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Introduction

� Empirical tests of contractual risk sharing often rely on wealth as a proxy
for risk aversion.

� Intuition:

1. Risk sharing is monotonic in the coe¢ cients of absolute and relative
risk aversion of the principal and the agent; and

2. These coe¢ cients are monotonic in the wealth levels of the principal
and the agent; so

3. There is no harm in using wealth as a proxy for risk aversion.



� Final utility, however, is de�ned over wealth plus income from the contract
rather than only on income from the contract (Menezes and Hanson, 1970;
Zeckhauser and Keeler, 1970; Meyer and Meyer, 2005; and Guo and Ou-
Yang, 2006), i.e., wealth a¤ects the optimal contract through more than
just the principal and the agent�s coe¢ cients of absolute or relative risk
aversion.

� Consequently, this paper shows that tests of contractual risk sharing are
unidenti�ed when they rely on wealth as a proxy for risk aversion, as in
La¤ont and Matoussi, 1995; Ackerberg and Botticini, 2000 and 2002;
Dubois, 2002; and Fukunaga and Hu¤man, 2009.
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Principal-Agent Model with Exogenous Wealth

� Principal: utility function V (�), with V 0 > 0 and V 00 � 0

� Agent: utility function U(�), with U 0 > 0 and U 00 < 0

� The principal hires the agent to produce output q 2 Q � [q; q], which is
linked to agent e¤ort e 2 E through the conditional pdf f(qje).

� The agent�s utility from the contract is additively separable in his utility
from the contract and his cost of e¤ort  (e), with  0 > 0 and  00 > 0.

� The principal maximizes by o¤ering a contract w(q) to the agent.



� The ex ante wealth levels of the principal and the agent are zp and za,
respectively.

� Thus, the principal�s utility is de�ned over zp+ q �w(q) and the agent�s
utility is de�ned over za + w(q).

� Finally, the agent�s reservation utility is U = U(za).



The principal solves the following maximization problem:

(1) max
fw(q);eg

Z
Q

V [zp + q � w(q)]f(qje)dq subject to

(2)
Z
Q

U [za + w(q)]f(qje)dq �  (e) � U(za) (IR)

(3) e 2 argmaxbe2E
264Z
Q

U [za + w(q)]f(qjbe)dq �  (be)
375 (IC).



Assuming that the agent�s maximization problem has a unique solution and
that both the MLRP and CDFC hold, one can apply the �rst-order approach
(Rogerson, 1985) and replace the IC constraint by its �rst-order condition, such
that IC becomes

(4)
Z
Q

U [za + w(q)]fe(qje)dq �  0(e) = 0 (IC�).

In what follows, we assume that the e¤ort of the agent is �xed at the optimum
of the agent�s maximization problem.



Setting up the Lagrangian and solving by di¤erentiating inside the integral sign
with respect to contract w(q) yields

(5)
V 0[zp + q � w(q)]

U 0[za + w(q)]
= �(za; zp) + �(za; zp)

fe(qje)
f(qje)

,

where �(za; zp) and �(za; zp) are the multipliers associated with the IR and

IC�constraints, respectively, and fe(qje) = @f(qje)
@e .



Let ezp = zp + q � w(q) and eza = za + w(q). Di¤erentiating with respect to
q yields

(6)
dw(q; za; zp)

dq
=

�
�(za; zp)U 02(eza) ddq

�
fe(qje)
f(qje)

�
� V 00(ezp)U 0(eza)�

�V 00(ezp)U 0(eza)� U 00(eza)V 0(ezp) .

Let wq =
dw(q;za;zp)

dq . Then, wq(q; za; zp) is the degree of risk sharing (i.e.,
the slope of the contract, or the incentive power of the contract). In a linear
contract w(q) = aq+ b, wq = a, i.e., the share of the risk that accrues to the
agent.



But then, multiplying the previous result by U 0(eza)V 0(ezp)=U 0(eza)V 0(ezp) = 1
and letting � = d

dq

�
fe(qje)
f(qje)

�
yields

(7) wq =

�U 0(eza)�
V 0(ezp) +Ap

Ap +Aa
,

where Ap = �V
00(ezp)

V 0(ezp) and Aa = �U
00(eza)

U 0(eza) . In other words, one can get the
degree of risk sharing expressed in terms of the (absolute) risk preferences of
the principal and the agent.



Finally, multiplying the previous result by ezaezp=ezaezp yields

(8) wq =

�U 0(eza)�
V 0(ezp) ezaezp +Rpeza
Rpeza +Raezp

where Rp = �V
00(ezp)

V 0(ezp) ezp and Ra = �U
00(eza)

U 0(eza) eza. In other words, one can also
get the degree of risk sharing expressed in terms of the (relative) risk preferences
of the principal and the agent.



Because wq is monotonic in the coe¢ cients of absolute and relative risk aversion
of the principal and the agent, it is only natural to think that it will also be
monotonic in wealth when wealth is used as a proxy for absolute or risk aversion.

Wealth, however, enters wq through more than just the risk preferences of the
principal and the agent: it also enters through the ratio of marginal utilities of
the principal and the agent.

But then, monotonicity of wq in wealth goes out the window because of the
trade-o¤ between the marginal utility and the risk preferences of the principal
and the agent.



Characterization of Result

Proposition 1 The e¤ect on risk sharing of a change in the wealth of the agent
is always unidenti�ed, and the e¤ect on risk sharing of a change in the wealth
of the principal is identi�ed if the principal is risk-neutral or her preferences
exhibit CARA, in which case it is equal to zero. Formally, (i) with a risk-neutral
principal and a risk-averse agent, @wq@za

is unidenti�ed and @wq@zp
= 0; and (ii) with

a risk-averse principal and a risk-averse agent, @wq@za
is unidenti�ed and @wq@zp

= 0

if the preferences of the principal exhibit CARA.



Sketch of Proof: The result for a risk-neutral principal or for a risk-neutral
principal has to do with the fact that in both cases, a change in wealth only
entails an a¢ ne transformation of the principal�s utility function, and that such
transformations do not change the utility-maximizing contract (Mas-Colell et
al., 1995, p. 173).

To characterize @wq
@za
, assume that the principal is risk-neutral, the agent is

risk-averse, and both sets of preferences exhibit CARA. Then,

(9)
@wq

@za
=

@�
@za

U 0�
V 0 � �U 0�

V 0
h
Aa

�
1 + @w

@za

�i
Aa

,

which is unidenti�ed due to the indeterminacy of @�
@za
. The following tables

show the general case for absolute and relative risk aversion, respectively.
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Table 1. Change in Risk Sharing as Wealth Levels Change: Absolute Risk Aversion 
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Table 2. Change in Risk Sharing as Wealth Levels Change: Relative Risk Aversion  

 

[ ]
)~~(

)1(~~~~)(
'

~'

'

~)1('
)(~~

'

~~'

paap

appaappaaPpp
aapa

apaapa
paa

a

q

zRzR

wzAzwAzzwPAA
V

wzU

V

zwU
AAwAzz

V

zzU

z

w

+








++−+−−−
+

+++−
=

∂
∂

θµθµ
µθ

θµ

 

(11) 

 

{ }
2)~~(

~
'

~~'~~)1(~~)1)(()1(~~~~)(

paap

ap
pa

aaapaapaaaaaappaappaaPpp

zRzR

zR
V

zzU
wzAzwAzzwPAAwzAzwAzzwPAA

+









+++++−+++−+−−

−

θµ

 

 

[ ]
)~~(

~~)1(~~)1)((
'

)1(~'

'

~'
)(~~

'

~~'

paap

pppappappPpp
papp

papppa
pap

p

q

zRzR

wzAzwAzzwPAA
V

wzU

V

zwU
AAwAzz

V

zzU

z

w

+








+−+−−+
+

++−+−
=

∂
∂

θµθµ
µθ

θµ

 

(12)   

{ }
2)~~(

~
'

~~'
)1(~~~~)(~~)1(~~)1)((

paap

ap
pa

paappapapaaapppappappPpp

zRzR

zR
V

zzU
wzAzwAzzwPAAwzAzwAzzwPAA

+









+−++−++−+−−

−

θµ

 

 



Simulation-Based Example

We consider a discrete, two-outcome version of the general problem described
above, so that q 2 fq; qg with respective probabilities 1 � P (e) and P (e).
Solving for the constrained optimal output-contingent contract levels w and w
yields

(w�; w�) = argmaxV [zp + q � w]P [e(w;w)]

+V [zp + q � w] f1� P [e(w;w)]g ,(10)

subject to the agent�s IR and IC�constraints. In this case, wq = �w
�q =

w�w
q�q

measures the degree of risk sharing.



Table 1. Simulation Parameterization

V (zp) = � expf�Apzpg
U(za) = � expf�Aazag
Ap = 1
Aa = 1
q = 0
q = 1
P (e) = 1� expf�1:5eg
 (e) = 0:005e2

e 2 [0;+1)



In short, we assume that both the principal and the agent are risk-averse and
that both sets of preferences exhibit CARA.

To determine how changing the wealth of the agent should a¤ect risk sharing,
we numerically solve for e(w;w) given a contract (w;w) in the IC constraint
and then substitute the optimal e¤ort into the IR constraint and the principal�s
objective function.

In other words, we solve by backward induction for the usual sub-game perfect
Nash equilibrium in the principal-agent model.
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Figure 2. Risk Sharing as a Function of Agent Wealth under Constant Absolute 
Risk Aversion. 
 
 
 



Conclusion

� The direction of the change in optimal risk sharing as the wealth of either
party changes is rarely identi�ed.

� Even it is identi�ed, the statistical test has low power given that one should
expect non-rejection of the null hypothesis.

� In order to properly run tests of risk sharing, then, two options are available:

1. Use the coe¢ cients of absolute or relative risk aversion themselves,
keeping in mind the caveat in Lybbert and Just (2007); or

2. Impose more structure on the principal-agent, which may eventually
require the use of structural methods (Just 2008; Keane, 2009).




