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ABSTRACT

We consider least absolute error estimation in a nonlinear dynamic model with neither
independent nor identically distributed errors. Under the null hypothesis and local alterna-
tives, the estimator is shown to be consistent and asymptotically normal, with asymptotic
covariance matrix depending upon the heights of the density functions of the errors at
their median (zero). A consistent estimator of the asymptotic covariance matrix of the
estimator is given, and the Wald, Lagrange multiplier and Likelihood ratio tests for linear
restrictions on the parameters in the regression equation are discussed. The Wald and
Lagrange multiplier tests are distributed as central x? under the null and non-central x?2
under local alternatives. The Likelihood ratio test on the other hand is not always equiv-
alent to the other two tests and may not be asymptotically distributed as x2. A simple
artificial regression form of the Lagrange multiplier test is available in omitted variables
problems, making this test attractive in many testing situations. Since the form of the
covariance matrix and tests depend on the presence or absence of heteroscedasticity, a
Lagrange multiplier test based on the absolute residuals is analysed.




1. INTRODUCTION

Many common estimation and testing procedures in econometrics are derived to be
optimal in the case of Gaussian errors. It is well known however that departures from
normality can greatly affect the performance of the procedures. Partly in response to this,
robust methods have been developed (see, for example, Koenker (1982)). One such method

is least absolute error (LAE) estimation.

In the static, linear model, Bassett and Koenker (1978) have proved that LAE is
consistent and asymptotically normal, and is also more efficient than ordinary least squares
(OLS) whenever the median is superior to the mean as an estimator of location. This holds
for a large number of distributions which have peaked density at the median and/or long
tails. Similar results have been obtained by Amemiya (1982) in the simultaneous equations
model and Powell (1984) who considered the censored regression model. In the latter, more
can be said. Departures from normality imply the usual maximum likelihood methods are
inconsistent whereas LAE gives consistent estimates for a wide range of error distributions.

In this paper, we consider the use of LAE in a nonlinear, dynamic model with neither
independent nor identically distributed errors. This extends the material in Bassett and
Koenker (1978), Oberhofer (1982) who proved the consistency of LAE in the nonlinear
model with fixed regressors, and Koenker and Bassett (1982) who analysed the Wald,
Lagrange multiplier (LM) and Likelihood ratio (LR) tests in the linear model with fixed
regressors estimated by LAE. As we shall see, the results in our model are similar to
those in the linear model. Hence LAE will also guard against the same type of error

distributions. We show that the LAE estimator is consistent and asymptotically normal

and prove the consistency of an estimator of the asymptotic covariance matrix. With

these, the Wald, LM and LR tests can be anal&sed. Two features of these tests are that

in a simple exclusion hypothesis in the absence of heteroscedasticity, the LM test statistic
has a convenient artificial regression form; and analogously to estimation by OLS, the LR

test is not distributed as x? in the presence of heteroscedasticity. To facilitate discussion
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of the asymptotic power of the various tests, the analysis is done under a sequence of local

alternatives.

Since the estimation and testing of the model is simplified when the errors are ho-
moscedastic, we also discuss several tests for heteroscedasticity. The focus is on the natural
test based on the absolute values of the residuals. That is, in the spirit of Breusch and
Pagan (1979), we show that an LM test based on an artificial regression along the lines
of the regressions in Glejser (1969) may be defined. The test statistic is simply TR? from

the artificial regression.

One important feature of the estimation is that in general, since the model is dynamic,
various moments of the errors must be finite. For example, the asymptotic covariance
matrix of the estimates involves a second moment matrix which in the linear model matrix
is simply “X’X™. In the dynamic model, the X’s include lags of the dependent variable. We
also note that in many time series situations, there seems little justification for assuming

finite moments for independent variables, but not for the errors.

We therefore consider the results to be applicable in situations where the true, un-
known distribution of the errors departs from the normal, but the higher moments still
exist. In this case, the OLS estimator also has the usual properties, and in discussing LAE,
an important consideration is efficiency relative to OLS. In this paper however, we con-
centrate on deriving the results described above. As we shall see, given the general model
considered, only in the simplest cases is it straightforward to compare the estimators and
tests. Howéver a small numerical example shows how OLS can easily be inefficient with

heteroscedasticity or non-normal errors.

Another feature resulting: from the dynamic nature of the model is that when the

distribution is fat-tailed, any outliers will feed back into the design, creating influential

observations. However for the linear autoregressive model at least, Koenker (1982) has
noted that the outlier and influential observation effects tend to cancel each other and

bounded influence estimation (e.g., Belsley, Kuh and Welsch (1979)) is not necessary. We
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do not consider this in the nonlinear case.

In section 2, we define the model and estimator and discuss the assumptions imposed
on the model. Section 3 gives the consistency and asymptotic normality results while
in section 4 we discuss the estimation of the asymptotic covariance matrix of the LAE
estimator. In section 5 we consider the hypothesis testing and in section 6 we analyse the

tests for heteroscedasticity. Section 7 contains some discussion and concluding comments.

2. THE MODEL, ESTIMATES AND ASSUMPTIONS

We consider the following nonlinear dynamic regression model
vt = f(ze,Br)+e (t=1,...,T)

where z: is a (p X 1) vector of inputs, possibly including lags of y:, A7 is a (k x 1) vector
of unknown parameters and ¢; is the tth error.! The data generation process is allowed
to vary with T, i.e., O represents a sequence of true values. Additional T subscripts on
y:, ¢ and €; have been dropped. To obtain useful distributions for the test statistics, we

assume that S converges to some value (. In particular,

Br = Bo +/VT (1)

for a (possibly) non-zero (k x 1) vector ~.

Given T observations on y; and z;, the LAE estimator ,3 is obtained by minimizing

T
Qr(8) = _ lvt — f(z¢, )| (2)

with respect to 8. In future, we will drop the indices from the summation. As is well-
known, 3 is not unique. However the different values will be close (since any data point
must lie on the same side of every fit line), a.nd.we assume that there exists some rule for
choosing a unique 3. In equation (2), we are also implicitly conditioning on any starting
values if z; contains lagged dependent variables. Neither this nor the non-uniqueness of

LAE will not affect the asymptotic results.




For ease of exposition, we adopt the approach of initially defining a number of terms
and stating a set of assumptions about these which are sufficient for the majority of the
results. Hence, not all the assumptions are used for each result, and in many cases,
they could be weakened. Other assumptions are more conveniently introduced later. A
discussion follows the statement of the assumptions. Assume:

(A1) (Parameter space) fo is an interior point of a compact set B € Rk,

(A2) (Regression function)

i) f(z:,B) is 2 known, measurable function for each 8 in B.?

ii) f(z¢,B) is twice differentiable in 8 uniformly in ¢ a.s., and the second derivative is

continuous in § a.s.

(A3) (Unconditional Error Distribution) Let u:r(y) be the unconditional density of y;.
Assume that for almost all y, ut,7(y) — ue(y) as T — oo.

Next, let Py and E7 denote probabilities and expectations taken with respect to u¢,r,
and let P and E denote those taken with respect to u;. Assume:

(A4) (Conditional Error Distribution) Let I;—; be the information set (0-algebra) generated
by zi—s, £ > 0, and €;—;, ¢ > 0, and let hy 7(A) be the density function of e; conditional
on I;_;. Assume that conditional on I;_i, € has median zero and that he(A) is
continuous, bounded from above and there exist pj,h > 0 such that Pr(ht,r(0) >
h) > pi1, all uniformly in ¢,T. Further, assume that each h¢ r is Lipschitz continuous,

i.e., for all A1, A2 and some finite constant Lo > 0,

ke, r(A2) = he,o(M1)] < Lo|Az — A4

uniformly in ¢,T. Finally, assume that for all X in a compact set including A =

0, he,r(X) — he()) as. as T — oo.

(A5) (Dependence Conditions) The random vectors {et,z:} are either ¢-mixing of size

2r/(r — 1), r > 1, or a-mixing of size 2r/(r —2), r > 2, where the mixing coeffi-
cients are defined with respect to the o-algebras generated by {e:,z:}. (See White
and Domowitz (1984) for details.)




(A6) (Dominance Conditions) Define the operators V = 8/98, V; = 9/3p:, V? = 3%/
038P and V?j = 9%2/8p;00;, where f; is the ith element of 8. Assume that there
exist measurable functions a,(z¢, €2—1), a2(z¢,€:—1) and az(y:) such that for all € B

and t,T,

IVifel < ai(ze, €-1),  |VEfit] < aa(ze,ee-1), and |ug,7(ye)| < as(ys)

With v a o-finite measure, assume that either

i) If {z,€:} are ¢-mixing, then

/01 (z¢,€2—1)3as(yt)dv < o0
/az(zt,et-1)2aa(yt)dv < oo

and /efaa(yt)dv < oo or

ii) If {z:, €} are a-mixing, then assume that there exists u > 0 such that for all ¢, T,

/ a1 (zt, €1—1)% #as(y:)dv < oo

/az(xt, et_1)2+“a3(yt)dv < o0

and /efaa(yt)dv < oo
(A7) (Covariance Matrices) Define
Ar =T 'Y E(VfiV'fi)
Ap =TSV V')

3

Dy = 2T ' E(h:(0)V £ V' f2)

Dr = 2T 'LE(h(0)V V' f?)
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where V2 is Vf; evaluated at fo. Assume that fo is a regular point of Ar and Dy
and that there exists a matrix A such that p’Arp — p’Ap — 0 as T — oo for any real,
non-zero k X 1 vector p.

(Identification) Define the OLS criterion function

o2 (B) = T~ Ly — f(z, 8)]?

and its expectation
5%(6) = T L Eye — f(z1, 8))*

Assume that o is identifiably unique, in the sense of White and Domowitz (1984).3

Assumptions (A1) and (A2) are typically of those required on the parameter space and
regression function. (A3) and (A4) give the conditions on the errors and their distributions.
Note, however that in the dynamic model these are mainly imposed on the conditional,
rather than unconditional distributions of the errors. If the conditional median is equal to

zero, then

Er(p(et)|le-1) =0

for all t,T, where (z) = sign(z). This can be viewed as the orthogonality condition
equivalent to E(e¢|I;—1) or E(e:z¢) = 0 in least squares. It implies that at Sr, the appro-
priately defined gradient has zero expectation and assumes that for all fr, the regression
equation is “correctly specified” other than the change in parameters from fo. Therefore,
correlation .between the z; and ¢; is ruled out, for example, since then z; may affect the
sign of €;. We comment on this further in section 7. Also, this part of (A4) is not restrictive

provided there is an unknown constant term in the regression function.

Next, we assume that the conditional density h¢,7 depends on a set of parameters ar,

where ar — g as T — 00, and is continuous in @ with probability one. This implies that
ht — ht a.s. as T — oo. For example, consider the ARCH model introduced by Engle
(1982). Suppose that

et|It—1 ~ N(0,07 1)
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where 0?1 = Er(e}|I;-1) = e1,r + e2,7€]_;, ey,r > 02and 0 < ezr < Lforall T. As
T — oo, ay,7 — a1 and az, T — Q2. The unconditional density u;r also depends on the
parameters a; r and az,r. Engle (1982) notes that the unconditional fourth moment of
€; is greater than that implied by unconditional normality. In this model,

1
B V2nos,T

which is bounded from above, but not below. However, Pr(h:,r(0) > k) > p; is equivalent

ht,T(O)

to Pr(o:,r < M) > p1, or Pr(e}_; < M;) > pi, for some M, M; < co. That is, €_, is

Op(1). Note also that since h¢,7(0) — ht(0) — 0 as T — oo, there exists p > 0 such that

P(ht(0) > k) > p.

Assumption (A6) gives the moment conditions. These conditions, together with as-
sumption (A3) on the unconditional density of the errors, are used for the Law of Large
Numbers (LLN) and Central Limit Theorem (CLT). Under the dependence assumption,
(A5), these theorems are provided by the LLN and CLT for mixing random variables given
in Newey (1985).% Essentially, in assumption (A6) we require at least third moments of
V;ft and second moments of V?j f+ for the ¢-mixing case. a-mixing is a weaker form of
dependence and hence the moment conditions are stronger. The dominance conditions and
the degree of dependence in the mixing conditions are also stronger than those required
for the usual applications of the LLN and CLT. They are used in section 3 to circumvent
the difficulties caused by the discontinuity of the gradient of the absolute value function.

Depending on the form of f(-), the moment conditions will probably impose similar
requirements on the moments of ¢;. This may also impose particular restrictions on the
parameter space B.

Assumption (A7) is also required for the CLT. In particular, as we shall see, Ar is the
covariance matrix of the gradient of Qr, evaluafed at fo, and hence must be positive defi-
nite. But following White and Domowitz (1984), with assumption (A7), the identification
assumption, (A8), implies that Ar and Ar are positive definite. Assumption (A8) is also,

of course, one of the conditions required for the OLS estimator of fo to have the the usual
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properties. Dr turns out to be the equivalent of the matrix of second derivatives of Qr
and hence corresponds to “X’X” in the usual linear model. Since P(h¢(0) > k) > p, Dr
and Dy are also positive definite.

These definitions of A7 and Dr allow for the heteroscedasticity in the errors. As
noted in White and Domowitz (1984) however, the (technical) requirement that Az — 4
will place some restrictions on the allowable heterogeneity.

Assumption (A8) is used in a different way in the consistency theorem. Define

Vr(8,87) = T *Tlye — f(z6,8)| — T™ X e
=T7'Qr(8) - T~'Qr(fr)

The estimator 3 also minimizes Vr (8, Br) since Q7(Br) does not depend on 3. This form
of the criterion function also facilitates the proof of consistency without the (explicit) as-
sumption that the first moment of ¢; is finite. Under the moment conditions in assumption
(A6), Ex[Vr(B,Br)| exists, and Ez[Vr(B,Br)] = E[Vr(B,Bo)]- Under assumptions (A6)
and (A8), E[Vr(B,Bo)] is uniquely minimized at fo, in the sense of White and Domowitz
(1984). As shown in Theorem 1 below, this then implies the consistency of f. We now

turn to the formal discussion of the asymptotic properties of B.

3. CONSISTENCY AND ASYMPTOTIC NORMALITY

The existence of the LAE estimator follows from Lemma 2 of Jennrich (1969). Next,

we have

THEOREM 1: (consistency) The LAE estimator f is weakly consistent for fo.

Detailed proofs are given in the appendix. As noted in section 2, Theorem 1 does

not explicitly require that any moments of e: exist, although {f(z¢,8) — f(zt,80)} or
equivalently V'f;, must be dominated by uniformly (ry + 0;) integrable functions, r; > 1,

6, > 0.




Consider next the asymptotic normality of the LAE estimator. Of course, the dis-
tribution theory for ﬁ is greatly complicated by the problems with the differentiability of
Qr(B). Therefore the standard proofs based on the mean value theorem are not applicable.
Instead, following Powell (1984), we base the asymptotic normality result on an extension
of the results in Huber (1967). Huber gave conditions which ensure the asymptotic nor-
mality of maximum likelihood type estimators in i.i.d. samples when the usual regularity
conditions do not apply.

From equation (2), define the gradient vector

~3VQr(B) =T~ 3L q:(B)

where g:(8) = V f:(8)% (vt — f(z¢,8)) and () means the various terms are evaluated at S.
Theorem 2 gives conditions under which the sequence {3} which satisfies the “first-order”
conditions

T=3VQr(B) =0

is asymptotically normal. In particular, we show that

T~3Y.Eplar(B)] = —T73 La:(Br) + 0p(1) (3)

where EB[Q: (B)] means E|[g:(B)] evaluated at . The asymptotic distribution of A';% T3
Y a:(Br) is N(0,I) and

T~5 Y. Epla:(B)] = Dr(B)T*/*(5 - fr)

where Dr (ﬁ) is Dr evaluated at 3. The asymptotic distribution of Br follows immediately.

THEOREM 2: (asymptotic normality).

T

. Ll d
VT A7} Dr(B — Bo) — Az Dry — N(0,1)

Notice also the curious reversal of the roles of the “hessian” and “information matrix”

relative to OLS with heteroscedasticity. That is, in OLS, any heteroscedasticity affects
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the variance of the gradient vector, rather than the expected value of the matrix of second
derivatives of the objective function (Dr).

In the homoscedastic model, Dy reduces to 2h(0)T 'Y E(Vf2V'f?) = 2h(0)A,,
where h(0) is the height of the common error density function at zero. The asymptotic co-
variance matrix, D3 Ar D7!, becomes w2 Az! where w = [2k(0)]~1. This is equivalent to
the covariance matrix in the static model. Comparing this to the usual covariance matrix
for OLS, i.e., 02 AL, where 0? = E(e?), implies that LAE is more efficient than OLS if

w? < o?
This occurs whenever the sample median is a more efficient estimator of location than the
mean, since w? is the asymptotic variance of the sample median of the errors in this case.

We comment further on the comparison of LAE and OLS in section 7 where we briefly
compare the (appropriately defined) asymptotic relative efficiency of the Wald, LM and
LR test statistics based on LAE and OLS. In the simplest case, this comparison depends
only on w? and o2 as above. The final preliminary to deriving the tests is the estimation

of the asymptotic covariance matrix of ,3

4. ESTIMATION OF THE ASYMPTOTIC COVARIANCE MATRIX

In order for the asymptotic normality result, Theorem 2, to be useful in hypothe-

sis testing, a consistent estimate of the covariance matrix D' ArDz! is needed. This

obviously entails the estimation of Ar and Dr separately. The estimate of Az is the

usual estimate given by replacing.the expectations by the corresponding sample quantities

evaluated at the LAE estimate, 1.e.,

Ar =T 'L VfHV'f;
where V ft is V fi evaluated at B . The proof that IAT—.ZT| 2 0 is standard and is omitted.

The estimation of Dr is more difficult since D7 involves the density functions of

the errors. As noted in Powell (1984) there are no “natural” sample counterparts to the
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hi(-). Estimators usually involve the “smoothing” of the empirical distribution function
of the residuals. In the homoscedastic case, Dz is 2h(0)Ar and the problem is then the

estimation of h(0). A possible estimator is
h(0) = [ (ér) — H(~¢x))/26r 4)
where H(-) is the empirical distribution function of the residuals, i.e.,
H(z) =T '31(é < z)

1(z) is the indicator function of the event z, & = y: — f(zt, f) is the tth residual, and ér is
an appropriate constant. Hopefully if é7 — 0 as T — oo, then 2(0) — k(0). Powell (1984)
considered this problem in the censored regression model.

Notice that 2(0) may be written as

iL(O) = (26TT)—121(—5T <& < éT)
This suggests the estimator of Dr,

A

Dy = (ETT)_IZI(—ET <€ < ET)VftV,ft

This estimator is an extension of one noted in Powell (1984). For ér, we assume

(A9) (cr sequence) For some 71 < 1,

| _1
cT

—0

ér ’p

where the non-stochastic sequence cr satisfiesier = o(1) and c;l = o(T%—’ﬂ) for
some 0 < 72 < %

Thus one possible ér sequence is




where co > 0, 4 = .25 and 62 =T~ &. &2 takes into account the scale of the data.
The corresponding ¢ sequence is ¢t = coT 702 and it is straightforward to show that
T7|ér/er — 1| 2. 0 provided the relevant moments exist. The specification of co and 7 is
discussed in Powell (1984).

The final .requirement is a strengthening of moment conditions.

(A10) (Dominance Condition) In the notation in assumption (A6), assume that

/al(zt,et_l)"ag(yt)dv < 0o.

THEOREM 3: (Estimation of Dr).

,. _ P
IDT - DTI —0

Assumption (A10) is used to show that (c7T)™' X 1(—er < & < cr)V Ve —
Dr 2. 0. The proof involves an application of Chebyshev’s Inequality and hence requires
the fourth moments of V f?. In the homoscedasticity case, the equivalent result to Theorem
3 is that A(0) 2 h(0) and setting VfV'f? = 1 gives the equivalent proof. The fourth
moment assumption is no longer needed.

We now turn to hypothesis testing.

5. HYPOTHESIS TESTING

With the asymptotic normality result and a consistent estimate of the asymptotic
covariance matrix, we may analyse the asymptotic distributions of the Wald, LM and
LR tests for hypotheses about the parameters in the model. We consider ¢ linear null

hypotheses of the form
Ho:RB=r

in the usual notation. As in White (1984, pp. 76-78) the extension to nonlinear hypotheses

is straightforward.®




To simplify the distributions of the test statistics under the sequence of local alterna-

tives described by equation (1), we make an additional assumption.

(A11) (Covariance Matrix) There exists a matrix D > 0 such that Dy — D as T — oo.

To analyse the behavior under the null, i.e., with 4 = 0, this assumption is irrelevant.
The Wald test is based on the estimated coefficients when the restrictions are not
applied. That is,
¢w = T(RB — r)'|[RD7*Ar D7 R') "R — r)
The asymptotic distribution of &w follows directly from Theorem 2, and under the sequence

of local alternatives,
Ew — x2(m)
where xg (m) denotes a non-central xg with non-centrality parameter
m=~'R'|RD"'AD™'R'|"'Ry
Under Hp, Ew xq, a central xq
Koenker and Bassett (1982) base the LR test on the static

éLr = 2w Qr(Br) — Qr(B)] ()

where B R is the estimate obtained by minimizing Q7 () subject to the restrictions R = r.

In practice, w could be replaced by & = [2A(0)]~1.
Following Koenker and Bassett, {Lr is analysed by approximating the criterion func-
tion Q7(B) by a well-behaved quadratic function whose minimizer is asymptotically equiv-

alent to the LAE estimator. In particular, write *

Qr(8) = X let — fi(zt, B) + fi(zt, Br)|
=Y let — V'fe(8 - Br)|
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where V/ = 8/8p' and V'f, is V'f; evaluated at B, which lies between § and fr. With
6§ = VT (B — Br), also define
Qr(6) = Tlee — V' fi8/VT)|

where ,é is viewed as a function of §. A T subscript on § has been suppressed and in terms
of 6, the restrictions Rf = r are written R6 = —R~. (See, for example, Dijkstra (1984)).
The normalized “gradient” vector of Qr(f) is

1

VT

and in terms of 6, this becomes

S Vf:(B)¢ (et — V' /(B — Br))

g7(6) = T3V fo(B) (e — V' fe8/VT) (6)

where 3 is also viewed as a function of 6, t.e.,, = fr + 6 /VT. The approximating

quadratic objective function is given by

57(8) = 58'Dré - 8'g2(0) + Gr(0)

To derive the distribution of £zr, we begin by showing that Sr(6) and Qr(6) are
asymptotically equivalent. We then write the LR test statistic as the sum of a number of
terms and use this equivalence to show that all but one of these terms converges to zero.
This leaves the statistic in a convenient form.

Notice that S7(0) = Q7(0). Therefore, if the gradients of Sr(6) and Qr(6) are also
close, then it follows that St (6) and Qr(6) will be close. The gradient of Qr(8) is —gr(6),
since Q7 (8) = Or(6) and 86/88 = VT, while that of Sr(6) is Dré — g(0). We have

LEMMA 1: (asymptotic linearity of gr(6)).

sup || gr(6) — 97(0) + Dré ||=0p(1) for all M >0
I1sll <M

Lemma 1 is equivalent to Lemma 4.1 of Bickel (1975), and implies that the gradient vector
is asymptotically linear in 6. It will therefore also prove useful for considering the properties

of the LM test. Lemma 1 implies




LEMMA 2: (asymptotic equivalence of St(6) and Qr(6)).

sup |S7(8) — Qr(6)| = 0p(1) for all M >0
sl <M

The proof is immediate from Jaeckel (1972), Lemma 1, and is omitted. Note that the

unique minimizer of St(6) is

35 = D;lgT(O) (7)

With Lemma 2, the asymptotic equivalence of 6 and b5 then follows, using the arguments
in Jaeckel (1972), Theorem 3.

Returning to equation (5), we see that QT(B) = C:)T(g), and the equivalent of QT(ﬁR)

Qr(br) = Ylet — Vfibr/ VT
where Vft is V f; evaluated at ,B which lies between ﬁR and fr and b = ﬁ(ﬁR — Br).
To obtain the distribution of &L g, write
Qr(Br) — @r(8) = Qr(8r) — @r(9)
= [Qr(6r) — S7(8r)] + [Sr(br) — S7(bs,R)]

+[S7(8s,r) = S1(b5)] + [Sr(b5) — S7(8)]

+[Sr(6) — Qr(8)]
where 35, r is the value of § from minimizing St(6) subject to R6 = —R~. That is,

bs,r = (I — D7'R'(RD7*R')~*R) D7 g7 (0)
(9)
— D7'R'(RD7'R') 'Ry
Next, using Lemma 2 and the arguments in Amemiya (1982), equations (3.15)-(3.16),

“equation (8) implies that

20~ [Qr(8r) — Qr(6)] = 2w [Sr(8s,r) — ST(8s)] + 0p(1)
= w-l(gs,}z - 35)'DT(SS,R - gs) + Op(l)
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where the second equality follows from a Taylor Series expansion. But from equation (9),

55 - 35,3 = T“ir.DEIR(IED;IR')_‘1 (Rﬁs - 1’)
. (10)
= T D7'R(RD7 RY) "} (RB — 1) + 0p(1)

where ég = T%(ﬁs — Br) and fBs is asymptotically equivalent to B. Therefore,
¢rr = Tw (RS —r)'(RDF'R")"*(RB — 1) + 0p(1)

Thus €L g is equivalent to a statistic in the form of a Wald test statistic. Comparing
this to &w, however, we see that £Lr and &w are not equivalent unless Dy = w™1Ayp =
2h(0)Ar i.e., there is no heteroscedasticity in the errors. Therefore, in general £ is not
asymptotically x2, and using xZ gives the test the wrong size asymptotically.

The LM test is based on the behavior of the gradient of the sum of absolute residuals,
i.e., gr(6), under the restrictions. In particular, since b = Op(1), it follows from Lemma

1 that

-

9r(6r) — 97(0) + Drbr = 0,(1)

where g7(6r) = T~V firt¥(&), & =yt — f(zt,r) and Vfir is Vf; evaluated at Bg.
Therefore, since Rz = —R~v and gr(0) = =T~ 2Y_V fi(Br)¥(et),

RD;IQT@R) = RD;lgT(O) + Ry + 0p(1)
’ d
— N(R~, RD™'AD™1R)

The LM test statistic is

¢.m = gr(br)' D7 R'(RD3 Ar D7' R) ™' RDz g (6r)
d
— x3(m)

where Ar and Dp are Ar and Dr estimated at Br, respectively. Combining equations

(9)-(11) also shows that {ram — €w 2o.




In the homoscedastic model, £1s reduces to
or(8r) A7 R'(RAT'R") "' RAZ g7 (6R)

which is attractive since it does not require the estimation of Dz or the height of the
density of the errors. Clearly, with heteroscedasticity, this advantage of the LM test over
the Wald test is lost.

The LM test can be further simplified if the null involves simple exclusion restrictions.

Suppose that 8’ = (B8] : B3) and the simple null hypothesis is
Ho:B2=Rf=0
where R = (0: I). With homoscedasticity, the LM test is
€m = 92(8r) A% 92(8R)

where g2(6r) = Rgr(br) and fi%? is the block of the partitioned inverse of Ay associated
with B2. Further, define X = (X : X2) where X; and X are the matrices with ¢th rows
df:/8P} and 8fi/3p; respectively, evaluated at Br, and let ¥’ = (¢(&,)...¢(ér)). Then
under H,, the gradient of Q7(81) is g1(6) = (I : 0)gr(6), and as in the proof of Theorem

2, the first-order conditions for 6g imply that

Hence, using the rules for partitioned inverses, we have

Eim =TYVX(X'X —le\I’ T+ op,(1
P

The first term is simply TR? from the regression of ¥ on X, since ¥'¥ =T.

Engle (1982) notes that a wide variety of tests can be viewed as omitted variables
problems. Since the LM test statistic can be estimated from an auxiliary regression in

these cases, the test is particularly convenient.
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6. TESTING FOR HETEROSCEDASTICITY

The absence of heteroscedasticity in the errors leads to simpler expressions for the

asymptotic covariance matrix of the LAE estimator and the LM test for exclusion restric-
tions. The results in sections 3-5 also imply that if any heteroscedasticity is not taken into
account, then the covariance matrix of ﬁ will be incorrectly estimated and the size of any
test based on this will not be equal to the nominal size asymptotically. Therefore it is
important to test for heteroscedasticity.

The easiest tests are again the LM tests and the usual LM tests based on squared
errors equivalent to those in Breusch and Pagan (1979) and Engle (1982), for example,
may be derived. As noted above however, LAE will be useful when the distribution of the
errors is more peaked or has fatter tails than the normal distribution. This suggests that a
more powerful test for heteroscedasticity in these situations will be based on a distribution
such as the double exponential. In this section, we consider such a test.

The comparison of these tests under different distributions is, however, beyond the
scope of this paper. Here, we merely study the tests in isolation.

In any case, to derive the LM test based on the double exponential, we follow White
(1982) and Weiss (1986a), for example, who have derived the form of LM tests when the
likelihood function (LF) is not necessarily correctly specified. Hence we base the LF on
the double exponential without actually assuming that the errors follow this distribution.

Define

b(er) = (2we,7) 7" exp{—|es]/wr,T} (12)

It is also convenient to define the heteroscedasticity, and hence w;,r, in terms of le¢]. In

particular, consider heteroscedasticity of the form

E (Iftl | :"t—l) = we, T (13)

= w(zjar)
where 7 is the Information set generated by z;—;, ¢+ >0, z3—;, 1 20 and €_¢, t >0, ar

is a vXx1 vector of parameters, not functionally related to 8, and z: is a vX1 vector with
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ith element z;;. The function w(-) is continuously differentiable in a and has its minimum
at ¢;r =0, 1 = 2,..., v, where a;,r is the ith element of ar. The first element of 2;
is unity f.e., z; = (1 : z;"), and z; may contain lagged squared errors, for example. To

allow for cases such as this, we define z:() as 2; evaluated at 3 and will use 2}, and 2}, to

refer to the true elements of 2}, i.e., zit(87), and the elements evaluated at 3, i.e., z:i:(5)

respectively. We assume that 2;(8) is continuous in f. Further, let
ar =a+/ VT

where o/ = (1,0, ...,0) and 71 is a (possibly) non-zero (v x 1) vector. The null hypothesis
sets az 7 = ... = ay,r = 0. Finally, the mixing conditions in assumption (A5) are assumed
to apply to the o-algebras generated by {e:, zt, 2:}.

Note that in many distributions, equation (13) also implies conditions on E(e?|#_,).
For example, in the double exponential, E(ef|%-1) = 2w}y, while in the normal,
E(e}|#i-1) = nwir/2. In both these .cases, the heteroscedasticity could be defined on
E(e?|#-1), and this would then implicitly specify w(-). For example, in ARCH model given
in section 2, we,r = (2/7)% (a1,r + az,re}_;)%. In the above notation, w,r = w(zlar),
where w(z) = (2/7)3z%, 2z = (1,€}_,) and o}, = (a1,1,a2,r). Allowing for dynamic be-
havior such as ARCH may also imply restrictions on the e; and the form of w(:). We do not
consider these here (but see, for example, Engle (1982) and Weiss (1986b) for conditions
on the ARCH model.)

The log LF is given by

L=-T"'Ylog wi,r — T Y |et|w; 1

and the score vector for « is

oL — e -
32 = —T'IZwt,}awg,T/aa +T 12|q|wt,12-6wt,rp/8a

!

where dw; r/0a = w'(z}a)zt and w'(z) = Ow/dz. Under the null, L/0« is proportional
to

T Yz (letlwgr — 1)
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where wo r is w,r evaluated at azr = ... = av,r =0, i.e., wo,r = w(aj,r). Hence,
following Breusch and Pagan (1979) and Engle (1982), we may expect that under some
conditions, the LM test will be based on the regression of |é;| on 2, where 2 = 2 (ﬁ) =

(1:2 (8)’ )'. In particular, we consider the distribution of
&= T35 (35 - 27) (405" - 1) (14)

where 2} = 2}(8), Z* = T-'Y %} and @ = T~} |&| To do this we also introduce
several new assumptions concerning @, w(-) and 2;. Again, these are discussed after the
statement of the assumptions. Let €:(8) = y: — f(z¢,8) for § € B. Assume:
(A13) (Parameter space of &) For all T, ar € interior B, where B, is a compact subset of
RY.
(A14) (Conditions on 2:(B)) Assume that there exist measurable functions a;(z:, ¢, €:-1),
i = 4,5,6, and a7(z,€), as. continuously differentiable functions 2;:(8) =
(2t T, €2-1,68), ¢ = 2,...,v, and constants n > 0 and s > 1 such that for all

t,and § € B,

|z:¢(B)| < aa(zt,ze,€6-1) 1=2,...,V

Iaz;t/aﬂj| S as(zt,:z:t,et_l) 1= 2, eeeyV, j = 1, oo ,k
|w'(zie)| < as(2t, 2t €2—1) and |e(B)| < az(zt, &)

/[07($t,ft)a4(2t,-'ct, €:—1)]*%as(yt)dv < o0

/[as(zt,zt,ét—l)al (zt,€:-1)]"T"a3(yt)dv < o

/[07(zt,5t)a4(zh xtaft—1)206(ztszta Et-—l)]l"'"aa(yt)dv < oo

p
Y|z5h(8) — Z:(B)| — 0 1=2,...,v
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(A15) (Covariance Matrix and Non-Centrality Parameter) Define

Ar =TS Br [(leelwih - 12 (21 - 22) (21 - Z2)']

Kr =wy'lw'(ea)T 'L Er (2 — Z7) 2]

where Z5 = T~1)_Er(z}). Assume that there exists a positive definite matrix A and
a matrix K such that A7 = A and Kr — K as T — co.

When the limiting matrices in assumption (A15) exist, they are given by

A= Jim TS B (e - 1)2(f = 2°)(z - 2°)’
—00

K = u'(en)w’ Jim TUSE|(z - 2°)2)

where Z* = imT-1}_E(z}) as T — oo and wo = w(a;) = limwo,r as T — oo. These
matrices are related to the asymptotic distribution of d; in equation (14). In particular,

in the proof of Theorem 4 below, we show that d; has the same asymptotic distribution as
dy =T75 (2} — Z7)(letlwiz — 1)

which in turn is asymptotically normal with covariance matrix Ar. Therefore A7 must
be invertible for T large enough. Also, since the test sets a;jr = 0 ¢ = 2,...,v and
under the local alternative, ET[(Iegle,"; - 1)|Fi-4] = wt,r_rwg,,.lr — 1 # 0, the asymptotic
distribution has a non-zero mean which is related to K7 (through a mean value expansion
of wi,r = w(ziar) about (a1,7,0...,0).)

We discuss assumption (A14) by way of threé examples. Most of assumption (A14)
is concerned with the conditions for the random variables d; and Jt to have the same
asymptotic distribution, and in particular, with replacing 2} by z{. For this, the 2;; are

viewed as continuously differentiable functions which approximate the 23, t.e., 2;t — 2}, =
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zit(B) — zit(Br) = 2:t(B) — Z:2(B) + 2:4(B) — Zit(Br) + Zit(Br) — 2it(Br). More details on
this are given in the third example where we focus on part v) of assumption (A14).

The first example is when 2; is not a function of B, e.g., 2t contains elements in z;.
Then 2;; = z}, by definition and the approximation is unnecessary, as are parts iii) and
v) of assumption (A14). The LM test in Breusch and Pagan (1979) uses variables of this
type. There, the dependent variable in the artificial regression is €2 rather than |&]. Since
€?(B) is continuously differentiable in 8, a mean value expansion may be used to replace
& by €?, simplifying the analysis.

Next, consider the case where 2} = €?_,, i.e., a simple ARCH-type model. In this
case, z} (8) = e?_,(B) is already a continuously differentiable function of B, and hence we
set 3;; = 3. Part v) of assumption (A14) is satisfied automatically, and using a mean

values expansion of €?_,(8), 2t — 2{ becomes

e_,(8) — €2_,(Br) = 2€:-19€:-1/3B(B — Br)

where €;_10¢€;—1/00 is evaluated at §*, which lies between ﬁ and fr. This makes the
analysis relatively straightforward. The LM test for ARCH in Engle (1982) uses lagged
squared errors as regressors. Again, €2 is the dependent variable.

The third example we consider is 2 = |e;—1]. Then 2{ is not continuously differ-

entiable and we cannot take either of the above approaches. A possible form for the

approximating function is

3:(8) = 2k7'-log(1 + exp[—krei—1(B)]) + e:—1(B)

for suitable constants kp. This function was used by Amemiya (1982) to analyse LAE
in a static model. Y 2 (B) (with e replacing. €:—1) was used as a twice continuously
differentiable criterion function which is asymptotically equivalent to }_|e:(3)|, and whose
minimum is asymptotically normal and asymptotically equivalent to the LAE estimator.

With kr = T¢, d > 2, this choice for 2 satisfies the conditions of assumption (A14).
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THEOREM 4: (LM Test for Heteroscedasticity) Under the sequence of local alternatives

ar,

tn =T Y (J&ldgt — 1)(8f — Z*) A Y (l&)ogt — 1)(2f — 27)
d
— x¥_1(m)

m =~ K'A"'Kn~,.

Under some additional conditions, the LM test has a simple TR? form. In particular,

if E[(|et|wg? — 1)?|Fi—1] does not depend on ¢, then A reduces to

E(jelwg™ 1) Jim TSE(s; ~ 2°)(s5 - 2°)

and £y becomes

Er =T (&elogt = 1) (27 — 2°)' [D(ef — 2°) (=t - 2°)] "

x L(lelog! —1)(2 - 2°) / T(l&log ™ — 1)

which is TR? from the regression of || on ;.

Of course, in the case v= 2, i.e., 2z} = (1,2}), this regression is equivalent to that
suggested by Glejser (1969). However, instead of considering the t-statistics on the esti-
mated coefficients in the regression as Glejser did, the LM test is based on the overall R2.
Presumably, of course, in the linear heteroscedasticity model, with w(z) = z, an equivalent
Wald test could be based on these t-statistics. A similar test was also considered by Bickel

(1978).




7. CONCLUDING COMMENTS

In a dynamic nonlinear model, we have analysed estimation and hypothesis testing
based on the least absolute error criterion. The results represent extensions of those given
in Koenker and Bassett (1982) and Oberhofer (1982).

The next step is to compare the results with those based on squared errors.. First,

consider the Wald and LM tests for restrictions on fp. As is well known,

d .
¢rs = (RBLs —r)'[RDp3ALs DL R " (RALs — 1) — x3(mLs)

where ﬁLg is the OLS estimator of fo,

mrs = ’Y'R'[RDZ;-ALsDZ;R']_IR’Y

Aps = E[T 'YV V' 7]

Drs = E[T—IZVftOV’f?]

The asymptotic relative efficiency (ARE) of éw to £rs is the ratio of the noncentrality
parameters and “may be interpreted as the ratio of sample sizes required to achieve a
specified power for both tests for a specified level and alternative” (Koenker and Bassett
(1982)). In the simplest case of no heteroscedasticity and a simple exclusion hypothesis, the
ARE becomes 02 /w?. At the normal distribution, ARE ~ .64, so under this interpretation,
¢w needs 36% more observations asymptotically than {rs. Koenker and Bassett (1982)
comment on this example further.

In more complex models, it may be difficult to compare the noncentrality parameters
analytically. As the distribution becomes long-tailed, however, the advantage of the tests

based on OLS is lost. In table 1 we present the results from a specific example. Here,

Yyt = P1yt—1 + €

24




~Table 1. Ratio of Noncentrality Parameters?®

a) Normal

Student-t11

)
0 .1 .2 .3 4 .5
.74 .79 .88 1.03 1.27 1.74
.74 .79 .89 1.06 1.38 1.84

.74 .77 .85 1.02 1.21 1.93

aAverage ratio over 200 replications, each with 1000
observations.

E(Et | It—l) =0
E(ef | It-1) = 1+ ca€f_,

R = 1 and the conditional distribution is either normal or a student-t;; transformed to
have condit_ional variance (1+ cz€?_,). In each category in table 1, 1000 observations were
generated and used to estimate the ratio of the non-centrality parameters. The entries are
the average ratios over 200 replications. A more extreme case is the double exponential

distribution where for a; = 0, the ratio is already 2. Clearly, it is easy to find models in

which the tests based on LAE are more powerfﬁl than those based on OLS.®

Similarly, we may compare the LM test for heteroscedasticity given in section 6 with
the usual LM tests. In the latter, the covariance matrix in the test statistic uses (}o; 7—1)?

rather than (|e:|w; +—1)? and presumably either w(-) would take on a different functional
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form or z; would be defined differently. The relative efficiency of the two approaches under
different error distributions is a topic for future work, e.g., a Monte Carlo experiment.
However the numerical results in the simple case considered by Newey and Powell (1986)

again demonstrate the potential degree of relative inefficiency of OLS-based methods in

the presence of non-normal, heteroscedastic errors.

Next, in section 2 we essentially assumed that the model was correctly specified by
assuming that the errors always have median zero. With misspecification, we cannot
necessarily assume this and hence the properties of the estimators and tests will change.
An analysis of misspecification similar to that in Newey (1985) would then be appropriate.
Similarly, the properties of the Hausman test based on the difference between the LAE
and OLS estimates would follow from this approach.

Finally, examples of the use of LAE in time series models may be found in Weiss
and Andersen (1984) and Bloomfield and Steiger (1983). In the former, LAE is used to
estimate ARIMA models for 80 series. This produced better forecasts relative to the same
models estimated by OLS. Included in the latter is a small Monte Carlo experiment on the

sampling properties of LAE in an autoregressive model.




MATHEMATICAL APPENDIX

Proof of Theorem 1. The proof follows that of Powell (1984), Theorem 1, or Oberhofer
(1982), i.e.,

i) Show that Vr (8, fr) L E[Vr(B,Bo)] where E[Vr (B, Bo)] is continuous in f.

ii) Show that E[Vr(B, o)) is uniquely minimized at So.
A convergence in probability version of Lemma 2.2 of White (1980) then gives consistency.

i) Let 2, T = zt(ﬂ’ﬁT) = f(zt’ﬂ) - f(zt’ﬂT) and write

Vr(8,81) = T~ Y |et — zt,7| — |etl,
< T 0(lee| + l2e,7] — lel)

=T Y at,7

But z: 7 = Vf} (B — Br) where Vf} is V f; evaluated at §* which lies between 8 and fr.
Under assumptions (A3), (A5) and (A6) we may apply the LLN. Therefore

V{8, Bz) — V(B fo)] — 0

where E[Vr(B,Bo)] is continuous in f.

ii) Let v¢(B,Bo) = |et — 2¢| — |€:|, where 2; = 2:(8,80). Then by considering the four
regionsez—z; > 0, € >0; €—2 >0, € <0; €—2 <0, ¢ >0ande—2 <0, € <O0;
and hence the two regions z; > 0 and z; < 0, we obtain

E(vt(ﬂsﬂO)IIt—l) = 1(2t > 0) 2 ° {Iztl + A}ht(A)dA

—2¢
-2

+ l(zt < O) 2 {IztI - A}ht(A)dA

where 1 is the indicator function. Therefore

X

E[v¢(B, Bo)] =E{E([z 1(z: > 0) _0 {|2¢] + A}he(A)dX

-2

+21(2 <0) [ {lar] = Apre(N))] | ha(0) > h) }.
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Now, since hy(}) is continuous, when h4(0) > h there exists k1 > 0 such that k() > hy

for |A| < hy. Hence for any ¢ such that 0 < ¢ < hy

E[vg(ﬂ,ﬂo)] > E{E([Z I(Zt > 0) l(zt > 45) [_:(qb + )\)hld)\

¢ )
+21(z < 0) (=2 > 9) [0 (6= Wadd] | he(0) > B) }
> E{E([l(zt > ¢) ¢%hy + 1(~2z¢ > ¢) $2hi] ! he(0) > h)}
= $*hE{E[1(|jz| > ¢)[he(0) > ]}

= ¢2h1 P(|zt] > ¢)

Therefore

E[Vr(B,80)] = $*h T~ 1Y Pllz:| > 4]

But under assumptions (A6) and (A8), and following Powell (1984) Theorem 1, for
| 8=Bo |l > ¢1>0, E[Vr(B,50)]>0.

Proof of Theorem 2. We begin the proof with the extension of the results in Huber
(1967). This gives several sufficient conditions, which we then verify. The application of
the mixing CLT then gives asymptotic normality.

Define
Ar(B) = T~'Y Er(e:(B)]

and for d > 0,

we(B,d) = sup{]| :(r) — g:(B) ll:ll ¥ — B l|< d}

The following conditions are imposed on g¢, AT Vand Kt
Assumption (N-1) For each ¢, ¢:(8) is measurable for each § € B and is separable
in the sense of Doob (Doob (1953), p. 51-52).
Assumption (N-2) For each T, there is some § € B such that A:(8) = 0.
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Assumption (IN-3) There are strictly positive numbers a,b,¢,do and Tp such that,

foralltand T > T

D) | Ar(B) IZal| =Bz | for || —Ppr < do.
ii) Er[p:(B,d)] <bd for | B—Pr| +d<do, d20.
iii) There exists constant D > 0 and d > 0 such that either

a) If {z¢,€:} is ¢-mixing then

Er[p:(B,d))* <ecd for | B—PBr| +d<do

and {zi, €} is of size 2 or

b) If {z¢, €:} is a-mixing then
Er[u:(B,d)]? <ecd for ||f—Pfr|+d<do

and {z:, €} is of size 2¢/(q — 2), ¢ > 2.
Assumption (N-4) Er || ¢:(07) ||*< K for all t,T and some K > 0.

Remark: The role of assumption (N-1) is to ensure measurability of the suprema occuring

below. Under the assumptions in the text, this assumption is satisfied.

LEMMA A.1: Define

o IS0 — 0(8) ~ () + Ax(8)]
Zrinf) = VT +T oz |

Then assumptions (N-1)-(N-4) imply

p
sup Zr(r,fr) —O
[Ir=BrlI<do

Further, if T‘%eq(ﬁ) 2.0 and B - Br 2 0, then
-1 1y P
T733 q:(Br) + T3Ar(B) — 0

PROOF: The proof is identical to that in section 4 of Huber (1967) except that
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i) terms of the form

TA(6), TEu(z,6,d), etc.

(in Huber’s notation) can be replaced by their “averaged” counterparts
TAT(H), Z Eut(zt,ﬂ, d), etc.

without affecting the validity of the argument if T is sufficiently large (as was noted by
Powell (1984)).
ii) In the applications of Chebychev’s Inequality, we use the mixing conditions and

Lemma 2.2 of White and Domowitz (1984) to ensure finite variances.

Proof of the Theorem. The method is now to show that T=33 q; (ﬁ) 2.0 and that
assumptions (N-2)-(N-4) are satisfied. The second conclusion in Lemma A.1 will then
imply asymptotic normality.

Now

T ¢:(8) = T-3 LV f:(B)¥ (vt — f(z¢, B))
Following Ruppert and Carroll (1980), for constant a > 0 define
Gj(@) = T™3 L |y — f(zt, B + aej)|

where the summation is over terms with V;f:(8) # 0 and ¢; = (0...0 1 0...0)"(k x 1)

with the 1 in the jth position. Further, let

. Hj(a) = T~ L Hij(a)

where Hyj(a) = —V; f+(B + ae;)(ys — f(z¢, B + ae;)) and the summation is over the same

terms as G;. Now for each Hij, pick a;; small enough so that t,b(ijt (,B)) is constant over
{ﬁ - atjeJ-,ﬁ + asje;}. Since Vjf; is continuous in 3, each a¢; > 0. Pick € = ming j{as; :
ijt(ﬁ) # 0}. Then

Hj(—€) < H;(0) < Hj(e)
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and because G,(a) achieves its minimum at a = 0, H;(—¢€) < 0 and H;(e) > 0. Conse-
quently
|H;(0)| < Hj(e) — Hj(—e)
and letting € — 0, H;(0) = T-4Y¢:(B) and
|H;(0)| < 2T~ 3 IV A(B)1(ve — £ (2:h) = 0)
< 2T % ay(zs,€-1)% 1(ve — f(ze, 8) =0).

But T~ 3 a, (¢, €t—1) £. 0 and the summation is finite with probability one for all T large
enough since the distribution of ¢ is continuous.

Next, assumptions (N-2)-(N-4) must be verified.

a) (N-2). Simply note that Ex(g:(8r)|ft—1) = 0.

b) (N-3) i). Write

Ar(8) =TS Br {VA(B)Erlp (v: — f(21,8)) | L]}

Evaluating the conditional expectation gives
0

2[PT(6t <0 I It—l) - PT(et < V'ft(ﬂ*)(ﬂ - ﬂT) l It—l)] = 2/ ht,T(A)dA
v fe (B—Br)

= —2V'f1(8*)(B — Br)hs,m(X})
where V/f# = V'f:(8*), B* lies between # and Sz, and A} lies between V'f} (8 — fr) and

0. Hence
Ar(8) = —2T~ T Bxlhe,r(3)) V £(6) V' 1:(8")](8 — br). (a1)
But using the Lipschitz continuity of k¢ and a mean value expansion for V f;,
T=3Y Bxlhe,r (M) V£(8)V'1:(6°)] - Dr
=TS Br[lhez(3) - k2 (0)]V £:(8) V' £:(8"))
+ 7L Br bz (O)[V1(B)V'1:(8") — V1B)V'1(8)]
< LeT™'S B [VA(B)V'1:(6°) IV £1(6°) (8 - 7))
+TIL Br[hez(Q)V£:(B) V2 1:(6**) (8" - B)]
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where 3** lies between #* and . Hence

Ar(B) = —Dr (8 — Br) + O(|| B - Br |I?)

| Az(B) |2 e |l BBz |
for || B — Br || sufficiently small.
c) (N-3) ii). Write

pi(B,d) < sup || VSi(B)d:(B) — VSe(B)u(r) |l

lir—Bll<d

+ sup || VFu(B)e(r) — Vi(r)e(r) |

llr—Bli<d
where ¢:(8) = t,b(yt - f(zt,ﬂ)). Now, by a mean value expansion of V f;(8) and since

'¢t(7)| =1,
sup || (V£:(B) — VSfe(r)¥e(7) | £ az(zt, €e-1)d (A.2)

lIr=Bll<d
Further,

sup || V£(8) (¥e(8) — ¥:(7)) |l

lIr—Bli<d

< sup 2 Vft(ﬂ)l(lét — (f(zt,8) — f(z+,Br))| < |f(2t,8) — f(xt,r)|) |
lr—pli<d (A.3)

< 2 ay(zt 6-1)1 (e = (7(21,8) — (31, 87))| < @ (e, e1-1)d)

Also,

Er [1 (Ift — (f(zt,8) — f(z+,87))| < al(Zt,ft-l)d) I It—l]
= ay(z¢,€t—1)he,7(At*)d | (A.4)

< H ay(zt,€t-1)d
where H is the upper bound on hyr and A;* lies between (f(:ct,ﬂ) — f(z¢,B1)
- al(:ct,et._l)d) and (f(zt,ﬂ) - f(z¢,B7) + a1 (:z:t,et_l)d). Combining equations (A.2)
and (A.4) shows that E7[u:(8,d)] < bd for some b > 0.
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d) (N-3) iii). This follows from the “c, inequality” (given as Theorem 1.2.6 of Lukacs
(1968)), equations (A.2) and (A.3), assumption (A6) and noting that d < do.
e) (N-4). Simply note that ¢:(8) < a; (z¢, €t—1)-
Hence, the conditions of Lemma A.1l are satisfied and so, by Lemma A.1, equation
(A.1), the consistency of ﬁ and the mixing LLN applied to Dr,
T4 $qu(6r) - DrT4 (3 - r) —0
Further, Er(q:(8r)] = 0,

Er[T~3Yq:(r))? = T~'Y Er|a:(Br))?

=T~y Er[Vfi(Br)V'fi(Br)]

— A

and Er|g:(Br)|?>" < oo, for some r > 1 and all t,T. Hence by the mixing CLT,

_ d
T-3Y q:(Br) — N(0, A).

That is,
o .. d
T3 Ap?Dr(B — Po) — Ar*Dry — N(0,1I)

Proof of Theorem 3. Firstly,

Dr = [2(rT) ' 100 < & < er) ViV 1}

+2(8rT) 1 (~ér < & < O)Vftvft']

so by symmetry, we need only consider

T

2(5TT)—121(0 < &< ET)VftVft'

This is asymptotically equivalent to

Dr =2(crT)"*31(0 < & < é1) Vi V'fe
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since ér/cr £ 1. The remainder of the proof entails two steps.
i) Show that Ar = |Dr — 2(erT)"131(0 < & < er)VfiV'fi 2.0 where the
derivative is evaluated at any § € B, uniformly in .
ii) Show that |2(c7T)™* 1 1(0 < & < e1)Vf:V'fe — Dr| 2.0, where the derivative

is evaluated at ﬁ

i). Define

Arr =2(erT) MY [1(0< e <ér)—1(0<e < cr)]V V' fi

Ao = 2(CTT)—1|E[1(0 <6< ET) - 1(0 <6< ET)VftV’ftl

Ar < Air + A2t

and we consider A;7 and Az separately. Firstly,

Air < 2(CTT)_IZ:[1(CT <€ < ET) + 1(31‘ <€ < CT)]VftV'ft

Note that the sum of indicator functions is one when ¢; lies between ¢t and ¢r. Now

l(cT <€ < ET) + 1(31' < 6 < CT) < l(cT —pur<e<cr+ /I«T) + I(IET — CTI > ILT)

where pr > 0 and cT,u;1 = b(T’l). Therefore,

A < 2(crT) T 1(cr — pr < & <cr +p1)ViV'fi

+ 2(CTT)—11(|5T - CTI > #T)Evftvlft

The second term is o0,(1) since for any n > 0,

34




P(cp'1(lér — e7| > p1) > 1) — O

with crpz! = O(T™) and since T3V fiV'f; is Op(1) uniformly in 8. Also, for any

n >0,

Pr((crT) 'Y 1(cr — pr < & < er + u1)V iV fi > 1)

< (nerT) 'Y Er{Pr(cr — pr < & < er + pr|lt-1)V V' f1}

But Pr(cr — pr < €& < cr +pr|li—1) < 2Hpr by assumption (A4), where H is the upper
bound on k¢ r(-). Thus the right hand side of equation (A.5) is arbitrarily small for T

large enough. Therefore A £ 0, uniformly in 8.

Next, consider Azr. Now

A < 2(cTT)—121(|et - 6T| < |€t - EtI)VftV'ft

where the indicator function is one if ér lies between €; and &. Also |e; — ér| < |é& — €]

implies |e: — cr| < |& — €| + |er — ér|. Therefore,

Aoy < 2(erT) "1 1(ler — er| < |& — €t] + |er — Ex|)V i V' fi

But for 0 < 7 < min[2m,72/(1/2 — 72)]




PT{(CTT)_IZ 1(let — er| < |é& = €t| + |er — Ex|)V /i V' fs > 17}
< PT{(cTT)’IZ 1(ler —er| < 27t )V V' fi > n}
+ P(Iét —&| > c%ﬁ")
+ P(|eT —ep| > clT+f)
< (nerT) ™'Y Er[Pr(les — c1| < 2¢377|Li—1) V i V' fi]
+ Pr(|| Vet [l ez’ ™" | A= Bo ||I> 1)
+ Pr(eqp"|ér/er — 1| > 1)
<4(nT)"'HcTy Er(VfiV'fi) +0(1) — 0
uniformly in B, since Pr(|e: — cr| < 2¢3T7|I;—1) < 4Hck", uniformly in ¢,T, || Ve: | is

Op(1), g " is o(T(5=")(1+7)) = o(T3) and c7” = o(T™). Finally,

p
Ar < Aijr+ A —0

uniformly in 8.

ii). By a mean value expansion,

2(CTT)_121(0 <€ < cTV)Vifth'ftlﬁ = 2(CTT)—121(0 <€ < cT)V,'f?ij?

+ 2(CTT)—1T—%ZI(0 << CT)

x (V3 1eVife + Vife Vi fe) | 5T% (Bk — Box)

where ﬂ lies between ﬁ and fo, and Bk and fBok are the kth elements of ﬁ and fp respectively.
Since c;lT"% — 0, we need only consider the matrix which has the first term on the right
hand side as its 15th elemént. Subtracting Dy from this matrix and taking absolute value

gives a matrix which is less than or equal to |Agr|+ |A4r|, where

Aazr = Z(CTT)—IZ[I(O <e<er)— ET(I(O <6< CT)|It_1)]V,'ftc'ij?
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Aur = 2(crT) ' Er(1(0 < & < e7)|I1=1)V V') — Dr

Clearly Er(Asr) = 0 and further,

var(Asr) = 4(CTT)-22 ET{[I(O <e<cr)—Er(1(0<e < Ct)|It—1)]V;‘ftOijt0}2

< 4(erT) "2y Er|Pr(0 < & < cr|l:-1)(Vif?)* (Vi f7)?]

expanding the squared term and first taking expectations conditional on I;—;. Next,

cr
c;lPT(O <6< CTlIt—l) = CEIA ht,T(A)dA

1
= / he r(Aer)dA
0

= h4(0) + o(1)
for all ¢ by the bounded convergence theorem and since h¢,r(A) — ht(A). Hence

var(Asr) < 4(erT) T~ L Er[he(0)(Vif?)* (V5 £7)*] + 0(1)

—_— 0
Hence A3TA-}—)‘ 0. Similarly,

Ay = 2T‘1th(0)Vf$V’f? — D+ 0(1)
p

—0
by the LLN. Combining Agr and A4r we have
» -1 0w/ 0 _ 7 4
|2(CTT) Z 1(0 <€ < CT)Vft Vife — DTI < |A3TI + |A4Tl —0

which completes the proof.




Proof of Lemma 1. From Lemma A.1,
Zr(B,Br) = {lg7(6) — 97(0) + Drs + O(T ¥ || 6 |2)[}/{1+ || Dz6 + O(T= || 6 |1*) |1}

Notice that for || 6 ||< M, the denominator is bounded. Hence, since for any M, M/ VT <

do for T large enough, Lemma A.1 implies that

sup || g7(6) — g7(0) + Dré ||= 0p(1)
lIsll<M

as required.

Proof of Theorem 4. The proof has two main parts.

i) Show that

1

_ P
Asr =T~ 3Y (35— Z*)(|&|og - 1) T~ (2 — Z4)(let|wi7—1) = Kry1 — 0

ii) Show that
d
T~23 (2t — Z7)(letlwr — 1) = N(0,4)

The form of the LM test then follows from the consistency of Ar for A, which is
implied by £ 2. Bo, the LLN, and Lemma 2.6 of White (1980).7

i) By the triangle inequality,

|Asr| < |Aer| + |A7T| + |AsT

Dor =T33 (5 — 2°)(|elog™ — 1)

~T735(8 — Z°)(|aelwyr — 1) — Krm
Arr =T753(2 - 27)(|etlwsr — 1)

— T35 (8 = 2*)(Jetlwiz — 1)
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Agr =T33 (8 — Z*)(|ec|wi} — 1)

—T~5% (2 - 27)(let|wiz — 1)
Consider Agr. Now

Aer =T~ (8 - 2*)(|alog " — |etlwi ) — Kom
=T-3Y(8 - Z")|&|(@ " —wor)
+T735(8 - 2*)|&|(wo  — wig) — Ko

= Agr + Ajor — K771 (say)

Aor = —&5 'wy 1T (@0 — wo,r) T2 (8 — Z*)(J2t] — wo,r)

Further, wo,r = w(a1,r) = w(e1) + w'(é1)(e1,r — 1) = w(ai1), where &; lies between
aj,r and ;. Similarly, as T — oo and ﬁ — fo, @o 2 wo using Lemma 2.6 of White

(1980). Next,
T# (@0 — wo,r) = T™¥ T ([&t] — letl) + T™5 (letl — we,z) + T™3 L (we,r — wo,r)

Writing the first term as a function of é and using the method leading to Lemma 2, we

have, for L > 0,

. p
sup [T~ (let = V'fe 6/VT| —|et)| —0

lieli<L

and hence T—3 Y (|&:] — |e:|) 2.0, since P(|| § ||< L)'> 0. Further, T~5Y(|es| — we,r)

is Op(1) since var[T~3 Y (|et| — we,7] < co under assumption (A14) part iii), and
=3 Y (we,r — wo,r) =T 1w (zer) zm
— w'(e) Tlim T~ Elz}]m < o0
—00
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where a lies between ar and a. Hence T3 (@0 — wo,r) = Op(1). Finally,
-1 aAn 77 * A -1 anfla Farmn—1 2 P
T30 — Z*)(|&] — wo,r) = T~ 27 (|&] —wo,r) — 27T 1 (|&] — wo,r) — 0

using Lemma 2.6 of White (1980). Hence, AgT.-i 0. Similarly, applying a mean value

expansion to w; . 71. in Ajor implies that
Asor = T7E (88 — 2*)|atw(ziar) ~*w'(ztat) zm

But by Lemma 2.6 of White (1980) and the continuity of w(-) and w'(*) in @, Ajor —
Kry, = 0.

Next, consider A7r. Now

Arr = T35 (2) — Z*)(|&] — lee])wir

= T35 (&) — leewi g — Z* T~ 5 S (J&] — |esl)wi 7
Consider the first term in A7, or equivalently,
Anir(8) = T35z (8)(let — V'fi 6/VT| = letl)wiz
The gradient of this with respect to § is Aj2r + A1z, where

Arpr = T15 21 (6)V' fip(er — V'fi 6/VT)wi}

| Ajar = T—%Eaz{/aﬂlet ~V'f; 5/\/T| - Ietl)w;"}

In Ayor, T3z} (6) is a.s. o(1) and from Lemma 1, the rest of the expression is Op(1).

Hence, following Lemma 2, Aj27 Lo. Also,

. p
(Aser)sj < T™130)022/065] [V'feb] — 0

under assumption (A14), iv), since d2;:/86; = T~ 302;;/8P;. Similarly, the second term

in A77 is 0p(1).




Next, consider Agr. Now
Asr =T~ 5% (2 — 2})(letlwir — 1) — (2* — Z23) T~ 3 (leelwiz — 1)

Clearly, the second term on the right hand side is 0p(1). Write the first term as

T4 Y(23(B) — £:t(B) + Zie(B) — Zit(Bo) + Zie(Bo) — 24 (Bo)] ([eelws — 1)

By assumption (A14) part vii), this is 0p(1) since T“%(ledwt”'} —1) is a.s. o(1).
ii) Consider the distribution of T=%3Y rs r, where ryr = (2f — Z,_;.)(Ietlwt—’,} -1).

Clearly Er[r:,r] = 0 since ET[|et| | ?}_1] = wy,r. Also,

Ep[T~ 33 rer|[T™ 2 rr) = Er|T ' ri,rrt 1)
=Ar

— A

by Assumption (A15). Applying the mixing CLT completes the proof.




FOOTNOTES

1. The restriction that z; contains only a finite number of lags excludes moving
average models, for example. As White (1986) notes, however, the results in Gallant and
White (1986) may be used to allow an infinite number of lags.

2. Implicitly, all events are assumed to take place on a complete probability space.

3. This basically ensures that 2 (8) is not too flat in the neighborhood of fo.

4. Inspection of the proof of the uniform Law of Large Numbers, Lemma A.7 of Newey

(1985), shows that, in his notation,

plim sup [T~ wi(b) — T 1Y Ewe(b)| =0
B

This is implicit in the proof, but slightly more general than his conclusion. The Central
Limit Theorem is essentially his Lemma A.8.

5. If the null hypothesis is of the form S(8o) = 0 where VS evaluated at o has rank
g < k, then in the test statistics, S(5) is used instead of (RB — r) and VS (B) is used
instead of R.

6. To use the analogy in Koenker and Bassett (1982, p. 1583), perhaps the statistical
weather need not be too inclement.

7. Lemma 2.6 of White (1980) gives conditions, satisfied by B £ Bo and the uniform
mixing LLN, for using a sample average, e.g., Ar, to consistently estimate the correspond-

ing expectation, A in this case.
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