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A Dynamic Differential Demand System:
An Application of Translation

Abstract

The differential demand system or Rotterdam model is extended to included
lagged consumption through translation parameters, providing an alternative to simply
adding constant terms to the model to allow for trends in consumption and changes in
tastes. Application of the model to four broadly defined groups of goods indicates
significant lag effects, resulting in differences in short-run and long-run income and price

responses.

Key words: dynamic differential demand system, translation, lagged consumption.



A Dynamic Differential Demand System: An Application of Translation

The differential demand model or Rotterdam model, developed by Theil (1965) and
Barten (1966), provides a first-order approximation of true demand. Recent analyses by
Barnett, Byron and Mountain show the approximation is comparable to other popular
flexible functional forms. To allow for trends in consumption and changes in tastes, a
constant term is sometimes included in the Rotterdam demand specification (e.g., Theil,
1976; Barten, 1969; Deaton; Deaton and Muellbauer). The latter, of course, is a rough
approximation. In other demand models, a common approach to allow for the impact of
past consumption, in both single-equation and system specifications, has been to include
lagged consumption in the model. In a demand system with n goods, inclusion of lagged
consumption of each good results in n* additional responses to consider. A parsimonious
approach to model the latter is through trans}ating (Gorman; Pollak and Wales, 1980, 1981).
Translation involves adding fixed quantity levels, referred to as translation parameters, to
the direct utility maximization problem or, equivalently, fixed costs to the expenditure
function. Sometimes, the fixed quantity levels are also referred to as subsistence quantities
but, in general, are parameters that indicate preferences (in fact, the translation parameters
might even be negative (Solari, Phlips, Jackson)). The demand impacts of lagged consump-
tion can be specified through the translation parameters (over time, or across individuals
or households, the translation parameters need not be fixed but may vary).

In this paper, the impact of lagged consumption is examined in the differential
version of the translation model. In the next section, the differential demand model is

extended to include lagged consumption through translation parameters. The extension
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includes specifications for the long-run demand responses. For illustration purposes, the
model is then applied to data on the demand for four broadly defined goods including food.

The final section includes some concluding comments.

Model

In this section, the translation model is briefly reviewed and then approximated using
the differential approach. The analysis includes development of long-run demand
elasticities.

The consumer choice problem for translation can be written as
(1) maximize u=u (ql', . q,,')

subject to Y pig’ =x"
where subscript / indicates a particular good; ¢;” = g; - v,, ¢; being quantity and y; being the
translation parameter; p; is the price;and x* = x - E D; Y, x being income. The indirect

utility function and expenditure or cost function for (1) are u = ‘I’(Pp oy Doy X ‘), and

X = E Pi Y *C(Py o Ppy U), respectively. In (1), y; is sometimes referred to as a

subsistence level and x™ as supernumerary income. In the cost function, fixed costs Y by,

are added to a general cost specification.

The demand equations for (1) can be written as

(2) g, =y, + qi'(pl, oy Dy X ').
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To obtain the Rotterdam model for the translation specification of demand, first

totally differentiate (2), i.e.,

d q; dgq; d q;
(3) dqg,=dyvy, - xz:pjdyj+z:—dp-+—dx
- :

d g, d Qi. d qi.

where .
dp, 9p, ax

aqi d g,

The Slutsky equation shows that 5 = ;i = 4 =< where s; is the substitution
P X
N dq° . dg; 0
effect (equivalently, °9 . S, - & g;; given B % gl
3 p; / dx x dx p
dq; dq _ dg dq; . d4q, -
- Y L=5. - (g + =5, - — Substituting the latter
apj dx YJ apj y ax(qJ YJ) y 9 x qj) &

dgq, :

expression for EE_‘ in (3), multiplying both sides of the equation by &, and notingd gq; =
p; x

q;d log q; and d p; = p; d log p,, results in the Rotterdam model with translation

(4) widlogqi=&dyi—uiz: &dyj+u,.dlogQ+Z m; d log p,,
X j X



. qg. dq.
where o, = _p_‘_q_‘, the budget share for the good; u, = p, a_q’, the marginal propensity to
x x

consume out of income (MPC); d log Q0 = ) w dlogg; =dlogx - Y w d log p;; the

Divisia volume index in differential form; and T = Pi P s;;» the Slutsky coefficient (the
x

-

Divisia volume index relationship can be straightforw;'araly obtained by differentiation of the
budget constraint). The difference between the usual Rotterdam model and specification
(4) is the first two terms on the right side of (4) involving changes in the translation
parameters. The first term is a direct effect due to a change in the translation parameter
for the good in question, while the second term is an indirect income effect due to a change
in supernumerary income caused by the overall change in the translation parameters.
Changes in the translation parameters alone leave the budget unchanged with the direct and
indirect effects resulting in a re-allocation of income.

The Slutsky coefficient can further be written as (Barten, 1964)

) T,

-
i
<
-
I
S
F
X

<
I




where A = %, the marginal utility of income, and uY is the ij"™ element of the matrix
X

-1
P u

iR the inverse of the Hessian matrix for the utility maximization problem. The
q,94; :

term ¢ is referred to as the income flexibility, while Vi and -¢ u; u; are the Slutsky

coefficient terms corresponding to the specific and general substitution effects, A u¥ and

A 9gq; 9g; :
- , respectively.
dA dx Jdx
dx

In analyzing food demand and similarly broadly defined goods, the assumption of
separability is frequently made. In the present study, the assumption of preference
independence or strong separability is made with the analysis focusing on four broadly
defined goods--services, food, other nondurables (hereafter referred to simply as nondur-
ables), and durables. In this case, the Hessian matrix and its inverse are diagonal with 1’

= 0 for i = j, and the model described by (4) and (5) simplifies to

(6) midlogqi=&dyi—uiz &dyj+uidlogQ
X j X

+ ¢ u,-(d logp; - ) ud logp,-),
J
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where m; = ¢ u; Ay - ¢ p; uy, Ay = 1if 7 = j, else Ay = 0. (To obtain (6), note; T, =

Z (Vij -9 U u.j) =0 or Z Vi =@ b based on homogeneity and adding-up; hence, for
J J
preference independence v; = ¢ u;.)

The effects of past consumption can be introduced in the model by letting the
translation parameter y; depend on lagged consumption. In this study, the change in the
translation parameter is assumed to be roughly proportional to the change in lagged
consumption, i.e.,

P;
(7) “d Y, =a; v, dloggq,,

X

where subscript ¢ has been added to indicate time, and a; is a constant.

Pollak and Wales (1969), as well as others (e.g., Phlips, and Johnson, Hassan and
Green), have similarly modeled the effects of lagged consumption through the translation
parameter in the linear expenditure system (LES). As the underlying preferences for the
LES are strongly separable, the differential model indicated by (6) and (7) and the LES with
lagged consumption describe the same preferences. The translation approach, however, is
more general than implied by the latter specifications; specifically, the general translation
model does not restrict the price response. In differential form, the general model is
described by specifications (4) and (7). The choice of the separable model in this study is

based on the nature of the data as previously indicated.
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The model defined by (6) and (7), or in general by (4) and (7), can be written in

matrix notation as

(8) Y,=LY_ +UY(X, -W P)+1P

where Y, = [m,-, d log g, 1’

U = [/J',']a
a, 0

L=A-UA' with4 = [ai] and A = , the diagonal of A4,
0 a,

X, =d log x,

Wt = [mit]’

P, =[d logp},

o= }

Yy

The short-run demand responses are indicated by U, II and A. The long-run
demand responses are determined by successive substitution, following a procedure
suggested by Theil (1971) for determining total impacts. For convenience, set Y,; and P

to zero in (8) so that Y, = U X,. In all subsequent periods (¢t + 1, ...), set P, and X, to zero,

3

sothatY,,, =LY, =LUX,Y,,=LY,, =LY, =L2UX,... The total impact is then

(9) Y Y. =5UX,
k=t

S=I+L+L*+L3+ ..,
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where [ is the nxn identity matrix. Provided all the latent roots of L are less than one in
absolute value, S converges to (/ - L)'. The latter can be verified by noting S - L § = J or
S(I-L)=1sothatS = (I-L)".

Similarly, for convenience set Y,,, and X, to zero in (8), so that Y, = (I - U W)P..
Again setting P, and X, to zero in subsequent periods results in
(10) YY =(-L) (m-Uw')P,.

k=t

Expressions (9) and (10) indicate the long-run income and price responses are (/ -

LY'Uand (I - L)' (I - U W), respectively.

The short-run elasticities for (8) are

the income elasticity: e, = —,

. e - H
the compensated price elasticities: e; = 2,

ij
w;

and the uncompensated price elasticities: e; = e,-j' - W e
As the latter indicates, estimation of price and income elasticities in the Rotterdam model
involves division by the budget shares. Long-run elasticities in this study are similarly
estimated as (/ - L) times the short-run elasticities. In the long run, the budget shares may

change for a discrete income or price change; the long-run elasticity estimates here treat the

changes in the budget share as negligible.
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The basic restrictions of demand require--(1) adding-up: E u, =1 and

E o, = 0; (2) homogeneity: E O, = 0;and (3) symmetry: IO; = II,. The translation
J

i
specification does not impose additional restrictions other than ¢; > v..

For estimation, w,, d log g, and d log p, can be approximated by —“£ "1,

Piu | and log i,

Pis 9is-1

log , Tespectively.

For illustration purposes, the model developed in the previous section was applied
to U.S. Department of Commerce data on personal consumption expenditures for services,
food, nondurables and durables.! The data are annual and the sample runs from 1929

through 1989. The expenditure data are measured in both actual and real (1982 = 100)

'The U.S. Department of Commerce product categories include the following goods.
(1)  Services: housing, housing operation, transportation, medical care, and other.

(2) Food: food purchased for off-premise consumption, purchased meals and beverages,
food furnished employees, and food produced and consumed on farms.

3) Nondurables: clothing and shoes, gasoline and oil, fuel oil and coal, and other.
(4)  Durables: motor vehicles and parts, furniture and household equipment, and other.
For a more detailed description of goods included in product categories, see pages 106-112

in "The National Income and Product Accounts of the United States, 1929-82," U.S.
Department of Commerce.
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dollars. Implicit prices were obtained by dividing actual expenditure by real expenditure for
each of the four expenditure groups. Quantities were measured by real expenditures. U.S.
Department of Commerce data on the U.S. population were used to put demand on a per
capita basis. Treatment of data in this study follows the approach taken by Johnson, Hassan
and Green in analyzing similar data for Canada.

As the data add-up by construction--income in the model is total consumer
expenditure on the four expenditure categories--the error covariance matrix is singular and
the equation for durables was excluded (Barten, 1969). The errors across equations were
assumed to be contemporaneously correlated, and the full information maximum likelihood
procedure was used to estimate the model with homogeneity and symmetry imposed.

Maximum likelihood estimates for model (8), with translation parameters dependent
on changes in lagged consumption, are shown in Table 1. The R¥s for services, food,
nondurables and durables were .79, .82, .55 and .71, respectively, indicating reasonably good
fits for specifications in first differences (note that as the four demand equations are
estimated jointly as a system, the R¥s have not been maximized (Barten and Bettendorf).
Autocorrelation did not seem to be a major problem--estimation of the model assuming

first-order autocorrelation yielded similar results.?

>The Durbin-Watson (DW) statistics for services, food, nondurables and durables were
2.47,2.42, 1.58 and 1.66, respectively. For demand systems obeying the adding-up property,
the DW statistic is not entirely appropriate as a measure of autocorrelation (Bewley)--for
instance, if each equation is subject to first-order autocorrelation, with no assumed autocor-
relation across equations, the autocorrelation parameter p should be the same in each
equation (Berndt and Savin), and the DW test should reach the same conclusion across
equations. In this case, the DW statistic only provides a guideline. Estimation of model (8)
assuming first-order autocorrelation (each equation has the same p) yielded an estimate of -
.26 for p with an asymptotic t statistic of -1.68. The estimates for the other parameters were
roughly the same as when autocorrelation was not assumed (p = 0), except for the estimates
for the translation parameters which were slightly higher for the autocorrelation model.
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All coefficient estimates in Table 1 are about twice or greater in size than their
corresponding standard error estimates, except the coefficient for the lagged durable
consumption variable. As the lagged consumption variables may be capturing both inventory
and habit persistence effects, the result for durables suggests inventory and habit effects
balance out (Houthakker and Taylor; Sexauer; Tilley). The lagged results for services, food,
and nondurables suggest dominance of habit effects; the results are interpreted as indicating
dominance of habit effects over inventory effects when the change in the lagged variable
positively affects the subsistence or translation term, and vice versa. Habit persistence
effects appear to be strongest for services, with the coefficient estimate for the lag nearly
three times the size of the coefficient estimate for the lag for food and about twice the size
of the coefficient estimate for the lag for nondurables. The estimates for the MPC’s for
services, food and nondurables were roughly the same at about .2, while the MPC estimate
for durables was at .37. The estimate of the income flexibility was negative at -.19 (an
increase in income decreases the marginal utility of money).

Uncompensated short-run and long-run income and price elasticity estimates for the
model are shown in Table 2. The elasticities are estimated at sample mean budget shares.
Long-run income and price responses previously discussed ((/ - L)' U and (/ - L) (1 -
U W)) can be obtained by multiplying the long-run elasticity estimates in Table 2 by the
mean budget shares noted in the table. Of the 40 short-run and long-run elasticity
estimates, all but six were more than twice their corresponding standard error estimates.
The six elasticity estimates that were not significant were the cross-price elasticities with
respect to the durable price for the equations for services, food and nondurables. The latter

result stems from the finding that durables have a relatively high MPC but low average
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propensity to consume (APC) or budget share with the compensated price effect and income

effect balancing out (e; = (-¢ u; 1, - ©; 1;) /w;). The MPC for durables is larger than

its APC, and hence its short-run income elasticity exceeds unity, at a value of 3.0; for food,
the MPC and APC are approximately the same, resulting in an income elasticity of 1.0;
while for nondurables and services, the MPC’s are less than their corresponding APC’s,
resulting in income elasticities of .8 and .5, respectively.

All short-run own-price elasticity estimates are negative and less than one in absolute
value, indicating inelastic demands. Durable goods have the highest own-price elasticity
estimate at -.7. The own-price elasticity estimate for food was at -.3; the estimates for
nondurables and services were slightly higher in absolute value. The short-run cross-price
elasticity estimates were all negative, indicating gross complementary relationships, and less
than one in absolute value, except for the elasticity for durables with respect to the price of
services, which was at -1.1.

In the long run, the income and price elasticity estimates for services increase in
absolute value in comparison to the short-run estimates, while the estimates for the other
categories decrease, except those for own-price changes. The result is due to the relatively
strong lagged effect for services. Over time, the translation results favor services, reducing
the income and cross-price responses for the other goods. For services, the long-run income
and own-price elasticity estimates increase to .9 and -.5, respectively. The long-run cross-
price elasticity estimates for services, as well as the other goods, are not greatly different
than the corresponding short-run estimates. The long-run income elasticity estimates for
food and nondurables are slightly less than their corresponding short-run estimates; on the

other hand, for durables the long-run income elasticity decreases to 2.2. The long-run own-
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price elasticities for food, nondurables and durables are slightly larger than the correspond-
ing short-run estimates.

Overall, the model appears to perform reasonably well. The results for the
translation terms indicate significant consumption trends for services, food and nondurables.
The consumption trend for services was particularly strong and dominated the model.
Accounting for the lagged effects, the price and income responses (in absolute value)
increase in the long run for services; while, for the other goods, the long-run effects decrease

or are roughly unchanged.

Concluding Comments

The differential approximation of the translation model of demand with translation
terms dependent on lagged consumption offers an alternative to simply adding time trend
constants to the Rotterdam model. Analysis of four broadly defined goods indicates signifi-
cant lagged effects which, along with the income effects and the initial short-run income and
price responses, determine the long-run income and price responses. The differential model
provides an approximation of demand comparable to other flexible functional forms.
Translation and other extensions of the differential model that relax the assumption of
constancy of the model coefficients offer additional flexibility. In a recent study by Theil
et al., the MPC was specified as a varying parameter, equal to the value of the APC at each
point in the sample plus a constant. The latter study also discusses other extensions
allowing the basic parameters of the Rotterdam model to be functions of income and prices.
As both the present study and the Theil et al. study suggest, the Rotterdam model might be

made even more realistic by choosing appropriate parameter specifications.
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Table 1. Maximum likelihood estimates for the Rotterdam model with translation
parameters dependent on changes in lagged consumption.?

Parameter
Product Group MPC Translation Lag
Hi a;
Services 0.222 (0.026)° 0.593 (0.086)
Food 0.214 (0.015) 0.218 (0.115)
Nondurables 0.192 (0.026) 0.283 (0.123)
Durables 0.372 (0.041) 0.121 (0.128)

Income Flexibility
¢
-0.189(0.094)

*Model defined by equation (8).
b . .
Asymptotic standard errors in parentheses.
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