference Eg [71'2 <§,L2 (75 (w1, z))) — Ty <I§n2 (75 (wl,j))ﬂ .
3(1,5,5)+4(A3=A3)
(1,4,5)=0(=1,4,5)+8(X; —As)
i < j. Let H(i) denote the lowest H(i,j) for every j > i, and let H(i) denote

the highest H(z,i) for every i > z. It follows that:

DO0<H()<H(m)<1

) Q1 =[0,H(1)] and Qu, = [H(m),1]

) given 10 {2, (n — D}, then Qs = & i TH(3) > H(i) Qi = [FF(3), H(0)
if H(i) < H(i), and H(i) < H(j) if Q;,Q; # @ and i < j.

Consequently, if ny; > 2, for any set L, , the corresponding set @ (Lm , ﬁfw)

Let H(i,7) denote {5 } Then, H(i,j) € (0,1) for every

will have 2 non-empty elements at least. m

Proof. of Proposition 3
a) Suppose ng = 1. From Lemma 3, gnl <ﬁi> = ASV}“

b) Suppose ny > 1. There always exists a unique Zl, with L; = 0.5 (the
period-1 babbling equilibrium).
Suppose that n; > 1 and in equilibrium each A; in L, is induced with posi-

tive probability. In that case, from Lemma 3, the corresponding set ) <Zm ; ﬁfL 2)
will be a partition with cardinality n; such that:

_) Q~1 = [Ovﬂ(l)] = [07H(172)] = [Oaz]vl]

- Qi = [H(i),H(i)] = [H(i—1,i), H(i,i + 1)] = [gi—1,] for every i €
{2, ceey (~7’L1 — 2)}

-) Quy = [H (n1), )] = [H(m = 1,m),1] = [Gn, -1, 1]-

Analogously to point b) of the proof of Proposition 2, it can be shown that:

T - (@G + qe-) A =7 +7,
‘e 2

v@i7 (&S {1,..,7’11} (24)
Moreover, in equilibrium:

% (n) f@i L(p1 | wi,m)dp
Ju, Jo, 11 [ wi,m) g1 (n) dprdn

9o (1| wi,4) (25)

Since I (p | n,w) is always positive for every positive  and for every w, and
since |Hy N (0,1]] > 2, then g5 (n | wi,4) in (25) will never be degenerate with
ﬁg (wl,z') S (0, 1)
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Consider 7 < j. From (25):
F5(nlw,g) _ f@j L(p1 | wi,m) dp: Juy Ja, Upilw1,m)g1 (n)dpdn
gs(nfwr,d) — f@i 1(p1 | wi,n)dpy Sy Ja; Wprlwrmgr(n)dpidn
Blnl-1d) o Glnl-14)
55(%\—171) §§(ﬁk\—17i)

The last inequality will be reversed if wy = 1. It follows that 75 (—1,7) <
75 (=1,4) and 75 (1,7) > 75 (1,7). In particular:

NFC (14— 2 1-q4_1)—ai

) T’Q ( 171) T’l + g (5(i71>+?13)(1—71)+7_11 )

1-qu-1)—qi

(2=G—1)—@ ) A=77,) 47,

So, when i < j, then 75 (1,4) <75 (1,j) <7y <75 (=1,7) < 75(—1,4) if
gj < 0.5, while 775 (=1, ) <75 (—1,9) <7y <75 (1,i) <M5(1,7) if g1y = 0.5.
Finally:

for every n € Hy

~—

for every n,,n, € Hi, for every n, < ny,.

~—

_) ﬁg (172) :ﬁl 70‘2

75 (1,4) = 75(-1,7) and 75 (—=1,4) =75(1,)) (26)
if a(ifl) = 1- aj and Z[; =1- a(jfl)
b.1) If n; > 1 and an is the support of agent E’s period-1 equilibrium
message rules, the corresponding equilibrium vector q; = (g1, ..., @n, —1) Wil
n1

satisfy the following conditions:
-) ﬁznl is a solution to the system h(qp,,z) of (n; — 1) equations where

z = (ﬁl, 02), and the representative equation h; (q,,,z) is the following:

hlann) = | P e DD s )

—(1-7)? (a(4+1) — qi-1)) 96—y — (1 — ) (a4+1) — qi-1)) 2+1) +
—2(1 =) (q+1) — q-1) T — 6 (L4, (i +1)) =0

withi € {1,..,(n1 — 1}, g =0, gn, = 1.
-) q;_ is such that:
ni

0<qr<@p<..< q~(n1_2) < a(nl—l) <1 (28)

From (27) and (26), ¢; = (1 — a(nl_l)), and, from (24), i = (1 fx(,L1+1_i)).

Hence, from (28), both @ (Em,f{gz) and L, will be symmetric around 0.5.
b.2) Every h; (qn,,2z) in (27) can be written in the following way:

qi(s (_17i7(i+1)) + (1 _qi)(s(l?i?(i—i_l)) (29)
= =2(1-7) (qu+1) — qi-1)) (W (1=m)+m —a (1 +ﬁ1)>

Suppose n; = 2. The RHS in (29) will be equal to zero if ¢g; = 0.5. From (26),
if g1 = 0.5, the LHS in (29) will be equal to zero. Hence, ¢; = 0.5 is the unique
solution to the system in (27).
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Suppose n; > 2. Consider ¢; < 0.5. Then, 7§ (—1,7) > 75 (-1,(i + 1)) >
75 (1, (i 4+ 1)) > 75 (1,4). So, 75 (w1, (¢ + 1)) can be written as it follows:
T (=L (+1) = 275 (=14 + (1 —2)7; (1,1) (30)
M5 (L (E+1) = 275 (=1,49) + (1 —2)75 (1,4)

From Corollary 2:

) B [7r2 (énz (7S (1,2'))) — (énz 7S (—1,z‘)))} > 0. Let that difference
be denoted by w.

-) if ¢; is equal to (%), the LHS in (29) will be strictly lower than
w[—gi (1 —x)+ (1 — ¢;) 2], that is negative from (30). Instead, the RHS in
(29) will be equal to zero. It follows that in equilibrium g; will be lower than

)‘%ﬂ) for every ¢; lower than 0.5.

b.3) Let Z = (7;,0), and let §,, be such that h; (4,,,%2) = 0 for every
i €{1,...,(n; —1)}. From the proof of Proposition 2, §,, exists and is unique.
Moreover, from (27), the following matrix Dg, h (§n,,%) is invertible:

V42 €q2 0 0 0 0
Dq,,, b (8, ) = 6(%0‘ @) (@=q) el@—a) 0 0 8
0 0 0 0 e(l=dm—2) 71— dm-2)
where: v =2 (1 -7;) and e = — (1 — 7,)%. Since:
—(1—4) 195(101272) — 195(;;&1,2)
(1= ) 050023 - 05(°%.2.3)
Dooh (G, ) = G2) ez 2 7
— —h s — 7“' o —1, —1),
(1= G —1y) PG — ) PG
then Dh (G,,,%2) = — [anlh(('inl,i)}_l Dy2h (Gn,,%). Hence, d%% < 0 for

every ¢; < 0.5.
b.4) Let t = (7,7, (1 — 7)), where 7j; (1 —7;) is the greatest variance com-

patible with 77,. Consider © = (0,0) and let ¢, be such that h; (¢n,,t) =0
for every i € {1,...,(n; —1)}. From the proof of Proposition 2, §,, exists and
is unique. Moreover, every ¢; in ¢, is equal to i Let r denote n% The
following matrix Dg,, h ((’1”1 , {:) is invertible:
@r =2r 0 0 0 0
Da, b (én, ) = *027" dro=2r 00 8 . Since Dy h (d,,. ) =

0 0 0 0 —2r d4r

—4r? (ny — 2)
A2 _ . N {

ar (’I’Ll 4) ) then Dh (élnlvt) - [an1 h (qnut)] ' Dnlh (qnl’t)' Hence
747"2 (2 — 711)

%_% > 0 for every ¢; lower than 0.5. From b.2) and b.3), in equilibrium
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(F]vi c <7", Xi+X2(i+1) )

c¢) Let E; [m1 (Ln,, @ (Ly,))] denote the payoff at period 1 expected ex-ante
by agent ¢ in the case of a partition Q (L, ) with each \; in L, satisfying (24).
From Corollary 1, both the agents’ expected payoffs will be maximized if each
q; is equal to 5-. Since 7; € (0,1), from b.3) and b.4):

By [ (o) = =¥ > 55 [7 (S (R2))] > £ [7 (81)]
Vi = E/D ifng>2 ny>1
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