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The Term Structure of Interest Rates and Net
Present Value

Richard N. Weldon and Charles B. Moss

Abstract: Net present value, as traditionally taught and applied to agricultur-
al problems, assumes a discount rate that is constant over the life of the
investment. This article draws on the theory of the term structure of interest
rates to illustrate a means of estimating future non-constant discount rates.
An agricultural capital investment example highlights the consequences of
using this method of calculating the discount rate on net present value.

Key Words and Phrases: Discount rate, Term structure of interest rates, Net
present value.

One mainstay of financial economics as it applies to agriculture has been
net present value analysis. Traditionally, the economic consequences of an
action have been analyzed by discounting the future cash flows generated by
that action. The basic theory behind this technique involves the intertempo-
ral trade-off between consumption now and later (Hirshleifer; Fama and
Miller). Given the existence of a capital market, this trade-off can be.
simplified to a discounting method using the appropriate interest rate or cost
of capital.

In the typical application of net present value, certain assumptions must
be made in order to investigate practical problems. For example, it is
typically assumed future cash flows resulting from a particular action are
fixed and predictable at the time the action is taken. The potential shortcom-
ings of this assumption are obvious, thus, some potential corrections or
methods of compensating for this simplicity have been suggested (Levy and
Sarnat; Bussey). Another potential shortcoming of the traditional approach
involves the typical assumption of a constant discount rate. This shortcom-
ing can also be damaging. Given the stochastic nature of interest rates over
time it is possible the error caused by the deviation in the discount rate is as
damaging as the error caused by assuming deterministic returns.

The objective of this study is to examine the term structure theories that
explain interest rates in the future and relate these future interest rates to net
present value calculations. Specifically, this study will pedagogically present
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a procedure for incorporating information from the term structure of the
interest rate into the net present value capital budgeting technique. In a
manner analogous to a farmer’s using commodity futures to “lock in” a
future price, it is possible, using observable security prices, to estimate
implied forward discount rates.

The Term Structure of Interest Rates

Changes in interest rates over time reflect changes in basic macro-
economic conditions. Differences in interest rates across financial instru-
ments or financial securities are a reflection of the different characteristics
of the instruments. If all instruments had homogeneous characteristics, such
as risk, taxability, and fixed or variable income, then there would be only
one interest rate. However, as the characteristics differ and their magnitude
changes across instruments then the interest rates will change accordingly.

The term structure of interest rates refers to the difference in interest rates
associated with one very important characteristic, time-to-maturity variations.
For the term structure to be meaningful, all other characteristics of the
instruments, except time to maturity, must be the same. Government
securities are one type of financial instrument that vary only in terms of time
to maturity. In addition they are generally regarded as having minimal risk.
Therefore, government securities, such as notes and bonds, are typically used
to examine term structure. For example, the yield on a thirty-year govern-
ment bond with five years to maturity will probably be much different than
the yield on a thirty-year government bond recently issued.

The term structure relationship is typically represented graphically by the
yield curve. The solid yield curve in Figure 1 depicts the term structure of
interest rates for government securities on May 4, 1984. Each point on the
curve represents the geometric yield on a particular government instrument
on May 4, 1984, where the year is the date of maturity for each particular
note or bond. The year of maturity, prices of the securities, annual coupon
rates, and yields' assuming annual payouts are given in Table 1. The yield
curve is then a comparison of the yields on different terms to maturity for
financial instruments that differ only in time to maturity.

Though presently relatively flat, the yield curve since the early 1980s has
taken on dramatically different shapes.” The yield curve for May 4, 1984 in
Figure 1 displays an upward slope, while the yield curve for May 12, 1981
displays a downward slope. At any one particular point in time only one
yield curve will exist. These two examples show the range that has been
experienced since 1980.
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Figure 1.
Upward and Downward Term Structure
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Though subject to debate, financial economists feel that market expecta-
tions about future interest rates affect the term structure (Cox, Ingersoll and
Ross). If the shape of the yield curve does provide information about future
interest rates, the term structure may prove useful in projecting future interest
rates. Specifically, the term structure may be used to predict how the interest
rate, hence the discount rate used in net present value analysis, may change
over time.

In order to utilize the information encompassed in the term structure, the
three major hypotheses regarding the term structure of interest rates must be
explored. The unbiased expectations hypothesis (UEH), first suggested by
Fisher and later refined by Lutz, states that the long-term spot rate (the
observed rate on an instrument that matures in the future) is an unbiased
average of the one-period observed spot rate and the expected future one-
period short-term rates. Let ,R; be the spot interest rate observed now for
an instrument that matures in period j. Thus, ,R, is the observed spot
interest rate on an instrument that matures at the end of period 1, and ,R,, is
the observed spot interest rate on an instrument that matures at the end of
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Table 1.
Maturity, Instrument Price, Coupon Rates and Yields
May 4, 1984 May 12, 1981 -

Year® Price® Coupon® Yield? Price® Coupon® Yield?

----- percent ----- ----- percent ------
1981 , ‘ $99.15  9.750 18.14
1982 9230  8.000 17.01
1983 87.14  7.875 15.87
1984  $99.26  8.875  9.87 86.18  9.250 15.30
1985 98.19  9.875 11.90 87.80 10.375 14.62
1986, 9223  7.875 12.50 7621  7.875 14.97
1987 99.16  12.000 12.35 7920  9.000 14.41
1988 87.20 8250 12.51 73.10  8.250 14.65
1989 87.24 9250 12.87 7670 9.250 14.33
1990 90.40  10.500 12.89 72.19 8250 13.84
1991 106.23  14.500 13.09 93.50. 13.000 14.26
1992 103.10  13.750 13.10 63.10  7.250 14.02
1993 85.00 10.125 13.05 63.30  7.500 12.89
1994 78.30  9.000 13.00 |
1995 84.24 10375 13.17
1996 91.80  11.500 12.88

#Year that particular issue will mature.

®Dealer selling price in secondary market on that day (asked price).
“Original coupon interest rate.

4Yield to maturity, assuming annual coupon payment.

Source: The Wall Street Journal, May 5, 1984 and May 13, 1981.

period N. The expected (but unobserved) interest rate between period ¢ and
period 7+1 at period O is expressed E, [,R,,,] = 7,.;, fort =1, ..., N-1.
The UEH then implies (Van Horne)

(14 RV = (1 + R)1 + F)A +,7) ... (I + w7y Q)

with both 4R, and 4R, being observed and ,7,,, being implied unobservables.
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There are two ways of looking at this representation of the term
structure. First, on the left-hand side of (1) investing $1.00 today yields (1
+ oRy" dollars in period N. Alternatively, the right-hand side of (1)
implies that $1.00 can be invested today at (R, and then reinvested in
subsequent periods at ,7,,, fort = 1, ..., N-1. Equation (1) implies that in
equilibrium the two scenarios should yield the same return. The justification
for this equilibrium is rooted in arbitrage. If 7,,, # E, [,R,,], then
arbitrage profit could be obtained by buying and selling securities until
equilibrium is restored. This equilibrium is based on three assumptions: 1)
securities of different maturities are perfect substitutes;? 2) transactlon costs
are small; and 3) capital markets are efficient.

By comparing the observed rates Ry and (R,.,, it is possible to compute
the projected interest rate y,7,. Specifically, d1v1dmg (1) by (1 + (R, )™
yields:

1+ R
NN T
(1 + Ry )™

(1 + R)A + 7)A +,7)...(1 + yrf)
(1 +,R)(1 + 7)1 P (1 + P )

@

Therefore, by using Ry and 4Ry, it is possible to estimate , 74 for K = 2,
.» N. Thus, the UEH implies that expected future short-term interest rates
can be computed from present spot rates.

In complete certainty the computed rates in (2) would be the certain
forward rates. However, uncertainty exists in making long-term financial
commitments. A second hypothesis to explain term structure by Hicks
contends that this uncertainty leads to a liquidity premium. Specifically,
Hicks states:

A person engaging in a long-term contract (i.e., making a long -term
loan) puts himself into a more risky position than he would be in if he
refrained from making it; however there are some people for whom
this will not be true, because they are already committed to needmg
loan capital over extensive future periods.

Thus, lenders have shorter time horizons due to risk and are motivated to
make short-term loans while borrowers for opposite reasons are motivated
to borrow long. As a result, the borrower must provide a premium in
excess of the expected future short-term rate to induce the lender to make
long-term loans. Further, as the length of the loan grows, the liquidity
premium increases. This would result in a forward rate, ,7,.,, derived in (2)
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as an overestimate of the expected future single period rate at time ¢ since
it also includes a liquidity premium. Specifically,

t+1 E [Rt+1] + Lt+1 (3)
where L,,, is the necessary liquidity premium such that
0 < L:+I < t+1Lt+2 < t+2Ll+3 <

which suggests an upward sloping yield curve.

The third hypothesis is known as market segmentation (Walker;
Culbertson). Market segmentation suggests that there is little substitution
between securities and instruments of different maturity, as opposed to the
assumption in the first two hypotheses, and that institutions tend to match
maturities with the lives of purchased assets. As a result, separate markets
develop for instruments of different maturities such that participants in one
market are unlikely to cross over into another market. As a result, the
interest rate in a2 market composed of instruments of a similar maturity is
determined only by the supply and demand in that market. Therefore, the
market segmentation hypothesis suggests that calculated forward rates are
not the expected future short rates and there is actually no way of estimating
expected future short-term rates.

Though far from conclusive, the empirical evidence supports the role of
interest rate expectations in the term structure of interest rates (Van Horne).
In addition, the evidence suggests that the liquidity premium in (3) may
influence forward rates. Thus, the observed term structure contains the
market expectations of future one-period interest rates. This market
expectation information has implications for capital budgeting (Copeland and
Weston, Chapter 3). However, as Figure 1 implies ex anfe market
expectations and ex post market realizations can differ. For example, early
1980s market expectations about interest rates in the 1990s were significant-
ly higher than present interest rate levels.

Net Present Value Capital Budgeting

Net present value analysis has gained widespread acceptance as the
preferred method for analyzing the economic potential of a capital invest-
ment. Net present value directly incorporates the time value of money and
is not sensitive to mixed investment cash flows unlike the internal rate of
return (Bussey). Typically, in the absence of capital restrictions, the net
present value (NPV) is defined as:* :
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NCF,

NPV =Y __"* -], 4)
=1 (1 + r)t .

where NCF, is the expected net cash flow in period 7, I, is the initial
investment, and r is a constant discount rate applied to each period.

However, implicit in (4) is the assumption that the term structure of
interest rates is flat, or that the economic forces generating interest rates are
such that the interest rate is constant over time. Nothing in economic theory
suggests this will be the case. Instead, such things as changing tax rates,
technology, savings rates and wealth will- generally result in changing
interest rates over time.

The assumption of a constant interest rate may actually distort the true
profitability of the investment. Specifically, an investment with a given
series of cash flows using the standard procedure of assuming a constant
discount rate might generate a positive (negative) net present value.
However, incorporating the information on future spot interest rates
embodied in the yield curve may lead to a different and possibly even
negative (positive) net present value. Such a situation will be presented later
in the paper. Thus, a modification of (4) allows for a more complete
depiction of the investment decision over time:

N
NCF,
NPV =YL -, )
LI ey . .
J=1

With this formulation of net present value, each period’s net cash flow is
discounted by its own discount rate. The missing piece of the puzzle given
(5) is an algorithm for estimating the future period discount rates.

The Term Structure and Net Present Value

The vehicle for calculating j_l?j, J=1,2, ..., t will be an algorithm of
selling short and buying long the government securities (Table 1) in a
manner identical to hedging that locks in a sequence of one-period loans for
time #,, %, &, ..., ;. The interest rate on these loans will then serve as a
prediction of the forward interest rates. This will establish that it is
technically possible for an individual to guarantee a future short-term
interest rate through the appropriate sequence of security transactions.
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These transactions will enable the producer to fix the opportunity cost of
capital for any given period in the future.

The strategy for establishing ,7, will be to use the one-year, 1985
government bond, and the two-year, 1986 bond to set up cash flows at times
t,.and ¢, that replicated a one-period loan with no net cash flows occurring
in any other period. First, at #, the producer will sell short a one-year bond
and buy X number of two-year bonds such that the net cash flow is zero.
Using the prices and coupons rates for the government security in Table 1
the price of the bond maturing in one year (1985) is $98.19 while the price
of a bond maturing in 1986 with two $7.875 coupons is $92.23. Therefore,
if the producer sells short the one-year bond with no additional money,
1.065 bonds maturing in the second period can be purchased

98.19 - X(92.23)"= 0, or X = 1.065.

Then, at ¢, the producer will pay out a coupon of $9.875 and the $100.00
face amount on the one-year bond that was sold short and receive a coupon
for $7.875 per unit of the two-year bond. The total cash flow from this
transaction at #, is :

-$109.875 + 1.065($7.875) = -$101.49.

In the second period, the 1.065 period two bonds mature yielding
1.065($107.875) = $114.85.

The net cash flows for these transactions are
t, = $0.00, t, = —$‘101.49, and 7, = $114.85.

This is equivalent to a loan over period one for $101.49 with repayment of
$114.85 in principal and interest expense. The result is an interest rate

. _ $114.85

= 22 -1 = 0.1316.
77 $101.49

This is repeated to derive ,75, except now the actions involve short selling
the two-year 1986 bond and 0.0335 units of the 1985 bond while purchasing
0.9633 units of the three-year 1987 bond. The condition for a zero cash
flow at 7, is

7 e ’ Journal of Agribusiness



YYeLiuie Lrik Ivivoo

$92.23 + ¥($98.19) - X(399.16) = 0.00 )
The second condition for a zero cash flow at ¢, is
-$7.875 - ¥($109.875) + X($12.00) = 0.00. @

Solving (6) and (7) for ¥ and X, the amounts of the 1985 bond and the 1987
three-year bonds that lead to zero cash flows in the first two periods are

X = 0.9633, and Y = 0.0335.

The resulting net cash flows are $0.00 at #,, $0.00 at 7,, -$96.31 at z,, and
$107.89 at #;.° This is identical to making a loan of $96.31 at z, that repays
$107.89 at #;, with a resulting interest rate of 12.02 percent. .

To derive 474, the actions now involve selling a three-year bond, while
purchasing 0.0289 units of the two-year bond, and 0.0263 units of a one-
year bond, and 1.077 units of a four-year bond. The net cash flows will be
$0.00 at z,, $0.00 at 7,, $0.00 at #,, -$103.11 at #, and $116.59 at ¢,. This is
equivalent to making a loan of $103.11 at #; that repays $116.59 at ¢,, with
a resulting interest rate of 13.07 percent. (See appendix for computational
details). '

Table 2 summarizes the imputed interest rates for both the upward sloped
yield curve (May 1984) and the downward sloped yield curve (May 1981).
These forward rates have significant implications for the capital budgeting
decision. .

An Empirical Application to a Capital Budgeting Decision

To show the effect of the term structure on capital budgeting, this study
examines the net present value of a Florida citrus grove assuming initially
a constant discount rate. Then the NPV is recalculated assuming first an
upward sloping yield curve and, finally, assuming the yield curve is
downward sloping.

Table 3 gives the expected gross revenues, grove care expenses, and net
cash flow for twelve years for a Florida citrus producer. Year one
- represents the first year in which a positive cash flow is experienced.
Subsequent years show a gradual increase in production as the grove reaches
maturity with full production obtained in year eleven. Data used to
construct these annual cash flows are based on yields from Florida
Agricultural Statistics” Citrus Summary and cost of producing from extension
budgets (Muraro, Hurner and Oswalt). It is assumed the oranges are sold
~on tree for $5.00 per box throughout the twelve years. The investment in
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Table 2. "
Estimated Forward Spot Interest Rates, for Upward Sloped Yield Curve, May
1984; and Downward Sloped Yield Curve, May 1981

Forward Spot Interest Rate

) May 1984 May 1981
S percent -------------
o ’ 11.90 17.04
AT 13.16 14.65
o7 T 12.02 14.08
3Ty ﬁ 13.07 11.94
o 14.72 16.88
57 13.17 10.69
1 - 15.25 16.68
7 12.97 10.90
s “ 12.56 8.21
5T 10 12.09 19.31
01 16.52 11.33
" 6.61 12.52

the grove for land, land preparation, irrigation and other similar items is
assumed to be $7,500.00 per acre.

Table 4 gives the present value of the net cash flows assuming a constant
discount rate of 13 percent (which is approximately the yield on the
government security that matures in 12 years for both examples of term
structure) is $7,865.49, resulting in a net present value of $365.49.
Assuming a 12-year planning horizon and no risk means this would be a
profitable investment. Recalculation of the present values of the cash flows,
assuming the decision is being made in an economy characterized by the
upward sloping yield curve, and these future spot rates result in a $7,823.74
present value ($323.14 net present value). This is only a minor difference,
less than 1 percent, from assuming a constant rate. However, if we examine
the capital budgeting decision under the downward sloping yield curve, the
resulting present value of the cash flow is $7,358.14 and the net present
value is negative (-$141.86). The $507.35 reduction in the present value of
the net cash flows now results in a rejection of the investment.
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;I"Erl:;znj.Value and Net Present Value of Per Acre Annual Net Cash Flows
Forwarg Spot Interest Present Value of Annu- Net Present Value
Rate (,7,,,) al Net Cash Flows U, = $7,500)
dollars
Constant Rate (13%) 7,865.49 365.49
Upward Yield Curve 7,823.74 323.14
Downward Yield Curve 7,358.14 -141.86
Conclusions

The capital budgeting decision is generally the most important decision
made by the firm. These decisions typically represent significant dollar
expenditures and ultimately determine the long-term profitability of the firm. '
The importance of finding alternative investments and forecasting their
influence on the firm cannot be ignored. When the investment alternative
will produce a very large certain return with minimal cost or investment it
is a simple decision and a detailed formal analysis is not required.
However, few investment decisions have such nice characteristics. As the
uncertainty of the forecasts and the impact of financial complexity of the
investment on the firm increase so does the need for an economically sound
decision-making method.

The net present value method is the preferred method for handling the
capital budgeting decision. This basic formulation is first complicated by
the ‘inclusion of various tax related factors including depreciation, capital
gains and losses, and income taxes. The common approach for handling
these factors is to forecast NCF, on an after-tax basis. As a result, attention
must be paid to depreciation methods, capital gains or losses, and the
expected terminal value of the investment at the end of the planning period
(Casler, Anderson and Aplin).

Next the importance of crucial items such as capital structure or
financing, inflation, term structure and risk must be considered. It is
general recommended that these be handled using adjustments in the cost-of-
capital or the discount rate (Levy and Sarnat; Bussey). The cost of capital
will need to accurately reflect the influence of these internal and external
conditions. _

An initial cost-of-capital consideration is the debt structure of the
business. Typically a weighted average cost of capital (WACC) is used to
reflect the level of debt and equity financing for the firm. The WACC
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separates the investment decision from the financing decision by assuming
a future optimal capital structure. This basic cost of capital is then adjusted
consistent, with NPV method of (5) to reflect changes in external variables
that will modify the opportunity cost of debt and equity (WACC) in the
future. N

Obviously one external factor that can affect the investment decision is
inflation. If the forecast NCF, include inflation that changes over time then
the WACC should also include an allowance for inflation. Empirical
evidence suggests that the term structure provides an accurate forecast of
market inflation expectation (Fama). The WACC can be adjusted to reflect
these differences. However, if the NCF, are in real terms then the WACC
will not include the inflation adjustment.

As illustrated by this study the term structure of interest rates contains
information about expected future single-period interest rates. Failure to
adjust the cost of capital when the term structure is downward sloping will
result in-biased NPV estimates. If, as in this study, the deterministic rate
used is the lower, more distant future rate, the bias is upward; however, if
the deterministic rate is the higher near-term rate, the bias will be down-
ward. The existence of an upward sloping term structure will cause an
opposite bias.

The treatment of risk is arguably the most important step in NPV
calculation. Methods for handling risk range from:the simple to the
theoretical. A simple, but practical approach, is a sensitivity analysis
wherein the WACC is increased to reflect a ‘pessimistic’ or risky outcome
(greater opportunity cost) and decreased to reflect an ‘optimistic’ outcome.
The use of this approach captures the combined sources of risk—production,
market price, term structure, etc.—in an unsystematic manner.

Modern finance theory prov1des several different, but theoretically
consistent, models for incorporating risk into the NPV calculation. One
method based on expected utility theory uses the CAPM or single index
model to adjust the cost of capital for capital budgeting (Collins and Barry).
Other methods for handling risk, particularly stochastic interest rates, model
the risk as a stochastic process, i.e., a random walk or a Wiener process
(Dothan and Williams). These later models do not depend on restrictive
assumptions concerning individual risk preferences.

It is evident term structure is one of several potentially important items
- that need to be considered when making the capital budgeting decision.
Given the complexity of making the decision all these items must be
considered. The process of evaluating all these variables will help provide
the important information needed to make a sound economic decision.
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The yield on each bond is computed using the internal rate of return on
the sequence of annual cash flows arising from the purchase of the bond.
For example, the internal rates of return for the 1985 bond maturing one
year, and the 1986 bond maturing two years, in the future are computed
as: :

(9.875 + 100.00)
1+

= -98.19 +

(e
|

, or v =0.119,

and

7.875 . (1.875 + 100.00)
1+ a+p

(]
I
]

O

»

)

@

or 7 = 0.125,

where 7 is the internal rate of return.
See Wood for an historic perspective on yield curves and term structure.

Typically, financial assets are perfect substitutes except for risk. Thus,
if we restrict our analysis to securities differing only by maturity, the
financial assets are sufficiently close to perfect substitutes for a sufficient
segment of investors.

We recognize that the notion of scarcity is fundamental to economic
literature typically defined as the allocation of scarce resources among
unlimited and competing human wants and desires. However, by
borrowing at the appropriate interest rate, the entrepreneur can typically
expand the capital frontier for any sufficiently profitable investment.
Alternative formulations under constrained capital are also consistent
with the net present value framework.

The net cash flows are found as:

f, = 92.23 + Y(98.19) - X(99.16) = O,
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t = -7.875 - ¥(109.875) + X(12.00) = 0,
1, = -107.875 + X(12.00) = -96.31, and
1, = X(112.00) = 107.89.

References

Bussey, L.E. The Economic Analysis of Industrial Projects. ~ Englewood
Cliffs, NJ: Prentice-Hall, Inc., 1978.

Casler, G.L., B.L. Anderson, and R.D. Aplin. Capital Investment Analysis,
3rd ed. New York, NY: John Wiley & Sons, Inc., 1984.

Collins, R.A., and P.J. Barry. “Beta-Adjusted Hurdle Rates for Proprietary
Firms.” J. Econ. and Bus. 40(1988):139-145.
Copeland, T.E., and J.F. Weston. Financial Theory and Corporate Policy,
2nd ed. Reading, MA: Addison-Wesley Publishing Company, 1983.
Cox, J., J.E. Ingersoll, and S.A. Ross. “A Reexamination of Traditional
Hypotheses about the Term Structure of Interest Rates.” J. Fin.
36(1981):769-799.

Culbertson, J.M. “The Term Structure of Interest Rates.” Quart. J. Econ.
71(1957):489-504.

Dothan, U., and J. Williams. “Term-Structure and the Valuation of
Projects.” J. Fin. and Quant. Anal. 15(1980):875-905.

Fama, E.F. “Short-term Interest Rates as Predictors of Inflation.” Armer.
Econ. Rev. 65(1975):269-282.
Fama, E.F., and M.H. Miller. The Theory of Finance. Hinsdale, IL:
Dryden Press, 1972. ‘ ‘ ‘
Fisher, I. “Appreciation and Interest.” . Publications of the American
Economic Association X1(1986):23-29 and 91-92.

Florida Agricultural Statistics. Citrus Summary 1987-88. Orlando, FL:
Jan. 1989. '

Hicks, J.R. Value and Capital, 2nd ed. London: Oxford University Press,
1946.

Hirshleifer, J. Investment, Interest and Capital. Englewood Cliffs, NT:
Prentice-Hall, Inc., 1970.

Levy, H., and M. Sarnat. Capital Investment and Financial Decisions, 4th
ed. Englewood Cliffs, NJ: Prentice-Hall, Inc., 1990.

Lutz, F.A. “The Structure of Interest Rates.” Quart. J. Econ. LV(1940):
36-63.

Muraro, R.P., G. Hurner, and T.W. Oswalt. Budgeting Costs and Return:
Southern Florida Citrus Production 1987-88. Food and Res. Econ. Dept.
Econ. Info. Rep. 248. University of Florida, Gainesville, June, 1988.

Spring 1994 57



Interest Rates

Van Horne, J.C. Financial Market Rates and Flows. Englewood Cliffs,
NJ: Prentice-Hall, Inc., 1978.

Walker, L.E. “Federal Reserve Policy and the Structure of Interest Rates
on Government Securities.” - Quart. J. Econ. 1.XIX(1954):22-23.

Wood, J.LH. “Do Yield Curves Normally Slope Up? The Term Structure
of Interest Rates, 1962-1982.” Econ. Persp. VII(1983):17-23.

Appendix

General Formulation of Shorts and Longs

Obviously as the lock-in period moves forward in time, the procedure for
determining the buys and sells becomes more complex. It is useful to
follow this construction from a linear algebraic perspective. The first case
is simple enough that linear algebra may appear a step backward. However,
it is informative so we will discuss it briefly. One way to visualize the
problem is that we want to determine X, and X, such that:

98.19X, - 92.23X, = 0,

where X is the number of 1985 bonds sold short, i.e:, a cash inflow, and
X, is the number of 1986 bonds bought, i.e., a cash outflow. If we
normalize this expression to X; = 1.0, for selling short one 1985 bond we
have:

98.19 - 92.23X, = 0, or 92.23X, = 98.19,
or
"X, = 1.065.

Again to duplicate the text results and fix the interest rate in the third
year, the net cash flow in the first and second period is constrained to zero:
98.19X, + 92.23X, - 99.16X, = 0,
and
-(100.00 + 9.875)X, - 7.875X, + 12.00X; = O,

where X; is the number of 1985 bonds sold, X, is the number of 1986 bonds
sold and X, is the number of 1987 bonds bought. Setting X, = 1.0, which
is equivalent to selling short 1.0 1986 bond, the linear system becomes:
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98.19X, - 99.16X, = -92.23,

and
-109.875X, + 12.00X, = 7.875,
or
08.19 -99.16] | X, _ | -92.23
-109.875 12.00| |X| | 7.875
- -
%] fo.osss
| [0.9633

Thus to lock-in the third period interest rate the investor would short 0.0335
1985 bonds and 1.0 1986 bonds while purchasing 0.9633 1987 bonds.

Finally, the fourth period lock-in procedure would involve 1985 through
1988 bonds where the 1988 bonds purchased are denoted X,. In this case,
we wish to fix the cash flows in years 1 to 3 to zero, such that

98.19X; + 92.23X, + 99.16X, - 87.20X, = 0,

-(100.00 + 9.875)X, - 7.875X, - 12.00X; + 8.25X, =

]

and
-(100.00 + 7.875)X, - 12.00X; + 8.25X, = 0.

By normalizing X; (i.e. X; = 1.0), the system becomes

98.19 9223 -87.20| |% -99.16
-109.875  -7.875 8.25| |%X| = | 12.00
0 -107.875 825| |X| | 12.00

% -0.0263

| = |-0.0289

| X, | 1.077

Therefore, the investor purchases 0.0263 of 1985 bonds, and 0.0289 of
1986 bonds, sells one 1987 bond short and buys 1.077 1988 bonds. The
remaining transactions are then simple extensions of this paradigm. -
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