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mostly concerned with the reliability at
the distribution and / or assignment
stages . In the following sections of the
paper , the sample size requirements for
specific levels of reliability at both the
distribution and assignment stages are
examined . The analytical approach to be
presented in this paper is basically ap
plicable to both internal and external
trips . However , the discussion and the
actual analysis is primarily oriented to
wards internal travel and the sampling
procedure for home - interview surveys .1

FHWA Recommended Sample
Rates for Home -Interview
Origin -Destination Survey

Recommended
Population of Area Size of Sample
Under 50, 000 in 5 dwelling units
50 ,000 to
150 ,000 1 in 8 dwelling units
150 ,000 to
300 ,000 1 in 10 dwelling units
300 ,000 to
500 ,000 1 in 15 dwelling units
500 ,000 to
1, 000 ,000 1 in 20 dwelling units
Over 1, 000 ,000 in 25 dwelling units

TABLE 1

THE TRAVEL forecasting procedure
developed primarily in connection

with urban transportation studies is one
of the most widely used macro -simula .
tion techniques in transportation plan
ning . The procedure , consisting of the
three steps of trip generation , trip dis -
tribution and traffic assignment , has
been standardized to a large extent in
the course of its numerous applications
of the procedure , its results , however ,
are not accepted without questioning ( 1,
2, 3) . Transportation planners actually
are concerned about some of the limita
tions of the procedure and are constantly
striving to improve its reliability . Many
investigations have been made to refine
the techniques used at each of the steps
of the procedure for better perform
ance. However , there are certain basic
constraints that limit the reliability of
the results obtained from this set of
travel forecasting models . The most im
portant of such limiting factors is the
reliability of the travel data that are
used to develop and calibrate these
models .
The travel data that are used to de-
velop the simulation models for traffic
forecasting are obtained primarily from
the origin -destination (O - D) surveys ,
which are generally of two types - home
interview and roadside - interview survey .
The home - interview survey data are
used to develop the existing internal
travel pattern , whereas the roadside
interview survey data are used for exist
ing external- internal and through travel .
While the 0 - D survey data are neces
sary for deriving the mathematical
models for trip generation and trip dis
tribution , the traffic assignment models
are based on theoretical hypotheses and
do not use 0 - D information . The mathe
matical simulation of travel is accom
plished by the sequential use of these
models . In developing the existing
travel patterns , however , the zone to
zone distribution of trips can be derived
directly from the O- D survey data , thus
omitting the step of trip generation .
The reliability of travel data is direct

ly related to the sample size , which is
the main subject of this investigation .
The sample rates recommended by the
Federal Highway Administration ( 4) for
home- interview surveys in cities of dif
ferent sizes are presented in Table 1.
These rates are based primarily on the
trip making characteristics and their
variations at the household level . The
adequacy of the recommended sample
size with respect to the reliability of the
derived travel pattern either at the dis
tribution or traffic assignment stages is
not explicitly considered in the sampling
design . However , in the actual planning
process , the transportation planners are

RELIABILITY AT TRAFFIC
ASSIGNMENT STAGE
A common way of verifying the sim
ulated travel is to compare the assigned
link volumes with actual ground - counts .
The accuracy and reliability of the traf

fi
c volume estimates o
n

each link can be
examined o

n either a
n individual or

simultaneous basis . Vaughan ( 5 ) investi
gated the reliability at the traffic assign
ment stage following the concept o
f

' individual link reliability ' and his ap
proach , a pioneering effort , will be dis
cussed first before the introduction o
f

other concepts .

Vaughan ' s Approach
Vaughan ( 5 ) analyzed the reliability

o
f

individual link volumes using a spider
network in which the centroids repre
senting the traffic zones are the only
nodes being inter -connected with each
other either directly o

r through other
nodes . A spider network is actually a

n

over -simplification o
f
a typical network

used in any urban transportation study .

Again , the traffic assignment technique
used by Vaughan was also very simple
compared with some of the sophisticated
techniques , such as the capacity re
strained and stochastic assignments . Ac
tually in assigning zone to zone travel
on the spider network , he used predeter
mined proportions to allocate a particu
lar movement among two alternative
routes o

n the basis o
f

their difference in
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travel impedance . The analysis per and T
ij
= h ; TTij

formed b
y Vaughan is presented in this

section in a summary form . The readers
interested in the detailed analysis Vaughan assumed T

ij
to b
e binomially

should refer to his original paper ( 5 ) . distributed with the mean h
i

T
ru
j

and vari
The notations and the data o

f

the numer - ance h ; t ( 1 — TT ) . Using the normal
ical example used in Vaughan ' s paper approximation to the binomial , Vaughan
are used also in the subsequent sections
of this paper in order to maintain con deducted that
sistency and continuity .

Vaughan ' s Notations and Assumptions : Tij ~ N [ h ;Tij , hitij ( 1 — Tij ) ]

In the analysis o
f

home -based work
trips , Vaughan used the following nota - T

ij
is actually the estimated value a
t

the
tions and assumptions : distribution stage o

f

the travel simula

h ; = number o
f

commuters o
f

home tion procedure and its reliability is ex
zone i ; amined in a later section . The value o

f

Ti = the proportion o
f

commuters o
f

interest a
t the assignment stage is ukle

home zone i who work in work zonej, which may be expressed as ,

( E
jTij = 1 and i = 0 , for all i )

Mki = L
ij
a
jj
( kl ) E ( T
ij
) =

T = a
n estimate o
f

miii i E
ij

a
jj
( kl ) h ; TT ije

Ti = number of commuter trips from
The estimator Mki of the traffic flow Ukihome zone i to work zone j ;

is then taken to be

T
u

= a
n estimate o
f T
ij , (

Mki = E
ij

a
jj
( kl ) hi tij ,

h
itij ) ;

so that Mkl has a mean o
r expected value

a
jj
( kl ) (footnote 2 ) = the proportion o
f

Mki and a variance Vki approximated

o
f

traffic from zone i to zone j that uses
the link ( k , 1 ) ; Eij ajj2 ( kl ) h ; 2 Ti

j
( 1 — Tij ) / n ; .

Uki = average traffic flow o
n link Using si
j
? = h 2Tij ( 1 — T
ij
) , Vki can b
e

( k , l ) ;

written a
s

Ukl = an estimate o
f ukl Vkl = E
ij

a
jj2
( kl ) Si
j2
/ n ;

If n is the number o
f

commuters Since T ; , has approximate normality , so

sampled out o
f
a total number o
f

com

muters h
i

in zone i , then the estimate does Mki and thus ,

by

Ti of mi is the number of commuters ,

say , et
j
, in the sample who work in j

divided b
y

n
i
. Thus ,

T
ij
= e
j
/ n ;

* Department of Mathematics and Sta
tistics , Marquette University , Milwau
kee , Wisconsin

* *Department o
f

Civil Engineering ,

Marquette University , Milwaukee , Wis .

* * * Department o
f

Civil Engineering ,

Marquette University , Milwaukee , Wis .

Mkl ~ N (ukl , Vki ) .

Vaughan ' s Optimal Sample Size :

Vaughan used two different approaches

to derive optimal sample sizes . The o
b

jective o
f

the first approach was to mini
mize cost to achieve a given level o

f

accuracy , while the other approach had
the objective o

f minimizing the error for

a given financial budget for sampling .

This study is concerned with the first
approach where Vaughan required that
the Mki to be within o o

f

it
s

true value

with probability ( 1 - a ) and a
t
a mini
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mum cost . Vaughan 's formula for opti
mal sample size n; is ,

n ; =maxkl [n; (kl) ] . . . . . . . . (1)
where ni (kl) is the optimal sample size
in zone i considering just one link (k , 1)
alone, and is expressed as

z{(kl) E1 C1Z{(kl)
ni(kl) = –

Commuter Population and
Employment in Each Zone

Commuter

Zone Population (h ) Employment (w;)
1 13,680 8,720

14 ,000 25 ,590
540 11 , 930

12 ,470 39 ,870
29 ,230 29,770
33,710 13 , 120

36, 370 11,000
- Vkl

- . . . . (2)

where zi (kl) = ( i is Totol 17

the cost of sampling in th
e

it
h home

8
2

district and letting Vkl = — , U ,

0 _ 2

being the two sided outer a percent cut

o
ff o
f

the standardized normal distribu
tion . Thus U . 05 = 1 . 96 )

Vaughan demonstrated his technique

o
f determining optimal sample size with

a numerical example . For a small city o
f

140 ,000 commuters , he used seven dis
tricts ( or zones ) and a spider network .

The thirteen links o
f the network and

their travel impedance are shown in Fig
ure 1 . The population and employment

in each zone is given in Table 2 . Vaughan
estimated the values for Tu using the
concept o

f
a 'gravity model ( 2 ) , that is ,

~ w ; fi
j
- 1

Tij =

E
j
w ; fi - 1

where w ; = number of employees in dis
trict j , and fi

j
- 1 = friction factor based

o
n travel impedance between zones i and

The value o
f
a
jj
( kl ) was estimated for

140 ,000 140 ,000

TABLE 2

each link o
f the network o
n the following

basis :

For each pair o
f

zones , two alternative
paths are determined o

n the basis o
f the

‘minimum cost ' criterion . If the travel
impedances o

n the two paths are equal ,

traffic is assigned o
n

both routes o
n

a

5
0 per cent - 50 per cent basis ; if the costs

differ by one , traffic is assigned o
n

a

7
0 per cent - 30 per cent basis ; if differ

ing by two , a 80 per cent - 20 per cent
basis is used ; if differing by three , a 90

per cent - 10 per cent is used ; and if dif
fering by four o

r more , all traffic is as
signed to the 'minimum ' path .

For the purpose o
f this study ,

Vaughan ' s procedure and the numerical
example was used to compute the opti
mal sample size o

n

a
n individual link

basis . The computations were based on

a = 0 . 05 , 8 = 7003 and c ; = 1 . The values

o
f Tij and a
u
j
( kl ) computed b
y

Vaughan

were used in this analysis ; but they are
not included in this report to avoid un
necessary duplication . The derived sam
ple size for each zone is shown in Table

3 .

SPIDER NETWORK USED FOR
VAUGHAN ' S NUMERICAL

EXAMPLE

6 )

Limitations o
f

Vaughan ' s Approach
Vaughan ' s approach , based o

n theoret

SAMPLES BASED ON INDIVIDUAL
LINK RELIABILITY

( for Vaughan ' s Home to

Work Trips )

Sample Size and Rate

9
5

Per Cent Individual
Reliability

Sample Size Ratea in

Zone (Commuters ) Per Cent

1 ,581 11 . 6

2 ,571 1
8
. 4

104 1
9 . 3

2 ,938 23 . 6

5 ,853 2
0
. 0

3 ,447 10 . 2

6 ,870 1
8
. 9

Total 23 ,364 1
6
. 7

TABLE 3

Legend

3 . toneNumber

( - Traveltapedena

FIGURE 1
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ical analysis , has a few practical limita -
tions . The scope of his analysis is also
limited since he includes only home to
work trips that constitute less than 25
per cent of all trips made by the house
holds . It must not be overlooked that
the reliability of Vaughan 's approach
refers only to that of the home to work
trips and not the total traffic volume .
Vaughan's analysis of home to work
trips was based on the number of com
muters in each zone and the respective
proportions of commuters residing in a
zone who work in another given zone .
Thus the sample sizes based on
Vaughan 's procedure are those of com
muters and it must be noted that if thehe noted that if the

normal procedure of household survey is
followed , the sample of all persons that
would be necessary to ensure the selec
tion of the number of commuters re
quired by Vaughan 's estimates , will be
larger .
Regarding appropriate measures of
travel demand , it must be pointed out
that the unit, "vehicle per /hour', used by
Vaughan to express the allowable error ,

8 ( = 700 ) , is not compatible with other
assumptions. Vaughan overlooked the
significance of ' car occupancy ' factors
that are necessary to convert person
trips to vehicle trips .
One significant limitation of Vaughan ' s
numerical example that must be pointed
out is related to the small number of
zones . An examination of equation 2 re -
veals that the sample size is directly
proportional to ( h;) 2, where hi is the
population of zone i. The number of
zones, which is related to zonal popula .
tion , has a significant effect on the over -
all sample size. The use of only nine
zones for an urban area of 140,000 com
muters is far from realistic and affects
the overall sample size seriously . Con -
sidering the inclusion of only home to
work trips and the use of nine zones in
determining the sample size , the results
of Vaughan 's procedure can not be com -
pared with what is obtained by using
FHWA guidelines .
In addition to the above limitations of
some of the procedural assumptions , the
practical usefulness of Vaughan 's ap
proach is questionable too . The estima
tion of the values of Tru and a (kl) in
the case of typical urban transportation
studies would require a significant

amount of effort and cost . Although the
estimation Ti's is necessary for the
gravity models used for trip distribution ,
they are generally derived at a later
stage of the study . Derivation of u

values at the beginning of the study

would imply the use of synthetically de
veloped gravity models . The estimation
of the values of aw (kl) at the beginning

of a study is even more difficult and al
most impossible in the case of capacity
restrained or stochastic assignment tech
niques . Vaughan ' s treatment of a

ji
(kl ) as

a deterministic variable a
s opposed to a

stochastic variable is also questionable ,

Considering the cost and trouble o
f

esti
mating the values o

f Tij and a
jj
(kl ) prior

to the actual phase o
f

model calibration ,

Vaughan ' s procedure is impractical .

The sampling procedure developed b
y

Vaughan provides a measure o
f

the re
liability o

f

the estimated traffic volumes

o
n each link considered separately , that

is , individually . Such a measure o
f

re

liability does not describe directly the
overall or simultaneous reliability that is

commonly used in the analysis o
f
a sys

tem , such as a transportation network .

The concept o
f simultaneous reliability

and its effect o
n sample size are dis

cussed in the following section .

Simultaneous Link Reliability
The concept o

f

simultaneous reliability
may be explained with the well -known
example o

f 'light bulbs ' . For instance ,

the reliability o
f

each light bulb in a

group o
f , say , fifty , may be analyzed o
n

an individual basis and it may be con
cluded that the probability that any bulb
selected from the group will burn for
one month without failure is 90 per cent .

However , the probability o
f
all the fifty

bulbs burning simultaneously for one
month without failure is likely to be
much less than 9

0 per cent . The reliabil
ity in the first case is o

n

a
n individual

basis , whereas the latter is a case o
f

simultaneous reliability .

In the case o
f
a transportation net

work it is quite natural to ask about the
probability o

f obtaining reliable esti
mates o

n all the links o
f
a network

simultaneously . Vaughan ' s measure o
f

reliability does not provide an answer

in that direction . For instance , in the
previous numerical example , there was

9
5 per cent probability that the error o
n

each link will be less than 700 ; however ,

the probability that such a
n accuracy

will be obtained o
n all the links simul

taneously is likely to b
e much less . In

other words , the chances o
f making an

error o
f

700 o
n a
t

least one o
f

the thir
teen links is larger . To make a rough
guess about this overall reliability , the
errors o

n

each link may be assumed to

be independent random variables (which
they are not ) , and then the occurrence

o
f

errors a
t

least as large as 700 ( i . e .

> 700 ) would itself be a binomial ran
dom variable . Thus with reference to

the example problem with 1
3 links , the

number o
f

trials would b
e

1
3 and the

probability o
f
a large error ( > 700 ) on

each link ( o
r trial ) is . 05 . The probabil .
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v
a
u
t
A
W
N

it
y

o
f

a
t

least one large error ( > 700 ) ,

therefore , would b
e
1 — ( . 95 ) 13 = . 49 .

The above crude analysis o
f

overall
reliability clearly reveals the significant
difference between the two concepts o

f

' individual reliability ' and 'simultaneous
reliability ' . The sample size requirement
for obtaining simultaneous reliability a

t

the same level a
s the individual reliabil

ity , is also expected to b
e significantly

different and will be explored in this
section of the report . In addition , simul
taneous confidence intervals will also be
derived for the estimated link volumes .

Bonferonni Procedure for Optimal
Sample Size : Bonferonni procedure ( 6 )

is basically a technique to combine in
dividual reliabilities together . Using the
property o

f subadditivity o
f probabilities ,

P (Error > Son a
t

least one link )

N
< EP (Error > 8 on link 8 ) ,

8 = 1

where N = number o
f

links in a net
work .

Thus to ensure a simultaneous reliability

o
f
( 1 - a ) , the individual link reliability

must be achieved at the level ( 1 - a / N ) .

With reference to the numerical ex
ample being used in this paper , for 95

per cent individual link reliability , the
value o

f

Vk was computed a
s follows :

Vkl = 82 /U2 . 05 = (700 ) 2 / ( 1 . 96 ) 2 =

127 ,551 . 02 ,

where 1 . 96 is the two sided outer 5 per
cent cut -off o

f

the standardized normal
distribution . However , to ensure a

n

overall reliability o
f
0 . 95 for all links

simultaneously , the error probability o
f

a , which is . 05 in this case , must be
divided b

y

the number o
f

links , which is

1
3

in this case . Thus , the value of Vkl

to b
e

used for simultaneous reliability

is given by the formula ,

Vkl = 82 /U2a / N . . . . . . . . . . . ( 3 )

and for the numerical example ,

a / N = . 05 / 1
3

= .003846 and Vki =

(700 ) 2 / U2 .003846 = (700 ) 27 ( 2 . 89 ) 2 =

58667 . 88

Using this new value of Vki in the
previous equations 1 and 2 , new sample
sizes were obtained , which are presented

in Table 4 . The sample size obtained by
this procedure ensures a

n overall reli -

ability o
f
0 . 95 , that is , there is 9
5 per

cent probability that the error in esti
mating the travel demand o

n one o
r

every link will not be greater than 700 .

As the comparison of Tables 3 and 4

will reveal , the ratio o
f the sample size

to ensure 9
5 per cent simultaneous re

liability o
n all links and that necessary

to ensure 9
5 per cent accuracy o
n

each

link separately , is equal to the ratio o
f

the two V -values used for the respective

SAMPLES BASED ON
SIMULTANEOUS LINK
RELIABILITY

(for Vaughan ' s Home to

Work Trips )

Sample Size and Rate

9
5 Per Cent Simultaneous

Reliability
Sample Size Rate in

Zone (Commuters ) Per Cent

3 , 436 25 . 1

5 ,589 39 . 9

225 41 . 7

6 ,386 51 . 2

12 ,724 43 . 5

7 ,494 2
2 . 2

14 ,934 41 . 1

Total 5
0 ,788 3
6 . 3

TABLE 4

approaches , which is 127 ,551 . 02 / 58 ,667 . 88

= 2 . 17 .

Simultaneous Confidence Intervals : A

confidence interval for each of the link
volumes can be derived o

n the simultan
eous basis using the Bonferonni ap
proach . The simultaneous confidence in

terval can b
e estimated using the fol

lowing formula :

Eljaj ( kl ) h 7 – Van V
a
i
% Suki

< E
j
a
j
( kl ) hi 7 + Ua /xVY . . . ( 4 )

where Vkı = Eija Lj
2
( kl ) h 2 T
ij

"
( 1 – TT
i
) / n
i

and other notations are a
s

described be .

fore . The procedure outlined in equation

( 4 ) assures that “ ( 1 - a ) per cent o
f

the time " the confidence intervals for
all the links will be valid simultaneously ,

that is they will contain the actual e
x

pected link flow .

As a
n illustration o
f the procedure ,

the numerical example o
f

this paper is

used to obtain 9
5 per cent simultaneous

confidence interval for the expected link
flow o

f

the link ( 3 . 6 ) . With a = . 05 and

N = 1
3 ,

Ua / n = U . 05 / 13 = U .003846 = 2 . 89

Using the sample sizes given in Table 4 ,

3660 . 19 - ( 2 .89 ) ( 102 . 69 ) < uo . <

360
3660 . 19 + ( 2 . 89 ) (102 . 69 )

o
r

3363 . 42 < H36 < 3956 . 96

The above interval for the traffic volume

o
n link ( 3 , 6 ) along with those for the

other twelve link flows will simultan
eously enjoy 9

5 per cent confidence .

RELIABILITY AT TRAFFIC
DISTRIBUTION STAGE
The zone to zone distribution of travel
within a

n urban area has special sig .
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nificance in transportation planning . Al
though the travel demand in the form of
zone to zone distribution is not related
to specific routes , it represents the basic
desire of travel and one of the important
objectives of an origin -destination sur
vey is to develop the non -route specific
desire lines . Actually the traffic volumes
on specific routes are relatively unstable
in the sense that alternative routes may
be used to satisfy a specific zone to zone
travel desire . On the other hand , for cer
tain trip purposes , such as home to work
trips , the origin and destination of most
trip -makers are fixed . Consequently , the
zone to zone travel estimates are con
sidered the fundamental basis for trans
portation planning . The origin - destina
tion survey is directly related to the zone
to zone distribution of travel, which is
actually derived by expanding the sam
ple survey by appropriate factors .
Modifying the previous definition of

T
ij , the proportion o
f

commuters in home
zone i who work in zone j . and redefin -

ing it to be the proportion o
f home to

work trips that are produced in zone i

and attracted to zone 3 , 4 the value o
f

the

be based o
n the simultaneous concept

only , since it is more meaningful than
the other . The other alternative is re

lated to the manner o
f expressing the

allowable error for determining sample
size requirements . The allowable error
can be expressed two different ways — in

terms of an absolute amount o
r

a
s

a

percentage error . Both o
f

these alterna
tives are discussed below .

Optimal Sample Size Based o
n Absolute

Error

In the previous analysis o
f

the reliabil
ity a

t

the traffic assignment stage , the
allowable error was expressed in terms
of the absolute value 700 o

n the assump
tion that such a value has a special sig
nificance for the analysis o

f capacity
deficiency . In the case o

f trip distribu
tion , however , there is no specific abso
lute value of error that has any special
significance , and one should select a

n

appropriate value o
f
8 based o
n the re

quirements o
f individual cases .

Using the same notations a
s before

and assuming that the number of zones

= r , the objective is to find the value n
i ,

the sample size o
f persons in home zone

i , that will ensure that ( 1 - a ) per
cent o

f the time , the estimated trips

from i to j , T
ij , differ from the actual

value T
ij

b
y

n
o more than 8 , simultan

eously for all zones i and j . Thus ,

( 1 – a ) = P [ Tu T
u S8 fo
r

a
ll

zones i and j ]

= P [ Max Max | Tu - Tu !

1 < i < r 1 < i < r

< 8 ]

Ti is estimated by Tij , the relative fre -

quency o
f

home to work trips reported

in the 0 - D survey that are produced in

zone i and attracted to zone j . The value

o
f Tij , home to work trips from home

zone i to work zone j , is estimated a
s

follows :

T
i
= PiTTije

where P
i
is the number o
f home to work

trips produced in zone i . ( Pi can b
e

obtained by multiplying the zonal popu
lation , by a

n appropriate trip rate ) .

T
ij

can b
e assumed to b
e binomially

distributed , which can b
e approximated

by a normal distribution . Thus ,

T
ij
– N [ P
iTij , P ; TT
ij
( 1 — T
ij ) ]

In the following section , the optimal
sample size from the standpoint o

f

the
reliability o

f

the T
ij

values will be in
vestigated .

Optimal Sample Size for Trip
Distribution
The optimal sample size for reliability

a
t the distribution stage can be derived

based o
n several alternative criteria . As

discussed previously in connection with
the analysis of traffic assignment values ,

there are two concepts o
f reliability that

are applicable in this case - individual
and simultaneous reliability . Although
the sample size requirements for obtain
ing aecuracy a

t

the traffic assignment
stage were analyzed using the concepts

o
f

both individual and simultaneous re
liability , the analysis in this section will

In order to achieve the simultaneous
reliability o
f

a
t

least ( 1 - a ) , it is suf
ficient that the reliability o
f T
ij
' s of in

dividual zones b
e

( 1 — a / r ) , where r

is the number o
f

zones . Thus .

( 1 — a / r ) = P [ Max T : : –

1 < i < r

T
ij

< 8 ]

[ This can b
e proved a
s follows :

Assuming that the immediately pre
ceding equation is valid and using the
Law o

f

Total Probability ,

Р [ Max Max | т —

1 < i < r i < i < rTj < 8 )
1 - P [ Max Max

1 < i < r 1 < i < r

/ Tu Tul > 8 ]



172 TRANSPORTATION RESEARCH FORUM

Tu= 1 - P [ U,= 1 (Max
1 < i < r

T
ij

> 8 ) ]
21 -XP [ Max

i = 1 1 < i < r

T
ij
/ > ]

= 1 - E
r
[ 1 — P (Max

i =1 1 < i < r

T
ij - Tu
j

< ) ]

= 1 – E
r
[ 1 — ( 1 — alr ) ] =

i = 1

1 - Eralr

i = 1

= 1 - a ]

Since T
ij
= P
ị T
ij

and

the value o
f
R was 1 and P
i ' s were equal

to h
i ' s given in Table 2 . The derived

values o
f

the sample size o
f

commuters
are shown in Table 5 .

Optimal Sample Size Based o
n

Percentage Error
As mentioned before , an alternative to

expressing the allowable error in terms

o
f

a
n absolute amount is to express it

a
s

a proportion o
f

related quantities .

Two alternative bases can be used to

derive the proportions — the trip inter
change values themselves o

r any zonal
value . In both cases , however , the basic
approach for deriving the formulae for
optimal sample size is similar to that
used in the previous case where the error
was expressed in terms o

f

a
n absolute

amount . Actually , the equations for the
cases o

f percentage error , may be o
b

tained by making appropriate substitu
tion in equation 6 . Thus , when the allow
able error is expressed as a percentage

( O ) o
f

the expected value ( T
u
) , the

optimal sample size
Rg2 P2 Rg2 p , 2

n
i
( ij ) = - =
4 (OT ) 2 402 (Pitu ) 2

Rg2

o
r

n ; ( ij ) =

402 TT12

. . . . . . . . . ( 7 )

T
o ensure a
n accuracy o
f T
u for all

T
ij ' s

n
i
= Maxij [ n ; ( ij ) ) . . . . . . . ( 8 )

Similarly , when the allowable error is

expressed a
s
a percentage d of the zonal

trip production ( P ; ) , the optimal sample
size ,

Rg2 P 2

T
ij
= P ; TT ij ,

( 1 - a / r ) = P [Max

1 < i < r

Tiil < 8 / P ; ]

Utilizing the equation ( 1
0
) in page 216

o
f

Miller ( 6 ) , S / P
i

must b
e equal to o
r

less than g [ TTij ( 1 — TT ) / t ; ] 42 ,

where g is the two sided outer a / r2

per cent normal cut - o
ff , 5 and ti is the

sample size o
f trips in zone i . Using the

maximum value o
f

T
ij
( 1 — T
ri
j
) , which is 4
4 , 6

8 / P
i
= g [ ( 14 ) / t ; ] 42

Therefore , t ; = g2 P 2 / (482 ) . . . . . ( 5 )

and n
i
= Rg2 P 2 / ( 4 82 ) . . . . . . . ( 6 )

where R is a constant , o
r
a conversion

factor , reflecting the relationship o
f

the
number of persons and the trips made
by them . The sample o

f persons , n
j
, must

be sufficient to provide the sample of
trips ti , so that the desired level o

f

reliability in estimating the trips may
be achieved .

Numerical Example : The equation 6

for optimal sample size was applied to

the previous numerical example . To be
consistent the value o

f
8 was assumed

to be 700 and the analysis was performed
for 95 per cent simultaneous reliability ,

that is the value o
f
a was . 05 . The value

o
f
g in this case was the two sided outer

( . 05 / 72 ) = .001 normal cut -off . Using
the normal tables , 8 .001 = 3 . 28 . Thus

n ; = R ( 3 . 28 ) 2 P 2 / 4 (700 ) 2

• In order to be able to compare the
results of this approach with that o
f

Vaughan ' s , P
i
' s were limited to include
only home to work trips and n
i
' s were to

include the number o
f

commuters . Thus ,

400 P ; ) 2

Samples Based o
n Simultaneous
Reliability o

f Trip Interchange
Values For Home to Work Trips
Error Expressed in Absolute

Quantity
Sample Size & Rate for

S = 700 and 9
5

Per Cent
Reliability

Assuming P
i
= h

Sample Size Rate in

Zone (Commuters ) Per Cent

1 ,028 7 . 5

1 ,076 7 . 7
0 . 4

854 6 . 8

4 ,690 1
6
. 0

6 ,238 1
8 . 5

7 , 261 20 . 0

Total 21 , 149 1
5
. 1

TABLE 5

N
M
O
N
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Rg2
—or n ; = . . . . . . . . . . . . . ( 9)

The limitation of equation 7 is that
for very small values of Tij, the sample
size becomes too large . A common and
very significant feature of both equa
tions 7 and 9 is that they do not include
any term related to zonal characteristics,
such as the zonal trip production or pop
ulation . Thus the sample size based on
percentage error is independent of zone
size and the scope of the equations cover
all trips and not just the home to work
trips .
Numerical Example : The use of equa
tion 9may be demonstrated by assuming
o = . 10. For 95 per cent simultaneous
reliability (i.e., a = .05 ) , the value of g
may be obtained in the same manner as
that for equation (6 ) . Thus for seven
zones , g would be the two sided outer
.05 / 72 = .001 normal cut -off . Again, as
suming Pi = h ; and R = 1, the sample
size of commuters ,
ni = (8.001 ) 2 / 4 x 0.10 ) 2 =
(3.28 ) 2 / .04
or ni = 269 .
Since equation 9 does not contain any
zonal term , the sample size for all zones
will be the same, as shown in Table 6.
Samples Based on Simultaneous
Reliability of Trip Interchange
Values — Error Expressed as a
Percentage of Zonal Trip

Production
Sample Size and Rate for
Error = 0.10 Pi and 95 Per

Cent Reliability
Sample Size Rate in

Zone (Commuters ) Per Cent
269 2. 0
269 1. 9
269 49 .8
269 2. 2
269 0.9
269
269

Total 1,883

TABLE 6

ANALYSIS OF ALTERNATIVE
APPROACHES & RECOMMENDED
PROCEDURE
Several alternative approaches for de -
termining the optimal 0 - D sample size
have been presented in the previous sec -
tions. The advantages and disadvantages
of the respective techniques have also
been discussed . In this section the ade
quacy of each approach for practical ap
plication is analyzed in order to select
the most appropriate technique . The

recommended approach is then examined
in detail .
The traffic assignment values are the
ultimate result of the travel simulation
procedure and , therefore , their reliabil
ity is highly desirable . However , the
analysis of Vaughan ' s approach based on
the reliability of individual link volumes
revealed some of its practical limita
tions. The data requirement , which in
cludes the estimation of the values of
TTji and aij (kl) , is clearly prohibitive. In
addition , the sample size requirement for
the simultaneous reliability of all link
volumes on a realistic network is too
large to be cost -effective . Moreover , the
traffic assignment models are not direct
ly related to an 0 - D survey and their
assumptions and associated hypotheses
are likely to introduce additional error .
Thus , based on these considerations , the
techniques based on the reliability at the
traffic assignment stage are not con
sidered practical.
The traffic distribution stage , which
involves the estimation of zone to zone
trip interchange values , was found to
be most appropriate for the reliability
analysis of 0 - D survey data , primarily
for two reasons . The zone to zone travel
data is derived directly from the O-D
survey and moreover they represent the
basic travel desire in an urban area. The
data requirements for all of the alterna
tive techniques based on the reliability
of trip interchange values are also mini
mal.
The two alternative approaches for
evaluating the reliability at the trip
distribution stage are related to the man
ner of expressing the allowable error for
determining sample size requirements .
Although for certain purposes , it may be
desirable to express an error in relative
terms, for statistical analysis , it is more
meaningful to express an error in ab
solute terms . The use of percentage
error also may lead to apparently un
realistic results . An examination of the
equations 7 and 9 derived on the basis
of percentage error, expressed as a pro
portion of zone to zone trips and zonal
trip productions respectively , reveals
that they are independent of the zonal
population . Thus in the case of equation
9, for a given level of reliability and
allowable percentage of error , the sam
ple size in absolute value is the same
for all zones irrespective of the zonal
population , as shown in Table 6. This is
explained by the fact that as the zonal
population varies , the given percentage
of error actually yields varying amounts
of error in absolute terms . Thus the al
lowable error is smaller ( in absolute
terms), and the level of accuracy higher
for smaller zones , requiring proportion
ally larger sample size. Table 6 reveals

Q
U
A
W
N

0 . 8
1 . 3
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that, although the sample size is the tion may be replaced by the following
same for all zones in absolute terms, the form :
sampling rate varies widely depending n; = g qH ;2 / (482) . . . . . . . . (10)
on zone size. In view of the fact that a
constant percentage error may actually The procedure implied in the above
yield different levels of accuracy , it is equation is simple and the data require

recommended that the trip interchange ment is also minimal . A decision has to
approach based on absolute error be used be made

regarding the level of reliabil
for determining 0 - D sample size . ity , ( 1 - a ) , and the allowable error 8.

The number zones r and the zonal popuRecommended Procedure and
lation H will , of course , be known and

Its Sensitivity
The previous discussions and deriva the appropriate trip rate may be esti

tions are oriented to commuter popula mated based on
previous studies in the

tion and their home to work trips , pri same area or similar other areas . For
marily for the purpose of maintaining instance , if the reliability of only the
a compatibility with Vaughan 's work . home to work person trips is sought a
However , the general approach is ap trip rate of 13 person trips per person
plicable to all kinds of trips and so is the

may be used . Similarly , a rate of 2.5
person trips per person may be used toequation 6, which is repeated below : estimate total person trips produced in

n ; = Rg2 P ;2 / (482 ) each zone . It must be noted , however ,

where n; = the sample size of persons that trips rates are different urban areas

for zone i; and that the rates quoted above are to be
used only if no prior data are available

R = a conversion factor reflecting the for the urban area in question . In order
relationship of ti, the sample size of to be able to use the recommended pro
trips in zone i, and ni ; cedure judiciously , one must be able to

g = the two sided outer a / r2 per cent
fully appreciate the relationship and
sensitivity of the sample size ( n ) withpoint of the unit normal distribution , r
each of the independent variables and abeing the number of zones ; sensitivity analysis is presented below .

Pi = trip production in zone i; Sensitivity Analysis : In order to ex
and 8 = allowable error (number of plore how the overall sample size in an
trips ) for zone to zone trips . urban area may vary due to varying
Equation 6 may be simplified further levels of the different parameters of the

as the value of R and Pi can be derived equation for optimal sample size , actual
computations were made for an urban

in terms of the total zonal population , area of 140,000 population , and the reHi, and the trip rate per person , q, as sults are presented in Table 7. In this
shown below : hypothetical exercise , the areawide sam

R = persons per trip = 1/ trips per ple was determined by multiplying the
person = 1/ 9

optimal sample size for an average zone
by the total number of zones in the area .

and Pi = trips per person x zonal popu Thus Areawide Sample size = rn ; =
lation = qH rg ? qH ;2 / (482 )
Thus RP 2 = qH2 and the above equa - where r = number of zones ,

Overall Sample Size for Varying Zonal Scheme , Level of Reliability and
Allowable Error for an Urban Area of 140 ,000 Population

Simultaneous Reliability
No. of Zones (r) Level of Areawide Sample Size for
and Ave. Zonal Reliability Varying Allowable Error (8)
Population (H ) ( 1 — a ) 8 = 250 8 = 335 8 = 500

r = 70 .95 54,208 30 , 188 13 ,552
and 50,575 28 ,165 12,644

Hi = 2,000 48 ,456 29 , 985 12, 114
r = 93 43, 238 24,079 10 ,810
and 40 ,422 22,511 10 ,106
Hi = 1,505 38 ,959 21,696 9,740
r = 140 30,926 17 ,223 7,732
and 29 ,111 16 ,212 7, 278
Hi = 1,000 27 , 973 15 ,578 6 ,993

TABLE 7

.90

.85

.95

o
u
a
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q = 2.5 person trips per person ,
H = H / r, H being the areawide popu
lation ,
and the other notations are as described
in the previous examples .
The relationship of the sample size
with the level of reliability is straight
forward and it is quite evident from the
results , as expected , that for higher
levels of reliability the sample size re
quirements are larger . Similarly , the
sample size is also larger for higher
levels of accuracy which is signified by
smaller allowable errors . The relation
ship of the sample size and the zonal
population , however , is subtle and must
be fully understood .
The magnitude of the zonal popula
tion for a given urban area , depends pri
marily on the number of zones. Since the
zonal population is raised to the power 2,
in the equation for optimal sample size ,
the areawide sample size tends to be less
for larger number of zones . On the other
hand , the greater the number of zones ,
the larger is the value of gq /r2 (reflect
ing simultaneous reliability ) , which
tends to increase the sample size. The
combined effect of these two opposing
tendencies can be determined from the
results presented in Table 7, which
shows that for given levels of reliability
( 1 - a ) and allowable error in absolute
term (8 ) , the overall sample size de
creases as the number of zones increases .
However , one must also recognize that
if a given amount of allowable error ( in
absolute terms) , d, is expressed as a per
centage of the zonal trip production , P

ie

the percentage error actually increases

a
s

the number o
f

zones is increased .

Comparison o
f

the Recommended
Procedure With FHWA Guidelines
The FHWA guidelines for determining
sample size for a home - interview 0 - D

survey in a
n urban area provide only

a
n areawide sampling rate . According

to these guidelines (Table 1 ) , the overall
sample size for the urban area o

f

140 ,000
population is 17 ,500 . This sample size ,

however , is not explicitly related to any
specific level of reliability o

r accuracy .

The levels o
f reliability and accuracy as

sociated with the FHWA recommenda
tions , however , can be determined by
comparing the FHWA sample size with
those obtained by using the recommended
procedure o

f this study . For instance , by
comparing the FHWA sample size of

1
7 ,500 with the values in Table 7 , it can

be concluded that in the case of the urban
area o

f

140 ,000 population using 140
traffic zones , the FHWA procedure as
sures that there is a probability o

f

9
5 per

cent that none o
f

the estimated values o
f

zone to zone total person trips would

have a
n error greater than 335 . An error

o
f

335 for the trip interchange values ,

when the average zonal trip production is

only 2 ,500 and the number o
f

zones is

140 , does not represent a high level o
f

accuracy . Evidently , if higher levels o
f

reliability and accuracy are to be
achieved , the sample size must be sig
nificantly larger .

It must not b
e overlooked that the

sample sizes in Table 7 are based o
n the

concept of simultaneous reliability which

is more meaningful than the concept of

individual reliability from the stand
point o

f analyzing the entire pattern o
f

travel in an urban area . The concept o
f

individual reliability , however , may be
applicable for narrower objectives and
the sample size requirements in that
case would be significantly less . For in
dividual reliability , the value o

f ' g ' in

the equation for optimal sample size is

the two sided outer a per cent cut - of
f

o
f

the standardized normal distribution .

The areawide sample size based o
n the

individual reliability o
f

the trip inter
change values for the urban area o

f

140 ,

000 population was computed with 140
zones and varying levels o

f reliability
and accuracy and the results are pre
sented in Table 8 . A comparison o

f the
FHWA sample size o

f

1
7 ,500 with the

values in Table 8 reveals that in the
case of the urban area o

f
140 ,000 popula

tion using 140 traffic zones , the FHWA
procedure provides the assurance that

o
n

a
n individual basis there is a prob

ability o
f

9
5 per cent that the estimated

values o
f

zone to zone total person trips
woud have a

n error less than 220 .

CONCLUDING REMARKS
The procedure for deriving a
n optimal

sample size for 0 - D surveys that is pre
sented in this paper , is a definite im
provement over the existing practice ,

primarily because o
f

its explicit consid
eration o
f reliability measures . However ,

it must be pointed out that the sample
sizes based o

n the recommended formula

in most cases are likely to be more than
adequate for the desired level of reliabil
ity and the allowable error . The equation

1
0

o
n page 216 o
f

Miller ( 6 ) , which was
used to obtain the formula for the sam
ple size , is conservative and so is the
use o

f

the maximum value o
f

4
4 for

TTij ( 1 — Tij ) , which is based o
n the value

o
f

1
2 for ti
j
. In a
n actual case , the

maximum value o
f tu would b
e much

less than 1
2

and thus the required sam
ple size would b

e significantly less . The
authors are pursuing this subject further
and attempting to improve the proced
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Overall Sample Size for Varying Levels of Reliability and Allowable Error
For an Urban Area of 140 ,000 Population With 140 Zones

Individual Reliability

Areawide Sample Size for Varying
Level ofReliability Allowable Error ( 8)
( 1 — a ) 8 = 175 d = 220 8 = 250

27 ,440 17 , 363 13 ,446
19 ,211 12 ,156 9,414
14,811 9 ,372 7 , 258

TABLE 8

'85

140,000 as opposed to total population as in thiscase.
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