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ABSTRACT

The specification and estimation of models of consumer and producer demand with kink
points are considered. The presence of kink points divides the demand or production
schedule into different regimes. Our approach utilizes the concept of virtual
prices. The virtual prices transform binding quantities into nonbinding ones and
provide a rigorous justification for structural change in the observed demand func-
tions across regimes. The comparison of virtual prices with market prices deter-
mines regime occurences. An application to energy demand in Indonesian manufacturing
firms based on the translog cost function is provided,
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1. Introduction.

A number of recent studies (Pitt, 1983a; Deaton and Irish (1982); Strauss
(1983)) have used household level data to estimate demand relationships and firm-
level data to estimate the derived demand for inputs (Pitt, 1984). These micro data
sets are often from developing countries where poor infrastructure and market
separétion provide price variability in cross-section. Micro data offer a number of
important advantages over aggregated data. For example, household age and sex com-
position are considered major determinants of expenditure patterns but their effects
are not easily measured with aggregated data. Unfortunately, many studies using
micro data suffer from the lack of an unrestrictive and theoretically consistent
approach to dealing with a common attribute of these data, the non- (or otherwise
bounded) consumption or production of goods by households or firms. With the in-
creased availability of micro data it is important that this econometric problem be
resolved so that the interpretation of results is unclouded by econometric incon-
sistency.

Zero corner solutions are the special case of a kink point which occurs on the
boundary of the choiée set of a consumer or producer. Kink points may occur for
other reasons, such as block pricing or rationing. Kink points are usually atoms in
probability space and hence, for econometric analysis, imply limited dependent vari-
ables. However, the estimation of theoretically consistent demand or production
structures differs from the well-known limited dependent variable models of Tobin

(1958) and Amemiya (1974) in that these structures involve complex structural inter-



actions and cross-equation restrictions.

Recently, Wales and Woodland (1983) have considered the problem of estimating
consumer demand systems with binding non-negativity constraints. Their econometric
model was derived directly from a random utility function maximized subject to a
budget constraint. As is well-known, demand equations can also be derived from an
indirect utility function or cost function by application of Roy's identity. Fur-
thermore, any demand system which adds up, 1; homogeneous of degree zero and has
symmetric, negative definite compensated price response is integrable into a
theoretically consistent preference ordering (Hurwicz and Uzawa, 1971). This dual
approach has proved advantageous in bractice. It is easier to specify demand, cost
or indirect utility functions than direct utility fun;tions. Systems of demand
equations are easily derived from popular flexible functional forms, such as the
translog. The dual approach has a particular advantage in the specification and
estimation of multiple input-multiple output production structures (McKay, Lawrence
and Vlastrin, 1983; Weaver, 1983).

In this paper, we propose a unified approach to the estimation of demand sys-
tems with limited dependent variables. Our approach can estimate demand system
derived directly from a utility function or indirectly through duality. Contra-
dicting the claim of Wales and Woodland (p. 273) that the indirect utility approach
is inappropriate for dealing with non-negativity constraints, we show that such an
approach is not only possible but also useful. Our approach is in the tradition of
the theory of consumer demand under rationing set forth in Houthakker (1950-51),
Pollak (1969, 1970), Howard (1977), Neary and Roberts (1980), and Deaton (1981), and

utilizes the concept of virtual prices originated by Rothbarth (1941).
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2. The Consumer's Problem With a Convex Budget Set.

Convex budget sets result naturally from binding non-negativity constraints but
also from quantity rationing and increasing block pricing. A1l of these sources of
convexity can be analyzed within a common framework. Consider the case of two goods
with non-negativity constraints and increasing block pricing for the first good
tFigure 1). The marginal unit price for quantities of Xq less than or equal to
x(1) s Py7» and Pyps (Pyp > Ppq)s  for quantities greater than x,(1). With
income M, the extended budget line AB is P11%q t PoXy = M and the budget line
BC s P1gX] ¥ PoXy = M+ (p]2 - p]])x1(1). The point B 1is a kink point as are
the non-negative boundary points A and C. Quantity rationing with ration x1(1)

can be regarded as the special case of Pip = =

FIGURE 1.
Two-goods case with increasing block price on X
{l

Xy A

yo

rad

0 x1(1) | X1

In the general multicommodity case, every commodity may be subject to increas-
ing block pricing. For commodity Jj, assume there are IJ.(Ij > 1) different block
prices pjy < Pyp < .o. < ijj corresponding to knots xj(l),...,xj(lj—1),vx](1)
< x1(1+1) for i=1,...,1. - 2. The case Ij = 1 1is the standard single price

J
situation. We adopt the convenient conventions xj(O) =0 and xj(Ij) = » for

2)(2 + ..ot pmimxm =

notational simplicity. The budget segments are p]i1x] + Poy
1 xq(13=1) < xp < xq(i)seeox (1) < % <% (i), where

M. .
i1ip- -1



4=

m i.-1

- 3 (g -
M M+ zJ=] s (pjz+1 pjz)xj(z).

(LRPYRRR
Let U(x],...,xm) be a utility function which is continuously differentiable,

increasing and strictly quasi-concave. The utility maximization problem is

max U(x],...,xm)

X-ls -:xm
subject to

m = M

251 Pyi g Mgy T5 T e dy
(2.1)

Xj 2 U J = ]’ M
where

n ij-l

This utility maximization problem provides the general framework for the demand
analysis of this paper. It includes as special cases quantity rationing and non-
negativity constraints. The consumer problem with binding non-negativity constraints

and a single price for each commodity is simply

(2.3) Max U(x1,...,x )

. m _
subject to Zj=] pjxj =M



3. Regime Criteria and Virtual Prices.

For econometric analysis it is necessary to determine the probability that an
optimal solution will occur at any kink point (demand regime), giQen the values of
the explanatory variables. For two goods, these conditions are readily obtained
diagrammatically. Burtless and Hausman (1978) and Hausman (1979) have considered
the optimal solution to the consumers' problem with two goods and a convex budget
set based on the location of indifference curves. For the general case of m goods,
we derive below regime switching criteria using both Kuhn-Tucker conditions and
virtual prices.

First, consider the consumers' problem with only binding non-negativity con-
straints (2.3). Assume that the first & goods are not consumed, i.e., x; =0,
i=1,...,0 and x¥ >0, i=2+1,...,m where x* =(x}, x§,...,x¥x¥ XE )

120 R
denotes the demanded quantity vector. The Lagrangean function for this problem is

- ™ paxe) F T uLx.
(3.1) L U(x1,...,xm) + A (M EJ=] prJ) 23=1 V3X;

where A and ¢'s are Lagrangean multipliers. The Kuhn-Tucker conditions that

characterize this solution x* are

3.2) A 5o by 0, yi20, =1,
1

(3.3) aux*) kpj =0, Jo=+l,....m

X
J

m =
(3.4) Lyt +1 pjxg =M, x>0.
Wales and Woodland use the inequalities,

*
(3.2)" M'-X—-L-Api<0, T

X,
;
and equations (3.3) and (3.4) to determine the choice of regime. Under some sto-

chastic utility function specifications they‘derive the 1ikelihood function for their
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model. The inequalities (3.2)'do»not have much intuitive content. Below, we demon-
strate that the use of virtual prices provides a simple, intuitive interpretation of
regime criteria and a deeper insight into the problem.

Virtual prices are simply those prices which support a vector of demands. Neary
and Roberts have shown that if the preference function is strictiy quasi-concave,
continuous and strictly monotonic, any allocation can be supported with virtual
prices. Strict monotonicity also implies that support prices will be strictly

positive. The virtual price for good i, Egs at x? can be defined as

*
g = et/
(3.5) 1
- aU(x*) / aU (x*)
Pm 8X5 X ’

i=T1,...,2.

For the remaining goods, the virtual price gj at x* dis the observed price pj
for j = 2+1,...,m. Hence, the Kuhn-Tucker conditions (3.2) are equivalent to the

inequalities
(3.2)"7 &5 <p4 i=1,...52

which compares the virtual prices of the nonconsumed goods with their corresponding
market prices. The virtual price vector ¢, &~ = (51,.,.,gm) with income M,
supports the quantity vector x*, which is the solution to the unconstrained prob-
Tem max {U(x)|g"x = M} without non-negativity constraints. Thus, virtual prices
are shﬁdow prices. The goods i, i =1,...,2, are not consumed because their

market prices exceed their corresponding shadow prices.

Before analyzing the problem (2.1), it is instructive to consider the two-goods
case with a single kink point and without any binding non-negativity constraints.
Consider the regime for which the optimum occurs at the kink point X, X =

(x,(1), X,) where X, = (M - pyyx;(1))/p, (see Figure 1). Consider the utility



maximization problem,

max U(Xy, X,)
Xea X 1 2
1 2

subject to

PypX * PXp =M

(3.6)
ProXy * PXp =M
where M] =M+ (p12 --p]1)x](1). The Lagrangean function is

L= Uxgs Xo) + Ay (M = pyyxg = ppXp) + 25(My - PypXq = Paxp).

The Kuhn-Tucker conditions that characterize the optimum regime at the kink point

X are
aU(x) -
(3.7) ax; 111 7 2Pz 0,
U(x) _ -
(3.8) %y (A1 + xz)p2 0,

(3.9) P11%y * pziz =M, 120,

(3.10) ProXy T PpXy = M1, Ay 2 0.
These conditions are not of direct use since these criteria are expressed as
equalities. Define a variable g1 as

] 3U(Xx)
At Ay 9

(3.11) £y =

where Xy and 1, are solutions from (3.7)-(3.10). Equivalently,

. o aU(x) , au(x)
(3.11) 517 P2 8%y / 3y




-8-
It follows that equation (3.7) can be rewritten as

( ) )\-I Y
3.7)° Eq = —m—— P - =D = Q.
1 R 11 Aoty 12

Equation (3.7)” implies that

A
‘ =2 -
(3.32) gy -y =5, iz P

and

A
=1 -
(3.13) &y - Py =y, Py - i)

As P12 > Pyys e have g]'g_pH and Pi2 2 &y Thus, if the optimum occurs at
the kink point, it is necessary that Pro 2 &7 2 Pyq- That these inequalities are

sufficient conditions can be shown as follows. Define w as

(3.18) o =24, Py

there exists a

U(x) , U(x) _ aUX) ,
3%y 3%, 3y ’

n € [0, 1] such that Ey = uPpp * (1 - u)p]]. Define wy and wy as

Since Pip 2 &1 2 Pq7e where &y = Py

(3.15) wy

m
and
(3.16) wy = (1 - n)o.

Obviously, wy >0, w, >0 and w = wy + wy. Thus we have

sU(x)

%, 1Pz T eePh T 0
aU(x) _
85 (wl + wz)Pz =0

P11X (1) + PoXp = My 0y 2 0



P1oX (1) + PoXxy = Myy 0y 2 0

which are the Kuhn-Tucker conditions which characterize X as the solution. Hence,
it can be concluded that the regime criteria which determine this regime are the in-

equalities
(3.17) P-” _<__€1 < Pyoe

From the constructions in (3.14) and (3.11), we have essentially that

(3.18) &)

3%, wpy = 0
(3.19) %’%‘l- wtq = 0.
1

Define an "income" C as

(3.20) C=M+ (51 - pn)x1(1).
It follows that

(3.21) g]x](1) + PoX, = C.

Thus the plane {(x;, x2)|£1x1 + ppX, = C} s tangent to the indifferent curve at
the kink point X, which is point B in Figure 1, and supports this kink point as
the solution given the price vector (g], p2) and income C. The price £ is the
virtual price for good 1 at the quantity x](l), and C is the corresponding
virtual income. The kink point is optimal because its virtual (shadow) price is
greater than the first block brice but less than the second.

The comparison of virtual prices with market prices can select among regimes in
the general problem of the consumer with a convex budget set (2.1, 2.2). We state

the following results with detailed proof omitted:
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Theorem 1. Let x* = (x*,...,x%) be the demanded quantity vector. Consider

the general regime with the form:

x? =x5=...= le_1 0;

(3.22) xx =x, (i), x¥ 4

X (1% Lq)seeusx* o =X (i 4)s
z] 1 1 1 2.+ 2, +] zz-l 22-1 12-1

1 1

x, (1% =1) < x* < x, (i ),...ux (i% - 1) < x* < x_(§°)
Lo %o %0 2o 2o m''m m m''m
s 0 50 3 O
where 0 <2y 28 <m and for some 121, 121+1""’1m' The necessary and suf-
ficient conditions for this regime's occurrence are:

P

31 Z.Ej(x*), 3= 25000401

(3.23) pjig f_gj(x*) §_Pj(13+]), j= l], 2]+],...,£2-1;

Xj(i§-1) < x¥ < xj(13)9 J

3 22, 22+1,...,m,

where gj(x*) js the virtual price of good j at the optimum point x*.

~ In principle, virtual prices can be constructed from either the direct or in-
direct utility functions. Consider the case where & goods are rationed at the
quantities X?! i=1,...,8. With a utility function U(xl,...,xm), a price vec-
tor p and income M, the constrained utility maximization problem is

(3.24) mix U(xl,...,x s XgypoeneoX )

2 m
subject to X; = x?, i=1,....2
and p'x = M.
Implicitly, it is assumed that M > z§=1 p1x$ so that the problem is well posed.

The Lagrangean function is
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)

L=U(x)+2a(M-p'x) + z%=] n-(X$ - X5)

1

where A and the n's are Lagrangean multipliers. The solution x* of (3.24)

satisfies the first-order conditions:

*
(3.25) %ﬁ(’_‘—)-xpi-niw, X¥=x¢,  i=1,..

n
=
+
o
-»
-
=3

X .
Xj

(3.27) p'x* = M,

(3.26) 2UH) "y = 0, i

The demanded quantities x}, j = 2+1,...,m, of the unrationed goods can be solved

from (3.26) and (3.27) conditional on the rationed goods at x?, i=1,...,0;3

- L
(3.28) X% = Dj(p2+],...,pm, M - i

3 pix$lx?,...,x°) jo=+l,...,m

L

The equations (3.28) are the conditional demand equations for the unrationed goods.

The virtual prices &., j = 1,...,4 of the rationed goods at x?,...,x° are

J [
_ 1 aU(x*)
Ej(x*) Y 3%y
(3.29) o o o °
. aU(x],...,xg, x§+],...,x;) ; aU(x1,...,xl, xz+],...,x$)
m axj X

for j = a+1,...,m. Substituting the conditional demand equations (3.28) into
(3.29), the virtual prices can be written as functions of the observed prices for

the unrationed goods, income and the rationed quantities:

(3-30) E,j(X*) = Ej(PH],...,Pms MR; X?s--uxz) J=1,..052

where MR’ MR =M - z%=] pixﬁ, is the income remaining for expenditure on unra-

tioned goods. The virtual prices and the conditional demand equations as functions
of p, M and the kink points provide conditions for regime occurrence as in the

conditions (3.23).
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Virtual prices for the rationed goods can also be derived from unconditional
(notional) demand equations. The unconditional (notional) demand functions
Di(p, M), i=1,...,my are the solutions to the unconstrained utility maximization
problem max {U(x)|p'x = M}. With the goods i rationed at quantities x;,
i=1, 2,...,%, the virtual prices which support the commodity vector x* =
(x?,...,xz, xz+1,...,x$) as an unconstrained utility maximum are characterized by
the demand relations:

(3.31) X$ = Di(g], Egsevns Egs Pyyqseens P c)s 1= 1,000523
(3-32) xg = DJ(£1’ 529---’ gg’: p2+]s---s pms C)s J= a4, ..m

where

(3.33)  c=M+zio (g5 = py)xS

i
. . . % o m % = . .
is the virtual income, and Iz, 4 £;x5 + Ijog+ PjX5 = ¢ 1s the corresponding budget

tangent plane. The virtual prices g; of the rationed goods are solutions to the

j
equations (3.31) to (3.33). The virtual prices for the unrationed goods are the
market prices (Neary and Roberts). The virtual price approach allows for a wide
choice of functional forms because it does not necessarily require the specifica-
tion of the direct utility function. As we demonstrate below, the use of an in-
direct utility function representation of-preference is also attractive.

The demanded quantities x*, Jj = a2+1,...,m for the unrationed goods satisfy

J
the conditional demand equations (3.28). With the introduction of virtual prices

£,

i i=1,...,24 for the rationed goods, xg satisfies the unconditional demand

equations,

(3.38) Xt = Dy(Eqs Epoenes Eps Pyypoeees Py M # B E5)s 3= #¥lim
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where Mo =M - z%=] pix$. By substituting the virtual price equations (3.30) into

(3.34), one obtains the conditional demand equations (3.28), Thus the conditional

demand equations can be derived from the unconditional demand equations via the
5/

virtual prices and vice-versa.~ As a function of prices Pot1*oPpe remaining

income MR and the rationed quantities x?, i=1,...,2, the demand equations

(3.34) can be interpreted as conditional demand equations conditional on x?,

1. = ],.-.glo
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4, Econometric Model Specification: Binding Non-Negative Constraints Case.

Estimation of the notional demand equations requires the specification of a
functional form with a finite number of unknown parameters plus stochastic compo-
nents. These components reflect random preferences or other unexplained factors.
Let 6 be the vector of unknown parameters and ¢ the vector of random com-

ponents. The stochastic notional demand equations are
(4.1) g9; = Di(v; 8, €)

where v = p/M 1is a vector of normalized prices. These demand equations can be
derived either by maximizing the direct utility function subject to the budget con-
straint as in (2.3) or from an indirect utility function through Roy's Identity.
Let H(v; 6, €) be an indirect utility function defined as

(4.2) H(v; 6, €) = max {U(q; 6, €)|vg = 1}.
q

Applying Roy's Identity, the notional demand equations are

(4.3) q; = éﬂi!%v%;JEl / z§=] V. aH(v; 6. €) i=1,....K
j

Jj 3V

In’the analysis of quantity rationing, Deaton (1981) has noted that it may be
difficult to analytically derive virtual price functions from most flexible func-
tion forms for the indirect utility function. For the case of binding non-negativ-
ity constraints, all of the restricted demands are zero rather than positive as in
the rationing literature. With zero restricted demands, the'derivation of virtual
prices is considerably simplified as the denominator in Roy's Identity (4.3) drops
out of the virtual price functions. If demands for the first L goods are zero,

the virtual prices i are solved from the equations

(4.4) 0= aH(g],..., ELs vy 6, e)/avi i=1,...,L
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and the remaining (positive) demands are

aH(Eysevvs Es V3 05 €) BH(Eys.ves EL5 V5 0,5 €)

(4.5) % = 5, /251 Yy v,

i=L+1,...,K.

As an illustration of the notional demand approach, consider the translog in-

direct utility function of Christensen, Jorgenson and Lau (1975),

K K
Zi= 1 Bii Inv, 1nvj + Zi=1 €5 Inv,

1 L ij i i

K
j:

~N| —

. _ K
(4.6) H(vs 8, €) = 2y q o Tnvy +
where ¢ is a K-dimensional vector of normal variables N(O, z).Q/ A convenient

normalization is 2§=1 a; = -1 and Z§=1 € = O.Z/ The notional share equations

derived from Roy's Identity are

as + ZK=1 B.. Inv, + €5

= J 1J J -
(4.7) ViQ; 5 i=1,...,K
where D = -1 + z§=1 z§=1 Bij 1nvj. Consider the regime for which the quantity

demanded for one of the goods is zero and positive for all others, i.e., Xy = 0,
Xy > L Xg > 0. The virtual price £ as a function of VoseresVys is

_ K
gy = -(ag + Iiep By 1nvj + e1)/811-

The remaining positive share equations are

Bs B B
il K il i1
Ct.i - 0,-‘ B-—+ Zj=2 (Bij - B'lj 'é""")]nvj + E_i - E——e]
(4.8) VX, = . ,
11 K 14 Ol,-‘ B_]
Zj=2 (8 j -8B 1 B" )1an - (] + —B—-l—ﬁ .!) - —B';.I_e-l
1 = 29'0 gK

where B.j = 2§=1 Bis Note from the above-equations that e; can be expressed as

functions of X; and ey The switching conditions for this demand regime are
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K

and X5 > 0, i=2,...,K.

Let f(e]) be the density function of €1 and 9(52,...,'6K_]|e]) be the
conditional density function, conditional on €y The Jacobian transformation
Ji{xs eq) from (eps...s e q) to (%Xps..., Xy q)s which can be derived from
(4.8), is a function of x and €1 The 1ikelihood function for this demand regime
for one observation is

[-(a .\ ZK . Tnv.) J.I (x, e])g(ez,..., :»:K_1It—:-l)‘f"(e])ds-:1
1 =1 713 J

where €45 i=2,....K-1 are functions of x and e; from (4.8). Now consider
the demand regime in which the demands for the first two commodities are zero and all

remaining demands are positive. The virtual prices £ and En as.functions of

V3,...,VK are

K
+ 1. . .
Ing, A @y * 253 Byj 1an e
= -B - B
K
1n€2 (12 + Zj=3 BZJ- .Invj €2
(817 12
where B = . The remaining positive shares are
Ba1 B22
K
. a; + Bsy Ing, + B., Ing, + Z. , B.. Inv, + ¢,
(4.9) v, =112 2 J3 W J 3 .3,k
=1+ 8.y Ingy + 8., Tng, + Lj=3 B:; 1nvj
The €55 i=3,...,K, can be expressed (from (4.9)), as functions of x, e, and

€o. The regime switching conditions are
€ nygt aq + EK By: 1INV,
B-'I ]] > _[ ]l ) B-1 [ 1 IJ(=3 13 il
52 1nV2 az + Zj=3 sz 1nvj)

n € e
Let [ 1] =g [ 1]. Furthermore, let g(egs...» ey_1lnys np) be the conditional
n €
2 2
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density function of (53,..., sK_]), conditional on ny and n,, and f(n1, ”2)
be the marginal density of " and No- The Jacobian transformation Jz(x, nys ”2)
from (egs...» eg q) to (Xgs..., X¢_y) can be derived from (4.9) and is a func-

tion of x and nys No- The likelihood function for this regime for one observa-

tion is
rm {+o] J
J52 JS] Z(Xa n]s T\z)g(€3;..., SK_]‘T\]’ nz)f(n], ﬂz)dn]dnz
$1] Tnv, o ey Thes By; Tnv,
where = - - B J 3 J| and e's are functions of x
So 'lnv2 - EK 5. . Tnv
’ 2 ¥ Tj=3 Bay MY;

and nys Mo derived from (4.2). The likelihood function for other regimes can
similarly be derived.

Let Ii(c) be a dichotomous indicator such that Ii(c) =1 if the observed
consumption pattern for individual 1 is the demand regime c¢, zero otherwise.
Let QC(Xi; 6) denote the likelihood function for regime c¢ for sample 1i. The

1ikelihood function for an independent sample with N observations is

I.(c)
L=, Tl cbtys )1
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5. The Likelihood Functioh of the General Demand System.

Consider a general (notional) demand system with m goods
(5.1) X; = Di(p], Poseses Pos M3 p) + €5 i=1,...,m

where 6 1is a vector of unknown parameters and €5 is the disturbance with zero

mean. The budget constraint implies that z?=] Pies = 0. The disturbances €5
i=1,...,m are correlated and are heteroscedastic. Let x* = (x*,...,xﬁ) be the
observed demand quantity vector. Without loss of generality, consider the general
regime in Theorem 1., The criteria for the determination of this regime are the
conditions (3.23). The virtual prices Eys Epaeees 522_] are determined by the
following equations:
t2-1 . .
0= Dj(g1, Egseves 522_], pzz,..., Pps Mp * zk=£1 gkxk(1§); 8) + €4

j=],‘--, 21-];
(5.2) 2,-1
19 2 i0); o) +
X5 13) = Dy(eqs B &y _yo Pyooees Po Mp ¥ Zpep B LERDs 0 * e

J= Lyseees 22-1

251
..112 T s0 " Zkzz] pkxk(ii). The remaining demanded
1

where M, = M .
R ]l 10 LN BN

quantities are
. £,-1
- 2 AN
x} b Dj(g-lg Ez,..., 522—"’ plzgno., pm, MR + Ek=9‘] gkxk(.lk)’ e) + ej’
(5.3)
j= 295 22+1,...,m.

These equations provide an implicit function from the disturbance vector
(€95+++» €y_7) to the vector (E9s Epseenn gzz_], x* x22+],..., X* 1), As

2
2
2?=] Piej = 0, the equation x$ is functionally dependent on the other equations
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and is redundant. A specified joint density function for (51,..., Em-1) implies a
. . . * .

joint density function for (g],..., 522_1, XEZ’ x;2+1,...,xm_1), which can be
derived straightforwardly since the Jacobian matrix is easily derived from (5.2) and
(5.3). Let f(g],..., g22_1, xzz, x;2+1,...,x;_]) denote the implied joint density
function. It follows that the contribution of this regime to the 1ikelihood func-

tion for an observation is

p - : 0 1 p : 0 p - p
z21(122_]+1) 21(121 +1) Faq-150 11
J J f_m L’ Fggs Epsenns 522_1, X3
Po-1 47 Pe,ic
270 ey 1g, x;zﬂ,..., x* 1)

dg-ld€2- . .dgzz_" ©

The evaluation of the 1ikelihood function may be cumbersome and expensive if
there are integrals with dimehsions more than two. It is an open question whether

computationally simple estimation methods can be derived.

2
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6. The Firm's Problems.

Our analyses, which have focused on consumer demand models, can be extended to
the analyses of kink points in production economics. The firm's problem differs
from that of the consdmer in the constraints of the primal problem and the observ—
ability of profit but not utility. Kink points may occur because of binding non-
negativity constraints or inputs or outputs in a multiple input or output technology
or as a result of rationing or block pricing.

Consider the profit maximization problem subject to quantities constraints:

max p'q - r'x
(6.1) Xs q
subject to F(gq, x) =0, g>q>0, Xx>x>0

where x and q are kx 1 and M x 1 vectors of inputs and outputs respectively,
and x and q are the upper quantity limits. The production function F is an
increasing function of q's and a decreasihg function of x's. Other standard
regularity conditions on F such as differentiability and strict quasi-concavity
are assumed. To illustrate the construction of virtual prices from the production
technology F, 1let us consider a rather simple regime with x* = (0, x§,..., xﬁ)’
and g* = (a], q§,..., qﬁ)' where the first input is not utilized and the first

output is produced at the quota level. The Lagrangean function is
L=p'q-r'x+2(0-F(g, x)) +e'q+u'x+6'(q-9) +u'(x-x)

where ¢, ¢, & and « are vectors of Lagrangean multipliers. This regime is

characterized by the following Kuhn-Tucker conditions:

_p. _ 10F(g*, x* - }
Py - A axy oy =0y 2 0;
* *
-Y‘_i - )\BF ax? X ) = 0’ .i = 2,...,K;

i



* *
P]-XaFaq’X)‘G',:O’ (5110;
1
pj-xil:_(g;_’_x_*.l= 0’ j=2,...,M.
J

F(q*, x*) = 0, q* >0, x* > 0.

Define the virtual price Edl for input 1 and virtual price ¢ for output 1

s]
at (x1 = 0, ﬁl) as

£o= o) 3F(q*, x*)
dl 9%,
and
E - ABF(Q*a X*)
si 309, ’
* * *
Since éfigii—é—l < 0 and éE—(-ga-l—ﬁl» 0, Ed1 and £ are strictly positive.
1 1

It follows that vy =ry - g4 and & =p; - £ . Therefore this regime is

characterized by

ry 2 &gy 0<x'f|5<)-(1., i=2,...,K

and p] 2_5519 0 < qg < aj’ J 2ye..M.

Input 1 1is not used because the market price is too high and output 1 is prod-
uced up to the quota 1limit because the virtual price is not. This technique can be
easily generalized to other regimes.

The case of increasing block prices in inputs can be reformulated into the
framework (6.1). Consider the simple case of a single output x with production
function q = f(x). Assume the price of input x is ry if the purchased amount
is not greater than x1(]) but a higher price o for amounts in excess of x](]).

Hence the cost c(x) is
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c(x) = rx, » f x < x;(1)3
= r1x1(1) + r2(x - x](1)), if x> x1(1).

The problem max {pq - c(x)|q = f(x), x > 0} can be rewritten into an identical
X
problem with two perfectly substitutable inputs:

max pq - F1X] - r2X2
X1 %2

- subject to g = f(x; + x5)5 0<%y 2x(1), x> 0.

As the price of X is less than Xps Xy will always be purchased first. Xy will
be purchased only if x; has been purchased up to its upper 1imit x1(1). x1(1) is
a kink point in this model.

§imi1ar1y, the decreasing block prices in outputs can also be formulated in
the framework (6.1). Consider a single output case that the output quantity q can
be sold at price Py ff the quantity is not greater than the quota amount q(1);
however, quantities in excess of q(1) can only be sold at a lower price Py The

revenue function will be

R(q) = pqq » 1f q<q(1);

"

P1a(1) + pylq - q(1)), if q > q(1).

The profit maximization problem max {R(g) - rx|q = f(x)} can be rewritten indent-
X, q
ically as a model with two perfectly substitutable outputs:

max Pydy + Ppdy - X
q]’ q29 x ]

subject to gy + g, = f(x), 0z<aqy<q(l), q;20,

The quantity q(1) 1is a kink point in this model.
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Instead of the direct approach of profit maximization with a specified pro-
duction technology, one can also consider dual approaches through the specification
of profit or cost functions. Application of Shephard's lemma or the Hotelling-
McFadden lemma (see, e.g., McFadden [1978]) provides (notional) input demand and
output supply functions. Virtual prices for the kink points can be solved directly
from these functions. In the next two sections, the specification and estimation of
a translog profit and cost functions is described in order to clearly illustrate

this approach.
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7. Econometric Models With Translog Profit and Cost Functions: Corner Solution
Cases.

The variable translog profit function with fixed factors z = (21,..;,zL)' is

' 1 K+ K+M
30 1nv + 5 7 T I,

K+M
j=1 ¢ i=1 “j=1 %ij

- . L
Inm = %00 + I, 1nv 1nv‘j + Zo=1 Y10 Inz

(7.1)

1 L L K+ M L

where v, = rys i=1,...,K and Vi T Ps g for i = K+1,..., M+K. For computa-

tional tractability, random elements are introduced in the linear terms, as follows

K+M

_ T KM _K+M
Inm = oo + 2oy (ogg + eg)Invy + 5 20 Ij=1 @45 1vg Tnvg
L 1 L L KM _L
(7.2) *I.1 Y0 1nz * 5 I zj=] Yo Inz 1an * I a1 Big 1nv1 1nzz
+ 80

where ¢ = (eo, Eyseres EK+M) is ‘assumed to be multivariate normal N(0, @). The

Hotelling-McFadden Temma implies that the notional cost shares of profit are

r.X.
ii . K+M L s -
(7.3) -——=a;t ZJ -1 @ 1an Iy By 1nz£ * ey i=1,...,K
and the notional revenue shares of profit are
P:Q. -
itio_ K+M L _

Virtual prices corresponding to zero inputs and outputs can be solved from the share
equations. Without loss of generality, consider the regime where the first two in-
puts are zero. The corresponding virtual prices are v? and v§, defined by the

following equations:

_ K+M L
0= a9 * gy 1nvf *ag, 1nv§ + zj=3}a1j Inv, + e

3 =1 B]z Tnz + €1

L
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0 = a5y + a5y 1NVY + ay, Tnvy + §+§ %93 1nvj + Zk=1 By 1Nz, + ey
The solutions are Tinear in e; and e,:
nvi) a7 %12 -1 ayg t z?i! aqy Tvy + z;=1 By, TNz, + &
1nv3 - ap) ugp| |ogg * Tieg o 1;“’3' *Igy By Tnzy + gyl
The remaining non-zero share equations are:
V45 ( ) SN ‘°‘m ¥ ZJI'(:P; oy vyt PRI LIRS
(7.5) P T e Uoy Opof  Jagq F z?ig %93 1nvj + Zt 1 By 1NZ, + &
+ z§=§ o5 1nvj +'zt=] Big Inz, + e, i=3,...,KM
where s = (-x', g@')' and are linear in . The conditional profit function for
this regime is
N7 = agy + (agq + e9)TVE + (apg + €,)Tnvs + 2500 (agq + o) v,
00 10 1 20 2 2 i0
+ %-2§=] 2§=] o3 Inv¥ 1nv§ + %—z§=] z? g . Invy lan
(7.8) 1 KM 2 1 KM KM
* 7 L3 Tiay %45 Tnv, 1nv§ iy i3 1nv 1nvj
* Zt=1 Yoo M2y ¥ %’2t=1 Z§=1 Y3 N2, Tnzy + 2§=1 Zt=] By 1MV Tz,
+ 25 2 Zt_1 Biy Inv, 1nzz *+ gq
which is nonlinear in € and € but Tinear in €gs €49 i=3,...,KM. The
first two regime switching conditions are
vy)  fagg agp) T fag * Teg gy T+ Iy By, Tnz a1 o) [o
- - : <
L B B L L . g ) |5
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To guarantee that the estimated variable profit function is linear homogeneous in
prices, or equivalently that the estimated share equations are homogeneous of degree

zero, the following restrictions on parameters and disturbances must hold:

K+M K+M K+M

21-=-| a,io = ], Zj='l U..ij = O’ a,ij = G,j_i fOY‘ a11 i, j; Z_i=-l 81-2 = O,
. o GKHM
fOY‘ 311 2:9 z_i=1 S_i - 0.

The Tatter equality implies that the stochastic components are statistically
linearly dependent. Therefore, one of the non-zero share equations can be deleted

in the formulation of the 1ikelihood. Define the random variables w1 and wy S

“11 _ %17 %12 |51
w2 %21 %22 {%2j°
Let f(eo, €gseens eK+M_1|m1, mz) be the conditional density function, conditional

on and  w,, and g(w], wz) be the marginal bivariate density function. As
V.S

the Jacobian of the transformation (eo, Egseees EK+M—1) to (Inm, —3%23...,

VK+M-1SK+M-1)

= is unity, the likelihood function for this regime with one observa-

tion is
* [ - V3§3 VK+M-1§K+M-1I
(7.7) e j-c f(Inm, =seens = Iw-l, wz)g(w-l, wz)dw-ldwz
2 1
K+M L

) (Imvy) [y o Tfogg * oz gy IV + Zp g By, Tnz))
where = + . ‘

CoJ Tnv o o K+M L

2 2 21 722§ lapg + L3=3 %2j lnvj *Ioo1 By Inz,

Likelihood functions for other regimes can similarly be derived, as well as the
likelihoods for cost functions.
The likelihood (7.7) utilizes both the share equations and the profit function

to derive the full information estimator. If only the share equations are used, the
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estimation procedure is less efficient but the corresponding 1ikelihood function is
simpler because share equations are linear in the disturbances. Nevertheless, the

likelihood function will still involve multivariate normal probabilities.
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8. An Application: Estimation of an Energy Cost Function.

In this section, we apply the econometric model set out above to the estimation
of a translog energy cost function. The production structure used in deriving energy
demand relationships parallels that of Fuss (1977) and Pindyck (1979). First, it is
assumed that the production function is weakly separéb]e in energy inputs. Thus, the
cost-minimizing mix of energy inputs is independent of the mix of other factors.
Second, the energy aggregate is assumed homothetic in its components so that cost
minimization becomes a two-stage procedure: optimize the mix of fuels which make up
the energy aggregate and then choose the cost minimizing mix of the energy aggregate,
capital, labor, materials, and other factors. Here we will only estimate the eneray
aggregator function from which interfuel substitution elasticities can be derived.

The data used in the estimation came from the raw data tapes of the annual
industrial surveys (Survey Perusahaan Industri) of Indonesia. The sample consists of
establishments manufacturing fabricated metal products, machinery and equipment
(ISIC classification 38). There are 1410 observations. Three fuels are identified:
(purchased) electricity, fuel oils and other fue]s.§/

Local market price data for energy inputs were available for all firms. The
substantial spatial variation of prices characteristic of island Indonesia, as well
as the large sample size, make it possible to estimate price response from cross-
section data with reasonable precision.

A11 three fuels went unconsumed by a substantial number of firms (Table 1) and
many firms consumed only one of the three. Many firms in Indonesia use prime movers
or generate all or some of their electricity in-plant, which is why only 60% of
firms purchased electricity. We expect that fuel oils and other petroleum fuels,
whiéh are used to power electric generators and prime movers, are close substitutes
for purchased electricity.

>The (unobserved) price index for a unit of energy is the unit translog cost
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function

= 1
(8.1) In PE = agg t Ly %40 1np1. t oIy Zj %5 'Inp1. 1npj

where i, j =1 (electricity), 2 (fuel oi1) and 3 (other petroleum fuels), and
P; is the price of the 133- fuel. Randomness as well as firm specific character-

istics are allowed to influence demands by writing the parameters @z aS

(8.2) Cj + e, i=1,2,3

%0 T Yio * Tj7ij i

where Cj is the ij- firm characteristic and ¢ 1is a three-dimensional vector of
normal variables N(O, r). The firm characteristics C ‘inc1ude dichotomous vari-
ables for Java/outside Java and urban/rural location and the year the establishment

began operation. The share equations corresponding to the cost function (8.1, 8.2)

are

(8.3) Si = Yio * Zj Yi3 Cj + Zj 7 1npj ey i=1,2,3

from which virtual prices for zero demands are readily solved for.

The maximum likelihood estimates of the parameters of the cost function, ob-
tained using the quadratic hill-climbing methods in GQOPT package of Goldfeld and
Quandt, are presented in Table 2. The asymptotic t-ratios reported in the table
suggest that all three firm characteristics are significant determinants of energy
demand. A likelihood ratio that supports this contention (x2(6) = 354.13).

Table 3 provides estimates of interfuel (partial) fuel price elasticities. Own
and cross-price elasticities are fairly large in magnitude. Electricity is a sub-
stitute with both fuel oil and other fuels. Its large cross-price elasticities sug-
gest how close electricity is for alternative fuels. On the other hand, fuel oil

and other fuels are complements.
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TABLE 1

Sample Characteristics

Fuels used Number of firms
Electricity only 97
Fuel oil only 167
Other fuel only 14
Electricity and fuel oil 108
Electricity and other 196
Fuel o011 and other 386
Electricity, fuel oil and other _442
TOTAL 1410

mean S.D.
shares:

electricity .381 .397

fuel oil .379 .379

other fuels .240 .269
log prices:

electricity .873 .207

fuel oil 70.7 5.62

other fuels 2.48 .061

firm characteristics:
Java = 1 .867 .339
Urban = 1 .784 411

Start-up year 65.5 11.1
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TABLE 2
Parameter Estimates of the Translag
Energy Cost Functionab
Maximum 1ikelihood Asymptotic t-
estimates ratios
Y10 -1.3532 14.68
11 0.2613 6.37
Y32 0.2886 8.52
Y13 -0.0521 -12.86
Y20 -4.7240 -1.86
Y21 -0.1554 -1.69
Y22 -0.1691 -1.59
Y23 0.0236 4.88
‘1 -1.1361 -19.02
“12 0.6071 19.28
®22 -0.2486 -14.97
n 0.1940 11.35
922 1.0324 , 133.29
%12 -0.1371 -8.25

log likelihood -2251.77

@ For parameters i =1 (electricity), i =2 (fuel 0il), j = 0 (intercept),

Y'ij:
j=1 (Jdava), j =2 (urban), j =3 (start-up year). For parameters %57

i, 3 =1 (electricity), i, j =2 (fuel oil), 1, j =3 (other fuels).

b Other parameters are easily derived from the homogeneity and symmetry conditions.
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TABLE 3

Partial Fuel Price E1asticities

Prices:

Fuels: electricity fuel oil other fuels
electricity -3.60 .97 1.63
fuel oil 1.98 -1.28 -0.70
other fuels 2.59 -1.12 -1.47
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9. Conclusions.

In this paper, we have considered the specification and estimation of models of
consumers and producer demand with kink points. These kink points can arise from
binding non-negativity constraints, quantity rationing, block prices or production
quofas. The models specified recognize that observed demands are the result of
optimal choice. The basic structures can be either a specific utility function or
indirect utility function for consumer demand analysis, and a production function or
profit function for production analysis.

Qur analysis unifies the direct and dual approaches in consumption and produc-
tion economics with kink points. The presence of kink points divides the demand
schedule or production schedule into different regimes. Switching conditions, which
determine the occurrence probabilities of different demand regimes, are provided.
Our approach utilizes the concept of virtual prices originated in the quantity
rationing literature. The virtual prices transform binding quantities into non-
binding quantities and provide a rigorous justification for structural change in the
observed demand functions across regimes. The comparison of virtual prices with
market prices is sufficient to determine regime occurrences. Such comparisons are
intuitively appealing as the virtual prices are actually reservation or shadow
prices.

As an application of our approach, we have estimated a three input. translog
energy cost function. As some of these three fuels afe close substitutes, non-
negativity constraints are often binding. The empirical results are appealing and
computation was inexpensive. Elsewhere, we estimate a demand system for ffve ag-
gregated commodities using a sample of 767 households from a budget survey for
Indonesia (Pitt and Lee, 1983), The computational cost for estimating that system
with more than 50 parameters in which there were at most two non-consumed goods for

each household was still quite moderate. However, because the econometric model is
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highly non-linear and multivariate in nature, computational difficulty and cost may

increase rapidly with the number of non-consumed commodities.
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(M On the other hand, commodities such as electricity often have decreasing
block pricing which creates a concave budget set. Concave budget sets create
special problems and will be considered elsewhere.

(2) Survey sampling errors, such as reporting errors, may alone be sufficient
to introduce zero quantities in observed samples. Pure measurement error prob-
lems will not be considered in this paper. Deaton and Irish (1982) suggest a
relatively simple model of demand with reporting errors.

(3) Two textbook examples on increasing block input prices in production can be
found in Henderson and Quandt (1980). One of the examples is on discontinuous
labor contract fof which the firm has to pay higher wage rates for overtime
labor.

(4) Our analysis can be generalized in a straightforward manner to incorporate
quantity rationing with a fixed amount of quantity. This case is the main con-
cern of the studies of Deaton (1981) and Blundell and Walker (1982).

(5) " Browning (1983) has shown that the unconditional cost function can
theoretically be recovered from a conditional cost function. The necessary
conditions for the conditional cost function are also sufficient for the recovery
of the unconditional cost function when the rationed quantities are positive.
Our approach starts with the unconditional functions. Identification in this

paper refers to parameter identification given functional forms for the uncondi-
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(7)

(8)

-36-

tional functions.
One can also specify other distributions if they are of interest. Normal-
jty is attractive because of its additive property.

It is necessary to specify z§=] ey = 0, since, for the homogenous case

K
1]
shares is unity.

Ii.q By = 0 so that D = -1 1in the share equations (4.11) and the sum of the

The category "other fuel" includes diesel oils, gas oils and kerosene. The
three categories of fuels delimited in this study comprised 86% of the value of

energy used by firms in 1978,
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