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Tius paper prapows a REversxbfe Second«GRdsr Tayror (RESORT) expansmn of the expenditnre funcnon to ‘

ate changes and Kcmus—type cost of Imng mdlces RESORT
ar}sated n;e effects thamed through th Siutgky eqnatwﬁ,

cbxﬁputes eompea , e
compensated mcome compu:ed "backfward" is equal to its valuc computed in the "fomard“ pmcadure Thus
: ‘ B »
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The existence in theory of the income compensation furction was established by Hurwicz
and Uzawa (1971). Chipman and Moore (1980) note:d that what was then lacking was a
"practical algorithm" for computmg compensated msome from ordinary demand functions. In
theory, the significance of this algonmm hes in permmmg compensated income, which is

unabservableé to be abtamed fram ordmary demand functro‘ mated from ‘price and mcome. ;

’ c!ata In practrce th& value of ﬁns aigonthm hes m provx [in g at thevsame t:me measures Qf /

‘mccme is: obtamabie egacﬂy from theuduai: expendmlre ‘ﬁmétmﬁ ‘Thiss, dmand sys 1S neec{:; .
not be limited to the standard ‘models derived frﬁm an indirect tmhty function or expenditure
function of . an. expl}cxt parame:tnc form such as the translog (Chnstensen Jorgenson, and Lau,
1975; Chnstanseﬂ and Caves, 1980 and the ”ahngst ideal demand.s.ystem or AIDS (Deaton

and Muellbauer, 1980a and 1980b).

‘Integraﬁﬂﬂy 1mphes a weibbehaved demand system for wmch an untlerlymg utility function exxsts The unhty

to hnear homegenezty and concamy in pm:es of the underlymg expenditufe ﬁmcnon that may also’ be unknown
An example is the generalized logit demand model discussed in section 57
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«.To fill the need: noted earlier by. Chipman and Moore, Vartia (1983) proposed. numerical

: integration of ordinary demand funections to compute compensated.income.. The procedure. is

‘Teversed “"backward,” -star terminal Compensiied income. and prices, . That is, .

. RESORT vyields a uniqué compensated income at.each ;prficgzsteggz “This.is a desirable property
- because a unique solution is. not-assured by a standard Taylor series-approximation. .Also, the
. stepwise “procedure reduces the approximation error of .a ome-step second-order: Taylor

-BXpansion.... ...

. Thesecandﬂr crtermsofRESORTyxeiﬂthematrxxafcompensatedpnceeffects Alltile
elements of this matrix are computed from ordinary demand functions by means ?’:‘f: the SIutsky
equation. . Thus, RES@RT praﬁides; a-check for. the V;jvja;ﬁdi‘ty’i‘;f the compen‘:;ated .z:mcoﬁ;g
compuiéd at )eégzhapri';c-‘ef step by év&iﬁaﬁgg theabavamamxforsymettyandneg&tnv&semx

definiteness-as required by expenditure minimization.. In -contrast, Vartia’s aggefithg;, provides

+né-check-for the-validity of the-computed compensated .income because. his procedure does not

by the aigorithm is well-behaved within the price range under examination.




T iGection 2 6t this paper $ho

* yields sfieasires of welfare changes and costof living indices. * Section 3-presenis the RESORT

‘lgeFithin Whild section'4 présetits Vartia’s alporithin, “Sectiofi 5 presents iumerical results from

ia's and“the ‘RESORT .~

dpproXimations are hdfiﬁf%eijf ¢losé to-the true valies but those: from RESORT are closer ifi two

ani unknown ‘utility furiction. “This is“precisely the situation for. which Vartia’s method: and

RESORT -ate intended. In this case, Vartia’s and the RESORT approximations are:very close

it their relative precision cannot be dssessed becaiise thie true compensated ifcome

e 0 v

“Tit oite of the four ilfustrations; negative semi-definiteness-of the matrix-of compénsated price

i was violatéd to demonstrate the ability of RESORT 1o:détect violations of theoretical

own that RESORT- can determine ‘when'-demand systems -violate the

.....

féstrictions. - It'is s

“fequirements of expénditure minimiization, at the same-instance  wheri-the-violations:would be

- Section 6 ‘concludes this paper. - v



2. Compensated Iicome, Welfare Change, and the ngtiuf;fLisizii;g Index

Consider a situation where pr;ces change from p top whﬂe utihty conespondmgly changes

{plg} andp {plr} l = 1 2

n. In general, let C(p, U) be an expenditure function that glves the minimum cast at prlces p

gwe these startmg values The underlymg utxhty ﬁmcum is presumed unknowable

B deﬁmuon, C U") is the "cernpensated mcome" that allows the consamer to malntam A
y

the utﬂxty {evel U" as prxces ¢hange from p to p’ Sumlar!y, C‘(p" U’) is. the (:ampensatedf(

mdsces of the cost af hvmg The chksm;n cﬁmpensatmg vanatmn (CV) and equ; fent varmtmn

(EV) are dt:ﬁned as



¢} CV C(p UT) C(p U")

Q) EV C(p UT) - C(p° U°)

Let observed mcome or expendxture C(p" U°) change to C(pT UT ) and define the change as,
(3) AI = C(p UT) - C(p° U“)

(4} CV C(P" U") - C'(p UO) + A 1

C(pT
ccp" )

____*?_______‘ ; I(pﬂ Z‘UT)

the true mdex fOr U@ and by th& Paasche prxce mdex which is the lower bound to the true index

) zFonvawmg) icks ( 3 56} CV uses "old” ut;hty TP whereas EV uses "new" utility U7 as the fixed reference
“utility level,  Wh tility referendifig 15 iniversally followid; there is'tio-universal convention on the sign.of
CV and EV The fammlatmns above are the same as in Boaﬁway zmd Bruce (1984) Vanan (1984), and Cornes

cempensatwn Fer exmnple CV and EV are neganve 1f pnces fall Bence the negazzve sign mdzcates that CV
or EV is the amount of income that could be raken away from the consumer so that he remains at UP or U7, If
prices rise, CV are EV are positive so that each measures the amount of income that should be given ro the
consumer to keep him at U° or U'. While CV and EV are always of the same sign, they need not be equal in value.
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for U7 (Koniis, 1939; Deaton and Muellbauer, 1980‘9} These bounds can be established by

invoking duality and expendttuz:e mmmnzaﬁon 3. - f,:" o

From 4), (5) and (6), welfare changes and cost of hvmg mdlces are measured by

3. The RESORT Algonthm

Let = Cp’, U°) and = (p’" U°) Also lct tbe an auxzhary vanable in the interval

| /"(} <7 such that p(t) isa differennahle p :(-ef’curs{e., ,connectmg P° ta P By contmuﬂfy in -~

- prices; of the expenditure funcnon, the change from-C° to C" can be expressed as

pmducts p° q° p -q p° q" and p q’“ The La.‘;peyras pnce mdex 144 ’”} anei Paasche pnce mdex (Ip") are

T, 40

IL =P q ; Ip p q
p°q° »*q7 o
By duality, C(°, U%) = p®4° and Cp", U") = p q Expendlture mmtmzatmn fmplies ‘that C(p° 5y s g
and C@7, 1P < prq" It follows that
Tpipnuty » COLUY g Phe e pryry o CRLUTY, yr pTal

épﬁ UT) p P . qT
Alternatively, given thut the expenditure firhetion is concave in prices, these iequalities can-be established from
the fact that the Laspeyvres and Paasche price indices are first-order Taylor series approximations to their
corresponding true cost of living indices.




Foﬂ@‘wmg Vartia, let the total ehange in each price from 2= } o p

into price steps. Hence, suppose that there are steps

® s=0.2 ; lsZ<e

where Z isa pasmve mteger Thus the pnce at. each step is

Starting from the: eﬂgmal prices, p?, the’ pnces ‘at the’ last step s =:Z-are the same-as the

termmai przces p, .

Let q “be-an auxrhary vanaile 111 the mterval"s = q < s;-:i-vglt, Hence gwen (9) th&

analogous equatmn to (7) is

40, CoD) - € + JH@@U) P -

addmg to- C° the sum of the chang% in compensated income from: each step That is,




Y4 .. ;
() CT=C"+ Y (Ce+)-C) ;3 €O =C°.

=0

Therefore, the Solution for CTis the value of €(s) at'the last step Z, i.e.,

(12) C(Z) = CT. S A

To calculate ¢10), consider first the Tact that it.can be.expressed as a Taylor series expansion

amund the startmg value C(s) That is, for an rth«order Taylor series expansion with a

remamderR
(13) ccs+1) C(.s) . z d“c@@,m) ‘R
,,,,,,, 2 I SI

‘where d"C{p(q),U" is the total differential of order m of the-expenditure fisfiction as the prices
P ch—ange from p(s) to p(s+1). Given a non-zero remainder, the approximation could achieve

(14) 5. C@g),v") H@(S)QUQ) hi(p(s), (:@) R

g=

subsnmted mto the ordmary demand furxctmns me quanntxes obtamed are the compensated

quantities. Moreover usmg general notation, the Slutsky equation yields,

y app, % .op ‘eC 7

Recalling (9), the changes in prices from one step to the next are given by,




(16)  Ap, = pis+1) - pfs) = —é: @ =p) -

- ;,;@3;3 C Qs B TSy # Y

rward" ‘secord-orde

~APPIOXIMALon,. ... ... -

uppose that (17) has been compuied all the way to 2, where €(2) is the

s

yibe the same as'its "known" value in (17),

Similarly, the “solution” to C(s+1) in (17) will not necessarily 'be the same as its "known"

value’in (18).4 To insure that (17) and (18) give thie st values of C,(s) and (s +1); combine

“While the analytic basis may not be obvious, this claim may be verified numerically.
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(19) - C,fs+1)= C(s).+ % ()€ () A

i=1

+) -§: E S,, (p(s) c {s)) Ap, Apj

;:1 j'\l ..... -

{:}: (b‘('s+1> Cise)y Ap,Ap

t=l }zl

- Solﬁﬁﬁmzuozf—(199‘;’:19?*‘1‘? last.step s = Z,;i.,gz,,

00 @ - cT - C°+2, f HpO. U“)dp(r)

Obvxously, the 1teranve sa]utmn of (19) can only begm forward fmm the lmtxal compensated

income C’(C}) = C" at pnces p,(G) = p, Hewever once the termmal salutwn C (Z} at prices

piZ)y = pl is obtamad re\rermblhty means that RESORT can repre;dmfe exgcﬂz each
intermediate mmpensated income appmxlmatwn CAs) at pnces p,(s), <s = Z stamng

backwards from C(Z). Thus by solvmg mmultaneously the orﬂmary second«qrder Taylor

approximations in (1’7) and (18), the RESQRT algorithm in (19) has the ideal feature of giving

,,,,,,,,,,,,,

(17) and (18) are solved separately.
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Numerical simulations usmg the sarne examples in sectzon 5 show thaz (17) and’ RESORT

price step 0 to 1, 1 to 2 or, in general from 5 to s+1 s = 0 1, ..., Z. However, (17) does

step—by—step give closer approXimations to the tiué compénsated- incortie than (17) fmplemented

in one step 'Therefare t0 obtain’ precrse and uantte appwx:mamms to compensated mcc}mc

Vama s procedure as dxscussed below
The eXpendxturc ftmctxon ls concave and hneariy homogeneous in prlces By reWrmng the

sccond-ord&r terms in (19) conca\tlty 1rnphes that (Samuelsoa 1947 Sydsaeter, 1981)3 i
H o o PR S"Zl 52 L S2 . APZ R
an E Z Ap, Ap, [z}p, Ap, . ApJ| "

WELEE -

'Snl Snz SMJ "AP"J

- Linear homogeneity-in prices.of the expenditure function implies ...

12




S Siz - S| P 0

Sy Sy - S, (P 0 .
@ [P0

’Snl

Snz Stm.‘ _IJ n| 0

In particular, (22) states that compensated demarid functions are ;z'efr()adegré‘é};'hqﬂmgeneéns in

pnces S In (21) or (22), the square matrix of compensated pnce effects, S, is symmetric by

Young 8 thearem because 1t is the Hessxan of the expendxture functlon ThlS matrxx is negatlve

exgenvalues Moreovesr Imear hemagenctty unphes that tt is smgula:r whxch is equivalent to

sayxng that at Ieast one exgenvalue s zero Therefore the presence of a posmve e1genvalue is
suffielent ev1dence of a vxolatlon of concavny in prlces and the absence of a zero e:genvalue 15

sufficient ev:dence of a vwlratmn of linear homorgenexty in prices.

In practxcal apphcatlons when only the ardmary demand fnncnons are k;nown the RESORT

algarﬁhm compﬁtes Sy through the Slustky equatxcm m (1 5) ThlS equatmn can be rewntten in

terms of expendxture shares and ordmary pnce and expendlture or income elastxcmes

c 8h, p, ak
ey s -Etn e,
AR y p;I’} ap] k aC h{.ﬂ) S

where h; = h(p, C) is the ordinary demand function. The propetty m (22) mearis zero-degree
homogeneity in prices of the compensated demand function, which in turn is equivalent to zero-

degree homogeneity in prices and expenditure of the ordinary demiand function. Tt follows from

sThe result in (22) ‘follows from Euler’s theOrem oft homogcneous functions because a compensated demand
function is, by Shephard’s lemmia, the’ own-price derivative of the expendittite function.

13
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in (9) In ﬂns framwork he denved an express;on smniar t@ (1@) by equaung the total
differential: of an mdu:ect unmy functmn 0 ZEro;. i.e:, holdmg utility constant Ho-wever, in

- demand - function.- ‘Fhis: is warranted -because the compensated quantity of the good is obtained

whe:n mmpensatsd mcczme is. sxrbstrmted mtc the ordinary demnd ﬁmcnon Tﬁat is,-

an. Hcpcq), %) dpa) = hy (p(q),c:(q» @)

since C(g) is eompensated income that maintains utility at [P, In view of ~(27‘}, Vartia’s
an .Qrdmary demand f;xnchqn;, ,

@) ["'he@),.c@)d@ = —é—[fz,@(s@»nieesif» + hip(s), CENPLs+1) = Py -

cxpendlture functmn dnes rxot unp;y quasz-conca‘my of the utxhty funcuon (Deatan aud Mueﬂbauer, I98Gb Comes
1992).: Expenditure minimization is-possibtle at the corner when the utility- fanction-is not quasi-concave. Quasi-
concavity of the utility function, however, implies expenditure minimization and, therefore, concavity in prices of
the expenditure function.

15
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- Combining (109, (27), and (28) and replacifig C(s+1) by the approximation vahe C.(s+1),
9 CEECE Y ;{hcpcs+1>,6<s¥i)} . h(p(s),c@)}(p(su) “pAsy

U i e

is Vartia’s algorithm. This is implemented by following.the same price steps in (9) and starting
with the initial value of compensated income. At each step,

() ) =0),0555Z ; €0 =CO) =C° 5 €@ =CT.

“Like- RESORT (Y 9); Vaiftm. s-algorithi in (29) is also revzermbzte.:«;:Hvavmg;obtfained;cv(Z)

#nd using this asastarting value; (29) can reproduce Cs) exactly at each:step-Q0 <:5-< Z. In
" contrastito RESORT, however, Vartia’s-procedure does not:require knaw:i?edge about the matrix
of compensated pnce effects: Thus whﬂe RESORT ‘could- z:atch demand systems that violate

“ifthe thearencal resmctmns Vartxa s ptocedure wcmld let it shp undetected

3ol R - 8. Ntxggleéiﬁcal 'Exémples

This example reproduces exactly the compensated incomes cunipuié& in the original

apphcatron of Vartia’s algorithm. These were ahtamed from the arda demandfunctwns

derlved from the mdtrect utﬂxty ﬁmctzon U{p C’) of McKenzte and Pearce (1976) given by

16




any vpo-<+S% . cpu - DB
SR ST - N T 2 T 2
whete C(p, U) is the dual expenditure furiction. Théig()ods?hre{%j and x, with' prices'p, and p,.

By Roy’s identity, (31) yields the ordinary demand fuiictions;

Lo p’c’“ Bl .p,C
@32 O = ——— ; hp,6) = —1
- o hetR) hz(p Py (P * )

paper The data, are as faﬁows nn e b g : _:,g;.:;,; S

.. 133). {pl, pg} = {1,2}, {p{,pg;_.* {t. 2375 1‘2692} = V? cﬁ) 330

(34) {hf, hf} = {146.6667,36.6667} . ;' C° = :pi,--hl +opyhy= 220

decreasing the pnceefgood 2 ﬁiitixef to 122692 Howevcr, the changes in the prices from one
‘ ’stfr’:p to the next ére the same as in Vartia’s ertgma] exéﬁféle. The result is that the number of

price steps is now up to Z ='19. Therefore, using (9} the pnces are obtamed from,

G5 ps+D) = py®) + 5O ~pl) = py +00125 ;

36 ps+D) = P + (o ~p}) = P9 - 0.0384625 .

page 95 Unfonuaaiely b} typagraphlcal ermr, Varua mcorrecﬂy reported these demand fum:txons as
@/p)(Cl(p,+p,) for h; and (p,/pH(C/(p;+p,) for h, on page 96. :

17




By subsut&tmg the pnces from (35) zmd {36) and the demand functmns in (32) nto~ Vartxa s

. function in (31) “V;_tgﬁ&'simmgglgt;jagmns qf :campeﬂsated;mefﬂmie -are closer to-the true

RESORT Hawever Table 1 shows that the

. Appears to be an enpmcal matter dependmg on specnflc cases Tlus 'sz;lllustrated by the AIDS

Compensaied price effects are the second-order price derivatives of the expenditure fuiction. If the expenditure
functmn is unknown compensatea‘ prxce efficts could be obiained: by deriving'te price: and’income elasticities from
' the ordinary demand functions and then substiruting these elasticities; ‘togedser with- the expenditure shares, into the
Statsky equations in (23) and (26) for cross-price and own-price effects, respectively: - .

18



i ompensated Income From the McKerizie-Péarce Utility Function

Steps of of

S oy e b "Compensated
me Own-Price

‘ | sEffectof |
- Good1

i | Approximation

B 2200000 | -9
20.81 868136 | 2208156 | -93.8501
220.8763 2208754, |- 2208782 | . - 92.6008
220.8289 220.8278 220.8313 - 91.2137
220.6691 220.6677 DT | - 89.7880°
220.3937 220.3920 230.3071 - 88.3232
219.9996. 2199976 | . 2200035 .| . -86.8185
; , . . 2194879

“1e1ss 8.8416 2188 | 218.8467
1.5769 |  218.0706 218.0677 218.0763
15384 | 274867 | 2170635 | 2474730 5
15000 | 2161260 | 2161225 | 2161335 | - 78.6786
L4615 | 2149444 24,9406 | 214950 | - 76,9338
5 famr | A ardenr o 2ideset 75758
13846 | 2121418 | 2121373 | 2121507 | -73.2846 .
13461 | 2105117 210.5069 210.5215 - 71.3997
13077 | 2087230 ¢ | 208178 | 2087335 | :69.47m13
12692 | 2067107 | 2067651 | 2087819 | - 67499

- R TR N B NIV R -

— ae

- .

T o oD
Famd B
T
FERT R
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h .

— e v e
e o~ Ohn
Joind ) Puank
3 B 3
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w
s
%
Bt
171
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As noted before, numerical simulations show that RESORT in (19) gives equally close

unplemented as step-by step procedure like (19), fromOtol,1t02,...,17 to 18 and 18 to 19.

’ Hawever RESORT gwes much closer approxxmanons compared to (17) n‘nplemented as 2 one-

step pmcedure ie., always startmg (17) from 0 to any price step. For these teasons, oniy the

Consider the indirect utility function,

N UtnC) = Es
37 - U@C) ( A)

wheré p is the pnce Vectar and C is mcome A and B are price’ ﬁmcnons defmcd by

[

oy *+ E o; Inp *‘%E Yy ]ﬂP. hlP,i 5

. i=1 j=1

(383) “Ind -

('3@92)'( “mB - p

4 UA

Eﬁ Inﬁ,

©oEl

the ordmary demand functmn h,-(p C) for good i, -

@)y h@.C) = Ela, + Z*{,]Inp] Bln(-g”

By definition, an expenditure share is,

20




P, h(p,C)
e

(41)
‘Thus, (40) and: (41} yield, -
o . roo. A
@) s Syylan s bl €
LI M
which is the expenditure share function of the AIDS model (Deaton and Muellbauer, 1980a,

1980b).. The. AIDS parameter restrictions are,

N ” s, . > i
s Eiyll =0 EY*J R RN /RN
te

(43) }: @,z

T hese restricv:‘ndﬁé“iﬁsure addxtmty of sha;res to cme, zero-degree homogenelty in mcome and
prlces of the ordmary demand funcnonS' and symmetry of the compensated 'p-n:cc effects

Consxder the case of two goods. The AIDS ordmary “demand ﬁmctmn in (40) yields the

eiastxcxtles

(44}

Y- s, B;
(46) Eic—jg'é‘}{"l";,"‘

H

By substituting (44) and (46) into (26), the compensated own-price effect for either good is

(47) Sﬂ- = - "C— (1 - Wi)Wi ~ Yu T B?M(E)J .
p 4/

21



In Table 2, the following parameter values are used,

@8) ;=0 ; By=0; « =-045 ; B, =010 ; y, - -0.20 .

The values of the other parameters oy, By Yoy Y31, and vy, are obtained fénmf.-f(¢8)l:fsubjeet*to

the parameter restrictions in (43). The price data for the mmal and temnna} sxtuatzons, as Well

as the price ste:ps, are the same as in example 1. However to yreid the same initial income, the

| Varua s approxmiatlon at each price step Tfms, ngen Vamta 's claser»v@:ppwmmons m»TahIef’E“

1 the relattve px:ecxsmn af one procedure GVeI‘ the other is Case spemfic) 'I‘herefore these

22




Table 2. -

Compensated Income From a Well-behaved AIDS Model

Steps

Price |

 Prte -

of
Good 2.

Compensated Income

Vattia’s

| Approximation

RESORT

| Approximation

Compensated™
Own-Price
Effect of -
Good 1

—
<

g
W

—
Y]

S
[« B S

LIQ

© o N n A W

[
bowd

b
i

e -

1.1500
1.1625

. L1375

- 206.7524 5 |

2032912 |
1997718 |
19631949 - -

192.5615

1813287
177.4760"
1935704

165.6031

C Tl 5439

153.2732
149.0653

“ 0.6

1997544

192.5447

177.4606

165.5887

. 23

2067344 | - 206.7519

203.2735
C 1961779

1888557 1
SIS

173.555% 7 F
169.5978 . |

61,5289
153.2600

203.2905
199.7710

- 196:1941
192.5605 |

oL |

17?.4746
1735689
169.6105
165.5014
1615411
157.4308 -
153.2713

) :E:;:’f : '586254 |
| -s3.5001

st 870

[ -sglerse
- - 49.8776

- 47.1902
~'))445}‘1‘6?;3‘4914"
C - 4213067
-39.7499
- 3526747

-311335

29,1893 .
2213230
- 25.5318
238132 |
- 20.5842
I10.0682




. yxeld compensated mcomes ‘that unknowmgly are theoretxcally mvalld Keepmg everythmg etse

- the-same-as m example 2 let the parameters in (48) be changed to
50)  a, =0 ;,,Pa; 0 5 o=~ 08882 ;B = 0530 Yy, = - 025 .

: 35‘»compensated r:;wn-pnca effect for gmi 1 tums from negatwe to pasmve as st :wn in Tabta 3 g
“Itis mterestmg to note in Tabia 3 that'the RES&RT appmimatmns to thetrue compensated
mcome are closer than Vartia’ 5 approxnnatlons for the range of pnces wnth negatxve

g compensated own—prtce e:ffects Inthis range, the cempensated incomes are theorencally vahd

’ Hewever Vama sAap* rox1maﬁons are cfeser for the range of pnces ‘with posmve cempensated)

own-pnce effects yhen ¢ ‘cally mvahd Thls case 1Hustrates the”v

advantage of RESORT aver Vartra s algorxthm in catclnng vwlauons of- the theoretxcal

: re:stmctl@ns that wauld have been undetected by Vartxa s -procedure.

- Thé ﬁexteixa T ple utfhzes erdmary demand functwns froma medel thhgut an exphc;t utﬂlty

functlon ThIs is precisely the sxtuatmn fcr which Vama 's algenthm and RESORT are mtended

: betause the values Gf the true cempensated incortié -ate not exactly known ‘and can only be

: approxnnated from the ordmary de‘ )nd functmns
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Table 3

Compensated Income From a Mis-behaved AIDS Model

- .

| e |-

Compensated Income

- Compensated:
Own-Price
Effect of
Good 1

Vartia’s "+

| 1.4231

1 13846
1:3461
1.3077

126

| 2aies
| 208215 |
Cansise |
2216010 : ¢ .

221547

ot

2227145

230768 |

224.5305

2241633 .

1 224.9095 T
14615} '

361817

|4 226:5590 e

227.0261

225.6689

Approximation

+221:5990
221.9762
2223470

U 2227128

1o omsaer9 |

2240622

23479085

225.6087
9261183

226.5596 :

227.0272

25

223.0752 |
234363 | 2234354

224.5316

’ 2252968 Cown b -

221.9772

s
e 22257128

| 223.0749
2237954
224.1601
'224;*;5239

04,9054

225:6934
“276.1119
226.5519. .

227.0181

88278
10.2932
13.3120

18776 |

f

isit’

——



. expénélture fnmtxon These three cxamples are, however, useful for gaugmo the reiatWe
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From {41) and (51), the ordinary demand function h(p, C) is

5
6 hp,0) = =
Ee

i=1

The demand system comprising A(p, C) for all n goods can be made well-behaved, i.e., satisfy
zero-degree homogeneity in p and C as well as symmétrjr and negative semi-definiteness ‘of the

matrlx af compensated pnce effects by embodymg these propemes m the function f

: The varlams of ‘thev "enerahzed Iogit nnplemented so f&r dlffer m thelr spemﬁcatwns of I

The followmg spec} f rcanod ‘Was nnplemented by Rothman Ho&g, and Mount ( 1994),

k=1

whcre a, ﬁ’ and 6 are parameters SPI is a Stone price index,

(54) InSPI = Zw,. np, .

i=l

(55) 8, = w,?" w,Z ; w0, = wkﬁh,
where ¥y is a paxametert.fl’fhese weights are built into the model, together with the symmetry
restriction (3, = 8,), to efisure the symmetty of the compensated price effects.

To facxlxtate ciertvmg the demand elastlcxtles of the generalized Iogﬁ modei note from the

27



Comntbining (51) to (55) and then usmg (56)»:&3 (59), the ardmary demaﬁd elasticxtles Qf the above

generalized logit model with n goods are,®

©) E - -

i

f
=
o
B
g@

6 E ,=} 8,0, - wk(f;f{i “ 3ot

...............

aigamhm in {29) Bazzh algonthm ylelds g cempensated mcome so}uﬁen af each pnbe Siep and, therefote, yrerds
the compensated quantities by substitution of this solutiop into the ordinary demand ﬁm@ﬁmm Therefore, at each
price step, there is a unique set of expenditure shares. The unique set of expénditure shares solved by RESORT
at each price step is used to calculate the compensated price effects from the ordinary price and incote elasticities.
This procedure i§ used to calculate, for example, the generalized logit compensated own-price effects for good 1
reported in Table 4, based on equation (66).
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(622 EIC=Bl- 2wj [3]. + 1“. SRR

1t can:be verified that =~ 7 <7 0 - ¥ 5

B

R I . I
63) E;+ Y E +E. =0, izk
Y .

‘which imply. that the.ordinary demand functions in this. generalized logit model satisfy. zero-

~degree - homogeneity. in prices and income... Substituting the. elasticities. in (60). 19 (62

Shutsky equation in'(23), it canbe Verified that . .. ..

That is, the generalized logit satisfies the symmetry of the compensated cross-price effects. given
the symmetry of the price parameters in (53) and of tﬁe“crdssﬁfﬁéic‘e weights in (55). Moreover,
-the price and income elasticities and the Slutsky equation .yields the compensated own-price

effect, - L

w C '
65) S§;=- “i?[z 838y + 1 - Wf)')‘v
: _Pi |

only if (65) is non-positive for any of the two goods, i.e., for good 1,

- . wlc
{66) 8, = - “‘T(ﬁuau +1 - Wa) <0.
P

Notice from (51) that the generalized logit guarantees that each expenditure share lies strictly
between 0 and 1. Hence, the cross-price weight (8,) is positive. Therefore, since income or
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expenditure and prices are positive, the sign of (66) depends only on».v?z{ie sign of §,,.

Given a positive J,,, (66) is strictly negative for all prices so fh%,:f the geneféfﬁed logit is
"integrable," implying that an underlying utility function exists in pxjii;cigl:csi although it is
unknown. Therefore, an unknown underlying exp.enditure function also -exi;sts. Thus, except

for the initial income C° that by duality is compensated income, the generahzed logit demand

th‘e H}Itlal meome is th‘e same as before. These parameters are,

“67) ey =0 ; B, =05 ;a4 =0 ; B, =0
b= 5. y =20 ; C°=220.

The two-approximations to- compensated incorme are very :close to-each other.at each price
stcp However, becanse the true campensated income is urknown, there is.no basis to say that
one approxxmaﬁon is more precise than the other.

Finally, note that ﬂtii;s,meigd generalized logit model is well-«behé&ed from the fact that

tﬁc'e;eimpeﬁ%med ownpnce efféct for good 1 is negative. Indeed, (66) and (67) imply that this
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Steps

" of
Good 2

Compensated Income :

Vartia’s

. RESORT -

Cempensated
Own-Price
. Effeet )of

I T T SOV SN b;;:;? [

'-';: el L e Lo ;;Jw‘-‘ b — [y

'1.2692

L9615 |

Lozt |
| ragde |
o1sas1 | um

1.8077

ez
.~ 1.7308

1.6923

16538 | Unknow

o |- 16156 |
1.5769

15384“'
15000 |
| 14615
14231 |
©1.3846° |

1.3461
1.3077

Approxzmmon (
'} 22600607
220.3899 T

220. 7123

220, 9573;* g5
211517,

221.2647
21.3043
221.2690
221.1566
220.9652
220.6927
220.3367

" 2198948

219.3644
218.7428
218.0269
217.2136
216.299
215.2812
214.1545

Appmxxmanon
007 eras |
-esouy
618006
636080 Y
- 62.4360

221.2666
'921.3067
2212718
221.1600
- 220, 969{

'"220,5972 .

220.3418
219.9406°
219.3709
218.7500

2180349

217:2225
216.3094
215.2920

2141663 -~

menss |
211532

- 6’1.2534

60,1492
-59.0323

- §7.9317

- 56; 8463,\ :
L -55752

- 54.7174
- 53,6719
52,6378
- 51.6141

- 5(},.5999
- 49.5942

- 48.5961

»-46;6188
——— N ‘_=v

IF
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| 1975 Chnstensen and Caves, 1980) and the "almost ideal demand system" of AIDS (Deaton

" and. Muaubauer 1?80& and 198%) Second it 1s not necessary to recover the undﬁriymg

f«more than ofe: pnc@ changes at thé ‘§ame time. LaFrance (1986) and LaFrance and Hanemarm:

33 V(1989) found that the mtegrabxhty resmctxons on demand fum:tmns to obtam closed form

. surplus as suggested by Wﬂhg (1976) arxd Shonkvﬂler (199]:) In prmc;plc no: recourse to

consumer’s surplus is necessary as a basis to measure the true chksxan Welfare change in any

case, consumer’s surplus is of limited validity to the special cases of a single price change and
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- A "money metric"” measure of the equivalent variation from ordinary demand functions has

been derived through a Faylor series expansion of the indirect.utility function: (McKenzie

‘Pearce,:1976; McKenzie, 1983).. Thismeasure is made operational by a.transformation such

that the marginal utility of income is stationary with a value o

the: marginal value of ut

#:

andachmgel 14l

itility” is-exactly a-unit of "money

indirect utility fanction is itself a "money metric". measure-of the change in utility, However,

as. an alternative to Vartia’s;algorithm. . The reason is not:simply because this alternative may

produce more precise approximations to compensated income but chiefly because it provides a

- framework to assess the validity of the results. Indeed, the vital lesson from the numerical
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

bams For exmple while Vartia’s algorithm appears to'be moré precise than RESORT in Table

1,"RESORT i$ shown to be more precise than Vartia’s algorithm in Table 2 and in Tablé 3, for

the theéoretically valid values of compensated'income: While:obviously very important, precision
Isthereforean émpirical issue that cannot be‘afi exclusive basis for choosifig-one approximation

me{h ¢ CWEI’KhﬁQEher S I A A R o

Y‘mcames and cmst»of‘ imng mdx@es from esttmateé erdmary ‘demand fuamons mc}fﬂémg nmz-mtegmbta demaﬁd
systems. The resulis from the latter systems are, however, invalid for vielating the symmetry and negative semi-
definiteness of the matrix of compensated price effects.
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income at each price step is the same in the forward and backward procedures. That is,

RESORT guarantees unique vahies of compenisated income for each set of

income.
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