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I. INTRODUCTION

In many areas of applied economics, the analyst sometimes finds himself in
the situation of estimating a set of demand equations and calculating welfare
measures with data on only a subset of the commodities purchased by a con-
sumer. A classic example is the travel cost method of analyzing recreation
demand and inferring the value of recreation sites originated by Hotelling
{1949] and Clawson and Knetsch [1966]. 1In a typical application one has data
on the prices, perhaps quality attributes, and rates of visitation of a set of
recreation sites serving some population, and one estimates demand functions
showing the visitation of each site as a function of the prices and quality
attributes of all the sites as well as socioeconomic characteristics of the
recreationists. Although recreation-expenditures generally account for a
small fraction of thei? consumers' total expenditures, the prices and attri-
butes of other, nonrecreation goods are usually not included in these demand
functions. This 1is because the sources of the recreation data--household or
on-site surveys--typically provide no information about nonrecreation consump-
tion activities. A similar problem arises in various other contexts; for
example, one has detailed data on the prices and consumption of various food-
stuffs but not on nonfood commodities, and one wishes to estimate demand
functions for the different food products.

In all of these cases the question avises: using the data available for a
subset of consusption activities, is it possible to formulate a demand systenm
which is consiztent with a theoretics! madel of utility puximization? The
question is ¢spocially pertinent if one wishes to employ the fitted demand
functions for this subset of goods tc 2ssess the affects of 2 change in their

prices or quality on the consumer's wolfare. This is because the standard
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tools of welfare analysis~-~-the compensating and equivalent variations--are
fully justified only if the demand functions are generated by a utility
maximization model. How, then, is one to proceed?

Writing on the subject of recreation demand, Cicchetti, Fisher, and Smith
{1976, fn. 12] appear to conclude that it is not appropriate to seek a system
of demand equations compatible with utility meximization if one has data on
only a subset of consumption activities. This is offered as an explanation of
their decision to employ an ad hoc system of linear demand functions for rec-
reation sites. However, this conclusion is unduly pessimistic. As Pollak
[1971]) has shown, under the assumption of separability in the consumer's pref-
erences, there is a utility-theoretic justification for the formulation of a
demand system for a subset of commodities in which the prices of all other
commodities are omitted. In these demand functions, which are sometimes
referred to as 'partis)l demand’ functions, the demand for each good in the
subset is expressed as a function of the prices of all the goods in the subset
and the consumer’'s aggregate expenditure on the subset,

Suppose that one estimates a system of partial demand functions and pro-
ceeds in the conventional manner to calculate welfare measures such as the
compensating and equivalent variations. How do these welfare measures relate
to the frue welfare measures that would be obtained if one had estimated the
full demand functions containing all commodity prices, both those for the
comnoditics in the subset of intcrest and those for the other commodities? In
this paper I will provide an answer. [ will show that the welfare measures
derived [roa the partial demand functions are, in general, different from the
the welfare iensures based on the full demand functicns. An exception is the

special case »iore some of the coswodities in the subset have zero income
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elasticities of demand, and the price and quality changes are confined to
these commodities. In that case, the two sets of welfare measures coincide.
Otherwise, there is the following link between them: a compensating variation
calculated from the partial demand system is a lower bound on the true compen-
sating variation, while an equivalent variation calculated from the partial
demand system is an upper bound on the true equivalent variation. Tnese re-
sults are presented in section 3. In section Z, 1 set the stage by reviewing

tne basic tneory of partial demand systems.
11, MODELING THE DEMAND FOR A SUBSET OF COMMODITIES

The theoretical set-up is as follows. An individual consumer has a

strictly increasing and quasi-concave utility function defined over the com-

modities Xps -+ +s X and Zps e s Zos where the x's are the particular

n,
subset of goods on which the analyst has price and consumption data and the z's
are all other goods, let X = (xi, AN xn) and z = (zl, RN xm). In
addition, the consumer's utility may depend on some guality attributes of the

x's, denoted by the vector b, which he takes as exogenocus. The utility func-

tion will be written compactly as u{x, b, z). The consumer chooses (x, z) so

as to

maximize u(x, b, z), [1]
subject to

bX pj xj * L4y 24 =Y,
where y is bis toial income and p = (91, - vy py)and g - (1, -+ o qm)
are vectors of comaodity prices. Assuning an interior solution, [1] generates

a set of ordinary demand function for the x's and z's of the form
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=

zi = £fi(p, b, g, y) i

Suppose, however, tnat the analyst has data only on x, y, p, and b and wishes
to estimate demand functions for the x's. Since he has no information on g,
he cannot hope to estimate the demand functions in [2].

There are two ways to proceed. One approach, based on Hick's composite
commodity theorem, is to assume that the prices Ay » = -5 Gy always move
in proportion and replace the vector z by a single composite commodity zg with
price qo,l Thus, the consumer's utility function may be written as u(x, b, zO),
which is a function of n + 1 rather than n + m consumption levels. Tne utility

maximization problem is now to choose (X, zo) 0 as to

\ maximize O{x, b, zg), 4]

subject to

Lpjxy+apzy=y,
which yields the ordinary demand functions,

E&(p, b, ag, y) j=1, ..., n [5]

B

%j

B (y - = P; Hj)
o no(p} b; QO: Y] = QU .

5]
|

In order to estimate the demand fuanctions [5], one nosds to know the price of g
If there is reason to believe trat the underlying price vector g does not vary

across tie consumers in the sample--e.g,, 1f there i3 a cross-section of diza

0

ER RN
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for a single time period--then it would be appropriate to adopt the normaliza-
tion g4 = 1. Otherwise, one could employ some general price index, such
as the Consumer Price Index, to weasure A5 this would be justified if the x's
account for only a swmall portion of consumer expenditures so that movements in
the Index mainly reflect variatiéns in q.

I am concerned nere witn the alterpative approach which is to assume a

weakly separable uvtility function of the foram
u(x, b, z) = ¢lus(x, b}, z], (6]

where u® is a.scalar~valued function strictly increasing and quasi-concave in x,
and ¢ 15 a strictly increasing function of m + 1 arguments and guasi-concave
in z. Thus, the marginal rate of substitution between any pair of x's or be-
tween any elements of x and b is independent of z. Let Yx denote the total

At

expenditure on the x's. For any given level of Y o consider the following

utility maximization problem: choose x so as to
maximize u®(x, b}, (7]

supject to

2pj Xj ZYx.
Tne solution is a set of ordinary demand functions,

xj = hj(P’ b, Yx) i=1, ..., a, [ 8]

3

whicn ars ¥eowen as partial demond functlons.  These cxhiinit the optimal allo-
cation of tne total expenditure v @mong the individuil x's as a function of

toeir prices and qualities. 1t =honld be emphasized that, for given Yo

tney possess wll the standard prop=cties of a demand system, including
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nomogeneity of degree zero in (p; yx), the adding-up property, and the
Slutsky symmetry and negativity properties.

If tne partial demand functions are substituted into the utility function
in |7], one obtains the partial indirect utility function, v#(p, b, y) =
u*{o*(p, b, ¥}, b]. Now consider the utility maximization problem: choose Yy

and z so as to
maximize &lv*{p, b, y), z], [9]

subject to

yx + L aj z3 =Y.
The solution is a set of demand functions for Yx and z of the form
YX = H(p) b: G5 Y) {103
N
z; = Fij(p, b, a, y) i=1, ..., m {11]

Pollak [1971] shows that, under the separability assumption in [6], the demand
functions for tne z's in equation [11) coincide with those in {3], i.e.,
Fi(p, b, 9, ¥) = fi(p’ b, g, y), and the demand functions for the x's in [8]

and [10] are related to tnose in [2] by the identity

1

X, = hj(p, b, q, y) h?[p, b, H(p, b, a, yJI j=1, ..., n. [12]

J

Assuming that tne analyst has data on x, p, b, and y and, therefore, on

Y = ) pj

%
Moreover, 1f one chooses furctional forms for hj(~) which possess the proper-

X it is possible to estimate the partial demand functions [%].

ties m=ationed above, it 1s possible to derive from the fitted demand eguations

an estimate of the underlyins utility function us{+). However, without duta
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on g, it is not possible to estimate the demand functions in equation [10]

or [11] and recover the underlying utility function ¢(-). One could always
specify an arbitrary equation relating Yy top, b, y and perbaps some general
price index and estimate this as a crude approximation to [10]. This could be
combined with tne partial demand functions along the lines of equation [12] in
order to predict the overall demand for the x's. But I assume that one cannot
recover the utility function ¢(+) with sufficient accuracy to coastruct the
welfare measures associated with toe full utility model [6}. Tne guestion

is: what is the relationship between these welfare measures and those which
are computed from the partial demand functions based on u*(«)? This will be

answered in the next section.
I1T. WELFARE MEASURES

I : .
If the demand functions [2] and [3] are substituted into the original
utility fuoction in {1}, one obtains the indirect utility function v(p, b, a, y).

Under the separability assumption [6], this takes the form

vip, b, a, y) = ¢{v¥lp, b, yxlp, b, a, v)1, £f(p, b, a, y)}. [13]

As 15 well known, the indirect utility function can be employed to define
monetary measures of the effect on the consumer's welfare of a change in the
set of prices and quality characteristics which confronts him. Specifically,
suppose that the prices and gualities of the x's change from (po, %) to

{p', b') while the prices of the z's and the consumer's overall incore rasain
constant at (q, y). Thus, to2 consumer's welfare changes from u° =

o

{ . . .
v(pj, b’y g, ¥} tou' = vip', b', g, y). Tne conpensating and equivalent

variatious for this chanpe, CV and BV, are implicitly defined by
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v(p', b, a, y - CV) = v(p®, b%, q, y) [14a]
vip', b', a, y) = v(p%, b° q, y + EV). [14b]
Observe that, since v{+) is increasing in vy,
sign (CV) = sign (EV) = sign (u' - u9), [15]

Thercfore, the signs of these quantities provide an indication of the direc-

tion in which the consumer's welfare changes; their magnitudes provide an
g g p

indication of the size of the change in the consumer's welfare.

However, I am assuming that the data are insufficient to identify v(+)
and permit the calculation of CV and EV. But, since v#(+) is identified,
one can use it to calculate some alternative welfare measures. Suppose that
the analyst either knows or can estimate yi and y;, which are the expendi-
ture allocations corresponding to (pp, bo, a, y) and (p', b', g, v)}-- i.e.,

1
yo = yi(po, bo, a, y) and similarly for Y+ One possible set of welfare

X
measures based on the observed partial indirect otility function is CV¥ and EV#

defined by
ve(p', b', yo - CvE) = va(p®, b°, ¥3) (16a]
v*(p', b", yg) = v¢(p°®, b°, yf: + EV#), {16b]
Another set is CV' and EV' defined by
vE(p', Y, yx - CVF) = vE(p0, b0, yi) [17a]

vi(p', b, yx) = vE(p0, B0, yy + EVF). [17b]

R
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Wnereas CV#* and EV¥* have the sign, as do cv' and EV#, 1t is not neces-
sarily true that CV% and cV' have the same sign. Moreover, CV* and CV'
are, in general, different from CV; for example, compare equation [16a) with

the formula for CV, equation {l4a], which, by virtue of [13], can be written as
qj){\f*[p', br, Yx(p', b', a, y - CV)}, £{p', b', q, y - CV)}

= olvx(p®, b°, Yg), 2°1,

where z? = fi(po, bo, a, v}, i=1, .. ., M. Similarly, EV* and Ev* are,
.in general, different from EV. However, the following result provides a link

between CV* and CV and a link between EV' and EV:

THEOREM. For the change from {p%, b%, g, y) to (p', b', g, v},

CVs < CV [18a]
N = .

EV < EV*. [185]

Since the proof is rather lengthy, it is placed in the Appendix where I also
offer an intuitive, diagrammatic explanation of these inegualities.
An immediate corollary of [18a] and [18b] is that, if CV* > 0, then CV > 0

and, heace, one can safely conclude that the consumer's welfare has been improved

by the change. Similarly, if EV' < 0, then EV < 0. Ia these two cases,
therefore, the sign of the true welfare measures can be deduced from that of
the partial welfare measures.

A second corollary is based on the following result, winich is proved in
Hanemann [1930]. Suppose that all of the x's whose prices change are normal
goods, and soue or all of these goolds are weakly complensent. vy with respect to

Z . . .
the elements of » tnat change.”™ Suaopoue, also, that all prices and gualig
it » 13 G
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characteristics which change move in the same direction from the point of view
of the consumer's welfare--i.e., either all price changes are increases and
all quality changes are decreases, or all price changes are decreases and all

quality changes are increases. Then,
iICVy < IEVI. {19]

Alternatively, if all of the x's whose prices change are inferior goods but
the other conditions are met, the inequality in [19} is reversed. In order to
be able to apply this result here, one needs to estimate the sign of

ani/ay = (ah:/ayk)(aygfay)e The first term, Bh:/ayx, is obtained directly
from the fitted partial demand functions; the second term would have to be
inferred from the auxiliary regression of Y OB Y which approximates equa-
tion [10]. Suppose it is determined that the goods whose prices change are

normal and the other céﬁditions mentioned above are met.3

If the change
represents an improvement in welfare, combining [18] with [19] vields the

following chain of inequalities:
CVx < CV < BV < EV*, 120}

As a final corollary, observe from equation [12] that, if the partial
demand functions for some subset of the x's exhibit zero income effects, the
same must also be true of the full ordinary demand functions--i.e., if
h:(p, b, ) = ¢i(p, b) for some function @i{-} which is homogeneous of degres
zero in p, then hi(p, b, q, v} = @i(p, b).4 In this case, therefore, the
observed partial ordinary demand Cunctions coincide not only with the partial
coppenidated demand functions but also with the full compensated demand func-

ticas. Accordingly, as long as the price changes are confined to the goods
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witn zero income effects and the quality changes occur in these elements of b

whicn are weakly complementary with them, all of the welfare measures coincide:s

Cv#é = EV* = CV* = BEV*Y = CV = EV. [21]

The absence of income effects in the partial ordinary demand functions ensures
the equality of CV#*, EV#, CV*, and EV', Similarly, the absence of income
effects in the full ordinary demand functions ensures the equality of CV and EV.
The equality of all six welfare measures follows from the coincidence of the
partial and full compensated demand functioas since the welfare measures may

be expressed as areas under these demand functions,
IV. CONCLUSIONS

Applied economics, like politics, is the art of the possible, Qne is
frequently caught in a ébnflict between the limitations of the available data,
on one hand, and a desire to estimate demand or supply functions that are con-
sistent with economic theory, on the other. In the context of consumer demand
where the analyst has data on the prices and consumption of only a subset of
commodities, it is indeed possible to specify demand functions that require no
more than the available data if weak separability is assumed. The purpose of
this paper is to clarify the status of the welfare measures which might be
computed from these demand functions. Ideally, one would like them to coin-

cide with the true welfare measuraes that would be obtained if one could esti-

mate the full set of demand functions for all good:. Tnis turns out to be
true only wien some of the goods 1o the subset have voro income elasticitios
of demand, and the price ant quality changes are co~lioed to these goods,

Otnerwice, one has to be ceoctent with the fact thnat the welfare measures



~12-

computed from the partial demand functions provide bounds on the true welfare
measures--this is the price that one pays for being unable to estimate the

full demand system,
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APPENDIX

Here I will prove the inequalities in [18a] and [18b]. For this purpose
it is convenient to work with the expenditure functions arising out of the
minimization problem dual to [1] and [7]. Define the full and partial expen-

diture functions, m{p, b, g, u) and m*(p, b, u), by

m(p, b, 9, u) = mimimize £ pj x5 + £ 9 xj, s.t. u(x, b, z) = u [Al]
X, Z
m*(p, b, u*) = minimize £ pj xj, s.t. uv¥(x, b) = u*. [A2]
X
Since m(po, bo, a, v°) = y and m*(po, bh, u*o) = yi, where
u*o = v*(po, bo, yi}, alternative definitions of CV and CV%, equivalent
to |14a] and [16a}, are
CV =y - m(p', b, a, u?) [A3]
N
o = y2 - mpr, b, 0O, (4]
. . - '
Similarly, since m{p', b', q, u') = y and a*(p*, b', v*') = Y where
u*' = u*(p', b', y;), alternative definitions of EV and EV+, equivalent
to |14b]) and [17b], are
EV = m(pos bo) Gy Ut} -y {AS}
t
RV = m*(po, b°, uxr) - Yy fa6]
I vt —_ t H A P el t — t t I Ead | e
Tt y, = Layz, were 2 = fi(y , b, a, v}, £ =0, 1, and ¢bserve
that y = yz + yf = y; +y . inen [A4] and [40] can be rewritten as:
CVe =y - Y? - mE(p', b, 50) [ag41]

EVF = m#(pO, bO, uxt) « L -y, [A6*]
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By comparing |A3] witn [A4'] and [AS] with [A6'], it will be seen that, if

% ,
yg + m%(p', b, u O)ﬂz m{p', b', a, u®) fA7]
and

¥
y, * m=(p°, b°, uxr) 3”m(p°, b°, a, u*), {A8]

then the inequalities in [18a] and [18b] are proved.
In order to demonstrate [A7] and {[A8], it is necessary to introduce a new

type of expenditure function:

m(p, b, 9, u, z) = minimize I Pj Xj + X aj 73, s.t. ulx, b, 2) = u, [A9]
X

where z is a vector of fixed values. A comparison of [Al] and {A9] shows
that, whereas m{+) measures the minimum cost of attaining a given level of
utility, u, when x and } can be freely varied, m{+) measures the minimum cost
of attaining the same utility level with z fixed and only x variable. There-

fore,
a(ps b, a, u, E)(z m(p: b, a, U)- {AIO]
Under the separability assumption [6], [A9] can be rewritten as

a(p, b, 9, u, z) = minimize I pj Xy + £ qj zi, s.t. ¢lu*(x, b}, z] = u. [A9']
X

Clearly,
ﬂ(p, b, g, u, E) = ¥ dj £“+ mﬁ{P, b, U*), {Alla]
where u* satisfies

ofus, Z) = u. , {Allh]
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In particular,

~ *
n(pt, b, a, v, 2% = y] v mepr, b1, uO) [A12)
- 0 0 ¥ i — ' : t F 1
m(p,b,q,u,2)~yz~f~m"(p,b,U"=), [A13]

since v° = @(Lﬁo, z°) and u' = ¢lux', z'). Combining [Al0] with [Al2] and [A13]
yields [A7] and [A8]. Q.E.D.

In order to provide an intuitive explanation of the inequalities in {18a,b],
I will focus on the special case where the change is limited to a single price,
say p,. Tnus, p° = (p]> P) and p' = (p;, p), where p = (p,, -« ., p),
and b7 = b' = b. Let Xy = gl(pl, p, b, g, u) be the compensated demand
function for Xy associated with the minimization problem in [Al], and let
Xy = g:(p;,'ﬁ, b, u*)} be the partial compensated demand function for X
associated with the max;ﬁization problem in {AZ]. For this change, CV is equal
to the area under the compensated demand function gl(-) evaluated at
(p, b, aq, W) between pT and pi, while CV#* is equal to the area under the
partial compensated dewand function gi{o) evalvated at (p, b, U*O) between
pi and p;. Similarly, EV and EV' are equal to areas under gl(-) and g;(-)
evaluated at {(p, b, g, u'} and (p, b, u*'), respectively. Therefore, it is
necessary to compare the graphs of gl(-) and g;(-) as functions of p,.

Just as the maximization problem [1] can be decomposed under the sepa-

rability assumpticn !4] into the maximization problems [7] and [9], so, too,

the minimization probilem [AL) can be decenposed into the minimization prob-

len [AZ] and the following: choose u* and 2 so as to

minimize a%{ny, p, b, ut) + 7 oai zp, st oluk, z) o [A14]
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The solution is a set of compensated demand functions for u* and z; in par-

ticular, the function for u* takes the form
u* = G(p1, p, b, 9, u), (n15]

which is dual to the demand function for y_ in {10]. It follows that the
partial and full compensated demand fuctions for the x's are related by the

identity

— & — — .
xj = gj{pls p, b, g, u) = gj{Pl, p, b, G{pl’ p; b, q, u)] i=1, ..., N, [Al6]

which parallels the identity linking the ordinary demand functions in [12]. An

implication of [Al6]} is that

—_ * — *
x] = g,(p], P, b, a, u®) = g](p7, p, b, U0 [A17]
A
t [ — P T
xi = gl(p13 P, b, g, u'l = gl(pl, p, b, U*'). [A18}

Another implication concerns the slopes of gl(e) and gi(») graphed as func-

tions of p;:

* %
Bgl 3g1 Bgl aG

B, "%, " T (A19]

It follows from the concavity of the expenditure functions w(+) and m*{+) that
ggl/api < 0 and ag:/epl < (--1.e., the cowpensated demand functions have a
ncgative slope. [t 1s necessary, however, to determine the =iygn of the second
term on the right-hand side of [Al9].

I will now show that this term is negative and, therefore, églfapi g‘agf/api.
For this purpose, it is convenient to reformulate the minimization problem [Al4]

Aaa then examine toe rasulting first-order condition for u%, Since o(u*, z)
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is strictly increasing in its arguments, one can invert the constraint

¢{u*, z) = u for one of the z's--say, zy--to obtain zy = o(u*, u, Zoy o v ey Z)

m’*

Tnus, an unconstrained minimization problem equivalent to [A14]) is: choose u*

and Zys o - e Z, SO as to

m
minimize m*(pi, p, b, ut) + a) olu*, u, Zyr eens zm) + § a; % [Al4']
Tne first-order condition for the choice of u* is
& = " |
T(u*, pl) W+ a0, =0, [A20]
and the second-order conditions include
% ' .
T % (u%, pl) 2 Moggx * 95 Ousye 2 05 [A21]
N
where subscripts denote first- and second-order partial derivatives. By
implicitly differentiating [A20], one obtains
*
LA
u* Py
= - . (A22]
Py Tu*
Observe also that, by the continuity of m*(+) and Shepherd's Lemma,
#
’g, .
Coubining [A22] and [A25) and applying [AZ1),
. (:3: )2
& m .
'}5“{ LR i ’
_r_.w..i:. L] .ag.;m_.. T e iw.i,,,.w < O_ . [A24}
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It follows that Bglfapl gvagifapl or, in terms of the conventional
diagram where price is plotted on the vertical axis, the compensated demand
curve gl(-} is flatter than the partial compensated demand curve g;(-).
This is illustrated in Figures 1 and 2. The first diagram exhibits the rela-
tionship between CV and CVA. I consider two different cases: (a) p; decreases
from p? to p?, and (b) Py rises from p? to p?. The quantity CV is repre-

sented by the shaded area under gi(pl,'ﬁ, b, q, u?) while the quantity CV¥ is

represented by the cross-hatched area under g:(pl,'ﬁ, b, u*o). It can be

seen that, when price falls and CV and CV#¥ are both positive, the area CV* is
smaller while, when price rises and CV and CV* are both negative, the absolute
value of the area v is larger--which corresponds to the inequality in [18a].
Similariy, Figure 2 exhibits the relationship between EV and EV® for both a
price decrease and a price increase, The quantity EV is represented by the
shaded area under gi(plr“ﬁ, b, q, u') while the quantity EV' is represented by
the cross-hatched area under gi(pi, p, b, us'). The absolute value of the
area EV' is larger for a price increase and smaller for a price decrease--which
corresponds to the inequality in [18b]. This argument, therefore, provides an
intuitive justification for the inequalities in [18a,b]. It should, however
be emphasized that these inequalities remain valid for more general changes

in (p, b) than the single price change depicted in figures 1 and 2.
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FOOTNOTES

The author is an Assistant Professor in the Department of Agricultural and
Resource Economics, University of California, Berkeley.

1

z, and q, are scalars.

0
ZA good, xj, is weakly complementary with respect to an element br if,
when xj =0, Bu/abr = 0.

3Weak complementarity can be checked directly from the partial utility
function u*{+) since, with S5 > 0, au/abr = du% ° Bu*/abr = 0 implies
au*/Bbr = @,

4Note that, with the utility function [6], at most (N - 1) of the x's
can have partial demand functions with zero income effects.

SWeak complementarity is required because then the compensating and

equivalent variations associated with changes in b can be identified with

areas under compenséted\demand functions; see Maler [1974].
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