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Abstract 
This publication is theoretical in nature. It attempts to determine a hypo-

thetical relation between the supply of agricultural production determined by 
the given demand for it on the one hand and the demand for factors involved 
in the production on the other. It is included in one model of reasoning with 
the use of regularities and coefficients known in microeconomics. In particular, 
the demand, supply and production elasticity coefficients were used. The start-
ing point is assumptions resulting from the demand and three-factor function of 
production and about rational choices of farm producers. The hypothesis that 
the relation between supply of production for the demand for it and demand 
for production factors is determined by changes in production efficiency was 
positively verified by means of theoretical and formal analysis. This was proved 
by reference to price elasticity of production and supply and price elasticity of 
demand for production factors in relation to a product. This is an attempt to fill 
a research gap in this field.
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Introduction
The belief that there is a specific relation between changes in demand for agri-

cultural products and changes in demand for production factors involved in their 
production seems to be unquestionable. This is intuitively obvious. However, 
a question arises whether it has any scientific grounds. The easiest way to prove it 
could be to formulate a question about the relation between the elasticity of demand 
for product and the elasticity of demand for production factors. More precisely, this 
question can be limited to the relation between price elasticities of demand for 
a product and for production factors. It also seems obvious that the relations be-
tween these elasticities in two markets, i.e. the market of products and the market 
of production factors, do not need to be proportionate, i.e. the elasticity of demand 
for agri-food goods does not need to correspond to the same elasticity of demand 
for production factor(s). Moreover, they can not only differ, but also change more 
or less proportionally in relation to each other. These are both important cognitive 
and practical issues, e.g. to forecast the sustainability of tasks regarding the pro-
duction and means in relation to the engagement of production factors, to forecast 
the reality of production results, etc. Following this way of thinking, an equally, 
if not more, an important question arises: what does the relation between these 
elasticities and its changes depend on? Intuition and knowledge of economics sug-
gest that this should depend on the production efficiency and its changes. However, 
a scientific question and also a task is how to demonstrate it or prove it. These ques-
tions form a basis of this theoretical article.

The theoretical analysis used certain generalisations and abstractions as to the 
essence of considered relations and values. It has been assumed that the demand and 
its determinant, namely, the price elasticity of demand for the product (production) 
are pre-defined values being beyond the mainstream scope of this analysis. The 
supply determined by its price elasticity is adapted to the demand, naturally, in the 
opposite direction to the price elasticity of demand. The approximate equality of 
these price elasticities of demand and supply is an essential starting point for further 
analysis. For this price elasticity of supply, as a resultant value, the price elasticity of 
demand for production factors has been determined. These are typical factors for the 
three-factor production function characteristic of agriculture, namely, the capital, 
labour and land factors. A link1 for this relation of two price elasticities of supply of 
production and demand for production factors is the production elasticity. The pro-
duction elasticity is, in fact, a relative measure of production efficiency, which refers 
to the intuitive approach indicated at the beginning. This reasoning is based on the 
concept of elasticity. Firstly, it was based on the production elasticity, the concept 
derived directly from the production function, and on the concept of elasticity of de-
mand and supply derived from specific functions of demand and supply in a general 
form. The formal essence of these factors is the same.

In order to ensure that this description of market relations by means of these 
elasticity factors reflects real economic processes, the grounds for agricultural 

1 This is something similar to the differential, as in a car engine. 
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producer’s choice were taken into account. The point here are assumptions on the 
rationality of choice of the producer who maximises their goal function, i.e. in-
come, as a price taker2, i.e. under the conditions of competitive equilibrium. Then, 
there are specific conditions for the maximisation relative to the level of applica-
tion (engagement) of the given production factor in relation to its remuneration for 
the revenue. This is extremely important as the point here are not the maximum 
levels of engagement of factors, but their engagement which is as efficient as 
possible, implicitly in relation to their prices or remunerations. The authors treat 
it as an assumption and a condition which is to some extent necessary, and not as 
a subject of enquiries. This also means that the subject of analyses is not to de-
termine the relations between these factors of elasticity of demand (in fact, in the 
market of products and in the market of factors), but the economic mechanism 
shaping this relation. This is the main objective of enquiries in the article and its 
added value.

The analysis used a relatively simple analytical approach related to the differen-
tiation of production and demand functions. Mathematical formulas and symbols 
were used to structuralise the problem and to provide evidence of the research 
hypothesis. The formulas derived are not intended for direct empirical use, but 
may be subject to such verification when supplemented and specified, e.g. as re-
gards the dimensionality or expression of expressed values. The objective is only 
an inductive and logical argumentation or verification of the hypothesis based on 
the original approach to the mechanism shaping the relation between the price elas-
ticity of supply of products to the price elasticity of demand for production factors 
necessary for obtaining this supply (production).

It was hypothesised that the element differentiating the relation between the elas-
ticity of supply of product (production) for the given elasticity of demand for these 
goods and the elasticity of demand for production factors is the production elastic-
ity in relation to production factors. It is a measure of a relative production efficien-
cy and is the most important in this relation. The formal demonstration of verity of 
this assumption will be a positive verification of this hypothesis.

Reference to literature
In theoretical terms, the problem of the ratio of demand for and supply of ag-

ricultural products to demand for production factors has been dealt with by sev-
eral outstanding researchers in the field of economics of agriculture and economy 
(e.g. Z. Griliches, J.P. Houck, M.E. Ryan, G.T. Jones, A.J. Rayner, K. Salhofer). 
The conducted arguments and theoretical analyses were characterised by the high 
formal and mathematical advancement of approaches. More authors attempted to 
estimate these relations or even dependencies empirically based on specific econo-
metric models (G.S. Latta, D.M. Adams, C.R. Shumway, P.A. Villezca-Becerra, 
P. Vukadinović, A. Damnjanović, J. Kristić-Randić). The authors mostly refer to 

2 This means that the producer cannot increase income as an objective of economic activity through the rise 
in prices of products, by adjusting them to his production costs. 
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the approach presented by J.P. Houck (1985), who analysed the impact of changes 
in the production elasticity in relation to production factors on the elasticity of de-
mand for these factors for the specific supply function. He carried out a theoretical 
analysis with some hypothetical scenarios regarding the differentiation and chang-
es in the production elasticity as a measure of relative production efficiency. Some 
ideas from his study were reflected in this approach in this article. This refers, 
in particular, to mutual relations between the elasticity of supply of product and 
the elasticity of demand for production factors. Here, the formal and mathematical 
aspect is also excessively complicated. An equally important point of reference for 
this issue in literature is the approach presented by Z. Griliches (1959). He ana-
lysed the issue of demand for production factors in general theoretical paper terms, 
and then in disaggregated terms, using differentiable identities or demand func-
tions. This approach has also been referred to in this. Z. Griliches introduced some 
elements of analysing how changes in the production efficiency impacted demand 
functions, but with no formal evidence. A.J. Rayner (1970) presented a theoretical 
approach to the aggregated elasticity of supply of product and elasticity of demand 
for factors, based on supply and demand functions with the declining distribution 
of delays. Inspired by a valuable contribution to science made by Z. Griliches, 
he referred to the theory of demand for production factors and the elasticity of 
this demand. The publication by this researcher inspired the authors of this article, 
as did the studies by Z. Griliches.

However, in empirical terms, using specific econometric and statistical models, 
the problem of demand for production factors in relation to demand for and sup-
ply of products has been the subject of greater attention and frequent analyses and 
studies. F. Bonnieux (1989), when analysing the demand of farm producers for pro-
duction factors, used the estimable translogarithmic production function in regional 
terms. He showed the significant substitutability of demand for production factors. 
In the context of our approach, the author included in the production function Hicks-
Allen elasticities and also four production factors: materials, capital, land and labour. 
However, he focused on the price of factors as variables rather than on demand and 
supply, as it was in this article. He referred to the substitutability of all pairs of pro-
duction factors except, which is quite surprising, land and capital. H.P. Binswanger 
(1974), R.E. Lopez (1980) and S.M. Capalbo (1985) dealt with similar issues. J. Hig-
gins (1986) applied an approach based on the profit function of farm producers so 
as to estimate the elasticity of supply of production and elasticity of demand for 
production factors. He presented both compensated and uncompensated data on 
those elasticities. This was a contribution to some identification of changes in those 
elasticities. In the following years, the issue of elasticity of demand for production 
factors in relation to the elasticity of supply of products, has been even more math-
ematicised, an example of which is the publication by A.R. Maligay and F.C. White 
(1989), as well as by N.V. Shende and K.J. Shinde (2010). P. Kumar et al. (2010) 
conducted extensive empirical studies on the dynamics of supply and demand re-
garding the Indian agricultural sector. They estimated the demand for production 
factors and the elasticity of supply of products from major crops in India. The pub-
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lication by F.G. Santeramo (2014) is more general. It contains extensive literature 
studies on the assessment of demand for factors and its elasticity. The author cited the 
major aspects of production theory in order to introduce various types of elasticity 
of demand for production factors into this issue. Thus, he developed the aspects of 
production theory and producer’s choice. In turn, A. Pagoulatos and D.L. Debertin 
(2015), when presenting the analytical approach to the relations between production 
function parameters, elasticity of demand and production, assumed that the volume 
of final agricultural production was a random variable. Then, they referred to the 
Gauss-Markov theorem. The studies by these authors introduced several previously 
unrecognised relations between the production elasticity and elasticities of supply 
and demand in the production theory. A common feature of these studies is some-
times the excessive complexity of formal and mathematical argument, which slightly 
obfuscates the essence of economic problem. The essence of this problem is a mecha-
nism defining the relation between the elasticity of supply of product and the elastic-
ity of demand for production factors.

Revenue vs. remuneration and engagement of production factors
The starting point for the analysis is the basic and general relation between de-

mand and supply. In the convention of circular flow, demand is represented by con-
sumers as buyers while supply adapted to this demand is represented by producers. 
Revenues3 of these producers result from expenses of buyers (we assume that they 
are not differentiated by price-related tax). This can be illustrated in the following 
way4:

				     (1)

for: 

where:
x	 –	product5 on the demand side;
y	 –	 the same product on the supply side;
px	 –	price of product paid by the buyer;
py	 –	price of product on the supply side (in fact, we have: where t – tax);
	 –	equilibrium price of product. 

3 At this level of generalisation, we do not differentiate them to potential or actual. 
4 This can also be expressed at the lower level of generalisation and abstraction as: 

where: N – quantity of the same products on the supply and demand sides, xi – product on the demand side 
(bought) from 1 to n, yi – the same product on the supply side from 1 ton, pxi and pyi – prices of individual 
products (to some extent expected by the buyer and seller), however this detailed expression does not change 
the essence of reasoning, only structures can be taken into account.
5 As a certain microeconomic abstraction, at this level of generalisation, the production provides products, for 
the buyer the product becomes the good when it is usable and bought, it is a reference to the Jevons’s approach. 
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go problemu jest mechanizm określający relację miedzy elastycznością podaży 
produktu a elastycznością popytu na czynniki produkcji.  

 
Przychód a wynagrodzenie i zaangażowanie czynników produkcji 

 
Punktem wyjścia analizy jest podstawowa i ogólna relacja między popytem i 

podażą. W konwencji ruchu okrężnego popyt reprezentowany jest przez konsu-
mentów jako nabywców, zaś podaż dostosowana do tego popytu jest reprezento-
wana przez producentów. Przychody3 tych producentów wynikają z wydatków 
nabywców (zakładamy iż nie różnicuje ich podatek związany z ceną). Mamy więc 
poglądowe ujęcie4:                                       
         � � ��∗ ⇒ � � ��∗                                     (1)   
 
Dla : �� � ��∗ � ��                                                                
gdzie: 
x –   produkcja5 po stronie popytu; � – ten sam produkt po stronie podaży;  �� – 
cena produktu płacona prze nabywcę; �� – cena produktu po stronie podaży (w 
rzeczywistości mamy: �� � ���� � �� gdzie t – podatek); ��∗   - cena równowagi 
produktu.   

Jak widać przychody producentów są bezpośrednio kształtowane (impliko-
wane) przez wydatki konsumentów, co jest oczywistym wyrazem regulacyjnej 
funkcji rynku bo producenci produkują to na co zgłaszają popyt nabywcy. Jest 
to przyjmowane na zasadzie ogólnego założenia oraz dla potwierdzenia, iż przy-
chody producenta są weryfikowane przez wybory konsumentów. Stanowi to za-
łożenie o racjonalności6. Całość opisana (1) to tylko założenie wejściowe. 

Dalej, na tej samej zasadzie rozumowania przyjęto, iż przychody producenta 
są jedynym źródłem finansowania przez niego nakładów (zaangażowania) czyn-
                                                            
3 Na tym poziomie ogólności nie różnicujemy na potencjalne czy faktyczne 
4  Można to też ująć na niższym poziomie uogólnienia i abstrakcji jako: 
                                                 				∑ �� � ����� ⇒ ∑ ���� � ���  
gdzie:  n – ilość tych samych produktów po stronie popytu i podaży,		��	–produkt po stronie 
popytu (kupowany) od 1 do n,	�� – ten sam produkt po stronie podaży od 1 do n, ��� 
oraz ���	ceny poszczególnych produktów (niejako oczekiwane przez kupującego i sprzedają-
cego), takie szczegółowe ujęcie jednak nie zmienia co do istoty rozumowania, można jedynie 
uwzględniać struktury. 
5 Jako pewna mikroekonomiczna  abstrakcja, na tym poziomie uogólnienia, produkcja daje 
produkty, dla nabywcy produkt staje się dobrem gdy jest użyteczny i kupiony, jest to nawią-
zanie do podejścia Jovensa. 
6 Oczywiście, dodatkowo należy tu przyjąć, iż producent ma wpływ jedynie na wielkość pro-
dukcji: ��� � �, a nie ma wpływu na cenę: ��� � � jako podmiot na rynku o równowadze kon-
kurencyjnej. W praktyce przychód � � � � � jest funkcją zmian i wielkości produkcji (poda-
ży), jak i zmian cen. Te ostatnie w sposób bardziej bezpośredni wiążą się ze zmianami popytu 
w danym krótkim okresie. 
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As it may be observed, producers’ revenues are directly shaped (implied) by 
consumers’ expenses, which is an obvious expression of regulatory function of 
the market, as producers produce what buyers demand. This is assumed on a gen-
eral basis and for the purpose of confirming that producers’ revenues are verified by 
consumers’ choices. This is an assumption of rationality6. The equation (1) is just 
an input assumption.

On the same basis of reasoning, it has been assumed that producers’ revenues 
are the only source of financing of their inputs (engagement) of production factors. 
Naturally enough, it means that producer’s choices are conditioned by consumer’s 
choices (it is about the regulatory function of market). In other words, they result 
from market signals and are not distorted, for example, by interventions, as we did 
not take into account support and subsidies, but also taxes. This also means that we 
assume that the price of product is the only (essential) source of information for pro-
ducers, but initially also for consumers (implicitly, it can be assumed that this price 
is, to some extent, related to costs of obtaining the given product for producers and 
to the usability in the case of consumers).

By introducing the equation of costs of engagement of production factors 
in comparison with revenues, the following relation has been achieved:

 	  (2)

where: L, K, Z – levels of engagement of production factors, i.e. labour factor, 
capital factor and land factor, within the meaning of theory of production factors 
(Tomczak and Woś, 1983) and production function, other designations – as above.

According to this equation, the level of engagement of those production factors 
is determined by revenues, but also by the remuneration of each production factor. 
Each product on the right side of the above equation (2) is the cost of engagement 
(input) of the given factor7. We can relate each of them to a limitation which market 
revenue is (from sales of production = supply).

Based on each of these products, according to the theory of producer’s choice8, 
relations defining the possible level of remuneration of the factor were derived in 
the same way as its engagement which will be discussed later. Naturally, at the giv-
en revenue. This assumption is similar to the conditions of competitive equilibrium. 
This entails the principle of zero profits and there are no economic rents (as the re-
muneration of the given production factor results from its productivity at given prices 

6 Naturally, in addition, it should be assumed here that the producer has only an impact on the production

volume                  and does not have any impact on the price:                  as an entity in the market with comp

etitiveequilibrium. In practice, revenue y ∙ p > 0  is a function of production changes and volumes (supply) 
as well as price changes. The latter more indirectly entail changes in demand in the short term concerned.
7 Another issue is to include this in accounting records and cost accounting. Here, the reasoning is conducted 
at the level of aggregation and generalisation specific to microeconomics. 
8 This is included in each advanced book on microeconomics regarding the theory of producer or the theory 
of his optimal choice. 
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3 Na tym poziomie ogólności nie różnicujemy na potencjalne czy faktyczne 
4  Można to też ująć na niższym poziomie uogólnienia i abstrakcji jako: 
                                                 				∑ �� � ����� ⇒ ∑ ���� � ���  
gdzie:  n – ilość tych samych produktów po stronie popytu i podaży,		��	–produkt po stronie 
popytu (kupowany) od 1 do n,	�� – ten sam produkt po stronie podaży od 1 do n, ��� 
oraz ���	ceny poszczególnych produktów (niejako oczekiwane przez kupującego i sprzedają-
cego), takie szczegółowe ujęcie jednak nie zmienia co do istoty rozumowania, można jedynie 
uwzględniać struktury. 
5 Jako pewna mikroekonomiczna  abstrakcja, na tym poziomie uogólnienia, produkcja daje 
produkty, dla nabywcy produkt staje się dobrem gdy jest użyteczny i kupiony, jest to nawią-
zanie do podejścia Jovensa. 
6 Oczywiście, dodatkowo należy tu przyjąć, iż producent ma wpływ jedynie na wielkość pro-
dukcji: ��� � �, a nie ma wpływu na cenę: ��� � � jako podmiot na rynku o równowadze kon-
kurencyjnej. W praktyce przychód � � � � � jest funkcją zmian i wielkości produkcji (poda-
ży), jak i zmian cen. Te ostatnie w sposób bardziej bezpośredni wiążą się ze zmianami popytu 
w danym krótkim okresie. 
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of products and producers are in equilibrium, i.e. they substituted factors with the 
lower productivity/price ratio with those which are better in this respect). Without 
elaborating on this issue, we obtain the following relations based on which we can 
determine the remuneration of factors for condition (2). Thus, we have:

 
 (3)

Thus, the remuneration of these production factors results from their average 
revenues. We assume that we deal with the conditions of competitive equilibri-
um for which the product price is a variable from the market and independent of 
the producer. This price, by assumption, reflects information related to the level of 
rarity and usability of product to the buyer and to market-verified unit costs of pro-
ducing products. Naturally, it was assumed that these remunerations do not differ 
from market prices and remunerations of these production factors in other applica-
tions thereof. Moreover, this remuneration is induced by these prices of factors. 
This assumption implies an effective allocation of production factors, to which we 
do not refer here. We mention it so as to assume that such remuneration of above-
mentioned production factors can be adopted as being objective9 and as a basis for 
determining the demand for the given production factor. This last conclusion is 
the most important for further analysis. This can be demonstrated (proved) as be-
fore. The relations determining the engagement of production factors for baseline 
conditions (2) and for their remunerations (3) are therefore as follows:

	  
	  (4)

where: pL`, pK`, pZ`  – actual remuneration of production factors.
The above formulas (4) are, in fact, the most basic equations of demand for pro-

duction factors concerned, with the level of revenues assumed in (2) – implicitly 
for the given demand for production for which those factors were involved. This 
refers to the given production cycle (hence, the t-time subscript was omitted at 
the values of sizes of engagement of the given factor). This shows the essence of 
these important relations in general. Their interpretation is obvious. The increase 
in the remuneration of the given factor, implicitly induced by the rise in its mar-
ket price and the increased remuneration in other applications leads to a reduction 
in its engagement. This does not need to be justified10. The source of financing for 

9 This may be distorted by specific subsidies and direct payments to e.g. a unit of land or capital factor and 
other forms of support or limitations in the mobility of production factors. 
10 The increase in demand for the land factor in non-agricultural applications increases its price and the need 
to increase its remuneration in agriculture, i.e. de facto the need to increase its productivity and revenues. 
However, the price of land in agriculture breaks away from this rule due to competitive non-agricultural and 
non-production applications and due to the capitalisation of subsidies. The same applies to the labour factor. 
The increase in its remuneration in non-agricultural sections necessitates the increase in its productivity also 
by means of decreasing its engagement in agriculture.
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the increased remuneration of the production factor can only be an increase in rev-
enue from the given factor as in (3). The relations between these remunerations of 
factors are also important, i.e. in our case – denominators in the above formulas (4). 
They are important for determining factor-based relations.

When we assume, in the given period, the amount of revenue as a specific value, 
i.e. either a given value or a constant value (i.e.  y ∙ py = R = const), we can relate 
changes in the size of engagement and remuneration of the production factor to each 
other (using the principle of differentiation). As a result, we have simple equations 
of demand for factors where changes in the engagement of production factors are re-
ferred to changes in their remunerations (increased remunerations of labour and land 
factors and decreased remuneration of capital factor) for revenues concerned:

	
(5)

and also: 
(6)

With the assumed relative reduction in the price of capital factor, when com-
pared to other production factors, there are changes, known in the economics of 
agriculture (Woś and Tomczak, 1983), as regards the structure of production fac-
tors involved for achieving given revenues .

(7)

Also, or above all, the result is the growing average productivity (profitability) 
as a basis for increasing the remuneration of labour and land factors, however, 
the relative reduction in the productivity (profitability) of capital factor:11

(8)

This is reflected in the actual demand for production factors, that is why we 
dedicate our attention to it and we elaborate on it in our further reasoning.

11 The increase in the engagement of capital factor is burdened with substitution functions in relation to the de-
crease in labour and land factors.
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Demand for production factors in the goal function  
of farm producer

The equation (2) corresponds to the expression of goal function of the farm 
producer:12

(9)

This means that the producer tries to increase revenue in relation to involved 
tangible production factors (K, L, Z described above) and intangible factors (n) or 
vice versa, what we assume here – to minimise the cost of involving factors for 
obtaining given revenue R*, at the given price of the product (thus in parentheses).

For the given revenue (we adopt this as a limiting assumption just like previ-
ously for the given demand) as a constraint with regard to the use of factors (within 
the meaning of source of financing and reproducing their use in the given produc-
tion and commercial cycle), we therefore have:13

(10)

Therefore, the level of remuneration of the factor involved for the given revenue 
is determined by the following relation:14

(11)

Therefore, for given remunerations (prices) of production factors and using 
equation (10), we have the conditional demand for the given factor (e.g. capital 
factor) defined as:

(12)

If the demand was referred to one factor in the absence of demand for other fac-
tors (hypothetical unrealistic assumption, but it highlights the problem), it could be 
illustrated in the following way:

(13)

12 Assuming a functional relation, where no variable is stochastic and prices of product in the given period 
are constant.
13 If prices of factors were introduced in alternative applications, this can be expressed as alternative costs, 
however, this is unnecessarily complicated and deviates from reality, although interesting, with this reason-
ing we have here remunerations of factors, i.e. actually incurred costs. 
14 As a result of solving the Lagrange conditional function (Rembisz and Sielska, 2013) for these conditions 
the producer is in equilibrium, maximising his goal function, prices of products are the same for the produc-
tivity of each factor, i.e. as the constant, they are omitted in differential calculus.
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In this case, the demand would result only from the budgetary limitation (given 
revenues) and the price of factor, i.e. in fact the relative price of factor concerned, 
i.e. its relation to revenue. As we know, support schemes break this limitation, 
which may change the assumption on reasonable selection.

The approach by Z. Griliches (1959) is similar, where for a specific analytical 
form of function (on example of capital factor):

(14)

and for the supply function of capital factor:

(15)

where:
b > 0, 0 < d > 1 – parameters of function of the price of product and price of capital 
factor;
p – price of product, other designations as above.

The comparison of both above-mentioned functions relates the price of product 
and the price of factor to the demand for it, which is further analysed.

Elasticity of production and supply vs. engagement  
of production factors

Taking into account the assumption of production function in static terms, neo-
classical assumptions about convexity, continuity and smoothing and referring to 
the homogeneous product, the production function for the above-mentioned rea-
soning will take the following form:

(16)

where: designations as for (9).
Assuming implicitly the conditions of competitive equilibrium, we assume, 

as above, that prices of product p are given for the producer and remunerations 
(prices) of factors (pK, pL, pZ) are determined according to (11) and (3). With these 
assumptions, a single farm producer, maximising his income (profit), in accordance 
with the above-mentioned principles of microeconomics, compares the marginal 
productivity of each factor to the ratio of its remuneration to the price of product (p). 
We refer here to (Houck, 1985). Thus, the following equation can be derived:

(17)

                         (14) 
 

                                   (15) 
 

                                                                                (16) 
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This corresponds to the classic condition of profit maximisation, i.e. the equality 
of marginal revenue and marginal cost of applying the factor in question:15

(18)

With these grounds for producer’s choices, defined according to microeco-
nomics, in further analysis we can use the importance of elasticity factors. They 
are easier to interpret in theoretical analysis and practical implications when 
it comes to relations of demand for production factors. The first are production 
elasticities in relation to the production factor. To some extent, they illustrate 
the production efficiency in terms of elasticity of changes in the size of products 
(including supply) when compared to changes in the engagement of production 
factor concerned:

(19)

The coefficients express αx, as we know, the percentage change in production 
in relation to one percent change in the engagement of identified factor: labour; 
capital; land. These coefficients, as regards their changes, depend on a specific 
form of analytical production function, from which they can be derived, e.g. for 
the power function known as the Cobb–Douglas production function they are con�-
stant. In further analysis, due to its theoretical rather than econometric and statisti-
cal nature, we do not make any specific assumptions about their size, except for 
a few limitations. They result, of course, from the assumptions on the productivity 
adopted in the analysis of production factors, and specifically their changes. It is 
clear to assume that these factors are rationally used (they are in the sphere of ra-
tionality in the classical production function), i.e. we have at least:

(20)

As we know, the sum of production elasticity coefficients in relation to the level 
of engagement of production factors is defined by the so-called scale effect:

(21)

The scale effect determines the percentage change in the production when com-
pared to one percent change in the engagement of all production factors. These 
scale effects, as we know, can be decreasing, growing or constant. In this case, 
we assume, in accordance with the views expressed in the literature of agricultural 
economics, that constant and growing effects are dominant, and namely:

(22)

15 It can also be expressed alternatively: ∂(y ∙ p) = ∂L ∙ pL  or  ∂R = ∂L ∙ pL.
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Further, we focus on the case of constant scale effects: ω = 1. We will point to 
the possibilities of interpreting the relation of changes in the production (supply) and 
demand for production factors based on these elasticity factors, treating them as a meas-
ure of relative production efficiency, which is the main subject of study in this article.

It can initially be assumed that the production elasticities in relation to pro-
duction factors are shaped by changes in the application of the factor concerned 
(Houck, 1985), which can be expressed by means of the following formulas:16

(23)

These relations, as elasticity coefficients, explain the percentage change 
in the value of production elasticity in relation to the given factor under the influ-
ence of one percent change of its application. Similarly, this can be referred to sub-
stitution relations, i.e. how the production elasticity in relation to the given factor 
changes under the influence of other (substitution) factor. For example:

(24)

Therefore, it is shown how the elasticity is going to change under the influence 
of change in the application of the given (isolated) or second substitution production 
factor, which are included in the production function. These are, in particular, rela-
tions of relative substitution between them, i.e. production factors to obtain the same 
level of production and for given prices to obtain the same level of revenue. For 
example, τL/K measures how the production elasticity changes in relation to the la�-
bour factor due to the increased application of capital factor, just like τL/Z refers 
the production elasticity in relation to the labour factor to changes in the applica-
tion of land factor (implicitly to the quotient of land factor to labour factor). In fact, 
these coefficients are the second direct and mixed derivatives of basic function. 
In economic sense, they can inform about the change in the production elasticity 
under the influence of changes in the application, also in substitution relations, of 
production factors and the other way round. Therefore, from a planned change in 
the production we can achieve a necessary change in the application of production 
factor at the given production elasticity in relation thereto – implicitly as a measure 
of efficiency of applying the given factor and in relation to the substitution factor 
(this requires further inquiries and explanations, which have been omitted at this 
stage). Therefore, we can determine the actual demand for factors for the given 
(projected) production, or vice versa, we can project productions and supply from 
the factors concerned, taking into account their substitutability. This is a relatively 
little known approach to analysing mutual relations of changes in the production 
with respect to changes in production factors.
16 More universally, it can be presented as follows:

	             or			  for: i, j = 1,2…, n, wherexi, xJ,... xn; levels of engagement of produc-

tion factors, designations and idea are provided after Houck (1985). 
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jako miary względnej efektywności produkcji, co jest głównym przedmiotem 
badania w tym artykule.   

Można przyjąć wstępnie, że elastyczności produkcji względem czynników 
produkcji, kształtują się pod wpływem zmian w zastosowaniu danego czynnika 
[Houck 1985] co można ująć w następujące formuły16 
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Relacje te, jako współczynniki elastyczności, objaśniają zmianę procentową 

wartości elastyczności produkcji względem danego czynnika pod wpływem 
zmiany jednoprocentowego jego zastosowania. Podobnie można to odnieść do 
relacji substytucyjnych, tj. jak elastyczność produkcji względem danego czynni-
ka zmieni się pod wpływem czynnika drugiego (substytucyjnego), mamy przy-
kładowo: 
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Zatem pokazane jest, jak elastyczność zmieni się pod wpływem zmiany za-

stosowania danego (wyizolowanego) lub drugiego substytucyjnego czynnika 
wytwórczego, które są ujęte w funkcji produkcji. Są to w szczególności relacje 
względnej substytucji miedzy nimi tj. czynnikami produkcji dla uzyskania tego 
samego poziomu produkcji i dla danych cen - przychodu. Na przykład ���� mie-
rzy, jak elastyczność produkcji względem czynnika pracy zmienia się pod 
wpływem wzrostu zastosowania czynnika kapitału, podobnie, jak ���� odnosi 
elastyczność produkcji względem czynnika pracy do zmian zastosowania czyn-
nika ziemi (implicite do ilorazu wielkości czynnika ziemia do czynnika pracy). 
W istocie te współczynniki są drugimi pochodnymi bezpośrednimi i mieszanymi 
funkcji podstawowej. Mogą w sensie ekonomicznym informować o zmianie ela-
styczności produkcji pod wpływem zmian w zastosowaniu, także w relacjach 
substytucyjnych, czynników produkcji i odwrotnie. Z założonej więc zmiany 
produkcji można wyjść na niezbędną zmianę zastosowania czynnika produkcji 
przy danej elastyczności produkcji względem niego - implice jako miary efek-
tywności zastosowania danego czynnika oraz względem czynnika substytucyj-
nego (to wymaga jeszcze dalszych dociekań i objaśnień, które na tym etapie 
pominięto). Można więc określać faktyczne zapotrzebowanie na czynniki dla 
danej (projektowanej) produkcji  lub odwrotnie można projektować produkcje i 
podaż z danych czynników uwzględniając ich substytucyjność. Jest to względnie 
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This can be combined with the elasticity of supply, connecting it more with 
the market. With the given changes in the prices of agricultural product, the elastic-
ity of supply is implicitly in an appropriate relation to the elasticity of demand for 
these goods. This, in turn, affects relations of changes in the production to changes 
in production factors, i.e. production elasticity, as we wrote above. Therefore, let us 
focus on the elasticity of supply. The basic formula for the price elasticity of supply 
in general terms is as follows:

(25)

where: αy – price elasticity of supply of a product.

After transformations and taking into account the following formulas: (7), (11) 
and (12), we receive the equation in relation to the given factor involved as:17

(26)

The expression in parentheses in each of these formulas is, in fact, the elasticity of 
demand for the given factor, relative to the price of product at the given production 
elasticity relative to that factor. Thus, we have the elasticity of demand for the labour 
factor, capital factor and land factor in relation to the prices of products (buying-
in prices), at the given production elasticity relative to these factors (as a measure 
of relative efficiency). We can describe this as factor-based production flexibilities 
at the given prices of product. In fact, their changes determine the relation between 
the elasticity of supply of the product and the elasticity of demand for production fac-
tors. Naturally, the rise in the prices of product must lead to the increase in demand 
for the given production factor, but this depends on the production elasticity relative 
to this factor. This measure of efficiency in fact differentiates changes in the market 
of products in relation to changes in the market of production factors. As it has been 
assumed at the beginning of the assumption, the nature of this elasticity may vary. 
Here, we assume whether we consider this issue in static terms. By revoking this 
assumption, it can, of course, be assumed that the demand for production factors 
described by means of price elasticity of demand for them in relation to the prices 
of products (directly linked to the price elasticity of supply) will change just like 
the value of the production elasticity coefficient relative to the given factor. Different 
scenarios are possible here, but we will not be considering them further on.

Consequently, the price elasticity of demand for the production factor can be 
expressed as:

(27)

17 With some modifications, we pattern ourselves on (Houck, 1985).
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Thus, the above relations (25), (26), (27) may be expressed, from the viewpoint 
of the supply effect for labour and capital factors, as:

(28)

and similarly for the land factor (although in real terms, it is a certain simplification 
with respect to this factor):

(29)

Therefore, the elasticity of supply of the product depends on the production 
elasticity relative to the given production factor and on the elasticity of demand for 
it (i.e. the given production factor). The price elasticity of demand for the produc-
tion factor (ε), being of our interest, is proportional to the price elasticity of supply 
and inversely proportional to the production elasticity relative to the production 
factor as a measure of, in fact, relative efficiency.

The relations occurring here are mutual and fit into the known approaches to these 
elasticity coefficients. They establish significant relations in the process of manage-
ment under market conditions, including when the farm producer is a price taker and 
is reasonable as to the choice of level of application of production factors, since it is 
assumed that they are remunerated according to their average and marginal revenues. 
Here, the source of market information is the price of product determining the elas-
ticity of supply of the product and the elasticity of demand for the production factor. 
This is combined within the factor-based production elasticity.

The production flexibility relative to factors is, naturally, of key importance. 
Its evolution and changes are determined by: the price elasticity of supply of 
the product and the price elasticity of demand for production factors. It is clear that 
the increase in the production elasticity, i.e. in fact, the improved efficiency, results 
in the increased price elasticity of supply and reduced price elasticity of demand 
for the production factor (for its given remuneration specified at the beginning of 
analysis). In fact, it can be presented as follows:

(30)

This clearly improves all observable economic indicators of agriculture, such 
as profitability, viability and, in general, the economic situation of farm producers. 
However, in cognitive terms it is another evidence for the fundamental importance 
of production efficiency for real processes of management (in this study – as rela-
tions between the market of goods and the market of production factors involved in 
their production). The above-mentioned issues fall within the scope of microeco-
nomics and modern agricultural economics (neoclassical approach).

                   ,             ,                             (30) 
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Summary
By logical and formal reasoning, the adopted hypothesis has been positively 

verified in the deductive theoretical and neoclassical approach. Under the condi-
tions of rational producers’ choices for the given demand condition, the mecha-
nism differentiating the ratio of elasticity of demand for agricultural products to 
the demand for production factors (as a result of the first elasticity) is related to 
the factors productivity – measured by the production elasticity, more precisely – 
the factor-based production elasticity. Changes in this production elasticity, e.g. its 
improvement reduces the elasticity of demand for factors to achieve the given elas-
ticity of supply18. This is important for the efficiency of processes of management. 
This clearly reduces costs (in terms of increasing the application of factors) of 
meeting the given demand for agricultural products. As a result, it further reduces 
production costs, increasing the profitability and viability in agriculture. This does 
not require any special evidence, as the coefficients and relations analysed in the 
article are the basis for them, i.e. for profitability19. In a formal sense, we introduced 
new coefficients and relations, useful in the in-depth analysis of management ef-
ficiency in the agricultural sector. This reasoning did not include subsidies and 
other forms of support, adopting them on a ceteris paribus basis. Expressing it as 
a variable requires a separate analysis, but it can be initially assumed that it will not 
change the idea and relations derived from this reasoning.

18 This can also be expressed that the factor-based production elasticity, i.e. the response of production to 
changes in the level of application of the production factor is proportional to the price elasticity of supply and 
inversely proportional to the elasticity of demand for the factor in relation to the price of product. 
19 Another issue is the possible empirical analysis of sources of changes in the profitability of in production 
costs, and here – reference to the analysed elasticity coefficients, including, in particular, the production flex-
ibility in relation to production factors, causality can be examined here. 
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MODELOWE UJĘCIE POPYTU NA CZYNNIKI WYTWÓRCZE

Abstrakt

Niniejsza publikacja ma charakter teoretyczny. Podjęto w niej próbę określe-
nia hipotetycznej relacji między podażą produkcji rolnej określonej przez dany 
na nią popyt z jednej strony, a popytem na czynniki zaangażowane do jej wytwo-
rzenia z drugiej strony. Ujęte jest to w jednym modelu rozumowania z wykorzy-
staniem znanych w mikroekonomii prawidłowości i współczynników. W szcze-
gólności wykorzystano współczynniki elastyczności popytu, podaży i produkcji. 
Punktem wyjścia są założenia wynikające z funkcji popytu i trójczynnikowej 
funkcji produkcji oraz o racjonalnych wyborach producentów rolnych. Na dro-
dze analizy teoretyczno-formalnej pozytywnie zweryfikowano hipotezę, iż rela-
cja między podażą produkcji dla danego popytu na nią a popytem na czynniki 
produkcji jest określona przez zmiany efektywności produkcji. Dowiedziono 
tego poprzez odniesienie do siebie cenowych elastyczności produkcji i podaży 
oraz cenowych elastyczności popytu na czynniki produkcji względem produktu. 
Jest to próba wypełnienia luki badawczej w tym względzie.

Słowa kluczowe: cenowa elastyczność podaży, czynnikowa elastyczność produkcji, 
elastyczność popytu na czynniki produkcji.
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