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Complement Material to
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This paper presents some complement materials to the article entitled “Regulating nitrogen pol-
lution with risk-averse farmers under hidden information and moral hazard”.

1 Comparison between (o) and v?¥(q)
Recall that we have
=) = [ (i 1) s
s
Let us denote ¢(a) = [ U’ (I1(w))g(u)du — (1 — G(a))U’(CE(IL)). We have ¢(a) = 0 and

¢'(a) = [U'(CED) = U'(I(a))] ().

As U'(II(«)) is decreasing in «, ¢'(«) is first negative and then positive. Hence if ¢(a) < 0, then
vEBE(a) < vBM(a) < 0 for any a. Note that ¢(a) < 0 is equivalent to fj U'(TI(u))g(u)du —
U’(CE(IT)) < 0 which in turn is equivalent to saying that the function U’(U~1(.)) is concave, ac-
cording to the Jensen inequality. Moreover -& [U/(U~(II))] = —p(II) where p(.) = %,—(()) is the
Arrow-Pratt measure of local risk aversion. Hence we have that ¢(a) < 0 is finally equivalent to U(.)
being CARA or TARA. Similarly, ¢(a) > 0 is equivalent to U(.) being DARA. Consequently, in the
DARA case, there exists a threshold type & such that for any o < & we have v2%(a) > v®M (a) and
for any type a > & we have v (a) < vPM(a).

2 Reduction of the agency’s program to an optimal control
problem

First, we reduce the complexity of incentive constraints. As it is usual in adverse selection models
(see Guesnerie and Laffont), (IC) can be reduced to the following set of conditions

I :pfa(a7X7Z(a))7 (1)

faZZ Z 0. (2)

Recall that f is increasing in a and that f,z = 02 f/0adZ is strictly negative. The latter property
of f corresponds to the usual single crossing condition that simplifies greatly the analysis of optimal



contracts (Guesnerie and Laffont). Given that II is strictly positive as indicated by (??), individual
rationality constraints (IR) reduce to:

II(a) = 0. (3)
Hence it suffices to check for the participation constraint of the less efficient farmer. Moreover, as
faz <0, (??) reduces to Z < 0. The optimal quota is thus non-increasing in .

We now define Z = —1p, where v is a control variable and we redefine Z as a state variable.
Then, constraint (??) reads as ¢ > 0. Moreover, we redefine X as a state variable with the equation
X =0and X(a) >0, X(a) = X, X(a) free. Second, we use a first order approach for the moral
hazard constraint on X.We will have to verify that local second order conditions are satisfied, i.e.

ff {%} dG(a) <0 Actually, this condition is checked under our assumption 5+ f < 0. Hence,

the first order condition corresponding to the moral hazard constraint is

/a Pngf ] / M(a, X(a), Z(a), (a))dG(a) = 0, (4)

where M = U'(II(«))pfx (o, X (), Z()). To deal with this integral constraint, we define a new state
variable

K = M(X(a), Z(a),TI(a),a)g(a) with K(a) = K(@) =0,
and let W(«, X (), Z(a),II(cr)) denote the term equal to:

W(a, X (@), Z(a),Il(a)) = S(a, X(a), Z(a)) + (1 + N)pfla, X(@), Z(a))
1+ M) (a) + wZ(a)).

We then transform the agency’s program (P1) into an optimal control problem:

max CE(IT) / W(a, X(a), Z(a),II(a))dG(a), (5)
subject to
=0, H pf(x(a’ (Oé), (Oé)), Z = _w’ K= M(Oz,X(a),Z(a),H(a))g(a),
Z(Oé) ()>0,¢()Z , X(a) =20,
X(a) =X, I(a) >0, K(a) = K(@) =0,

with one control variable (1) and four state variables (II, X, Z, K).

3 Proof of proposition 1

The program to be solved is

mgXCE(H)—F/ W(a, X (a), Z(a), ())dG (),

o

subject to '
X =0, (1)
Il = pfa(a, X(a), Z(a)), (v)
’ = _wa (U)
K = M(a,X(a),Z(a),H(a))g(a), (’%)
Z(a) = X(a) 20, (&1)
P(a) >0, (€2)
X(OL) 2 07 (53)
X(a) =X,
(a) > 0,
K(a) = K(@) =0



The Lagrangian of this program reads:
c=cpm+ [ (IS0 X(). 260) + (14 Vpfla. X(a), 2)

~(1+N)(I(a) + wZ(a))]g(a) — u(@)X +v(a)(pf, (o, X(a), Z(a)) — 1(a))
—o(a)(¥ + Z(a)) + #() (M (a, X (), Z(), TI(@))g () — K)
+&i(@)(Z(a) = X(a)) + & (@)y(a) + E(a) X (a)} da.

Integrating by parts and using initial and terminal conditions gives:

because o(a) = o(@) = 0 (Z(a) and Z(@) are free) and pu(a) = p(@) =0 (X(a) = X and X (@) are
free).

Thus, plugging these expressions into the Lagrangian and dropping « for the sake of clarity, £
becomes

L=CE /HaXZHHw, K)do

where
H(a, X, ZILTL ¢, K) = W, X, Z, g+ v(pfola, X, Z) —11)
+uX —op+ 67 + kM (a, X, Z,I)g + K
+61(Z = X) + &9+ 63X

Pointwise maximizations give us the following necessary conditions:

e First,
oH

EIN

and —o + &, < 0 = ¢ = 0. Moreover, we also have the complementary slackness condition:

—0 + &5 < 0 everywhere

£2> 0, > 0 and &y = 0.
Thus, whenever ¥ (a) > 0, we have o(a) = &5(a) =0

e Moreover, we have

ﬁ:WXg‘l'foaX + o+ rMxg—& +8 =0, (6)
oH .
3K = F= 0 = k() = Kk everywhere, (7)
H
a7 = Wz +vpfaz +6+kMzg+6 =0, (8)

with the following slackness conditions:

§,20,Z—-X >0and §(Z - X) =0,



£3>0,X >0and £,X =0,

and the transversality conditions:

ola) = o(@)=0, (9)

With regard to II, we have to compute the derivative of £ with respect to IT in the direction of an
arbitrary differentiable function h(«) satisfying h(a) = 0:

0L, . L{L+th) — £(I)
o’ T % n
_  E@I)h) « , ,
= U(CE) —/a {1+ Nhg +vh' — kpfxU"(M)hg} da
/: {Uf([g(;()n)) —[+A- "vpfo”(H)]} hgda — /: vh'do = 0. (10)

Let us denote

Ba) = [ { s — 14 A= wpfu, X (). Z)U" ()] gl

then (??) can be rewritten as

[e3%

_ /: B'(a)h(a)do —/ v(a)h/(a)da = 0.

(673

Integrating by parts the first integral and rearranging terms, we then obtain:

— [B(a)h(oz)]g—i— /04 (B(a) — v(a)) b (a)da = 0. (11)

Recall that h is arbitrary. And, we can choose h so that h(a) = 0. Moreover B(&) = 0. Finally, (?77?)
implies that

or

va) = /j {% s —I—A)}g(u)du

+h /a {pfx (u, X (), Z(u))U" (I(u))} g(u)du. (12)
Plugging (??) into (??) and assuming an interior solution for X and Z (£, = &; = 0) gives:
R | R
+ 5 /: {pfxU"(I)} gdU} pfax — KMxg.

Integrating and using (?7?), we obtain:

/:uda = O:/Q{Wxg+</:{U,(UCI(L?()1_I))—(1+/\)}gdu>pfax}da

i (] ’ {pAxU" ()} g ) phox + Mxg |

Q

Rl



Thus, the co-state variable « is equal to:

I (g + (J2 {rteifim — 0L+ 0} gd) phox fdo
~Ja { (ff {pfxU"(I1)} gdU) Pfax + MXg} da

R =

and the co-state variable v(«) is given by (??). Note that Wx = Sx + (1 + Mpfx and Wy =
Sz+ (1+ XNpfz — (1 + Nw and recall that Sz = 0. Plugging these values in (??) and recalling that
in the no bunching case o(a) = 0 = &(a) = 0 gives (i) for an interior solution. First order condition
of farmer’s program w.r.t. X gives (ii). Finally, integrating the first order condition of IC gives (iii).
To obtain (iv), it suffices to maximize the Lagrangian with respect to m(q) given (iii):

oL _ Ieu (w(g) + [ Pfa(qu,Z(U))du) dG(e)
on(a) (U*l [fo (ﬁ(g) + f;pfa(qu,Z(U))du> dG(oz)D

rakn [ x 2w (@ + [

(o3

pfa(u, X, Z(u))du) } dG(a) = v(a).

If 7(a) = 0 at the optimum, then a necessary condition is %@)’ < 0 or equivalently v(a) < 0.
= m(a)=0

When U is CARA with p being the absolute degree of risk aversion, then from (?7?), we obtain that:

[ V) 1y [F )
va) - [ {U’(CE(w)) <1+A>}f< iu=-1-x+ [ S

because first U” = —pU’ and second the moral hazard constraint together imply that the second term
of v(a) is zero. Furthermore, we also have U'(CE(7)) = E,(U’(w(0)) and consequently, v(a) = - <
0. The conclusion follows.

Otherwise, if w(a) > 0 then it is defined by the solution of 87?(%)
is not necessarily concave in 7(a) due to the presence of the certainty equivalent, CE(r) in the ob-
jective.

= 0, but note that the Lagrangian



