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Derivations of Equilibrium Prices and Quantities

Scenario 1

In country 1, the consumer indifferent between buying the low-quality product or buying
nothing is defined by the value of 8 solving y + 0q; — p; = y, i.e., 6, = %. Similarly, the

consumer indifferent between the low- and high-quality products is defined by the value

of § solving equation y + fq, — pp = y + Oq; — p;, i.e. 0y, = L2

an—a’
Thus the low-quality product is purchased by consumers with 6 € [0y, 61;] and the

demand for the low-quality product is

O1n —0u  qph — Dign
1 dy = = .
M) ! 0 (an — @r)@ith
The high-quality product is purchased by consumers with 6 € (6,5, 6;] and the demand

for the high-quality product is

Pn — Di
2 diy =+t P P
( ) t 01 (Clh - %)01

The demands for the low- and high-quality products in country 2 can be obtained in
a similar manner. Note however that the demands of consumers in country 2 depend on
the price of the product expressed in local currency, i.e., p; - e and py, - €, where e is the

exchange rate expressed in units of country 2’s currency per unit of country 1’s currency.

The demands in country 2 can be represented as

Oon — O Qpn — Pidn
3 dy = =e , and
( ) & 05 (Qh - %)%02
Oy — 0oy, Ph — DI
4 dop = ——"-=1—6———"—"—.
( ) 2 0o (Qh - C]l)92

The firm’s profit is

1 leh—szh<1 6) 12[ Ph — DI <1 e)]
5 =(p— =)=+ — )+ ph—=) |2—- —— [+ —
( ) T (pl 2Ql ) (Qh — ql)ql 91 02 (ph Qqh) 91 02



with first-order conditions:

(6) O _ 102+ ) [4(pngr — pign) + @an(@ — an)] _ 0. and
op 2 (9n — @) @102

) om _ 1(0a+ efr)(dpn — A+ ¢f — ) — 4010>(qr — @)

1
- = 0.
op, 2 (—aqn + 91)q:0162

Solving these two equations simultaneously for p;, pn, we obtain the equilibrium prices

1 [49192 + qh(02 + 691)]qh
* — d
(8) Ph 4 92 + 691 , an
(9) P = lcﬂ [460105 + g, (02 + 601)].

4 02 + 601

. « _ an v ane
The equilibrium quantities are dj, = -, dj, = 75, and

4e0F — (q + q1) (02 + €b)
10 di, = —2 d
( ) 1h 491 (02 + 601) ) an

405 — e(qi + qn) (02 + eby)
11 di, = —2 .
(11) 2h 405(05 + €0,)

4e0? 4932

m, m must hold. We assume that

For d}, > 0 and d%, > 0, g5, + ¢; < min

this is the case throughout the article.

Scenario 2

The monopolist treats each market independently due to market segmentation and con-

stant marginal cost. The firm’s problem in country 1 is

1 1
(12) max (pll - —q?)du + (plh - —C]i%)dlh-
P11-P1n 2 2

Similarly, the firm’s problem in country 2 is

1 1
(13) max (pgl — —Q?)dQl + (p2h - _qz)th'
P21,P2h 2 2



We solve the firm’s problem in the market 1 first. The marginal consumers are,

Oy = B, 61, = BB Thus the demands can be represented by

O1n — 01 @pin — Pudn

14 dy = = , and
( ) . 0, (Clh - qz)Ql01

0, — Oip Pin — Pu
15 dyy — — 2 P
( ) t 01 (C]h - QZ)el

Firm’s profit is,

1 o q@pin — Pugh 1, Dih — Pu
16 ™= (pu—=¢)———+ (P — zq) (1 — ———-).
(16) 1= 2 l)(Qh—Ql)Q191 g 2 )l (g — @)t

The first order conditions are

om Apug — —
17 1 Apinq — pugn) + qan(q qh)7 and

opy 2(qn — @)@t

(18) om 4(p1n — pu) — (an — @) (@ + qn + 261)
Op1n 2(—qn + @)t ‘

Solving these two equations simultaneously for py; and py;, we have, pj, = iqh(291 +

gn) and pj; = 3q(261 + ¢). Thus the equilibrium quantities are df, = 1 and dj, =

201 —q1—qn
464 :

Similarly, by solving the maximization problem of the monopolist in country 2, we

can obtain the following equilibrium prices and quantities,

. 1
(19) Doy = 1%(202 +eq)/e,
. 1
(20) Dop, = 1%(292 +eqp)/e,
" €qp
(21) 2= 10,7 and



20, — e(q + qn)
22 = .
( ) 2h 402

For dj, > 0 and d5, > 0, g5, +¢ < min [26,,26,/e] must hold. Note that this condition

4e6? 403

Fotelr” 2ot established in scenario 1 for the

is less restrictive than ¢, + ¢; < min

quantities in market 2 to be positive. Thus, dj, > 0 and d3;, > 0 in scenario 2 holds.

Derivations of Equations Associated with Corollary 3

and 4

Corollary 3

First, we determine the sign of X — 1. Using the equation for the domestic-export price

pjo1+p;(1—01)

prosept (1-0a)” the sign of X —1 corresponds to the sign of

ratio with unit values, i.e., X =
(p; — pi)(01 — 09). It can be easily shown that (pj — p}) < 0 because ¢; < g,. Moreover,

4qh(92 + 691)2(92 — 691)

23 — =
( ) T [469% - %(92 + 601)][403 - 6(]1(92 + 601)]

and the two elements of the denominator are positive given the assumption we made
for all quantities to be positive in equilibrium (see scenario 1 above). Thus, the sign of
01 — 09 depends on the sign of 6, — efly. When 65 < efy, 07 — 0y < 0, and X — 1 > 0.

When 6, > efy, 01 — 09 >0, and X — 1 < 0.

0Py b p, 0P

. . ] ]
Second, we determine the sign of OX Because X = £ 90X — fan = _“9a  Ngpte that
’ oqn Py’ Oqp Py

P =o(p; — p;) +p;i, Po=02(pf — i) +p;, and ¢, does not enter p;. Thus,

o * * op;, o9 (% * op;,
oxX [%(pz - i) +a%(1 —o)|P,— P [g—q;(p, —pp) + 82}’2(1 — 09)]

24
( ) dqp P22

Rearranging we obtain:

0X (pf_p;;)(g;;;]g_%P1>—%(P201—P102—P2+P1)

oan P;

(25)



_ _ an(f2tebr) _ _ gne(fatebr)
Where o1 = 466%—(][(92-1-691)’ and 02 = 403—%8(02-&-891) :
i i do1 _ o1 OBoa _ o2 Huti 91 daz
Given the expressions for o1 and o5, B = o 5e 2. Substituting for Ba e
Py, and P,, equation (25) can be re-written as
opy  «
ox (01— 02) |0 — pp) B — Gk
(26) = 2
qn P
B d
where (p] — ph)— - ;ﬁpl < 0 because (p; — pj;,) < 0 and ph 491924{922qi$21)+e91) > 0.

The above shows that the sign of 2X

have already determined depends on the sign of , — ef).

o also depends on the sign of 0; — o9, which we

Thus, when 6, < ey, 01—09 < 0, X—1 > 0, and > 0. When 0, > e, 01—09 > 0,

X -1<0,and 2% <0.
4qh

Corollary 4

Because
* 20
(27) y, = P 2t ae
Py 205 + eq;
(28) x, = P _ GOtae
Do, 205 + eqp,
(29) Y — phor+ i (1 —o1)  elq +407 — g — q;) (202 — eq))

P02 + p%h(l — 039) B (62(]12 + 49% — e2qnq — 62@%)(291 - QZ),

20
then, when ¢y =g, =¢q, X} =X}, =X = _(za;igée'

In what follows, the equations allowing us to sign a—X
X =274 where A =1+ 2 (ﬂ) and B=1+ p”’L ( ) Therefore,

Py 02 B pi o1

(30)

dqn  py 02 B? gy, o1 gy, op)

Pl 1 0'1 poh
a_sz_Eﬂi B 8(%) (1_01> plh ) pu) (1—02>+_
Pu

are derived. Rewrite X as




5 20 _ —q— x 20- s 20 —
where Pln — an(201+qn) 1-01 _ 201—qi—qn P5n _ qn(202teqn) and 1=22 2) e(Ql+Qh)' The

py,  ab+a)’ o1 qn Tpy - @(202+eq) o2 eqp,
B pih)
derivative of these expressions with respect to ¢, can be written as: 1/ — Bin oy
9qn Pi14n Py’

oqn owqr’  Oqn  Pyan

_ P _
o) B) g g )
4p3,’ Aqn o2qn

Substituting these last four expressions into (30), we obtain
o R 5 ) L s ()
oqp, Doy O2 B P14n 41711 01 Dor4n 41721 09
which can be rewritten as
o Bogmh (B mn) 3 (52)- (52
oqp, Doy O2 B qn \ Doy Py 4 P 01 Doy 02

After substituting for A and B within the curly brackets and rearranging we obtain:

0X  pjo 1 (C qn )
33 — ="t =4+ ZDJ, where
(33) oqn, py02B%\q 4

(34) c:(@_lﬁ)ﬁ’{w;h (1—01_1—02> o
Py DL 292 01 02
(35) D:(1—31_1—32>+p;h*—5’fh(1—01> (1—az>_
1Py 2Py Puby o1 09

Then, we substitute for the equilibrium prices and market shares and simplify to

obtain:

(36) 90X _ 1 o1 1 (ebh —05)(eb +05)(2an + 1)
dqn,  py 09 B2 eqi(26, + eq) .

The sign of g—;}i is the sign of efl; — 6,.



