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Uniform Substitutes When Group
Preferences are Blockwise Dependent

James L.. Seale, Jr.

This paper extends the uniform substitutes model developed by Theil (1980) in a block
independent framework to one derived in a blockwise dependent framework. The approach
is developed in the case of the demand for different brands of the same good. The uniform
substitutes preference structure is nested under weakly separable preferences and the re-
strictions can be tested statistically with a log likelihood ratio test. Conditional expenditure
and price elasticities are derived for uniform substitutes.
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In his book, The System-Wide Approach to
Microeconomics, Henri Theil (1980, pp. 199—
200, 209-10) derived the preference structure
of uniform substitutes for a group of n, goods
contained in group §, in a block independent
framework. This preference structure implies
that the marginal utility of a dollar spent on
each good in group S, will be affected nega-
tively and symmetrically when an additional
dollar is spent on any other good in §,. Theil
referred to these goods as uniform substitutes
and suggested that the concept might be useful
in market analysis for brands of the same com-
modity. The approach he developed is appro-
priate when the preference structure for the
groups of goods is block independent, or what
Theil referred to as block independence.

In practice, estimating the demand for
brands of the same commodity might require
one to use multistage budgeting (Barten
1977), where the consumer allocates income
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in different stages. For example, the consumer
might first allocate her income among broad
groups of goods such as food, clothing, trans-
portation, and so on. Conditional on the ex-
penditure for the group, the consumer then
makes allocation decisions among the com-
modities in the group. Finally, conditional on
the expenditure of the commeodity, the con-
sumer makes allocation decisions among the
brands of the commodity. If this were indeed
the consumer’s allocation method, we might
postulate that the preference structure in the
first stage is block independent, but it is not
realistic to postulate that the preferences
among the different commodities in the same
group are block independent.

A more realistic preference structure would
allow for blockwise dependence in the second
stage (Theil 1976, 1980). If this is the case,
the preference structure for the brands under
the hypothesis of uniform substitution should
be developed in a blockwise-dependent frame-
work. In this paper, we derive the preference
structure for goods that are uniform substitutes
when the group preferences are blockwise de-
pendent. In the next section, the methodology
is derived and explained. This is followed by
the derivation of (conditional) income and
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price elasticities when brands are uniform sub-
stitutes. Finally, comments and conclusions
are made.

Methodology

Let S, represent a group of brands of good g,
and let there be g = 1, ..., G goods. The
consumer’s allocation problem is first to allo-
cate total expenditure, E, among these G
goods (first stage) and next to allocate total
expenditure on good g, E,, among all { = 1,

., n, brands of good g (second stage).!
Thus, E, is the expenditure spent on brand
of good g. The preference structure in the first
stage can be represented by either block in-
dependence or blockwise dependence (Theil
1976, 1980). Both preference structures enable
one to estimate the demand for brand i con-
ditional on E,, the total expenditure spent on
good g; however, in most cases such as this
one, the latter preference structure is more ap-
propriate.

Let gy, ..., gy, and py, ..., p, represent
quantities and prices of the { brands of good
g, respectively, and let W, = E_/E and w; =
E./E represent the budget shares of group S,
(i.e., good g) and brand i of good g, respec-
tively. Define 8; such that 6, = (WbE)pu'p,
where p represents the marginal wtility of in-
come; ¥ is the (i, )th element of U-!, the in-
verse of the Hessian matrix for the utility
function (Theil 1980); and ¢ is the income
flexibility or the reciprocal of the income elas-
ticity of the marginal utility of income (1/d =
[dW/dE1E/). Additionally, let 8, = dp,q,/0E
represent the marginal share of brand i of good
g Oy = 2iesg Zes, 0y and O, = 2,0, & h
= 1, ..., G) represents the marginal share of

I As discussed above, the consumer’s demand for
a brand of a good is best described as a three-stage
budgeting problem, where the consumer first allocates
total expenditure among broad groups of goods; next,
she allocates group expenditure among the goods con-
tained in the group; finally, she allocates expenditure
for each good among the brands of the good. Such a
presentation would require more complicated notation
and would not add much substance to the discussion.
As such, the presentation is based on two-stage bud-
geting where the first-stage preferences among the
goods are blockwise dependent.

group S,. From E, = %, E, it follows that
W, = 3., w, Following Theil, Chung, and
Seale (sec. 6.6), the conditional differential de-
mand for a good i € S, under weakly separable

preferences 15

(1) wrd(log g) = 8fd(log &) + ES wi¥d(log p),
Jedg

where 8% = 0,/0, is the conditional marginal
share for brand i € S, and p; is the price of
brand { € §, such that, letting x represent either
p. g, or Q,, dlogx) = dx/x. The w} are con-
ditional Slutsky price parameters, d(log Q,) =
3,5, wid(log g)) is the Divisia quantity index
for S,, and w} = w,/W,. The adding-up con-
dition requires X, 0F = 1 (i € S,), whereas ho-
mogeneity and symmetry require that
Sjes, m§ = 0 and = = @}, i j € S, respec-
tively. By assuming 6 and @} are constants,
we obtain the conditional absolute price ver-
sion of the Rotterdam model (Theil 1965,
1980),

(2) wiDgq, = 0¥DQ,, + g mDp, + &,
Jeog

where w¥ = (w¥ + w¥_)/2 and Dx, = log x,
- log x;,.,, where x represents g, p, or .2

To estimate the system of equations repre-
sented by Equation (2), omit one equation and
estimate the system’s remaining n, — 1 equa-
tions. Parameter estimates are invariant to the
equation omitted (Barten 1969), and the pa-
rameters of the omitted equation can be re-
covered from

ie§,

or=1- o

i*ng

(the adding-up condition) and from

ie S,

= — ko
T ?r‘-g = E W
irng

(the homogeneity condition). With symmetry

2 The right-hand side of Equation (2) has the same
functional form of the first-difference version of the
Deaton-Muellbauer model (1980).
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imposed, the n, - 1 equations can be esti-
mated jointly with maximum likelihood using
an iterative seemingly unrelated regressions
(SUR) technique or by the scoring method
(Hardy).

The restriction that the different brands of
good g are uniform substitutes can be imposed
on Equation (2) (Theil 1980). With blockwise
dependence in the first stage and weak sepa-
rability in the second stage, the conditional
Slutsky price parameters are

(3)  wF = (NOF — bFeF),

where 8% = 6,/0,, (or 8, = 030,,), and ¢, =
&8, /W, is the Frisch own-price elasticity of
the group S, (Theil, Chung, and Seale). When
we impose uniform substitution within group
S, the n, X »n, submatrix of the Hessian of
the utility function multiplied by &E/p is
equal to

i LEEY S k
E a%u k g2z ... k
@ OE__du | : . s
L2 a(Pqu‘)a(ijIj) : :
k f_— Betstix

such that the off-diagonal elements (i.e., 89 =
1/8; § # j) are all equal to a constant and
positive value k, and the diagonal elements are
also positive. Because $E/. is negative, this
type of preference structure implies that the
marginal utility of a dollar spent on each good
in §, (du/apgq)) is affected negatively and by
the same amount (ku/dE) when an additional
dollar is spent on any other good in the group.
Thus, all goods in §, are affected uniformly
from the additional consumption of any other
good in the group. The inverse of the expres-
sion above is equal to [6,] and, as shown by
Theil (1980),

(5) [91_,'] =D - DLL'D,

__k
1 + &/'De

where [0,] is the n, X n, matrix of all 8, for
i, j € S, D is a diagonal matrix with positive
diagonal elements, and . is a vector of ones.
Using % 6, = 6¥0,, in the blockwise depen-
dent case, 030, = d, — ('DUOd/(1 ~ k'Dy)

or d; = (1 + k'DUBF®,, and 4, is the ith
diagonal element of D. Furthermore, %, s, 4
= VDu = (1 + k/'DusFe,., which, solving
for v'Du, gives the result 1 + k/'Dv = 1/(1 —
kO_.). Utilizing the above information, it is
easy to show that with blockwise dependence
among groups in the first stage and with uni-

form substitutes within a group,?

0r0 (1 — k670, )

(6) eij = 1~ x® =7
2

_ _k@)gge?‘@gge}“ iy

1 - k®gs )

By summing over j € §, and postmultiplying
8 by d(log p)),

(7 ES 8,d(log p))
JEIg

0xe
= ——2—d(log p)) — kB, 2, 8rd(log p))
JES;

1 -k,
0r@ ,
= E—:—-k%[d(log p) — k@, d(log P))].

113

il

Next, subtract from above, X, 0,d(log P;)
620 ,d(log P]), where d(log P])
s, 0Fd(log p), giving

il

- eik@.gg
=1 k@gg[d(log Py

= kB, + 1 — k0 )d(log Pl
— 9,*933 P
=1 k@ggd(logP, .

£

This can be related back to the conditional
w} (Equation 3) such that

d)@gg
W,(1 - k0,)

— _—d)@gg E e ; ;
(Wg(l — k@gg) 6F0F i#j

@ 7= ( )9?‘(1 —67) i=j

i

3 Theil (1980, pp. 209-10) showed that, under
block independence of the upper group, 8; = [6(1 —
k911 — k@,) for i = j and 8, = —[(k88)/(1 — kB )]
for i # j.
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Furthermore, letting &% = (0 ,)/[W, (1
k®,)], we can make the conditional uniform

substitutes model estimable as

(10) WwiDg, = 0¥DQ,, + ¢*e*u(§;‘) + &%,
where 0¥ and ¢}, are treated as constants.

Equation (10) is nested in Equation (2),
and, accordingly, one can test the uniform sub-
stitution restrictions with a log likelihood ratio
test, where Equation (10) is the restricted
model and Equation (2) is the unrestricted
model. The test statistic is x2, where r repre-
sents the number of restrictions, and the actual
test statistic is —2(LR* — LR), where LR*
represents the restricted log-likelihood value
and LR represents the unrestricted log-likeli-
hood value.

One should also note that preference in-
dependence (additive preferences) is a special
case of uniform substitutes where & = 0. Be-
cause k and ®,, are both positive, goods that
are uniform substitutes are more price respon-
sive to changes in the price of other goods in
the group than under preference independence
within the group.

Conditional Expenditure and Price
Elasticities

Calculating conditional expenditure and price
clasticities is relatively easy for the uniform
substitutes case. Conditional expenditure elas-
ticities are simply the conditional marginal
shares divided by the conditional average
shares, or m# = 0*/w*. Three types of condi-
tional own-price elasticities can be calculated:
Frisch, Slutsky, and Cournot. The conditional
Frisch own-price elasticity is

P57

. 7
wi

(n rFi=

the conditional Slutsky own-price elasticity is

SR — 0*)

12y &% = W

and the conditional Cournot own-price elastic-
ity is

b0 — 0F)

wf

(13) Cr= — 0%,

1

It is also possible to calculate conditional
Slutsky and Cournot cross-price elasticities for
uniform substitutes. However, the Frisch
cross-price elasticities vanish under the as-
sumption of uniform substitutes. The condi-
tional Slutsky cross-price elasticity is

: d)*G*B*
S§ = -

(14
and the conditional Cournot cross-price elas-
ticity is

¢*e*e* — e*w*

gg 1

(15) C3

It

wi

¢* 9*(9* — W*)
wi

The conditional Slutsky cross-price elasticities
are always positive, whereas the Cournot
cross-price elasticities can be positive or neg-
ative, depending on how large the income ef-
fect of a price change is when nominal income
is held constant or on the relative sizes of 6F
and wi.

Conclusions

In this paper, a conditional differential demand
system with preferences described by uniform
substitution is developed when group prefer-
ences are blockwise dependent. This model is
an extension of Theil’s (1980) uniform substi-
tutes mode] that he developed in a block in-
dependent framework. Whether within-group
preferences are weakly separable or of uni-
form substitution can be statistically tested
with a log likelihood ratio test. Furthermore,
conditional expenditure and price elasticities
are derived for uniform substitutes.

The discussion centered on the conditional
demand for brands of the same good with mul-
tistage budgeting. The uniform substitutes
preference structure would also be appropriate
in estimating the import demand for the same
good from different sources of production or
the so-called Armington assumption. Al-
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though both the uniform substitutes model and
the Armington model are parsimonious with
respect to parameters and degrees of freedom,
the uniform substitutes model has several ad-
vantages over the Armington model. For ex-
ample, the uniform substitutes model is theo-
retically consistent, whereas the Armington
model is not (Alston et al.; Davis and Kruse).
Also, the preference structure of the Arming-
ton model must be maintained, whereas the
uniform substitution assumption can be statis-
tically tested.
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