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AJAE appendix for ‘Risk Rationing and Wealth Effects in Credit Markets:

Theory and Implications for Agricultural Development’

Proof of Proposition 1

The proof consists of three steps. First, we describe W ∗(T ) and show that it is the minimum

collateral requirement necessary for a non-empty feasible set so that quantity rationing is biased

against the financially poor. Second, we show that increases in productive (land) wealth have the

same qualitative effect — namely quantity rationing, if it occurs, will affect the productive wealth

poor. Finally, we show that equation 7 identified in Proposition 1 is necessary and sufficient for the

existence of the marginally quantity rationed agent, W ∗(T ), within the relevant range of financial

wealth.

Define the following payoffs to the agent in the good state:

sming (W ;T ) : [u(W + (sming + pT )T )− u(0)](φH − φL) = d(H)− d(L)(1a)

smaxg (W ) : φH(xg − smaxg ) + (1− φH)(xb +W/T + pT ) = rk(1b)

sming is minimum incentive compatible payoff in the good state when the agent posts her full wealth

as collateral (i.e., when sb = −W/T − pT ). Similarly, smaxg is the payoff to the agent in the

good state such that the lender just breaks even when the agent again posts maximum collateral.

Holding sb at −W/T − pT , any contract with sg < sming (W ;T ) would violate the ICC; while any

contract with sg > smaxg (W ;T ) would violate the LPC. Thus feasible, full collateral contracts

require sming (W ;T ) ≤ sg ≤ smaxg (W ;T ). Now let W ∗(T ) be the financial wealth level such that

the LPC, ICC, and the agent’s wealth constraint all bind and consider a marginal increase in W .

From equation 1a,
∂sming

∂W = −1/T < 0 and from equation 1b,
∂smaxg

∂W = 1−φH
φH

1
T > 0, so that if W

∗(T )

exists, then any agent with productive wealth T and financial wealth W < W ∗(T ) will have an
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empty feasible contract set and will be quantity rationed. Agents with W > W ∗(T ) will have

access to some contracts and will not be quantity rationed.

Now return to our marginally quantity rationed agent, W =W ∗(T ) and consider an increase in

productive wealth, T . Again, using equations 1a and 1b we have:
∂sming

∂T = −(sming +pT )/T < 0 and

∂smaxg

∂T = −
³
1−φH
φH

´
W
T2
< 0. Since both the lower and upper bounds of the success payoff decrease,

an increase in productive wealth will imply a non-empty feasible contract iff
¯̄̄
∂sming

∂T

¯̄̄
>
¯̄̄
∂smaxg

∂T

¯̄̄
or,

equivalently, sming >
³
1−φH
φH

´
W
T − pT . Next, rewrite equation 1b as:

(2) smaxg (W ∗(T );T )) =
x− rk
φH

+
1− φH

φH

µ
W ∗

T
+ pT

¶
.

Since, by definition, the agent withW ∗(T ) has a single contract available, we know that sming (W ∗(T );T ) =

smaxg (W ∗(T );T ) so that:

sming (W ∗(T );T ) = smaxg (W ∗(T );T ) >

µ
1− φH

φH

¶
W ∗

T
− pT

which is necessary and sufficient for agents with greater productive wealth to have a non-empty

feasible contract set while agents with less productive wealth will be quantity rationed.

Finally, we take up the existence of W ∗. From the above argument, it is clear that if the

poorest agent is not quantity rationed, then no agent will be quantity rationed. To demonstrate

the existence (and uniqueness) of W ∗ we need to find a condition such that the poorest agent is

quantity rationed. Given the discussion above, this condition holds if and only if the following

inequality holds:

(3) sming (W ;T ) > smaxg (W ;T )

Using the definition of smaxg given by equation 1b and the fact that, holding sb at −W/T − pT ,

any contract with sg < sming (W ;T ) would violate the ICC, it is easy to show that inequality 3 is

equivalent to:

u

µ
T (xH − rk) +W + pTT

φH

¶
<
d(H)− d(L)
φH − φL

+ u(0)
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which is the necessary and sufficient condition in the proposition.

Proof of Proposition 2

To prove Proposition 2, we need to show that if P > 3A then agents with financial wealth greater

than cW will strictly prefer the entrepreneurial activity financed with their optimal contract, while

agents with financial wealth less than cW will prefer the low return, safe reservation activity, or

∆W (cW ;T ) > 0, where ∆W (cW ;T ) is defined by equation 10 of the text. Productive wealth is held
constant and for notational simplicity, we set T = 1 and define V 0(W ) = VW (W ;T ). We now

derive an expression for V 0(W ).

The Lagrangian of the contract design problem is:

£(W,λ,μ) = EU(W + pT + sj ,H)(4)

−λ
©
d(H)− d(L)− [u(W + pT + sg)− u(W + pT + sb)] (φ

H − φL)
ª

−μ[−φH(Xg − sg)− (1− φH)(Xb − sb) + rk]

where λ and μ are the multipliers associated with the incentive compatibility and participation

constraints. Applying the envelope theorem yields:

V 0(W ) = φHu0(W + pT + s
∗
g) + (1− φH)u0(W + pTt + s

∗
b)(5)

+λ∗(φH − φL)[u0(W + pT + s
∗
g)− u0(W + pT + s

∗
b)]

Both the lender’s participation and the incentive compatibility constraints are binding at the

optimum so that λ∗ and μ∗ are strictly positive, and the first order necessary conditions for an
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optimum are:

∂£

∂Sg
= φHu0(W + pT + s

∗
g) + λ∗(φH − φL)u0(W + pT + s

∗
g)− μ∗φH = 0(6a)

∂£

∂Sb
= (1− φH)u0(W + pT + s

∗
b)− λ∗(φH − φL)u0(W + pT + s

∗
b)− μ∗(1− φH) = 0(6b)

Solving equations 6a and 6b for λ∗ yields:

(7) λ∗ =
φH(1− φH)[u0(W + pT + s

∗
b)− u0(W + pT + s

∗
g)]

(φH − φL)[φHu0(W + pT + s∗b) + (1− φH)u0(W + pT + s∗g)]

Substituting for λ∗ in equation 5 and simplifying yields:

(8) V 0(W ) =
u0(W + pT + s

∗
b)u

0(W + pT + s
∗
g)

φHu0(W + pT + s∗b) + (1− φH)u0(W + pT + s∗g)
.

Thus ∆W (cW ; 1) > 0 is equivalent to:
(9)

u0(cW + pT + s
∗
b)u

0(cW + pT + s
∗
g)

φHu0(cW + pT + s∗b) + (1− φH)u0(cW + pT + s∗g)
> u0(τ + pT + ω +cW )

Next, assume the utility function 1
u0(.) exhibits greater absolute risk aversion than u(.). By definition

of the indifferent agent:

(10) u(τ + pT + ω +cW ) = φHu(cW + pT + s
∗
g) + (1− φH)u(cW + pT + s

∗
b)

If presented with the same contract, (s∗g(cW ), s∗b(cW )), an agent with the same wealth, but with
utility function 1

u0(.) would strictly prefer the certainty equivalent:

(11)
1

u0(τ + pT + ω +cW ) > φH

u0(cW + pT + s∗g)
+

1− φH

u0(cW + pT + s∗b)

Inverting both sides of this inequality yields the inequality in equation 9.

The final step is to demonstrate that P > 3A is equivalent to an agent with utility function

1
u0(.) being more risk averse than an agent with utility u. Using the definition of the coefficient of

absolute risk aversion, 1
u0(.) is more risk averse than u if and only if:

(12) −
( 1u0 )

00

( 1u0 )
0 > −

u00

u0
↔ P > 3A
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Following similar steps it can be shown that an agent with utility function 1
u0(.) is less risk averse

than an agent with utility u if and only if P < 3A.

To summarize, we have shown that, if an indifferent agent exists, and provided P > 3A, any

financially poorer agent would strictly prefer the certain reservation activity to the risky activity

with her optimal credit contract so that - under this preference condition - risk rationing is biased

against the poor. Note that since both the value function, V , and the agent’s reservation utility

are monotonically increasing in W , this result is a global result so that the indifferent agent, if she

exists, is unique. To see this, assume that two indifferent agents — and thus two crossing points —

exist. Monotonicity implies that the relative magnitudes of the slopes of the two functions would

be inverted at the two crossing points. This cannot occur, however, since we have just seen that

at a crossing point the value function is steeper than reservation utility. A symmetric proof can be

used to show that P < 3A implies that risk rationing is biased against richer agents.
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