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Appendix A

Proof. We first demonstrate that when 7 > 0 (x¥ = 0) consumption vectors in the
set C' (C") are Pareto optimal and then show that consumption vectors outside the set are
not Paretian. Consider consumption vector ((a,a),(y; — a,ya — a)) where a € [0,ys]. If
((a,a), (y1 — a,y2 — a)) is not Paretian, there must exist ((cf, %), (¢, c¥)) # ((a,a), (y1 —

a,ys — a)) satisfying

(1) 4t =y,

(2) oy 45 =y
and such that either

§+£ﬁh@?@@}>yrm+£%h@rwm7

& +uin{r (4 -%)} 2

or
E’f—l—g}i%{ﬂ(gf—gg)} > yQ—a—i-;g]iDI}l%{?T(yl—yﬁ};
& + min {r (&' -&)} > «

Adding the relevant inequalities in either case and using (1) and y; > y» gives

721131}9 {r (e =)} + ;1611131}% {r(c-a)} > 7{2]131}2 {m(y1 —y2)}

= 7 (y1 — 1),

which cannot be satisfied when 7¥ < 7% < 7¥.

E

Now suppose that 7 > 0 and consider consumption vector ((b,y2),(y1 — b,0)) where

Y2 < b < yi. If ((b,y2), (y1 — b,0)) is not Paretian, there must exist ((¢F’,c¥), (¢R,ck))
satisfying (1), (2) and such that either

&+ min {7 (& =)} > min {m(y —0)},

5§+£]i3% [ (& - > g + min {m (b~ y2)},



or

ey 4 min {7 (¢ - )} > 7{2}1}1}1% {m(y1 — b)},

rePR
5§+7¥21i3% {r(-3)} > v + min {m(b—y2)},

Adding the relevant inequalities in either case and using (1) gives

(3) min {r (¢ =)} + min {7 (¢f —¢F)} > 7{2]131}1% {m(y1 —0)} +7f£]ij% {m(b—1y2)}

TePR TePE
= 7 —b)+ 7" (b—1).

Because 7 (¢ff — ¢) + o¥ (¢f — ¢%) > mingcpr {7 (¢ — ¢F)} 4+ min,cpe {m (¢F - &)},

(3) implies that

(4) o (@ @) +x" (F &) > (=) +x7 (b — 1)
Using (1) and (2) in (4) implies

(5) (x® =) (& +& —b) >0

For the EU to weakly prefer (¢f,¢5) to (b,ys), ¢f > b necessarily. This contradicts (5)

because 7% — 7 < 0. Finally, note that when 7% = 0, ((b, y2), (y1 —b,0)) is Pareto dominated

by ((y27y2), (yl - y270))-

We now demonstrate that when 77 > 0 (¥ = 0) consumption vectors ((¢¥’, ), (¢, ck))

outside the set C' (C") are not Pareto optimal. The Pareto problem is

(6) max {zg’« + min {r (& — ) }}

~FE ~E ~R =R R
C1 Gy 615,53t >0 eP

subject to ¢y -+ min {m(c¥ —=¢5)} > a”, (1) and (2),
TeP

where 47 is a fixed level of the EU’s utility from the interval [0, y» + ¥ (y; — y2)]. Using the

material balance conditions, we can rewrite this problem as

(7) max {yz -+ min {7y —¢f —uo +E§)}}
¢y’ \Cy g
subject to ¢y + min {r(ey =)} >a" p>c >0, yo > > 0.
TeP



The constraint set in (7) is a polyhedral convex set while the objective function is concave.
Since 7% < mf' < 7, none of the exposed faces of the constraint set is parallel to any portion
of the objective’s level surfaces. Hence, Pareto problem (7) has a unique solution. Note also
that when 7€ > 0 (z¥ = 0), there is a one-to-one correspondence between utility levels
¥ € [0,y2 + ¥ (y1 — y2)] and points in the set C' (C’). Combining these two facts with the
observation that set [0, 92 + m (y; — y2)] coincides with the set of feasible utility levels for
the EU representative agent, we obtain that when 7% > 0 (7 = 0) consumption vectors

outside C' (C") are not Pareto optimal. m

Appendix B
Proof. First, note that, given the relationship in (??), the three cases considered in
the theorem cover all possible rankings of ¥ + & zF + 2t t(zl, ) +t (zl, R) and

t (21 X ) +t (zl , X ) The Pareto problem can be written as:

E.R R
(JZ;); 1a weP

max {1’11111 {meff + (1 —m) }+ mln {mef + (1 —m) f}}
>0
subject to cff + ¢ = 2 + 2F and ff + & :t(zl, )—l—t(zf, E)

From Theorem ??, when P¥ C interior(P¥) , Pareto optimality requires that

“E _ AE
G =G

for any given strictly positive aggregate production level.
Using this condition, the Pareto problem can be written as

o {mln {r (2R 4 2F) & (L= ) (¢ (=P xF) + £ (<. E))}}.

(2R 2E)>0 | nePR
Let

(2% 27) = min {7 (o +27) + (1 —m) (¢ (7, x") + ¢ (2,x7)) }.

rePR
Since f(-,-) is concave, it has a well-defined Gateaux directional derivative of f(-,-) at
(2f,2f) in the direction (v®,v*) given by

R X ZE  ME) — f (28 2F
fG(<zf,z1E) (UR’UE)):/\E%L (1 1 ) ) (1 1)‘




Using the definition of f (-,-), we obtain

(8) FEO(( 2
ot (vF + oF)

+ (1 - 7TR) [t’

~

7'('(2} +v)

i R E
min ( v )
TePR

\ {—I—(lw)(t'(zl,
R 2F), (37

Since f (-, ") is concave in (2f7, z{

(9)

We consider each of the three cases in turn:

i) From (8),

Zlazl

)i (v

2t xft )v —i—t’(zlE, x*) E}
+ (1 — ) [t’ (zf,xR) vl 4t (zlE, x*) vE]

)vR—I—t' (zf;, E

R,UE

) v*)

) € argmax f (zl ) 2] ) if and only if

))

,if 2P+ 2P >t(21,

Cif 2 4 2 <t (2fx

")+t (= x")

)t (o %)

},1fz1+z1t(z1, )—i—t(ZlE, E) I

(zl V21 ) >0

fe (2, 20) 5 (0, UE)) < 0 for all (v R E)

fG((zfi,zf) (UR, E)) = 0 for all ( R E)

and, hence, (gf, 2F ) = arg max f (21 ) 21 ) The second part follows directly from ¢/ (zf, E )

i (28,28)>0

= and the definition of z”.

1
i1) From (8),

FE(EEzD) 5 (v, 0")) =0 for all (vf,0"),

and, hence, (2§, z¥

(zl V21 )>O

— i:R and the definition of 2%

iii) First, we demonstrate that 2 + 2F = t(zl,

consider the case
(10) A4 a0 >t (3 x

But then

PO A0) 3 (v

) = argmax f (2%, 2') . The second part follows directly from ¢’ (¥, x¥)

)+t(z1,

)+ (20,x").

sE (E

) . Suppose not and

x) of 4t (28, %) oF]



Under (10), we have that
A (Cy

which contradicts (10). Similarly, one can demonstrate that 2+ 2 < ¢ (2, x
leads to a contradiction.

Now it is left to verify that (9) holds when 25 + 2F
¢ (2f,xR) =t (2F,xF

t (zf

) . We have that in this case

= min {7 (v*+ ") + (1 — ) (¢' (2]

7I'€PR

xP)of 41 (28 x7) o)}

(" +0")
+ (1 —af) (¢ (2, xT) ot + 1 (2F,xF) 0F) |
i (UR+UE)

) (1 (3, x) off 1 (27, x5) o)

,if o 0 >t (2 x

+ (1 -

\ L

Using this expression and (iii) it is straightforward to verify that (9) holds.

(27, xF) =t/ (2, x"), then 2f = 2F = 2P and 2{f = 2f' = 2%
vector that satisfies (9). Finally, note that
g N 1 (3E LE ™
1_7TR —t' (&', x ):—t(zl,x)gl_%R.

Jif R of <t (é’f%,xR

); (v R,UE)) < 0 for all (v v ) if and only if 25 = 2 and 2F = 2¥,

")+t (3 x")

, R) —|—t(z{3, E) and

)U —|—t’(zf, E)UE
)UR+t’(zf3, E)UE I

If in addition

is the unique production



