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Valuing Monitoring Networks for New Pathogens:
The Case of Soybean Rust in the United States

Tiesta Thakur, Terrance M. Hurley, Frances R. Homans, and Robert G. Haight

The value of information to farmers from a soybean rust sentinel plot monitoring network is
estimated. Monitoring provides value over time from farmers learning about their risk of infection
and contemporaneously from farmers making more profitable fungicide applications. Optimizing
the spatial configuration of the network reveals the value of information plateaus at around $920M
with around 75 sentinel plots. The optimal spatial distribution of sentinel plots differs substantially
from historical placements. Optimal sentinel plot placement would have included fewer plots in
the Southern United States where the risk of infection is relatively high and more in the Midwest
where soybean production is relatively high.
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Introduction

Soybean rust (caused by the fungus Phakopsora pachyrhizi) arrived in the United States (US) in
2004 (Wrather and Koenning, 2009) likely carried from South America by Hurricane Ivan (Isard
et al., 2005). The fungus cannot overwinter in temperate US climates but thrives year-round on
kudzu in the Gulf Coast’s heat and humidity (Sikora et al., 2014). During the soybean growing
season, rust spores can blow into soybean fields in temperate zones creating a substantial yield loss
risk. Researchers have estimated the aggregate loss to the US producers, consumers and society by
assuming different extents of the severity and spread of the soybean rust infection. Kuchler et al.
(1984) estimated that, 80% of the time, the annual net social loss could be as high as $1.4 billion
even with a conservative estimate of the potential damage, while Livingston et al. (2004) estimated
first-year expected loss could reach $1.3 billion. Yet, US soybean rust damage turned out to be less
than feared. Wrather and Koenning (2009) report that production losses for 2005-2008, evaluated at
average prices, imply financial losses of only $4.14 million annually.

Soybean rust is a recent example of a potentially catastrophic pathogen entering US agriculture
with other plant diseases looming on the horizon (Rossman et al., 2006). Changing climatic
conditions appear to be increasing the risk of plant pathogen infections, including soybean rust, at
latitudes farther from the equator (Chaloner, Gurr, and Bebber, 2021). In the US, the National Plant
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Diagnostic Network has been established to detect the arrival of new agricultural pathogens (Stack
et al., 2006) and similar programs have been developed worldwide (Miller, Beed, and Harmon,
2009). The arrival of soybean rust in the continental US prompted the creation of the Integrated Pest
Management Pest Information Platform for Extension and Education (ipmPIPE), which includes a
sentinel plot monitoring network. The sentinel plots in the monitoring network are areas of early
maturing soybean grown to detect rust. Initially, the ipmPIPE included a web-based information
technology system that provided farmers with direct access to information on confirmed rust cases,
management options, and forecasts with expert commentary on disease progression throughout the
growing season.

A consortium of government agencies, agricultural trade organizations, and land-grant
institutions provided the resources necessary to support the ipmPIPE. Such broad public and trade
support may be justified by the public good aspects of the information provided (Miller, Beed, and
Harmon, 2009) because farmers have limited incentives and ability to coordinate such efforts on
their own. Still, since the adverse effects of soybean rust on US production were less than anticipated,
there have been questions about the value of the network as compared to its costs (Livingston, 2010).
Particularly relevant is the work of Roberts et al. (2009) in which the value of the network as the
benefit to farmers from making better fungicide decisions is identified. They find that the value of
the network depends on the accuracy of the information and farmers’ prior estimates of the infection
probability. For most reasonable parameter values, and from an ex-ante perspective, they find that
the value of the program exceeded its costs. Investment in-the soybean rust platform has been scaled
back from more than 700 sentinel plots in 2007 to 75 in 2014 (ipmPIPE), though the program has
also expanded monitoring and developed new tools for other crops and diseases.

This paper focuses on estimating a monitoring network’s value when optimally designed. It
examines how the presence of a sentinel plot at some distance from a farm affects farmer decisions
and then proceeds to assess how the number of sentinel plots, optimally placed across space,
affects network value. This paper brings into focus the importance of the correlation of the disease
occurrence across space because the relevance of the appearance of the disease in the sentinel plot
for a farm at any location depends, in part, on how far that farm is from the sentinel plot. For most
US soybean growing regions, the most important vulnerability is long-distance rather than local
dispersal (Isard et al., 2005). A key feature of the developed framework is its accommodation of the
spatial correlations emerging from the shared vulnerability to a pathogen arriving from afar.

There is a rich optimization literature on surveillance and control systems for invasive species
management (Biytiktahtakin'and Haight, 2018). Modeling the population dynamics of invasive
species is-key part of system design (Epanchin-Niell and Hastings, 2010). While each invasive
species has distinct population dynamics, it is common to divide invasion into a series of
stages—introduction, establishment, and spread—and model the population dynamics as a function
of barriers an invading species must overcome to move through these stages (Blackburn et al., 2011).
Management strategies are associated with each stage and are intended to prevent a population
from moving through them. Surveillance and control strategies are employed from the beginning
of the establishment stage to the end of the spread stage with the goal of finding new populations of
invaders and eradicating or containing them while minimizing the costs of surveillance, control of
detected populations, and damage caused by undetected populations (Epanchin-Niell and Hastings,
2010). Stochastic models in the surveillance domain concentrate on the optimal surveillance location
and intensity assuming the location of the invader is unknown and that control measures are
automatically applied to eradicate or slow the spread of found populations (e.g., (Mehta et al.,
2007; Epanchin-Niell et al., 2012)). Few models address the joint optimization of surveillance and
control (Horie et al., 2013; Yemshanov et al., 2019), and they are limited to short (two-period)
time horizons. Kibig et al. (2021) jointly optimize surveillance and control with a multi-stage,
spatial, stochastic programming model that includes a great deal of biological complexity, including
the classification of the host population with respect to health conditions and transition of one
disease class into another. In all these models, the parameters driving resource allocations include
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host density, infestation or establishment rates, population spread or growth rates, and the sensor
detection rate as well as the costs of surveillance, control, and damage.

Two features of our decision environment for soybean rust distinguish it from the existing
literature. First, the dynamics of soybean rust do not fit establishment and spread models typically
used to design surveillance and control strategies. Soybean rust spores spread north from the Gulf
region via wind events during the soybean growing season and infect soybeans if the temperature and
moisture conditions are suitable. Because establishing soybean rust populations do not overwinter
and spread in the primary soybean growing regions of the US, the parameter of interest is the
establishment rate, which is uncertain and can be monitored over time to update estimates. The
second feature of our decision environment is multiple stakeholders. Soybean farmers have choices
about how they manage their soybean crops to maximize profits, and those choices depend on
parameters such as expected soybean rust establishment rate, crop prices, and management costs,
all of which vary over space. The model developed here addresses a central planner’s problem of
designing a system that maximizes the farmers’ value of information provided by the monitoring
network by providing information about the presence of soybean rust to soybean farmers who may
use that information in their management decisions.

Farmer Decision Model

This section develops a farm-level decision model without a sentinel plot network. It then
incorporates within-season management decisions based on sentinel plot information.! Finally, the
model is extended to include multi-season learning about soybean rust risk.

Management without a Sentinel Plot Network

Following Roberts et al. (2009), farmers face two possible states of the world, represented by i=1
for rust infected or i=0 for uninfected farm fields. A farmer can respond to the threat of an infection
in one of the three ways: do nothing, scout and apply a curative fungicide as needed, or apply a
prophylactic preventative fungicide. Let P be the price of soybeans, Y be the soybean yield without
a soybean rust infection and C be the production cost exclusive of any control effort. Let A, be
the yield loss proportion with an uncontrolled infection. Do Nothing (N) returns are 7y¢ = PY — C
without an infection and 7 =PY(1 — A,,) — C with one.

The second strategy, scout and apply a curative fungicide as needed, is labeled R. With this
strategy, a farmer applies fungicide when scouting reveals a soybean rust infection. It is costly to
scout and costs are incurred whether or not soybean rust is detected. If soybean rust is detected, a
curative fungicide application is also costly. By the time soybean rust is detected, some crop damage
will have occurred. With Cs. > 0 equal to the cost of scouting, C, > 0 equal to the cost of a curative
fungicide, and A, equal to the yield loss proportion with a curative fungicide and infection, this
strategy’s returns are mrg = PY — C — Cs. without an infection and 7g; =PY(1 — 4,) - C — Csc —
C, with one. While a curative treatment does not give perfect control of an infection, losses will be
less than doing nothing: 4, < 4,,.

A Prophylactic Preventative strategy, labeled PP, reduces yield loss even further in the event of
an infection because rust has little or no chance of damaging the crop. For success in implementing
this strategy, a preventative fungicide must be applied before an infection so that a fungicide is
applied even when no infection would have occurred. Furthermore, the cost of a preventative
treatment, Cp,, is generally greater than the cost of a curative treatment: Cp, > C,.. In the event of an

! There may be value to information sharing among farmers in the absence of a sentinel plot network. Bekkerman et al.
(2012) model a system in which neighbors treat their crops once soybean rust is detected in neighboring fields. We chose not
to incorporate informal information sharing into our model and instead focused on systematic provision of information from
detection of soybean rust on early-maturing varieties of soybean.
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infection, yield losses with a preventative treatment tend to be negligible (Johansson et al., 2006),2
so PP returns are 1pp = Tppo = Tpp| = PAﬁYéASCéASCp both with and without an infection. The
farmer’s decision depends on the three strategies’ expected returns. If there is no chance of infection,
a farmer should choose N. If infection is guaranteed, returns depend on yield losses, fungicide costs,
and scouting costs. Since a farmer chooses a strategy before knowing whether or not an infection
will occur, her belief about the probability of an infection, ¢f , is crucial. An important source of
information is personal experience which is influenced by management choices. Choosing N or R
allows farmers to observe infections first-hand. These two strategies provide an opportunity to learn
about the risk of infection. With a preventative fungicide, a farmer forgoes this opportunity because
treatment precludes the observation of the disease when infection would have occurred.

Management with a Sentinel Plot Network

In Roberts et al. (2006, 2009), the monitoring network sends one of two signals: the risk of infection
is either high or low. Farmers use the signal to update their beliefs about the probability of infection
during the season. The signal may be of low, medium, or high quality: the quality of the signal
determines the degree to which farmers update their beliefs. Farmers can respond with one of three
strategies: do nothing about soybean rust, scout and apply a curative fungicide in the event of an
infection, or apply a prophylactic preventative fungicide.

The model developed here differs in three ways. The first difference is how the signal is defined.
Rather than modeling a high or low risk of infection, the model assumes the signal a farmer receives
is whether an infection has been confirmed at the sentinel plot. Instead of characterizing the signal
quality, the correlation between infection at the sentinel plot and infection in the farmer’s field is
assumed to decline with the distance between the two. These two features are more precisely defined
than the signal and signal quality of Roberts et al. (2009) and make it possible to evaluate the benefits
of proximity to the sentinel plot for use in the spatial optimization model. Second, the timing of
decision-making is different so that the farmer chooses her strategy based on her prior probability
of infection before the signal arrives. Third, a fourth management option is introduced: apply a
conditional preventative fungicide mid-season if an infection is confirmed at the relevant sentinel
plot during the season. This second type of preventative treatment is added to better characterize
observed farmer behavior (D. Hershman, personal communication). The Conditional Preventative
(CP) strategy is defined as a strategy in which the farmer bases the decision to apply preventative
fungicide on whether the relevant sentinel plot becomes infected. This strategy is available only
when the ipmPIPE exists. If the ipmPIPE signals infection in a relevant sentinel plot, a fungicide
is applied. Otherwise, no fungicide is applied. Note that the Conditional Preventative strategy is
composed of the actions reflected in N and PP strategies but is different from these two strategies in
the timing of the action. With N and PP, the commitment to doing nothing or applying prophylactic
preventative fungicide is made at the outset of the season. With CP, the choice between the two
actions is made once the signal from the sentinel plot has been received.

Given the ipmPIPE system, a farmer faces one of the following four situations: (1) there is
an infection in the farmer’s field and in the sentinel plot, (2) neither has an infection, (3) there is
an infection in the field and not in the sentinel plot, and (4) there is an infection in the sentinel
plot, but not in the farmer’s field. Let j represents the occurrence of an infection in the sentinel
plot such that j equals 1 if an infection occurs, 0 otherwise. Let ¢,; be the subjective probability
associated with each of the four scenarios described above. The expected return to the CP strategy is
E(mcp) =¢1unmpp + d107n1 + do1pp + doomno. Note that there is some probability (¢1¢) that the
field becomes infected but is left unprotected because no infection is detected in the sentinel plot.
The ipmPIPE provides information about a sentinel plot’s infection status. How this information
helps farmers depends on the correlation of infection between the farmer’s field and the sentinel

2 Johansson et al. (2006) find that the average yield impact of preventative treatment is -0.97%. To simplify our model, we
assume a 100% efficacy of the preventative strategy.
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plot. Sentinel plots closer to the farmer’s field are likely to provide more accurate information about
the infection risk. Thus, correlation is expected to be decreasing in the distance between a farmer’s
field and a sentinel plot.3 However, nearness alone does not guarantee a high correlation. If a sentinel
plot has climate conditions favorable for soybean rust growth while the farmer’s field does not, then
an infection in the sentinel plot does not necessarily imply a high risk of infection in the farm field.*
Therefore, sentinel plot information is more useful for revising beliefs if the probability of infection
in the sentinel plot is similar to the probability in the farmer’s field.

The subjective infection probabilities in a sentinel plot and farmer’s field are ¢° and ¢/
respectively. Assume beliefs about the infection probability are common knowledge. Let p be the
correlation between infection in a farmer’s field and in a sentinel plot. Each ¢;; can then be expressed
as:’

() b= 60+ o8 (1— g5 (1 - ¢)

@) b = (1-¢N)¢" —p 8/ (1 - 6N (1 - °)

3 b = ¢ (1=0%) — p e/ (1 - 6N (1~ %)

@) oo = (1=¢)(1=¢") +p[oF (L- )51 - ¢).

These subjective probabilities {¢11,P01,010,P00} are bounded by zero and one. Therefore,

(1 =¢f) Mﬂ—¢w1}
¢ (1—¢%) N ps(1-¢) )

This correlation is expected to be a decreasing function of distance, d, between the farmer’s field and
a sentinel plot. It is also expected to be non-negative because an infection in a sentinel plot would
either increase or have no effect on the likelihood of infection in a farmer’s field. These features are
captured in the following function for p:

5) pSmm{

UB, d<d”
©) p= UB \
1 4 ef(d=d*)+y’ d>d,

where U B is the upper bound on p given by equation 5 and 8, d* and y are parameters.

Learning in a Multi-Season Model

As shown empirically in Bekkerman, Goodwin, and Piggott (2008), a farmer’s decision-making
capacity is expected to change with personal experience because, as their experience increases,
so does their understanding of rust infection risk. Their experience, in turn, is influenced by
management choices. Choosing N or R allows them to observe any infection in their fields and
learn about their risk of infection. However, with a preventative fungicide, a farmer forgoes learning
because treatment inhibits disease emergence if rust spores reach the crop.

3 Bekkerman, Goodwin, and Piggott (2008) find that the chance of rust infection is significantly affected by the infection
status of the neighboring locations.

4 Bekkerman, Goodwin, and Piggott (2008) find that the soybean rust infection risk is affected by factors such as infection
in the previous year, the previous year’s proportion of soybeans harvested planted, and the maturity group of the planted
soybeans. Yang and Batchelor (1997) found that relative humidity and temperatures have large impacts on determining the
spread of soybean rust.

5 Derivations of equations 1-5 are available in the appendix.
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The ipmPIPE and its monitoring network provide an additional opportunity for a farmer to learn
about the infection risk in their field, irrespective of their chosen strategy. Due to the ipmPIPE
system, a farmer knows when an infection happens in a sentinel plot. As a result, even if the
farmer chooses to use a preventative treatment, information from the sentinel plot will help in
refining the farmer’s belief about their infection risk. The usefulness of this new information will
depend on the correlation between the field and sentinel plot. In essence, the ipmPIPE system
provides many scouting benefits without the cost and allows a farmer to delay or completely forgo
a preventative treatment unless monitoring suggests an infection has become likely because an
infection is identified at a sentinel plot close to the farmer’s field.

To capture a farmer’s learning about the probability of infection, a multi-season decision problem
is solved where farmers maximize the expected present value of profit by choosing the best strategy
for soybean rust control given their beliefs about the infection probability and the availability of
the ipmPIPE system. Suppose the probability that X infections are observed in ¢ years,in location
h follows a binomial distribution with parameter a)?, where h can denote the farmer’s field f or
sentinel plot s. Suppose the farmer’s prior rust infection probability belief in location £ follows the
beta distribution with shape parameter a’ equal to the number of times an infection is observed
and B! equal to the number of times an infection is not observed in location %: b(w; ", ). The

farmer’s belief about the state of the world in period 7 can be defined by {a{ , ﬁ{ } without ipmPIPE

and {a/{ s ,8{ a3, 87} with it because, with ipmPIPE, the farmer knows about the infection risk in the
sentinel plot in addition to the risk in the farm field.6

Using the beta distribution to characterize prior beliefs also implies that the posterior distribution
b(u)Hl, ?+1’ﬂ 1) equals b(le,aﬁ’ + 1,,6’?) with an observed infection and b(a)fﬂ;a/ﬁ’,ﬁf +1)
without. The farmer’s knowledge about the state of the world in t + 1 depends on two factors: (i) the
availability of the monitoring network and (ii) the optimal strategy for tackling the risk of infection
in the farm field, given her beliefs.

When the farmer chooses R or N, she gets first-hand information on whether her fields became
infected. This is true even in the absence of the monitoring network. Thus, a/{ and ﬁ{ are updated in t
+ 1, irrespective of the availability of monitoring network. When she chooses prophylactic measures,
PP, she never gets to observe first-hand whether an infection would have happened in her fields. But,
with the monitoring network in place, she can refine her beliefs, ¢;;s, based on the information about
infections in the sentinel plot which may affect her future decisions. When the farmer chooses CP,
she will get direct information from her own field only when the sentinel plot is not infected because,
in that case, she will not apply a preventative fungicide. If an infection appears in the sentinel plot,
she will apply preventative fungicide on her field and will not get direct information for adjusting
her risk beliefs.

Beliefs about the farm’s infection probability are updated with observations of the state of the
world each time period. This is because the expectation of the beta distribution b(w"; e, ) is

al

7 E(w'y=—-
@) (wy) o B

where ¢’; equals E (w{ ) and ¢7 equals E (w“) by definition. Observations in time period ¢ will allow

these parameters to be updated to ar{ e ﬁ +1) and {a7 .37, } which completely characterize the

farmer’s beliefs for the next time period based on equations 1- 5.7 The farmer’s contemporaneous

¢ That is, the marginal distributions for d){ and ¢7 are defined by beta distributions with parameters {a{ ,,B{ } and
{a7, B7 ). These distribution are then linked via the correlation function to get the joint distribution of infection in the
farmer’s field and sentinel plot (see equation 1 - equation 5).

7 Note that the marginal probabilities of infestation in the sentinel plot and the farmers’ field are independent beta
distributions, while the joint distribution links these two distributions through the correlation function, so the joint
probabilities of infection need not be independent.
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expected return for the four possible strategies can thus be written as follows:

of p
(8) E(nn) = — FANL+ 77TNO
a, + By a’{ + By
o B
9 E(ng,) = 7 L 7RI 7 d 77RO
o, + By a; + p;
E(npp.) a{ Tppl + ﬁf TppPo
pp,) = PP PP
! f f
o + ! o +
(10) = 7pp
(11) E(ncp,) = ¢umpp + GroemN1 + Go1:.Tpp + P00 TNO-

Dynamic Optimization with Infection Probabilities

Calculating the value of ipmPIPE, including the opportunity it provides to learn about the risk of
infection over time, is accomplished using dynamic programming where the state variables are the
parameters of a Beta distribution characterizing a farmer’s belief about infection probabilities.

Optimization Without Sentinel Plot Information

Without the monitoring network, the optimal value function for the farmer is

E(nn,) * 6EWViri (e, B, ),
(12) V(] .B) = Max{ E(ng,) + E(Viu1 (2!, . AL, ),
E(npp,) + Visi (@) B]),

where
(13) E(Vi(a!, . B D= ¢! Vi (@) + 1,8 + (1 = ¢ )V (@] B + 1)

is the expected value function when there are opportunities to learn and ¢ € (0,1) is the discount
factor. The first argument in the maximum of equation 12 reflects a farmer’s expected return from
choosing the strategy N initially and the optimal strategy thereafter. Since choosing N lets the farmer
observe whether or not an infection occurs, the farmer’s optimal future strategies will depend on
what is observed, and this yields the expected value function in equation 13. With probability ¢{ ,
the farmer will observe an infection and update their priors to {aj,r +1, B{ }. With probability 1 — ({){ ,
the farmer will not observe an infection and will update their priors to {a{ , Bf + 1}. The second
argument differs from the first only because the farmer chooses R initially. With this choice, the
farmer still has the opportunity to learn, yielding the discounted expected value in equation 13 for
the remainder of time. The third argument is different from the first two because the farmer chooses
PP. This strategy does not provide any new information. Therefore, o/ and 5/ remain the same in
the next time period.

Optimization with Sentinel Plot Information

A sentinel plot network allows farmers to gather information about their infection risk regardless of
management strategy and provides a new within-season signal for conditional preventative fungicide
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treatments. Assuming the network is available for L years, the optimal value function with the
monitoring network (subscripted M) can be written as

E(ﬂNt) + 6E(VMt+l (a/t+l’ﬁ{+1’af+1’ ts+1))’
B(tr,) + OE(Var,,, (@] B, 1) B )
14) V(o). B a8, B5) = Max | E(tpp,) + SE(V,, (ol B f+1»ﬁf+1))
E(ﬂcpt)+5E(V1/\:I (Q{H’Btfﬂ’ @1 +l)) t<L

vl pl), t>L
where
E(Va,., (@) 8L, .08, . B5) = Vi, (@) +1,8] a5 +1,B5)
+ oo Var,, (@ Bl 1,08, 85 + 1)
+ ¢IOIVMH1 (az +1 ﬁt ’at’ﬂt + 1)
(15) + o1V, (@B 1,00 +1,89)
E(Vl,WH](a{+1’ﬂ{+l’ats+l’ﬂts+l)) = ¢§(VM”1(Q{’B{’Q§+LH?))
(16) + (1= ¢V, () B a8, B + 1))
(VMm(arHl’ﬁzH’ z+l’ﬁf+1)) = ¢f(VMt+I((Y{’ﬁ.{’a;+1’ﬁ;))
b ) 1¢_°°(;S Vi, (@l B+ Lat B2+ 1)
t
(17) D0y + 1B at e+ 1)

I-¢;

are the expected value functions when the chosen strategy is either N or R (equatlon 15), when it is
PP (equation 16), and when it is CP (equation 17). Recall that, while updating of af, and ﬁt occurs
only if preventative fungicide is not applied, the probabilities ¢;;, depend on ¢7 and p;, and thus are
always updated.

The sentinel plot’s provision of a within-season signal for conditioning preventative treatments
results in an opportunity in equation 14, with a contemporaneous expected return of E(mcp,),
not appearing in equation 12. Once the sentinel plots are no longer available (¢ > L), the farmer’s
problem becomes identical to equation 12.

Farm Model Implications

Having these two models permits the calculation of the value to farmers of the monitoring provided
by sentinel plots. The value of monitoring at any time is the difference in the expected value of
managing soybean rust with and without information. Therefore, at = 0, the value of information
is: Vi, (o, Bo) — Vo(ao, Bo). Solving the optimization problem in equations 12-13 or 14-17 requires
information on expected yield losses in the event of an infection both with and without curative
treatments (A4,,4, ), expected soybean yields and prices (Y and P), scouting and fungicide costs (Cs.,
C,, and Cp,), a farmer’s initial beliefs about the probability of a soybean rust infection {0, 8o}, the
number of years that the monitoring network is available (L), the distance and correlation between
infection at the farmer’s field and sentinel plot (d,p), and the discount factor (4). L is assumed
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Table 1. Parameters for the Farmer Decision Model

Parameter Value
Scouting Costs Cg¢ $8.68/Acre
Cost of Curative Fungicide C. $17.86/Acre
Cost of Preventative Fungicide treatment C), $33.15/Acre
Yield loss with no treatment A,, 25%
Yield loss with Curative Fungicide treatment A, 7%
Discount Factor & 0.94
{of, 3}
{1,1}
/ - \
2,13 {12}
/ R \ / R \
{3.1} {22} {1,3}
/ PP \ / R \ / R \
14,13 {3.2} {2,3} {1.4}
/ PP\ / R \ / R \ / R \
{51} 4.2} {3.3} {2.4} {1,5}
PP R R R N

Figure 1. Optimal Management Decisions for a Farmer without a Monitoring Network

Notes: The numbers in the brackets correspond to a/{ , the number of times an infection is observed, and /3{ , the number of
times an infection is not observed in the farmers field. Optimal actions R (Curative), P P (Prophylactic Preventative), and N
(No Action) are noted below each a, 3 pair at time steps 0-4.

to be 4 years. The values used for 1,, 1, and ¢ were adopted from Johansson et al. (2006) and are
summarized in Table 1. Their values for Cs¢,C,- and C), were for 2005 and are adjusted to account for
inflation. The distance between county centroids, d, are calculated based on the Haversine formula.
As a result, a field and sentinel plot-in the same county have d = 0. Correlation, p, is assumed to
be close to one at distances less than 80 miles. It drops after this point and approaches 0 when the
distance reaches 250 miles. Given these assumptions, the parameters 6, d* and y from equation 6
take on the values 0.12, 0 and -13.4, respectively.

As a prelude to estimating the value of the sentinel plot monitoring network, the implications of
the farmer decision model are explored. The dynamic programming model is solved for an infinite
planning horizon using the parameter values in Table 1 and an assumed yield of 37 bushels/acre.
Figure 1 shows the first five years of optimal strategies given the farmer’s beliefs about the
probability of infection in the absence of a monitoring network. The vertices of the decision tree
are labeled according to the state variables a{ and ,B,f . At the first vertex, afg and ,Bg are both equal
to 1 and the beta distribution is equivalent to the uniform distribution. Branches to the left represent
observed infections and branches to the right are years without infections. This figure shows that the
first node where it is optimal for farmers to choose PP is with a prior belief described by {3, 1}.
This corresponds to the first 2 observations being infections. Alternatively, if a farmer starts with a
uniform prior and sees no infections for the next four years {1, 5}, then it is optimal to choose N.
For the majority of states in this example, it is optimal for the farmer to choose R.

Figure 2 shows an example of how the optimal strategy changes with the monitoring network.
Suppose beliefs about the rust infection probability are 0.6 for both the farmer’s field and the sentinel
plot (a'{; =ay =6, ﬁ{; = By =4). With these parameters, the optimal strategy without a sentinel
plot is PP. With a sentinel plot in the same county as the farmer’s field (i.e., d =0), CP is the
farmer’s optimal strategy because the farmer will know with certainty whether or not her field will
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Figure 2. Optimal Management Decisions in the Presence of a Monitoring Network

Notes: Here, the prior belief about infection probability on the farm, ¢ ¢, is equal to the prior belief about infection probability
on the Sentinel Plot, ¢5. C P is the Conditional Preventative strategy and P P is the Prophylactic Preventative strategy.

be infected based on the infection status of the sentinel plot. As the monitoring network becomes less
informative with an increase in distance d, p decreases as does the value of sentinel plot information.
Up to d < 150 mi, the model predicts that the farmer will continue with CP. Once the sentinel plot
is further than 150 mi, the optimal strategy becomes PP.

It should be noted that the threshold where the optimal strategy shifts away from CP depends
on the shape of the underlying correlation function. As an example, suppose there is no monitoring
and the belief about the infection probability in the field (¢/) is 0.1. With this low probability, the
farmer’s optimal strategy is N. Now suppose there is a nearby sentinel plot with ¢* equal to 0.6. The
farmer’s field and the sentinel plot are characterized by very different beliefs and have a relatively
low correlation irrespective of the distance between them. Even if the sentinel plot is placed close to
the field, the sentinel plot does not provide valuable information about the likelihood of infection,
making N optimal even with the monitoring network.

Spatial Optimization Model

Output from the dynamic programming model is used to identify the placement of a chosen number
of sentinel plots that maximizes the present value of aggregate expected profit. The model assumes
a representative farmer in each county with 2014 county-level soybean acreage and yield along with
state-level soybean prices.® County-level estimates of the probability of a soybean rust infection from

Bekkerman, Goodwin, and Piggott (2008) are used for farmer’s prior beliefs. Calculating cyg and ﬂg
ag
ag + By
same number of years of rust infection observations prior to this evaluation.®’® Summary statistics
are in Table 2.
A fixed number of sentinel plots are allocated across counties to maximize the value of

information generated from them. Let m € {1,2...M} represent the counties with farm fields and

such that equals the probability estimate and o/g + ,Bg = 10 ensures priors are based on the

8 Available from US Department of Agriculture (2014) .

9 We work with the data from 2014 because this was the last year we were able to acquire data from ipmPIPE on soybean
rust infestation. Therefore, we do not have information on the location and number of sentinel plots after 2014 that we could
insightfully compare to our model’s results after 2014.

10 Soybean rust was first diagnosed in 2004 while our study is for 2014. Therefore, there are 10 observations on rust
infection available to each farmer.
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Table 2. Summary Statistics in 1,360 Counties: Soybean Prices, Soybean Yields, Soybean
Acreage, and Farmers’ Prior Beliefs about the Probability of Soybean Rust Infection

Variable Average  Standard Dev Max Min
Price ($/bu) 10.096 0.356 11 9.37
Yield (bu/acre) 45.664 9.365 69.2 18.2
Acreage (’000 acres) 49.275 50.454 473.33 0.3

Prior Probability 0.096 0.21 0.99 0

n €{1,2...N} represent counties with sentinel plots. The value of monitoring for county m with
a sentinel plot placed in county n, vy, =Vy (a(’)”,ﬁg,ag,ﬁg,L) - V(a(’)",,BE)"), as well as the
optimal management strategy is computed for every possible combination of counties. The spatial
optimization problem is then solved using linear integer programming. The binary decision variable
z,, equals 1 if county 7 is selected for a sentinel plot. Let x,,, be a binary decision variable equal to 1
if the sentinel plot in county # is assigned to farmers in county m. The spatial optimization problem
can then be stated as:

M N
(18) max X X VimnXmn
Xmn»>Zn €{0,1}

Xmn <2n Vm,n

Z,I:’:lxmn =1 Vm
N

212 < B.

The objective is to maximize the value of information across all M counties. The first constraint
stipulates that the assignment of county n to county m can take place (i.e., x,,, = 1) only if county
n is selected for a sentinel plot (i.e., z,, = 1). The second constraint requires that each county m with
a farm field is assigned exactly one county n with a sentinel plot. The third constraint stipulates that
the number of counties selected for sentinel plots must be less than the budget, B, where the budget
is defined as the number of sentinel plots in the system.

Complete information (i.e., initial prior beliefs, yields, acreage, and prices) for 1,360 counties
was available for analysis. Hence, in the spatial optimization problem, M = N = 1,360. The value
of monitoring for each pair of these 1,360 counties leads to 1,360 x 1,360 values of monitoring
(Vmn)- An exact'solution to the spatial optimization problem is solved using the branch and bound
algorithm in MATLAB using its mixed-integer linear programming (MILP) solver (The MathWorks
Inc, 2022). The net present value of aggregate expected profit without sentinel plots is subtracted
from the optimum with sentinel plots to obtain the value of a spatially optimized sentinel plot
network.

Results

First, equation 12 is solved for optimal strategies in each county in the absence of a sentinel plot
network. Figure 3a shows that farmers choose different strategies in different parts of the United
States, with the N strategy favored in the Upper Midwest and PP favored in the South. Then,
equation 18 is solved with sentinel plots placed in each county, i.e., B = 1360. The total value of
monitoring is $918 million, and Figure 3b shows how this value is distributed across counties in the
United States. Note that when each county contains a sentinel plot, CP is always the optimal strategy.
County-level soybean production is shown in Figure 4a and infection probabilities in Figure 4b.
These affect how severe expected losses might be from a soybean rust infection and thus influence
the optimal pest management strategy.! 12 Expected losses can be moderate to high where production

I Revenue generated from production is also key. However, with prices varying at the state level, model results are driven
more by variation in county-level production than price.
12 The areas in white with no county borders are not included in this study.
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Figure 3. (a) Optimal Strategy in the Absence of a Monitoring Network. (b) Value of
Monitoring ($ million) when Every County has a Sentinel Plot
Notes: N, R and PP stand for Do Nothing, Curative and Prophylactic Preventative strategies respectively.

is high even if the probability of soybean rust infection is low. Examples include counties in southern
Nebraska, Illinois, central Indiana and western Ohio. Another situation with high expected losses
include locations with high infestation probability and moderate production as occurs along the
Mississippi-Arkansas border. In our data, expected losses are higher with higher probabilities of
infection and moderate levels of production. Farmers in this region choose to prevent the severe
expected loss in the absence of a monitoring system by using a preventative strategy. Farmers with
a relatively low expected loss due to a low risk of infection will choose R over PP. Those who
face either a negligible probability of infection or have very low soybean production will choose N.
Correspondingly, farmers who choose PP in the absence of a monitoring network will benefit the
most from its establishment while those who choose N will benefit the least. This is evident from
Figure 3b.13

Next, equation 18 is re-solved for the optimal placement of sentinel plots when the number
of sentinel plots, B, is constrained. Figure 5 shows the optimal placement of sentinel plots when
B equals 185. Counties that benefited the most from having a sentinel plot (shown in Figure 3b)
retain their sentinel plots after B is reduced to 185; a significant number of plots are allotted to
the Mississippi-Arkansas border, Illinois, Ohio, Indiana, Southern Nebraska, Louisiana and North
Carolina. Each of these regions are allocated more than 10 for a total of 115 out of the budgeted 185
sentinel plots. These counties use the costlier options, PP and R, in the absence of monitoring.

The next optimization is conducted to compare to the actual sentinel plot arrangement of 2014.
In that year, almost all the 75 sentinel plots were clustered in the southern part of the southeastern
region (e.g., Alabama, Florida, Georgia, and Louisiana) as shown in Figure 6a. Out of these 75, 39
are present among the 1,360 counties with data necessary for optimization. Therefore, the spatial
optimization problem is solved for B = 39; its result is shown in the Figure 6b. Examining these

13 The average production and probability of soybean rust infestation are 2.47M bu and 0.01 for farmers who choose N in
the absence of a monitoring network; the corresponding values for farmers with PP is 1.98M bu and 0.39 and, for R, 2.23M
bu and 0.68.
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Figure 6. (a) Sentinel Plots (sp) in 2014, and (b) Optimal Sentinel Plot Placements when the
Sentinel Plot Budget B is 39

figures confirms that the actual sentinel plot locations in 2014 do not match the counties identified
by the spatial optimization model which places sentinel plots further north. The optimal allocation
is more dispersed than the actual arrangement of 2014. Midwestern states are allotted 10 sentinel
plots. Arkansas is allotted 6 while the Carolinas, Virginia, Delaware and Pennsylvania together
are allotted 10 out of 39 sentinel plots. None of these states had any sentinel plots in the actual
arrangement of 2014. Although the southern part of the southeast region has a comparatively high
risk of infection, it has low soybean production and is also far away from the main production areas.
As aresult, the quality of the signal of infection coming from these far-off sentinel plots is poor for
the main soybean-producing regions in the US. The actual placement in 2014 would have resulted
in a total value of monitoring of, at most, $114M. On the other hand, the value from an optimally
designed monitoring network with 39 sentinel plots is $908M, which is about eight times the value
achieved with the actual set of plots. In fact, simply placing 39 sentinel plots in counties with the
maximum soybean production would generate a minimum of $117M assuming no spatial correlation
in soybean rust infestation and $456M with the baseline correlation model.

Figure 7 shows the optimal management strategies when B equals 185 and 39. For 1,012
counties, the expected losses from soybean rust are small enough, either due to low levels of
production or low probabilities of infection or both, so that N is optimal whether B equals 185
or 39. R is no longer an optimal strategy for any county. When B equals 185, CP is optimal for 344
counties and PP is optimal for 4 counties. When B equals 39, CP is optimal for 336 counties and PP
is optimal for 12 counties. These results show that the vast majority of farmers would switch from R
and PP to CP as their optimal strategy in the presence of a spatially optimized monitoring network.
They prefer to use signals from the monitoring network to make better pest management decisions.
However, while these results confirm the benefits of a monitoring network to farmers, it should be
remembered that these benefits incorporate the gains from the optimal spatial allocation of sentinel
plots.
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Figure 7. Optimal Actions when the Sentinel Plot Budget B equals (a) 185 and (b) 39.

Note N, R, PP and CP stand for Do Nothing, Curative, Prophylactic Preventative and Conditional
Preventative strategies respectively.

Figures 6b and 7b also demonstrate how counties derive spillover benefits from nearby sentinel
plots. Figure 7b shows that many counties around a sentinel plot county use CP as their optimal
strategy. In fact, shrinking the sentinel plot budget hardly changes the optimal pest management
strategy away from CP for majority counties. This means that sentinel plots are beneficial to the
farmers in their own county and to farmers in other counties. Such gains are feasible in the model
when the correlation between the farm field and the sentinel plot is high. This requires meeting two
conditions: i) the counties should have similar infection probabilities, and ii) a large distance should
not separate counties. Here, both these conditions are met. Not only are these counties neighbors,
but they also have similar beliefs about the probability of rust infection. This makes the correlation
sufficiently high for these counties to value the information from a neighboring sentinel plot.

The sensitivity of the value of the monitoring network to its size (i.e., number of counties with
sentinel plots) is explored in Table 3. As B increases from 39 to 300, the total value of monitoring
increases from $0.78B to $0.92B. Hardly any additional value is gained from adding sentinel plots
beyond 75 —the marginal benefit of sentinel plots becomes negligible. Since the costs associated
with the expansion and maintenance of the sentinel plot network are not available, the optimal
number of plots is unknown. However, the results are still informative because they suggest where
steep gains in benefits to additional sentinel plots can be found.

Sensitivity Analysis

Figure 8 shows the correlation functions used for sensitivity analyses and Table 4 gives parameter
values for these functions. The ‘Benchmark’ function is the baseline used to generate the reported
results. Based on the position relative to the Benchmark curve and whether they cross over, the
functions are called ‘Right Shift’ and ‘Pivot. Table 5 compares the monitoring value (million
dollars) derived from the spatial optimization of 39 sentinel plots (column I) to the value which
would be realized from the actual 2014 arrangement of 39 sentinel plots (column II) in our data
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Table 3. Total Value of Monitoring as a Function of the Number of Sentinel Plots

Number of Sentinel Plots ~ Value of Monitoring ($ M)

10 778.54
25 883.29
39 907.76
50 913.22
75 916.75
80 916.78
185 917.66
300 917.72
400 917.72

Table 4. Parameter Values Used in Sensitivity Analysis Scenarios

Correlation Scenario 0 d* b%
Benchmark 0.075 0 -11.25
Pivot 0.035 0 -5.625
Right Shift 0.075 50 -11.25

Notes: The correlation, p, between infection in the farmer’s field and infection in the sentinel plot is modeled as

UB/(1+ @ ‘d*)“/)) for distances less than d*. Relative to the benchmark, a decrease in 6 and an increase in y reduces
the correlation within 150 miles and increases it farther away. This scenario is labeled “Pivot.” Relative to the benchmark,
increasing d* extends the distance for which correlation is high. This scenario is labeled “Right Shift." These functions are
illustrated in Figure 8.

Correlation

Distance (mi)

Benchmark = + = Right Shift ~====- Pivot

Figure 8. Shapes of the Correlation Functions used in the Sensitivity Analysis

for different correlation functions. Column II shows using the arrangement of the 39 actual sentinel
plots in 2014 will capture the value of monitoring in the range of $92 to $188M which amounts to
10.5% to 20.7% (Column III) of the optimal. These values are much smaller than the total value that
could be realized with the optimal spatial allocation of sentinel plots.!#

4 The data includes only 39 out of the 75 counties that had sentinel plots in 2014. Including the other 36 sentinel plot
counties that are not in the data is not expected to change the spatial optimization results significantly. We can predict this
based on our solution to the spatial optimization problem when B=80. The model still places sentinel plots relatively north
and in a scattered fashion.
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Table 5. Results of the Sensitivity Analysis for 39 Sentinel Plots

Optimized Value of Value Realized with Sentinel Value Realized in 2014
Monitoring Plots Placed in 2014 as a Percentage
Correlation Scenario ($ million) ($ million) of Optimal
Benchmark 907.76 114.33 12.6%
Pivot 877.19 92.17 10.5%
Right Shift 911.33 188.45 20.7%

Table 6. Moran’s I for Optimal Spatial Arrangements of 39 Sentinel Plots with Different
Correlation Functions and the Actual Arrangement in 2014

Scenario Moran’s I
Benchmark 1.00 x 107°
Pivot 9.80x 1077
Right Shift 1.32x 1076

Sentinel plot arrangement in 2014 1.04 x 107>

Table 6 reports the degree of spatial auto-correlation for a given spatial arrangement of sentinel
plots using Moran’s 1.1 This table makes two key points. First, the values of I across different
correlation functions are very similar. Therefore, the spatial optimization model always disperses
the sentinel plots irrespective of the underlying correlation function. Second, 7 is higher for the
actual sentinel plot arrangement of 2014 by an order of magnitude. This means that sentinel plots
were much more clustered in 2014 than suggested by the spatial optimization model because the
weights are inverse of the distance between the counties (Figure 6).

Table 7 shows the percentage loss in the monitoring value when the underlying correlation
function is misdiagnosed. Suppose the row depicts the actual correlation function and the correlation
function in the column is wrongly assumed to be true and consequently used to determine the
optimal spatial arrangement of sentinel plots. Then Table 7 gives the percentage loss in the value
of monitoring from using a sub-optimal sentinel plot arrangement. For example, the second entry
in the first row is 0.59; the interpretation is that there would be a 0.59% loss in the monitoring
value due to a sub-optimal spatial arrangement of sentinel plots based on the wrongly identified
correlation function ‘Pivot’ instead of the correct function ‘Benchmark.” The diagonal elements
correspond to the cases where the underlying correlation functions have been correctly used leading
to no losses in the value of monitoring. The table clearly shows that the losses in monitoring value
from misdiagnosing the underlying correlation function are modest. The greatest loss (of 2.37%)
occurs when the underlying correlation function is assumed to be the ‘Right Shift” when the actual
correlation is ‘Pivot.’

The sensitivity analyses show that, when maximizing farmers’ benefits from a monitoring
network, misdiagnosing the correlation function is not as big a mistake as designing the network
sub-optimally. The policymakers should take into account the fact that most of the beneficiaries of
the monitoring system, the soybean farmers, operate further north while rust infection is most likely
in the regions close to the Gulf of Mexico. As a result, clustering sentinel plots in the south, far away
from the primary soybean production region, reduces the accuracy of the information on soybean

15 Global Moran’s I, which is a measure of clustering of spatial data, is calculated using the following formula (Moran,
1948):

N Zf\i, Zj]\i,(zl- - Zi)wij(zj — )
W SN (= - Z)?

where z; equals 1 if county 7 is assigned a sentinel plot and O otherwise. N is the total number of counties (N = 1360). Z

19

5

is the average of z; and equals A wij is the spatial weight assigned to pair of counties i and j. In our study, it equals the

inverse of the distance between counties i and j when i # j, and O otherwise. W is the sum of weights (W = ZLN Z;.V Wij).
Weights w; ; have been row normalized to sum to 1.
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Table 7. Sensitivity Analysis Results for 39 Sentinel Plots: Percentage Loss in the Value of
Monitoring with Incorrect Correlation Functions

Benchmark  Pivot  Right Shift

Benchmark 0 0.59 0.40
Pivot 1.57 0 2.37
Right Shift 0.16 0.62 0

Notes: This table shows results when parameters for the scenarios in the columns are used to determine the optimal sentinel
plot locations when the actual correlation functions are those in the scenarios in the rows.

rust infection and makes the monitoring system less beneficial to farmers. Consequently, the 2014
spatial allocation of sentinel plots was likely to have been sub-optimal.

Conclusion

Potentially catastrophic plant pathogens threaten to enter the US every year. To prevent damage
from these pathogens, the government and other organizations can invest in sentinel plot monitoring
networks to help predict and therefore control the risk of plant diseases. However, the net benefit
of such monitoring networks is greatly debated because they are costly to maintain and, for many
pathogens such as soybean rust, very few incidents of infection have been reported throughout the
US mainland. In this paper, a dynamic model of farmer pest management decisions is developed and
used to estimate the value of a sentinel plot monitoring network with an optimal spatial arrangement.
This model could be used to optimally allocate sentinel plots, and to estimate the value of a
monitoring network, for emerging pathogens or for a resurgence of soybean rust under new climatic
conditions. The model could also be used to evaluate the relative efficiency of heuristics such as
prioritizing counties with high levels of production or randomizing sentinel plot placement.

The paper uses the case of soybean rust and- estimates the value of ipmPIPE, the sentinel
plot monitoring network for soybean rust. Farmers benefit from the information provided by the
monitoring network since it helps them manage soybean rust better within the growing season and
refine their beliefs about the infection risk. They value information more when their expected loss
(average soybean production times the risk of infection) from infection is high given the quality
of information. The quality of information from a sentinel plot decreases when the sentinel plot
is placed farther away from a farmer’s field. As a result, when the sentinel plots are placed in the
Deep South while soybean is mostly being grown in the North, the total welfare from monitoring
will be lower than when some are placed further north. Current sentinel plots are disproportionately
placed in"the Southern US where the risk of infection is high, but the amount of soybean produced
is low. Our estimates suggest that sentinel plots should be placed in the Corn Belt as well where the
risk of infection is lower, but where more soybean is produced. The analysis suggests that such a
modification in sentinel plot arrangement could have increased the value of monitoring in 2014 by
over 800%.

It is important to note that there are other potentially valuable uses of monitoring plots that are
not included in the farmer decision model. For example, local dispersal during the relevant stage of
soybean growth occurs in the southern part of the United States and it may be possible to slow this
spread meaningfully during the season through a choice to treat early in the season. If infections in
sentinel plots prompt growers to respond quickly to infection, they may have an added benefit in
the South where local dispersal is commonplace. In addition, monitoring plots in the South not only
inform local soybean growers about management decisions but also inform aerobiology forecasts
of soybean rust spread in the Corn Belt, which inform growers about when and where to scout
for soybean rust infections. Further, monitoring plots for soybean rust in the South also provide
information about the presence of other soybean diseases. Further work is needed to account for
these additional uses and update the valuation and optimal location of monitoring plots.
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The results also show that only about 75 sentinel plots are needed to maximize the value of
ipmPIPE. There have been multiple years, especially in the initial years of its life, when ipmPIPE
had many more than 75 sentinel plots. In recent years, there has been a substantial decrease in the
number of sentinel plots. Most of the sentinel plots remain in the South. This fact points to a useful
direction for further researchdAS$ estimating the optimal number of sentinel plots in ipmPIPE and
how it should change over time as farmers gain more knowledge of their infection risk. With data
on the cost of maintenance and establishment of sentinel plots for each county, one can estimate the
marginal cost of monitoring. The optimal number of sentinel plots can then be estimated by equating
the marginal cost of monitoring to its marginal value.

[First submitted June 2022; accepted for publication February 2024.]
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Appendix

Let i be defined as the occurrence of infection in the field and the probability of infection (i = 1) is ¢/ . Similarly,
J denotes infection in the sentinel plot, and ¢* is the probability that j=1. Hence

(A1) E() = ¢
(A2) EG) = ¢
(A3) Vari) = ¢ (1-¢)
(A4) Var(j) = ¢*(1-¢%)
(AS) E@j) = ¢n
Therefore, correlation p can be expressed as

Cov(i,j)

Pz W Var(i)Var(j)

EGj) - EDE()

_ o1 — ¢/ ¢
Vol (- 00)05 (1=9%)
(A6) — g = FE e (- ¢ - ).
Also,
(A7) pri+e = ¢
(A8) p11+¢o1 = ¢°
(A9) $o0 + P11 +d10+d01 = L

Using the above equations, we get:

(A10) o = (1-¢)6" = pJol (19165 (1 - ¢%)
(Al1) b0 = ¢ (1=9%) = pyfo/ (1= 9165 (1 - ¢%)
(A12) oo = (1=¢))(1=¢") +pJ8 (1 - ¢/)gs (1 - %),

We know that ¢gg,001,910.¢11 € [0,1] as they are probabilities. If we ensure that all the probabilities are
greater than 0, then equation A9 ensures that the probabilities will lie between 0 and 1.

#1120

— ¢/ ¢+ py 8 (1 )95 (1 - ) 20
-¢/¢*

(A13) =
¢ (1 - )51 - ¢%)
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$00 =0

— (1= )1 =¢%) + py# (1= #1935 (1 - ¢%) 20

(Al4) _ ~(1-¢/)(1-¢% <)

Vol (1= 97165 (1 - %)

$10=0

= o (1-0%) + pyJo/ (1= )05 (1 - 6¥) 20

¢ (1-¢%)

AlS5 - ' ° >
(A1 —Nea-o) "

#0120

= (1-61)0° + p 8/ (1 - 61931~ 63) 2.0

¢ (l—¢/)
Al6 I — T >
(A10) I T

Since we assume that p > 0, equations A13 and A14 are automatically satisfied. Equations A15 and A16 along
with the fact that p < 1 gives the upper bound (UB) on p,

oA -¢) ¢/ (1-9¢% 1}.

0= inf ga-0) \Nos(1-¢/)
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