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A THEORETICAL FRAMEWORK FOR VERTICAL INTEGRATION*

Samuel H. Logan

Vertical integration can be studied either from the micro level of

the firm which is initiating the integration or from the macro or industry

level. The former considers maximization of individual firm utility functions.

The latter emphasizes maximizing the social welfare function with respect to

market structure and social costs and benefits. Social welfare aspects, of

course, are of major interest to government policy makers (see Aspelin and

Engelman [1] and U. S. Congress, House of Representatives [26]). However,

before we can understand and evaluate the total picture of integration, we

must first recognize the importance of integration in the behavioral character

of the individual firm. This paper is concerned, then, with development of

a framework for analyzing quantitatively the value of vertical integration at

the firm leve1.1

Integration Defined 

Using the definition offered by Mighell and Jones [19] that integration

is the combination of two or more levels of activity into one firm, contractual

arrangements are excluded as a form of integration. This definition is somewhat

more restrictive than some alternatives (see Mueller and Collins [20] and

*The author would like to express his appreciation to G. W. Dean and
G. C. Rausser, both of the University of California, Davis, for their valuable
assistance in the development and preparation of this paper.

1For a discussion of vertical market structures at the industry level,
see Baligh and Richartz [2].
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Breimyer [5]) but should permit a more meaningful analysis by limiting con-

sideration to one explicit type of coordination.
2

Integration and Firm Growth 

Vertical integration is an alternative method of firm growth through

external expansion. The basic foundation for studying economies of vertical

integration is available in the theory of firm growth typified by Penrose

[21], Halter [13], Dean [8], Encarnacion [9], Farrar [10], Markowitz [17],

and Baumol [3]. The authors have noted the inadequacy of simple profit-

maximization as representative of the firm's objectives, and hence as a tool

for explaining and predicting behavior and/or growth of firms.

There is little question that nonprofit factors are major elements in

the decision of a firm to integrate vertically. Although vertical inte-

gration may not affect total sales significantly (if the output of one stage

is consumed internally by another stage), it may alter the profits and/or the

risk facing the firm. These variables may have major importance in a particular

firm's utility function.

When several objectives help determine the firm's course of action, the

firm's utility function is multidimensional. Thus, a firm may try to maximize

its rate of growth subject to constraints on risk, rate of return on invest-

ment, sales, or profits. The general utility function, for example, might

take the form:

U = f(Z
1
, Z

2
, Z

3
)

2For a recent discussion of vertical coordination by contracting, see

Harris and Massey E1.4].
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where

U = utility of the firm,

ZI = rate of return on investment,

Z2 = 
sales, and

Z3 = some measure of risk.

Lexico raphic Utility Functions

Some economists (e.g., Ferguson [11], Encarnacion [9], Dean [8], and

Markowitz [17]) have considered maximization of a firm's utility function

which may contain several different goals ordered lexicographically. These

lexicographic orderings establish priorities for achieving the separate goals.

The first goal (e.g., a certain level of net income) must be met before the

second goal (e.g., a higher share of industry volume) is of dominant impor-

tance. Thus, the firm can possess several objectives, but the lexicographic

ordering provides a basis for decision making if two or more goals conflict.

Maximization of a utility function such as the one above requires that

a level of Z
1 which is 

"satisfactory" to the firm be met before maximization

(or minimization) of the other utility variables can continue. If the solution

to the satisfactory level of Z (z*) Is unique, then the utility function is
1 1

maximized at that point, however, if the solution with respect to Zl is multi-

valued, then the decision is made with respect to reaching a satisfactory

level of Z
2 
(Z
2
). This process continues until the function is maximized

with respect to the last component, Z3.

One of the features of lexicographic utility functions as outlined by

Encarnacion [9] and Ferguson [11] is the constancy of utility from Zi after

it reaches the "satisfactory" level Z. In short AL = 0 when Z e1 - lY as1 az
1

15



reflected by the indifference map in Figure 1. Thus, the only means of in-

creasing utility in either section of the utility surface is by increasing

only one of the variables regardless of what happens to the other.

Although the indifference surface may be discontinuous where 11 =

it would seem more realistic to allow some substitution beyond that point

,az,
C--=.< 0) (Figure 2). Permitting some substitution of Z for Z after the
az
1

satisfactory level has been reached is less restrictive, but it doesn't

yield the concise framework for maximizing utility found in the single

variable case.

Most applied analytical models deal with only one of the utility com-

ponents (Zi) of a firm's general utility function, thus limiting the

applicability of these specific models to firms whose goals are identical

to the one in the model. This limitation is also true of the lexicographic

model to the extent that the objectives and their ordering must coincide

with those of the firm. Nonetheless, the conceptual framework should be

useful.

Return and Risk

In the case of integration, it would seem logical to focus on two

variables which in all likelihood are important when the firm possesses a

lexicographic utility function. These are (1) growth of some measure of achieve-

ment such as profits, return on investment, or sales and (2) aversion to risk

and uncertainty.

16 it
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Figure 1. Lexicographic Indifference Surface for Zl, Z2
Without Substitution Between Z

1 
and Z
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The model developed below is based on two major goals: (1) risk

reduction and (2) maximum return on investment.3 We can consider the firm's

general utility function in a certainty equivalence framework as follows:4

g = f (V , E(r))

where

g = utility,

E(r) = the expected return on investment, and

V = the variance of the return on investment,
i.e., the risk factor.

Further, then, we may consider a set of "indifference" curves each of which

is the locus of expected returns and variances (or risk) which yield equal

utility to the entrepreneur (Figure 3).

If the entrepreneur is willing to accept a lower expected return for

less risk, the restraints on the set of indifference curves are simply that

a2u
U4 > U3 > U2 > U1 and IL._ > 0 and  ' < 0--that is, the indifference

aE(r)
aE(r)2

curves are concave to the E(r) axis. The shaded area, A, represents the set

of alternative investments (or decisions) open to the firm. Utility is

maximized where the outer boundary of A is tangent to the highest indifference

curve.

The firm's policy may restrict the acceptable level of risk (V) to be

less than some level, k, or the ratio of variance to expected value to be less

3Return on investment is an arbitrary measure of financial success. We

could just as reasonably have included profits, sales, growth in assets, etc.

To this extent, the maximization of return on investment should not be con-

sidered as a limiting assumption.

4For an exposition of certainty equivalence, see Markowitz [17 ] and

Farrar [10].
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V

Figure 3. Indifference Curves Between Expected Return on

Investment, E(r), and the Risk or Variance of the

Return, V

A
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than or equal to some level, h. In this case, the formulation becomes a

lexicographic ordering with two components. As illustrated in Figure 4,

the general form of the lexicographic utility function is:

U = f(Z Z)

where

Z
1 
= ratio of variance (risk) to expected return on investment,

and

Z2 = expected return on investment.

The first constraint is that Z
1 
must be less than Z

1 
= h. Thus, all

investment alternatives falling to the left of the ratio constraint line,

V = h, are feasible to the firm. In the "feasible" area, some substi-
E(r)

tution between V and E(r) has been allowed, indicating that a lower risk

investment is preferred to a higher risk venture, given the same expected

return on the investment.

Investment alternatives must be evaluated individually and, in all

likelihood, a firm will consider a discrete number of alternatives rather

than the infinite number indicated by set A in Figure 3.

Multiple Time Periods 

Decisions on long-term investments (including integration) must incor-

porate estimates of the rate of return on investment over time or the present

value of the stream of cash flows for purposes of comparing investment alter-

natives (Spencer and Siegelman [24]).

A complete model of firm growth through integration would include the

multiple time periods involved. For purposes of exposition, we shall focus

on a single time period analysis. The results, however, can be generalized

to include time as a relevant variable.

20
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Figure 4. Indifference Curves Showing Points of E.pal Utility

Between V and E(r) with a Constraint that V/E(r) - h

V

V
E(r) 
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Long-run investment risk differs somewhat from the risk which will be

considered subsequently for single periods. Long-run risk, for instance,

might include changes in consumer preferences, technological obsolescence,

etc., whereas, the short-run risk might be more closely associated with price

and supply fluctuations or quality factors. Needless to say, the short-run

risks might have long-run implications.

Actually, the integrating firm has already considered the long-term

risk associated with the integrated activity. Since the firm currently is

committed to production in one level of activity in an industry, the long-

run risk facing the new level to be integrated bears a high correlation to

the risk of the activity in which the firm currently is engaged.

Let us consider, then, the two variables of the utility function which

appear applicable in the case of vertical integration. First, we shall

discuss the return on investment under certainty and then the related issue

of risk or uncertainty.

Return as a Decision Variable 

Integration may affect return on investment in several ways. If the

two levels of activity are completely independent, there is the expected

return simply from the profits of the integrated operation itself. Costs and

revenues at all levels remain the same--the ownership merely has changed.

Interdependencies of the levels of activity may afford better marketing

opportunities and market control and may increase joint revenues of production,5

or reduce total joint costs for all levels of integrated activity (Mueller and

Collins M).

5See, for example, the study by Taylor and Pasto [25 on vertical inte-
gration and multiple pricing in the maple syrup industry.

ill
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With independence, the expected total return from the two integrated

activities would be

E(r
1 
+ r

2
) = E(r

1
) + E(r2).

Interdependency, however, involves a change in the population by either

increasing revenues or reducing costs. Assuming costs (revenues) are

reduced (raised) by a constant amount k for the first activity, then the

expected total return is

E(r1 + k + r2) = k e(r1) e(r2).

The expected return to investment in integration, then, would become

E(r
1 
+ k + r

2 
- r

1
) = E(r

2 
+ k) = E(r

2
) + k,

where the firm at level 1 is doing the integrating.

Integration in agriculture frequently is aimed at obtaining a supply

of inputs, therefore, we shall focus our attention on cost reduction, although

this formulation should apply to the other areas also.

Economies of scale through large integrated operations may affect costs

and profits for a firm (Bowring [4]), although Mueller and Collins [20] con-

tend that technical diseconomies of scale and less flexibility in operation

of fully integrated firms tend to put a damper on complete integration by a

firm. However, other factors, such as reduced buying and/or selling costs,

may offset such possible diseconomies (Snodgrass [23]). Similarly, integration

by merger offers a firm one means of bypassing the limitations of current

management's skills and knowledge in new areas cited by Penrose [21], and may

also offer a means of obtaining additional financing ability through use of

assets of the acquired firm.

23



Intrafirm Integration 

At each level of activity in producing, processing, and marketing a

commodity, the business operation is composed of several subprocesses. These

subprocesses must be integrated into a harmonious combination at the firm

level (French, Sammet, and Bressler [12], and Darig r73).
In this context, let us define the following costs:

X
1 
= financial costs per unit,

X2 = procurement costs per unit,

X
3 
= production costs per unit,

X4 = marketing costs per unit,

X5 = management costs per unit.

These costs may be functions of several other variables, but at any

one level of activity in the market structure they must be integrated by any

particular firm. Thus, we can define

Zj = g(Xli X5i)

as being the total cost function facing a firm at level j. Since this func-

tion may be a function of several functions, the optimum scale of operation

given the total function may bear no resemblance to the scale which optimizes

operations of the individual functions (DangS [7]).

In a nonintegrated industry, the total costs involved in getting a given

quantity of product from producer to consumer (assuming equal output capacities

or ranges for all levels) may be represented by the summation of the individual

firm cost functions at the various levels of activity or

Zt = ZiZi

24
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where

Z
t 
= the total function.

Interfirm Inte.vation 

Analogous to intrafirm integration, the integration of the above five

functions at different levels probably will not be the same as the summation

of the total firm functions over different levels of activity. In this case

we have,

* * * * *
Zt = f(X ,X,X,X,X)

1" 2 3 4 5

where the * superscript indicates an integrated function.

For a firm which utilizes the outputs of other levels of activity as

inputs, the question is one of determining whether the change in costs for

producing a given output plus the accumulation of profits accruing to other

levels of activity offers sufficient return on the investment.

Penrose [21, p. 146] notes that "...in the last analysis, the profit-

ability of backward integration is measured by its effect on the net revenue

of the firm. Hence the opportunity to increase profits by integrating back-

wards is to be treated in the same way as other productive opportunities of

the firm--the additional profit expected must be compared with the expected

profit from alternative uses of the resources required."

The above formulation is basically the same as that given graphically

byIlighell and Jones [19] in a planning system for firms with vertical combi-

nations.

25
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Short-Run Risk as a Decision Variable 

Evaluating a firm's action solely in terms of maximum return on invest-

ment, however, neglects other variables which may have even greater impact

on the utility function of an entrepreneur. As Penrose [21, p. 147] adds,

"...backward integration, like other forms of diversification, is promoted

by a desire to avoid the risk of fluctuations and to enhance the security

of the firm in the face of a generalized uncertainty. In this latter case,

the statement that a reduction in cost is a condition of profitable backward

integration is a purely formal one, for 'cost' is reduced only because of an

arbitrary, noncalculable, and essentially psychological element attributed

to the firm's attitude toward uncertainty."

Seaver [22, p. 1491] emphasizes the relative importance of risk aver-

sion as a motive for integration as follows: "Frankly, the core of the

problem is not production costs, whether farm or plant.. .There are two

aspects of integration, neither of which has received sufficient attention

from agricultural economists, that offer an opportunity to 'hit the jackpot.'

The first of these deals with risk and uncertainty associated with the

operation of the 'free market,' the second with monopoly and market control."

Reduction in short-term risk with respect to both quantity and quality

of major factors of production offers a strong inducement for some firms to

integrate. Similarly, elimination of marketing risk through forward inte-

gration is a motivating factor to other firms. The effects of integration

on short-run risk faced by the firm can also alter the profit structure (and

26
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thus return on investment) of the integrated firm, a factor which must be

considered in decisions about long-run growth of the firm.

Risk of the short-run nature frequently occurs in agricultural

processing industries. Inputs frequently are purchased on the basis of

buyers' estimates (as in the case of livestock) about the quality and

quantity with which the raw product will be converted into final product.

These estimates are subject to error.

Risk also occurs through extreme periodic variations in the quantity

of raw product available to producers, a factor which can increase average

processing costs when fixed factors are of major importance in the operation

(Logan [16]). Dependence on price competition does not guarantee a pro-

cessor that his supply can be increased (Mueller and Collins [20j).

Measuring Risk

Many of these risk factors are difficult to define or measure, and

perhaps the best a firm can accomplish is to establish whether the risk

under integration is simply "more or less" than it is in an open market.

Some risk factors, however, can be quantified in some manner. Statistical

techniques can be applied to past price and supply trends as well as employee

performance in an attempt to measure the risk factor under various market

structure alternatives.

By defining the short-run risk associated with an investment as the

variance of that return or the variance of a major component of that return

(e.g., costs or revenues which can serve as proxy variables), we can estimate

the change in risk associated with integration. Define

27



2
al = variance of return on investment at level of activity 1 (r1),

a2 = variance of return on investment at level of activity 2 (r2), and
2

r12= correlation between r 
and r

1 2

then combining the two operations will be6

a
2 = G

2 
+ +2r a a

1+2 1 2 1212

where the third term on the right is twice the covariance between r and r
2
.

1

If the two levels of activity are independent with respect to return

on investment, then the covariance is zero and the variance of the combined

levels is simply the sum of the individual variances. A negative correlation

between r
1 

and r
2 
will result in the combined variance being less than the

sum of the individual variances or in a reduction of risk. A positive cor-

relation will mean the combined variance is larger than the sum of the com-

ponent variances.

The net risk of investment in integration, then, would be given by

0.2 
+2 

a2 . 2 2 2 2
+ a

2 
+ 2r

12
a1a

2 
= a2 + 2r12

a
1
a
2
.

1 1

Stochastic Factors 

In a situation where the firm faces uncertainty (or lack of ability

for precise measurement of variables) for quality and/or quantity of output

from a given set of inputs, we can define the production function as:

where

Q. = f(v
1 
... v, e.)

n

Qj = output of firm at level j,

vl = factors of production, and

e. = a stochastic variable with mean and variance (II, a2).

6For a discussion of variability in combined farm operations, see Carter
and Dean [6].
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Graphically this situation may be shown as illustrated in Figure 5.

Assume the firm uses two inputs to produce one final product. The two

inputs, vl and v2, are different quality forms of the same factor of pro-

duction; however, in the raw product stage the quality aspect must be esti-

mated either by observation or by sample techniques (such as good and choice

grade slaughter cattle). The net return is that for any combination of vl and

v
2 

the final product Q will not necessarily have the same quality proportion

as indicated by v1/v2. A particular ray from the origin, such as OA, indi-

cates a set quality ratio of inputs (DanfS [7]), but the actual quality of

final product will have a probability distribution around that ray.

Similarly, the quantity of output indicated by the usual isoquant form

may not be totally dependent on v
1 

and v
2 
but may also have a probability

distribution around the isoquant for any particular combination of v
1 

and v
2

because of possible spoilage or rejections in the inputs or misestimation on

the part of buyers.7

Similar risk factors may exist for the other phases of operations within

a firm, e.g., finance, procurement, marketing, and management. If the risk

factors are totally independent among the various levels of activity, then

integration will not reduce risk, but where there is interrelationship among

levels, then there may be a significant change in short-run risk resulting

from integration.

7The quantity risk just outlined, however, is different in nature from
the usual quantity or supply of raw products frequently cited as a reason
for integration (Mueller and Collins [20]). This latter factor relates to
the nature of stability of the flow of raw products during all parts of a
given time period such as one year. Random divergences from such a pattern,
will, of course, alter the nature of average unit costs facing the firm for
that time period, with the net effect that the average long-run cost curve
shifts upward and may be distorted from the equilibrium position. Con-
ceptually, the risk of stable supplies can be incorporated into the above

framework.
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For example, consider the above production relationships for two

levels of activity h and j:

Q. := f(v., e.) andJ 1

Qh = f(wi' eh)

where

= factors of production used in level h.

By integrating backward, for instance, firm j may be faced with a combined

production function indicated by:

Q*. = f(v., w., e*).
1 1 j

If the only change in the functional relationship is in the error term, then

the advantage of integration at each level can be measured by comparing the

means and variances of e. and e
h 
with those parameters for the distribution

Depending on the nature of the firm's aversion to risk (utility func-

tion), reducing the variance of the error factor even without a change in

its mean may be sufficient to warrant integration. By narrowing the distri-

bution around its mean through integration, the firm may effectively cut its

"probability" of going broke if severe fluctuations in any of the functional

relationships can be fatal financially.

However, for certain frequency distributions of the variable, changing

the nature of the risk (variance) may also alter the mean. This change, in

8It is possible that the covariance between the two levels of activity
will act so as to apparently reduce the variance of only one component level,
but considering the variances of the components separately after integration
can be misleading.
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turn, can affect the profit picture and thus return on investment. For

••••
such a change to be successful, the integration generally must be associated

with a conscious management strategy in the use or coordination of the

various levels of activity.

Price Risk

If there is some risk in the price function facing the firm, where, for

example, in a purely competitive market

P. = K + e.

where K is a constant and ej again is the stochastic term, then the profit

function at any one level of activity may be considered

= (K e.) f(v., e.) g(Q.)
1

where

g(Q.) = total cost function for the firm.

For this particular level of activity, integration may not alter the price

uncertainty, but the production function may be altered with a change in the

error factor, and the cost function itself may change, thus giving a different

profit function.

The change in profits for activity level j becomes part of a measure of

the return on the investment to level j in integration which must be included

in the decision of whether to integrate along with the regular measure of

return (cash flow) on the acquisition or expansion into the adjacent level

of activity.

32
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Quadratic Programming as a Tool

Given an amount of capital available for integration (e.g., the maximum

required for 100 percent integration), the expected returns, E(r), and

variance, V, derived above can be utilized to determine points of efficient

E(r)-V combinations for given values of E(r) from the given investment

capital. Efficient combinations in this case are values of E(r) for which

the associated V is a minimum.

For example, consider two alternative uses of investment funds: (1)

varying degrees of integration and (2) some alternative use of funds.

Through the use of quadratic programming as outlined by Heifner r15 1, we
can minimize the variance of the return on investment, V, for given levels

of E(r), given a set of linear restraints. Or,9

2 2
minimize V = a

2 an + b
2
 an + 2ab rn3ana3

where

ari = net change in variance from integrating as defined earlier,

2
a = net change in variance from the alternative use,

a = percent of funds allocated to integration, and

t b = percent of funds in alternative use
; IL

i

T

subject to

where

1) a + b < 1

2) aE(rn) bE(r3)

E(r) = expected return from investment in 100 percent integration and

E(r
3
) = expected return from the alternative use.

9See also Carter and Dean [6].
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Solution of this problem yields one E(r)-V combination for a particular 111

expected return. By changing the value of E in the linear restraint, a LI

series of E(r)-V combinations can be calculated. This formulation, assumes

that a2 and a2 are constant over all possible degrees of integration and
3

degrees of alternative use of the investment funds, an assumption which,

of course, can be relaxed with more computational procedure.

Even though the aversion to risk will vary among firms, derivation of

the efficient E(r)-V combinations in this manner will permit the entrepreneur

to determine which E(r)-AI combination will yield the greatest utility given

his preference function.

While this formulation has been limited to two alternative uses of

funds, it can easily be generalized to incorporate additional investment

opportunities.

Epilog 

The model presented in this paper has been developed for an analysis

of economies of integration. It is an outgrowth of discussions with business

officials who have noted a lack of systematic means whereby they could analyze

the potential gains from vertical integration. Hopefully, this model takes

a step in that direction.

The second step, if course, is to test the model empirically. In this

case the author intends to apply the model to integration in the livestock

industry with special reference to cattle feeding and cattle slaughtering.

This type of operation is one in which raw products are purchased on the

basis of buyer estimation--a situation which leads to risk and uncertainty

34
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with respect to quality and quantity of product which will be obtained from

a given quantity of inputs. The nature of such risk has been reported by

McPherson and Dixon [18] in a paper dealing with the ability of persons to

grade live cattle.
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