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ABSTRACT

We consider least absolute error estimation in a nonlinear dynamic model with neither
independent nor identically distributed errors. Under the null hypothesis and local alterna-
tives, the estimator is shown to be consistent and asymptotically normal, with asymptotic
covariance matrix depending upon the heights of the density functions of the errors at
their median (zero). A consistent estimator of the asymptotic covariance matrix of the
estimator is given, and the Wald, Lagrange multiplier and Likelihood ratio tests for linear
restrictions on the parameters in the regression equation are discussed. The Wald and
Lagrange multiplier tests are distributed as central x2 under the null and non-central x2
under local alternatives. The Likelihood ratio test on the other hand is not always equiv-
alent to the other two tests and may not be asymptotically distributed as x2. A simple
artificial regression form of the Lagrange multiplier test is available in omitted variables
problems, making this test attractive in many testing situations. Since the form of the
covariance matrix and tests depend on the presence or absence of heteroscedasticity, a
Lagrange multiplier test based on the absolute residuals is analysed.



1. INTRODUCTION

Many common estimation and testing procedures in econometrics are derived to be

optimal in the case of Gaussian errors. It is well known however that departures from

normality can greatly affect the performance of the procedures. Partly in response to this,

robust methods have been developed (see, for example, Koenker (1982)). One such method

is least absolute error (LAE) estimation.

In the static, linear model, Bassett and Koenker (1978) have proved that LAE is

consistent and asymptotically normal, and is also more efficient than ordinary least squares

(OLS) whenever the median is superior to the mean as an estimator of location. This holds

for a large number of distributions which have peaked density at the median and/or long

tails. Similar results have been obtained by Amemiya (1982) in the simultaneous equations

model and Powell (1984) who considered the censored regression model. In the latter, more

can be said. Departures from normality imply the usual maximum likelihood methods are

inconsistent whereas LAE gives consistent estimates for a wide range of error distributions.

In this paper, we consider the use of LAE in a nonlinear, dynamic model with neither

independent nor identically distributed errors. This extends the material in Bassett and

Koenker (1978), Oberhofer (1982) who proved the consistency of LAE in the nonlinear

model with fixed regressors, and Koenker and Bassett (1982) who analysed the Wald,

Lagrange multiplier (LM) and Likelihood ratio (LR) tests in the linear model with fixed

regressors estimated by LAE. As we shall see, the results in our model are similar to

those in the linear model. Hence LAE will also guard against the same type of error

distributions. We show that the LAE estimator is consistent and asymptotically normal

and prove the consistency of an estimator of the asymptotic covariance matrix. With

these, the Wald, LM and LR tests can be analysed. Two features of these tests are that

in a simple exclusion hypothesis in the absence of heteroscedasticity, the LM test statistic

has a convenient artificial regression form; and analogously to estimation by OLS, the LR

test is not distributed as x2 in the presence of heteroscedasticity. To facilitate discussion
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of the asymptotic power of the various tests, the analysis is done under a sequence of local

alternatives.

Since the estimation and testing of the model is simplified when the errors are ho-

moscedastic, we also discuss several tests for heteroscedasticity. The focus is on the natural

test based on the absolute values of the residuals. That is, in the spirit of Breusch and

Pagan (1979), we show that an LM test based on an artificial regression along the lines

of the regressions in Glejser (1969) may be defined. The test statistic is simply TR2 from

the artificial regression.

One important feature of the estimation is that in general, since the model is dynamic,

various moments of the errors must be finite. For example, the asymptotic covariance

matrix of the estimates involves a second moment matrix which in the linear model matrix

is simply "XiX". In the dynamic model, the X's include lags of the dependent variable. We

also note that in many time series situations, there seems little justification for assuming

finite moments for independent variables, but not for the errors.

We therefore consider the results to be applicable in situations where the true, un-

known distribution of the errors departs from the normal, but the higher moments still

exist. In this case, the OLS estimator also has the usual properties, and in discussing LAE,

an important consideration is efficiency relative to OLS. In this paper however, we con-

centrate on deriving the results described above. As we shall see, given the general model

considered, only in the simplest cases is it straightforward to compare the estimators and

tests. However a small numerical example shows how OLS can easily be inefficient with

heteroscedasticity or non-normal errors.

Another feature resulting, from the dynamic nature of the model is that when the

distribution is fat-tailed, any outliers will feed back into the design, creating influential

observations. However for the linear autoregressive model at least, Koenker (1982) has

noted that the outlier and influential observation effects tend to cancel each other and

bounded influence estimation (e.g., Belsley, Kuh and Welsch (1979)) is not necessary. We
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do not consider this in the nonlinear case.

In section 2, we define the model and estimator and discuss the assumptions imposed

on the model. Section 3 gives the consistency and asymptotic normality results while

in section 4 we discuss the estimation of the asymptotic covariance matrix of the LAE

estimator. In section 5 we consider the hypothesis testing and in section 6 we analyse the

tests for heteroscedasticity. Section 7 contains some discussion and concluding comments.

2. THE MODEL, ESTIMATES AND ASSUMPTIONS

We consider the following nonlinear dynamic regression model

Yt = f (xi, PT) + Et = . . . 71)

where xt is a (p x 1) vector of inputs, possibly including lags of yt, /32- is a (k x 1) vector

of unknown parameters and ct is the tth error.1 The data generation process is allowed

to vary with T, i.e., PT represents a sequence of true values. Additional T subscripts on

Yt, xt and et have been dropped. To obtain useful distributions for the test statistics, we

assume that f3T converges to some value Po. In particular,

(1)

for a (possibly) non-zero (k x1) vector

Given T observations on yt and xt, the LAE estimator is obtained by minimizing

QT(I3) = lyt - f (xt , (2)
t=i

with respect to In future, we will drop the indices from the summation. As is well-

known, ig is not unique. However the different values will be close (since any data point

must lie on the same side of every fit line), and we assume that there exists some rule for

choosing a unique ;j. In equation (2), we are also implicitly conditioning on any starting

values if xt contains lagged dependent variables. Neither this nor the non-uniqueness of

LAE will not affect the asymptotic results.
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For ease of exposition, we adopt the approach of initially defining a number of terms

and stating a set of assumptions about these which are sufficient for the majority of the

results. Hence, not all the assumptions are used for each result, and in many cases,

they could be weakened. Other assumptions are more conveniently introduced later. A

discussion follows the statement of the assumptions. Assume:

(Al) (Parameter space) flo is an interior point of a compact set B E Rk.

(A2) (Regression function)

f(xt, (3) is a known, measurable function for each # in B.2

ii) f (xt, [3) is twice differentiable in 13 uniformly in t a.s., and the second derivative is

continuous in # a.s.

(A3) (Unconditional Error Distribution) Let ut,T(y) be the unconditional density of yt.

Assume that for almost all y, ut,T(y) ut(y) as T --+ oo.

Next, let PT and ET denote probabilities and expectations taken with respect to ut,T,

and let P and E denote those taken with respect to ut. Assume:

(A4) (Conditional Error Distribution) Let /t_i be the information set (a-algebra) generated

by xt_i,I > 0, and Et_i, 1> 0, and let ht,T(A) be the density function of et conditional

on It—i• Assume that conditional on it—i, Et has median zero and that ht,T(A) is

continuous, bounded from above and there exist pl, h > 0 such that PT (ht ,T (0) >

h) > pl, all uniformly in t, T. Further, assume that each ht,T is Lipschitz continuous,

i.e., for all A1, A2 and some finite constant Lo > 0,

Iht,T(A2) —ht,T(A1)1 LojA2 —Ail

uniformly in t, T. Finally, assume that for all A in a compact set including A =

0, ht,T(A) ht(A) a.s. as T --+ oo.

(A5) (Dependence Conditions) The random vectors {ct, xt} are either 4-mixing of size

2r/(r — 1), r > 1, or a-mixing of size 2r/(r — 2), r > 2, where the mixing coeffi-

cients are defined with respect to the a-algebras generated by {et, xt}. (See White

and Domowitz (1984) for details.)
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(A6) (Dominance Conditions) Define the operators V amp, vi alapi, v2 a 521

apap' and VZi 8218383i, where fli is the ith element of 3. Assume that there

exist measurable functions al (xt, Et—i), a2 (xt, ft—i) and a3 (yt) such that for all E B

and t,T,

I Vift I .5_ (xt, I V?3. ft I a2(xt, Et—

With v a a-finite measure, assume that either

i) If {xt, et} are 0-mixing, then

and lut,7001 a3(y)

al (xt, Et-1)3a3(Yt)dv < oof

a2(xt, Et_i)2a3(yt)dv < oof

and f c?a3(yt)dv <00 or

ii) If {xt, et} are a-mixing, then assume that there exists ji > 0 such that for all t, T,

fai (xt, Et— 1)3+Pa3 (Yt)dv <00

f a2 (xt, et_ 1)2+Aa3( )4-,yt,...v <00

and f c?a3 (yt)dv < oo

(A7) (Covariance Matrices) Define

and

AT = T-lEE( 7.ftV ft)

AT = T-lEEC C frtil

DT = 27"-TE(ht(0)V ft1C71 ft)

DT = 2T-lEght(0)V giC71
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where V f° is V ft evaluated at i3o. Assume that fib is a regular point of AT and DT

and that there exists a matrix A such that pi AT p — Ap 0 as T oo for any real,

non-zero k x 1 vector p.

(A8) (Identification) Define the OLS criterion function

and its expectation

4P) = T-1E[yt - i(xt,P)12

(#) = T—lEE[yt —

Assume that Po is identifiably unique, in the sense of White and Domowitz (1984).3

Assumptions (Al) and (A2) are typically of those required on the parameter space and

regression function. (A3) and (A4) give the conditions on the errors and their distributions.

Note, however that in the dynamic model these are mainly imposed on the conditional,

rather than unconditional distributions of the errors. If the conditional median is equal to

zero, then

ET(Cet)114-1) =

for all t, T, where 0(x) = sign(x). This can be viewed as the orthogonality condition

equivalent to E(Etlit_i) or E(etxt) = 0 in least squares. It implies that at fiT, the appro-

priately defined gradient has zero expectation and assumes that for all i3T, the regression

equation is "correctly specified" other than the change in parameters from fib. Therefore,

correlation between the xt and Et is ruled out, for example, since then xt may affect the

sign of Et. We comment on this further in section 7. Also, this part of (A4) is not restrictive

provided there is an unknown constant term in the regression function.

Next, we assume that the conditional density ht,T depends on a set of parameters aT,

where aT ao as T oo, and is continuous in a with probability one. This implies that

---+ ht a.s. as T oo. For example, consider the ARCH model introduced by Engle

(1982). Suppose that

N(O, aZT)
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where aZT = ET(Enit-i) a2,TELD ct1,T > 0 and 0 < a2,7' < 1 for all T. As

oo, ai,T --+ ai and a2,T a2. The unconditional density ut,T also depends on the

parameters ai,T and a2,T. Engle (1982) notes that the unconditional fourth moment of

Et is greater than that implied by unconditional normality. In this model,

ht,T(0) =
1

f2Trat,T

which is bounded from above, but not below. However, PT(ht,T(0) > h) > pi is equivalent

to PT(at,T < M) > p, or PT(eLi < > P1, for some M, M1 < oo. That is, 4_1 is

O(1). Note also that since ht,T(0) — ht(0) OasT---+oo, there exists p > 0 such that

P(ht(0) > h) > p.

Assumption (A6) gives the moment conditions. These conditions, together with as-

sumption (A3) on the unconditional density of the errors, are used for the Law of Large

Numbers (LLN) and Central Limit Theorem (CLT). Under the dependence assumption,

(A5), these theorems are provided by the LLN and CLT for mixing random variables given

in Newey (1985).4 Essentially, in assumption (A6) we require at least third moments of

Vift and second moments of Vbft for the 0-mixing case. a-mixing is a weaker form of

dependence and hence the moment conditions are stronger. The dominance conditions and

the degree of dependence in the mixing conditions are also stronger than those required

for the usual applications of the LLN and CLT. They are used in section 3 to circumvent

the difficulties caused by the discontinuity of the gradient of the absolute value function.

Depending on the form of f(.), the moment conditions will probably impose similar

requirements on the moments of et. This may also impose particular restrictions on the

parameter space B.

Assumption (A7) is also required for the CLT. In p'articular, as we shall see, AT is the

covariance matrix of the gradient of QT, evaluated at flo, and hence must be positive defi-

nite. But following White and Domowitz (1984), with assumption (A7), the identification

assumption, (A8), implies that AT and AT are positive definite. Assumption (A8) is also,

of course, one of the conditions required for the OLS estimator of Po to have the the usual
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properties. DT turns out to be the equivalent of the matrix of second derivatives of QT

and hence corresponds to "X'Ar" in the usual linear model. Since P(ht(0) > h) > p, DT

and DT are also positive definite.

These definitions of AT and DT allow for the heteroscedasticity in the errors. As

noted in White and Domowitz (1984) however, the (technical) requirement that AT A

will place some restrictions on the allowable heterogeneity.

Assumption (A8) is used in a different way in the consistency theorem. Define

vT(fl,flT) = T-1Elyt — i(xt,fl)I — T-1Eleti

= T-1QT (i3) — T-1QT (13T)

The estimator also minimizes VT(f3,f3T) since QT(13T) does not depend on 13. This form

of the criterion function also facilitates the proof of consistency without the (explicit) as-

sumption that the first moment of Et is finite. Under the moment conditions in assumption

(A6), ET[VT(/3,137,)] exists, and ET[V2(f3,11T)] E[VT(13030)1. Under assumptions (A6)

and (A8), E[VT([3,130)] is uniquely minimized at Po, in the sense of White and Domowitz

(1984). As shown in Theorem 1 below, this then implies the consistency of We now

turn to the formal discussion of the asymptotic properties of 4.

3. CONSISTENCY AND ASYMPTOTIC NORMALITY

The existence of the LAE estimator follows from Lemma 2 of Jennrich (1969). Next,

we have

THEOREM 1: (consistency) The LAE estimator 13 is weakly consistent for Po.

Detailed proofs are given in the appendix. As noted in section 2, Theorem 1 does

not explicitly require that any moments of Et exist, although {f(xt, fl) — f(xt,f30)} or

equivalently Vift, must be dominated by uniformly (ri 01) integrable functions, r1 > 1,

01 > 0.
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Consider next the asymptotic normality of the LAE estimator. Of course, the dis-

tribution theory for is greatly complicated by the problems with the differentiability of

T (i3). Therefore the standard proofs based on the mean value theorem are not applicable.

Instead, following Powell (1984), we base the asymptotic normality result on an extension

of the results in Huber (1967). Huber gave conditions which ensure the asymptotic nor-

mality of maximum likelihood type estimators in i.i.d. samples when the usual regularity

conditions do not apply.

From equation (2), define the gradient vector

VQT(13) = 71-1Eqt(i6)

where qt(P) = it(13)0(yt- f (xt , f3)) and (13) means the various terms are evaluated at 151.

Theorem 2 gives conditions under which the sequence {/} which satisfies the "first-order"

conditions
A P

T-1\7Q71(6).-+

is asymptotically normal. In particular, we show that

T-t-EEs[qT(fl)] = Eqt(i3T) op(1)

where E k[qt(16)] means E[qt(f3)] evaluated at )3'. The asymptotic distribution of A-77,1

Eqt(i6T) is N(0, 1.) and

(3)

71-1EEA[qt(ii)1 = DT(4)711/2(/ — /3T)

where DT (/) is DT evaluated at lg. The asymptotic distribution of $T follows immediately.

THEOREM 2: (asymptotic normality).

DTC4 PO) — A-7j DT1 N(0, I)

Notice also the curious reversal of the roles of the "hessian" and "information matrix"

relative to OLS with heteroscedasticity. That is, in OLS, any heteroscedasticity affects
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the variance of the gradient vector, rather than the expected value of the matrix of second

derivatives of the objective function (DT).

In the homoscedastic model, DT reduces to 2h(0)T-1-EE(VgV'M = 2h(0)At,

where h(0) is the height of the common error density function at zero. The asymptotic co-

variance matrix, D 1ATDT-1, becomes w2AT-1 where w = [2h(0)]-1. This is equivalent to

the covariance matrix in the static model. Comparing this to the usual covariance matrix

for OLS, i.e., crE2A-7,1, where a? = E(En, implies that LAE is more efficient than OLS if

W
2 
< a2C

This occurs whenever the sample median is a more efficient estimator of location than the

mean, since w2 is the asymptotic variance of the sample median of the errors in this case.

We comment further on the comparison of LAE and OLS in section 7 where we briefly

compare the (appropriately defined) asymptotic relative efficiency of the Wald, LM and

LR test statistics based on LAE and OLS. In the simplest case, this comparison depends

only on w2 and (7,2 as above. The final preliminary to deriving the tests is the estimation

of the asymptotic covariance matrix of ;j.

4. ESTIMATION OF THE ASYMPTOTIC COVARIANCE MATRIX

In order for the asymptotic normality result, Theorem 2, to be useful in hypothe-

sis testing, a consistent estimate of the covariance matrix DVATD771 is needed. This

obviously entails the estimation of AT and DT separately. The estimate of AT is the

usual estimate given by replacing,the expectations by the corresponding sample quantities

evaluated at the LAE estimate, i.e.,

AT 1= T-1E1qtViit

where V ft is V ft evaluated at lij. The proof that I,AT—ATI 1-). 0 is standard and is omitted.

The estimation of DT is more difficult since DT involves the density functions of

the errors. As noted in Powell (1984) there are no "natural" sample counterparts to the

10

.,

..

_



_

lit(-). Estimators usually involve the "smoothing" of the empirical distribution function

of the residuals. In the homoscedastic case, DT is 2h(0)AT and the problem is then the

estimation of h(0). A possible estimator is

I(o) = [fT(T) — fi(—T)112aT (4)

where ft(.) is the empirical distribution function of the residuals, i.e.,

ft (x) = T-1E1(e t <x)

1(x) is the indicator function of the event x, i't = yt — f(xt,4) is the tth residual, and eT is

an appropriate constant. Hopefully if e'T ---+ 0 as T --4 oo, then h,(0) -- h(0). Powell (1984)

considered this problem in the censored regression model.

Notice that ii(0) may be written as

li(o) = (287,7)-1E1(—aT < tt < aT)

This suggests the estimator of DT,

DT = (aTT)--1E1(—aT < tt < aT)v ftvi ft

This estimator is an extension of one noted in Powell (1984). For a T, we assume

(A9) (CT sequence) For some 71 < 1,

Tr'
aT ,
CT

P
----* 0

where the non-stochastic sequence CT satisfies‘cT = o(1) and c771 = o(T2) for

some 0 < T2 <

Thus one possible a T sequence is

CT = C0T-76-c2
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where co > 0, = .25 and el = T-1 E 61 takes into account the scale of the data.

The corresponding CT sequence is CT = cor-la and it is straightforward to show that

7".21aT/cT —ii I- 0 provided the relevant moments exist. The speci
fication of co and is

discussed in Powell (1984).

The final requirement is a strengthening of moment conditions.

(A10) (Dominance Condition) In the notation in assumption (A6), assume that

\ 4 /NJ
f al (Xt ft-1) a3 kYt)CLV < 00.

THEOREM 3: Estimation of DT).

ibT - DTI

Assumption (A10) is used to show that (cTT)-1- E1(--cT < ft < cT)vgvig —

PDT 0. The proof involves an application of Chebyshev's Inequality and hence requires

the fourth moments of Vg. In the homoscedasticity case, the equivalent result to Theorem

3 is that Ii(o) --P— h(0) and setting VgVig = 1 gives the equivalent proof. The fourth

moment assumption is no longer needed.

We now turn to hypothesis testing.

5. HYPOTHESIS TESTING

With the asymptotic normality result and a consistent estimate of the asymptotic

covariance matrix, we may analyse the asymptotic distributions of the Wald, LM and

LR tests for hypotheses about the parameters in the model. We consider q linear null

hypotheses of the form

Ho:Rfi=r

in the usual notation. As in White (1984, pp. 76-78) the extension to nonlinear hypotheses

is straightforward.5
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To simplify the distributions of the test statistics under the sequence of local alterna-

tives described by equation (1), we make an additional assumption.

(A11) (Covariance Matrix) There exists a matrix D > 0 such that DT —4 D as T oo .

To analyse the behavior under the null, i.e., with = 0, this assumption is irrelevant.

The Wald test is based on the estimated coefficients when the restrictions are not

applied. That is,

ew = T(R4 — r)'[RbVAT13ilR11-1(4 — r)

The asymptotic distribution of ew follows directly from Theorem 2, and under the sequence
of local alternatives,

where xq2(m) denotes a non-central x?? with non-centrality parameter

m = •YRIRD-1AD-1R11-1R7

d
Under Ho, ew i„a central 4-

Koenker and Bassett (1982) base the LR test on the static

eLR = 2c0-1[QT(/3R) — QT(4)] (5)

where 4R is the estimate obtained by minimizing QT(16) subject to the restrictions R = r.

In practice,. co could be replaced by 0> =

Following Koenker and Bassett, eLR is analysed by approximating the criterion func-
tion Q T (1)) by a well-behaved quadratic function whose minimizer is asymptotically equiv-

alent to the LAE estimator. In particular, write

QT(13) = Elft — ft(xt, 16) + ft(xt, )6T)I

= Elet — Vit(fl — PT) I

13



where V' FE alapf and Vit is V'ft evaluated at sij, which lies between p and PT. With

6 = V-7706 fi'd, also define

= Eict — viitoNTI

where S' is viewed as a function of 5. A T subscript on S has been suppressed and in terms

of 5, the restrictions 143 = r are written R5 = -R-y. (See, for example, Dijkstra (1984)).

The normalized "gradient" vector of Q (0) is

1
f t (OP (Ct - 110 - T))

Nif

and in terms of 5, this becomes

gT(0) T-IEVit(Mtget VitONT) (6)

where 13 is also viewed as a function of 6, i.e., = 137, + 6107. The approximating

quadratic objective function is given by

1 -
ST(5) = -

2 
61DTS - 6'0(0) (0)

To derive the distribution of eLR, we begin by showing that ST(5) and QT (8) are

asymptotically equivalent. We then write the LR test statistic as the sum of a number of

terms and use this equivalence to show that all but one of these terms converges to zero.

This leaves the statistic in a convenient form.

Notice that ST(0) = Chi (0). Therefore, if the gradients of ST(5) and -'117,(.5) are also

close, then it follows that ST (5) and PC-s T (5) will be close. The gradient of QT (5) is -g (5),(5)

since QT (0) = g..T(S) and asiap=fii, while that of ST(S) is DTO - gT(0). We have

LEMMA 1: (asymptotic linearity of Mb)).

sup II gT(0) - gT(0) DT6 11= op(1) for all M > 0
11611<m

Lemma 1 is equivalent to Lemma 4.1 of Bickel (1975), and implies that the gradient vector

is asymptotically linear in 5. It will therefore also prove useful for considering the properties

of the LM test. Lemma 1 implies

14



LEMMA 2: (asymptotic equivalence of ST(6) and C2T(5)).

sup IST (5) — T (5) I = o(1) for all M> 0
II611<m

The proof is immediate from Jaeckel (1972), Lemma 1, and is omitted. Note that the

unique minimizer of ST(5) is

Ss F--- Di1gT(0) (7)

With Lemma 2, the asymptotic equivalence of S and Ss then follows, using the arguments

in Jaeckel (1972), Theorem 3.

Returning to equation (5), we see that QT(4) = -e.J T(5) , and the equivalent of Q T (4 I?)

is

-QT(5R) = Eift — VitSR/V-2-1

where Veit is V ft evaluated at ij which lies between 4R and PT and SR = V—T (4 R — 131').

To obtain the distribution of ei,R, write

QT(4R) — QT(4) = T(SR) — '1'.7'(5)

= [T(SR) — sT(sR)] + [ST(SR) — sT(ss,R)1

+ [sT(Ss,R) - sT(Ss)] + [ST(Ss) - ST(S)]

+ [ST(S) — -107-.(5)1

(8)

where Ss ,R is the value of 6 from minimizing S1'(8) subject to RS = —Th. That is,

SS,R = (I — Di-.1 RI (R.bil le)' R)Di,1 gT(0)

(9)
— Dilk(RDVR')-1Rey

Next, using Lemma 2 and the arguments in. Anapnaiya (1982), equations (3.15)-(3.16),

equation (8) implies that

2w—l[e21'(SR) — ..c'T(S)] = 2w-1[s1'(5s,R) — sT(Ss)} + op(i)

= w— 1 (S,s,R — Ss )'DT (S4s,R — Ss) -I- o(1)
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where the second equality follows from a Taylor Series expansion. But from equation (9),

S - SS,R = TiDilR(RDVRT-1(R[3s — r) s 

= TiDVR(RDVR1)"(10 — op(1)

where Ss = — fi'T) and f3s is asymptotically equivalent to 4. Therefore,

eLR = Tw'(10 —r)'(RDVIV)-1(.0 — op(1)

( 1 )

Thus eLR is equivalent to a statistic in the form of a Wald test statistic. Comparing

this to s.v, however, we see that eLR and ew are not equivalent unless DT = C4.1-1AT =
2h(0)AT i.e., there is no heteroscedasticity in the errors. Therefore, in general eLR is not

asymptotically x2, and using x2 gives the test the wrong size asymptotically.

The LM test is based on the behavior of the gradient of the sum of absolute residuals,

i.e., gT(5), under the restrictions. In particular, since SR = Op(i), it follows from Lemma

1 that

gT(SR) — gT(0) DTSR = Op(1)

where gT(SR)=T—iEV ftRCEt), t = Yt — f(xt,4R) and VftR is Vft evaluated at )3 R•

Therefore, since RSR = —Rey and gT(0)= —T—IEX ft(*)0(ct),

RDilgT(SR)= RrYilgT(0)+ Rey + op(1)

N(Rry, RD-1 AD-1k)

The LM test statistic is

e m g T (S R)' R1(Rb i;i:ATi5 4R')-1RbitigT(SR)

X2q(m)

(n)

where AT and DT are AT and DT estimated at 4R, respectively. Combining equations

(9)-(11) also shows that eLm — 64, 0.
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In the homoscedastic model, erim reduces to

g T (S R) Ail RI (R Ri) iR Ail T(8R)

which is attractive since it does not require the estimation of D T or the height of the

density of the errors. Clearly, with heteroscedasticity, this advantage of the LM test over

the Wald test is lost.

The LM test can be further simplified if the null involves simple exclusion restrictions.

Suppose that #' = : i%) and the simple null hypothesis is

Ho : )32 = = 0

where R = (0 : With homoscedasticity, the LM test is

LM g2(SRY AF g2(S1?)

where g2(8R) = RgT(SR) and Ap is the block of the partitioned inverse of AT associated

with [32. Further, define X = (X1 : X2) where X1 and X2 are the matrices with tth rows

aftiapl and aftia,% respectively, evaluated at 13R, and let = (CEO ... CET)). Then

under Ho, the gradient of QT(fli) is gi (8) = : 0)gT(6.), and as in the proof of Theorem

2, the first-order conditions for SR imply that

g() = = op(1)

Hence, using the rules for partitioned inverses, we have

eLm = DifiX(X1X) —1 X1,41/71 + o(1)

The first term is simply TR2 from the regression of W on X, since kifikif = T.

Engle (1982) notes that a wide variety of tests can be viewed as omitted variables

problems. Since the LM test statistic can be estimated from an auxiliary regression in

these cases, the test is particularly convenient.

17



6. TESTING FOR HETEROSCEDASTICITY

The absence of heteroscedasticity in the errors leads to simpler expressions for the

asymptotic covariance matrix of the LAE estimator and the LM test for exclusion restric-

tions. The results in sections 3-5 also imply that if any heteroscedasticity is not taken into

account, then the covariance matrix of /3 will be incorrectly estimated and the size of any

test based on this will not be equal to the nominal size asymptotically. Therefore it is

important to test for heteroscedasticity.

The easiest tests are again the LM tests and the usual LM tests based on squared

errors equivalent to those in Breusch and Pagan (1979) and Engle (1982), for example,

may be derived. As noted above however, LAE will be useful when the distribution of the

errors is more peaked or has fatter tails than the normal distribution. This suggests that a

more powerful test for heteroscedasticity in these situations will be based on a distribution

such as the double exponential. In this section, we consider such a test.

The comparison of these tests under different distributions is, however, beyond the

scope of this paper. Here, we merely study the tests in isolation.

In any case, to derive the LM test based on the double exponential, we follow White

(1982) and Weiss (1986a), for example, who have derived the form of LM tests when the

likelihood function (LF) is not necessarily correctly specified. Hence we base the LF on

the double exponential without actually assuming that the errors follow this distribution.

Define

(2wt,T) i exP{—ictlAit,T} (12)

It is also convenient to define the heteroscedasticity, and hence cat,T, in terms of ktl. In

particular, consider heteroscedasticity of the form

E 4-1) = cot,T
(13)

= co(4aT)

where it is the Information set generated by zt_i,i > 0, xt_i,i > 0 and et—i, i > 0, aT

is a vxl vector of parameters, not functionally related to fl, and zt is a vxl vector with
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ith element zit. The function c4(.) is continuously differentiable in a and has its minimum

at Cti,T = 0, i = 2, . . . , v, where Cti,T is the ith element of aT. The first element of zt

is unity i.e., z (1 : zik'), and zt may contain lagged squared errors, for example. To

allow for cases such as this, we define zt(13) as zt evaluated at p and will use z:t and to

refer to the true elements of et*, i.e., zit(i3T), and the elements evaluated at [3, i.e., zit (0),

respectively. We assume that zt(13) is continuous in )51. Further, let

aT =

where a' = (al, 0, , 0) and is a (possibly) non-zero x 1) vector. The null hypothesis

sets a2,7, = • = aV,T = 0. Finally, the mixing conditions in assumption (A5) are assumed

to apply to the a-algebras generated by {Et, xt, zt}.

Note that in many distributions, equation (13) also implies conditions on E(e?Ilt--1)•

For example, in the double exponential, E(EnFt—i) = 24,T, while in the normal,

E(En7t_i) = imoZT/2. In both these cases, the heteroscedasticity could be defined on

E(q14_1), and this would then implicitly specify w(.). For example, in ARCH model given

in section 2, cot,T = (2/7)i (ai,T a2,74-01. In the above notation, wt,T =

where w(x) = (2/r)ixl, zt = (1, cLi) and aiT = (ai,T, a2,T). Allowing for dynamic be-

havior such as ARCH may also imply restrictions on the ai and the form of cy(-). We do not

consider these here (but see, for example, Engle (1982) and Weiss (198613) for conditions

on the ARCH model.)

The log LF is given by

L = —T-1E log cot,T — T-1ElEtiwt-4

and the score vector for a is

aL—act = -T-lEcoawt,Ti8a T'Eleticdt-3,8wt,T/8ct

where awt,T/aa = w'(za)zt and coi(x) = 8w/Ox. Under the null, aL/aa is proportional

to

T'Ezt act Iwoq —1)
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where coo,T is wt,T evaluated at a2,T = . • • = cev,T = 0, i.e., coo,T = w(ai,T). Hence,

following Breusch and Pagan (1979) and Engle (1982), we may expect that under some

conditions, the LM test will be based on the regression of Igt i on it, where it a zt(4) =

(1 : 4(4)')'. In particular, we consider the distribution of

dt = T Di; — 21(retikT1 — 1) (14)

where .4= z(), 2* = T-1Eii* and (7)0 = 71-1Elgtl. To do this we also introduce

several new assumptions concerning a, ch(.) and zt. Again, these are discussed after the

statement of the assumptions. Let et(13) = yt — f (xt, #) for )5' E B. Assume:

(A13) (Parameter space of a) For all T, ceT E interior .13c, where Bc, is a compact subset of

Rv.

(A14) (Conditions on z(13)) Assume that there exist measurable functions ai(zt,xt,

= 4,5,6, and a7(xt, ft), a.s. continuously differentiable functions iit(P)

xt, = 2,... ,v, and constants 77 > 0 and s > 1 such that for all

t, and E B ,

Izit(13)1 a4(zt,xt,et-1) 1= 2,...,v

l8zit/813i I 5_ as (zt, xt, Et—i)

Ici/(zita) I < ae (zt, xt, Et-1)

i= 2,•••,v, j=1,•••,k

and let (/3) < a7(xt, Et)

‘1 f[a7(xt, et) a4 (Zt 
xt,et—i)j2 8 

a3 wow) < 00

f[a5(zt, xt, et_i)ai (xt, et-1)11+na3(yt)dv <00

Iv) [a7(zt,et)a4(zt,xt,ct_i)2a6(zt,xt,et_i)]1+na3(yt)dv < oo

v) Ei4t (6) — it (MI 0 i = 2,...,v
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(A15) (Covariance Matrix and Non-Centrality Parameter) Define

and

and

AT = T-lEET [(Ift1uft-,4; - 1)2(4 - Z)(1; - Z34,)11

KT = wc71(1(al)T-IEET [V; - Znziti

where Z;. = T-lEET(4). Assume that there exists a positive definite matrix A and

a matrix K such that AT ---+ A and KT --*KasT-4 oo.

When the limiting matrices in assumption (A15) exist, they are given by

A = lim T-lEE(leticocT1 - 1)2(4 - Z*)(4 - Z*)1
T---,00

K = u./(ai)coo-1 lim T- EERz; - Z*)ziti
T.---.co

where Z* = linaT-lEE(4) as T ---+ oo and wo = w(a1) = limwo,T as T ---+ oo. These

matrices are related to the asymptotic distribution of dt in equation (14). In particular,

in the proof of Theorem 4 below, we show that dt has the same asymptotic distribution as

cit = T-1E(zt* - Zn(letiwt-,Ii -1)

which in turn is asymptotically normal with covariance matrix AT. Therefore AT must

be invertible for T large enough. Also, since the test sets ai,T = 0 i = 2,... , v and

under the local alternative, ET[(ift14'o-,1' - 1)14-1] = wt,Two---,1, - 1 0 0, the asymptotic

distribution has a non-zero mean which is related to KT (through a mean value expansion

of wt,T = co(4aT) about (al,T,O... '0).)

We discuss assumption (A14) by way of three examples. Most of assumption (A14)

is concerned with the conditions for the random variables dt and ilt to have the same

asymptotic distribution, and in particular, with replacing i; by 4. For this, the iit are

viewed as continuously differentiable functions which approximate the eh, i.e., iit -
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zit(4) - zit(PT) = zit(T3) — iit(4) + zit(/) — Zit(PT) + it(PT) — zit(PT). More details on

this are given in the third example where we focus on part v) of assumption (A14).

The first example is when zt is not a function of (3, e.g., zt contains elements in Xt.

Then it = z:t by definition and the approximation is unnecessary, as are parts iii) and

v) of assumption (A14). The LM test in Breusch and Pagan (1979) uses variables of this

type. There, the dependent variable in the artificial regression is g? rather than li'ti. Since

c?(#) is continuously differentiable in 13, a mean value expansion may be used to replace

gl by c?, simplifying the analysis.

Next, consider the case where 4 = EL., i.e., a simple ARCH-type model. In this

case, 4 (p) = EL' (#) is already a continuously differentiable function of f3, and hence we

set it = iit. Part v) of assumption (A14) is satisfied automatically, and using a mean

values expansion of cLi(/3), it — 4 becomes

— e?-1 (flT) = zet_iact_daP(/3—flT)

where ct_lact_1/813 is evaluated at /3*, which lies between lj and flT. This makes the

analysis relatively straightforward. The LM test for ARCH in Engle (1982) uses lagged

squared errors as regressors. Again, g? is the dependent variable.

The third example we consider is 4 = Ift-11. Then 4 is not continuously differ-

entiable and we cannot take either of the above approaches. A possible form for the

approximating function is

it (16) = 2kil, log(1 -I- exp[—kTet—i(n) + et— 1 (6)

for suitable constants kT. This function was used by Amemiya (1982) to analyse LAE

in a static model. DO) (with et replacing et--1) was used as a twice continuously

differentiable criterion function which is asymptotically equivalent to let(f3)1, and whose

minimum is asymptotically normal and asymptotically equivalent to the LAE estimator.

With kT = Td, d> 1, this choice for it satisfies the conditions of assumption (A14).

22
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THEOREM 4: (LM Test for Heteroscedasticity) Under the sequence of local alternatives

aT7

where

and

CH a T-1E(ittPO-1 -1)(4 - A-1 Dret 16:V — 1) - 2*)

X V-1(m)

A. = T-1E(retPO-1

A

m =

- 1)2(4 - 2*)(i7 - Z*Y

Under some additional conditions, the LM test has a simple TR2 form. In particular,

if E[(cticoo-1 - 1)217t-1] does not depend on t, then A reduces to

EacticLic-, 1 - 1)2 lira 11-1EE(zik - Z*)(zi* - Z*)1
T---Poo

and ell becomes

= TE(li't16V -1)(z; - 2*)F[E(4 - 21(z; - 2111-1

x E(RtiCoo-1- — 1)(it*- / E(reticV1 — 1)2

which is TR2 from the regression of Rti on it.

Of course, in the case v= 2, i.e., z't = (1,4), this regression is equivalent to that

suggested by Glejser (1969). However, instead of considering the t-statistics on the esti-

mated coefficients in the regression as Glejser did, the LM test is based on the overall R2.

Presumably, of course, in the linear heteroscedasticity model, with w(x) = x, an equivalent

Wald test could be based on these t-statistics. A similar test was also considered by Bickel

(1978).
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7. CONCLUDING COMMENTS

In a dynamic nonlinear model, we have analysed estimation and hypothesis testing

based on the least absolute error criterion. The results represent extensions of those given

in Koenker and Bassett (1982) and Oberhofer (1982).

The next step is to compare the results with those based on squared errors., First,

consider the Wald and LM tests for restrictions on flo. As is well known,

eLs = (R&s —1)1[RDZIALsDaRri(-10LS 4(mLs)

where &,9 is the OLS estimator of Po,

and

mLs = 71RIRDL1ALsDaR11-1R7

ALs = E[T'EcVfV'ffl

DLs = E[T-1EV frVig]

The asymptotic relative efficiency (ARE) of ew to eLs is the ratio of the noncentrality

parameters and "may be interpreted as the ratio of sample sizes required to achieve a

specified power for both tests for a specified level and alternative" (Koenker and Bassett

(1982)). In the simplest case of no heteroscedasticity and a simple exclusion hypothesis, the

ARE becomes a62/w2. At the normal distribution, ARE e^....1 .64, so under this interpretation,

ew needs 36% more observations asymptotically than eLs. Koenker and Bassett (1982)

comment on this example further.

In more complex models, it may be difficult to compare the noncentrality parameters

analytically. As the distribution becomes long-tailed, however, the advantage of the tests

based on OLS is lost. In table 1 we present the results from a specific example. Here,

Yt = OiYt-i + Et
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Table 1. Ratio of Noncentrality Parametersa

a) Normal

2
0 .1 .2 .3 .4 .5

0 .64 .65 .70 .79 .95 1.23
.4 .64 .66 .70 .80 .93 1.31
.8 .64 .65 .70 .78 .94 1.24

b) Student-t11

a

2
0 .1 .2 .3 .4 .5

0 .74 .79 .88 1.03 1.27 1.74
.4 .74 .79 .89 1.06 1.38 1.84
.8 .74 .77 .85 1.02 1.21 1.93

a
Average ratio over 200 replications, each with 1000
observations.

E(et I = 0

E(E? I = 1 +

R = 1 and the conditional distribution is either normal or a student-t11 transformed to

have conditional variance (1+ a2cL1). In each category in table 1, 1000 observations were

generated and used to estimate the ratio of the non-centrality parameters. The entries are

the average ratios over 200 replications. A more extreme case is the double exponential

distribution where for a2 = 0, the ratio is already 2. Clearly, it is easy to find models in

which the tests based on LAE are more powerful than those based on OLS.6

Similarly, we may compare the LM test for heteroscedasticity given in section 6 with

the usual LM tests. In the latter, the covariance matrix in the test statistic uses (qat-,T1 1) 2

rather than (lEt Iwt-3; - 1)2 and presumably either w(-) would take on a different functional
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form or zt would be defined differently. The relative efficiency of the two approaches under

different error distributions is a topic for future work, e.g., a Monte Carlo experiment.

However the numerical results in the simple case considered by Newey and Powell (1986)

again demonstrate the potential degree of relative inefficiency of OLS-based methods in

the presence of non-normal, heteroscedastic errors.

Next, in section 2 we essentially assumed that the model was correctly specified by

assuming that the errors always have median zero. With misspecification, we cannot

necessarily assume this and hence the properties of the estimators and tests will change.

An analysis of misspecification similar to that in Newey (1985) would then be appropriate.

Similarly, the properties of the Hausman test based on the difference between the LAE

and OLS estimates would follow from this approach.

Finally, examples of the use of LAE in time series models may be found in Weiss

and Andersen (1984) and Bloomfield and Steiger (1983). In the former, LAE is used to

estimate ARIMA models for 80 series. This produced better forecasts relative to the same

models estimated by OLS. Included in the latter is a small Monte Carlo experiment on the

sampling properties of LAE in an autoregressive model.
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MATHEMATICAL APPENDIX

Proof of Theorem 1. The proof follows that of Powell (1984), Theorem 1, or Oberhofer

(1982), i.e.,

i) Show that VT(13,PT) E[177(13,flo)] where EIVT(P,Po)1 is continuous in

ii) Show that E[VT(P,flo)] is uniquely minimized at Po.

A convergence in probability version of Lemma 2.2 of White (1980) then gives consistency.

0 Let zt,T = zt(13, fiT) = f (xt, P) — f (xt, PT) and write

vT(p,flT)=T-Tift- Zt,TI- kit,

< T—lE(ctl + Izt,TI — lett)

= T-1Elzt,TI

But zt,T = V.ft* (fis — PT) where Vft* is Vft evaluated at )3* which lies between 13 and PT.

Under assumptions (A3), (A5) and (A6) we may apply the LLN. Therefore

IVT (/3, PT) — E[VT (/3, Po)] 0

where E[V7(/3030)1 is continuous in fl.

ii) Let vt() Po) = let — ztI — led, where zt = z(/3, /30). Then by considering the four

regions et—zt > 0, Et > 0; Et -Zt > 0, ft <0; Et -Zt <0, et > 0 and et—zt <0, et <0;

and hence the two regions zt > 0 and zt <0, we obtain

E(vt(Mo)lit—i) = 1(zt > 0) 2] zt{lztl+ A}ht(A)dA

—zt
1(zt < 2] flztl — APit(A)dA

0

where 1 is the indicator function. Therefore

E[vt(13,i3o)] =EIE([2 1(zt > 0) f ztfizt l A}ht(A)dA

+ 2 1(zt < 0)1 zt {izt l — A}ltt(A)dA1 Ih1(0) > 1.
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Now, since h(A) is continuous, when h(0) > h there exists h1 > 0 such that ht(A) > h1

for IA1 <h1. Hence for any 4, such that 0 < 4, <h1

E[vt(P,Po)] ElEa2 1(zt >0) 1(zt >4,) + 0(0 + A)hiciA

+2 1(zt <0) 1(—zt > f — h(0) > 1

Therefore

E{E([1(zt > 02h1 + 1(—zt > 02 hill ht(o) > h)1

= 2 hiE {ENIztl > 4,)Iht(0) > hi}

hiP Pt >

E[VT(fla3o)] 0211471-1E Piizti >

But under assumptions (A6) and (A8), and following Powell (1984) Theorem 1, for

IIi —/3o II ?. 01 > 0, E[VT(13 Po)] > 0.

Proof of Theorem 2. We begin the proof with the extension of the results in Huber

(1967). This gives several sufficient conditions, which we then verify. The application of

the mixing CLT then gives asymptotic normality.

Define

and for d> 0,

AT(/3) = T-1E ET[qt(g)]

tit(13,d) = qt(T) — MP) 11:11 r -

The following conditions are imposed on qt, AT and At.

Assumption (N-1) For each t, MP) is measurable for each p E B and is separable

in the sense of Doob (Doob (1953), p. 51-52).

Assumption (N-2) For each T, there is some fi E B such that At(p) = 0.
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Assumption (N-3) There are strictly positive numbers a, b, c, do and To such that,

for all t and T > To

i) II AT(/3) II?. a II fl — PT II for II 13 -PT 115_ d(.

ii) ET[At(0,0 bd for II +d 5_ do, d> 0.

iii) There exists constant D> 0 and d > 0 such that either

a) If {xt, et} is O.-mixing then

ET[Pit(/3,c1)]2 <c.d

and {xt, et} is of size 2 or

b) If {xt, et} is a-mixing then

for II /37' II +d < do

ET[14(/3,c1)] c.d for 11/3— +d do

and {xt, et} is of size 2q/(q — 2), q> 2.

Assumption (N-4) ET II qt(13T) 1125- K for all t,T and some K > 0.

Remark: The role of assumption (N-1) is to ensure measurability of the suprema occuring

below. Under the assumptions in the text, this assumption is satisfied.

LEMMA A.1: Define

ZT( = 1E(qt(7) — qt(fl) — ATM 
+ AT(P))I

'/+T AT (7) II

Then assumptions (N-1)-(N-4) imply

sup ZT(7,13T) 0
11r—PT115.do

Further, if T—iEqt(4) --P- 0 and - PT — 0, then

T—t-Eqt(PT) +TiAT(4)— 0

PROOF: The proof is identical to that in section 4 of Huber (1967) except that
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i) terms of the form

TA(0), TEA(z, 0, d), etc.

(in Huber's notation) can be replaced by their "averaged" counterparts

TAT(o), E Eth(zt,e,d), etc.

without affecting the validity of the argument if T is sufficiently large (as was noted by

Powell (1984)).

ii) In the applications of Chebychev's Inequality, we use the mixing conditions and

Lemma 2.2 of White and Domowitz (1984) to ensure finite variances.

Proof of the Theorem. The method is now to show that T—I-Eqt(4) -11 0 and that

assumptions (N-2)-(N-4) are satisfied. The second conclusion in Lemma A.1 will then

imply asymptotic normality.

Now

7qt(4) = T4EV eft(4)0(Yt — f (xt, $))

Following Ruppert and Carroll (1980), for constant a> 0 define

G5(a) = 71-1-Elyt — f (xj +aej)1

where the summation is over terms with V5ft(4) 0 and ei = (0...0 1 0...0)'(k x 1)

with the 1 in the jth position. Further, let

Hi (a) = EHtj (a)

where Hti (a) = —Vift (4 + aei)0(Yt — f(xt,fl aei)) and the summation is over the same

terms as Gi. Now for each Hti, pick ati small enough so that tP(Vift(0)) is constant over

{4 — atiei,;j atjej}. Since Vift is continuous in fl, each ati > 0. Pick e = mint,/{ati

Viit(4) 0}. Then

iii(—e) Hj(0) Hi(e)
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and because C, (a) achieves its minimum at a = 0, H5(—c) < 0 and Hj(e)> 0. Conse-

quently

IH5 (0) I 5. H5(€) — .1-15 (—c)

and letting c —+ 0, 115(0) = T—iEqt(4) and

IH5(0)1 5_ 2T—IEIWt(4)11(Yt — f (xt4) = 0)

_, 2T—ial(xt,ft--1)E 1(Yt — f (xt,(3) = 0).

But T—lai(xt,Et-1)
P

----' 0 and the summation is finite with probability one for all T large

enough since the distribution of et is continuous.

Next, assumptions (N-2)-(N-4) must be verified.

a) (N-2). Simply note that ET(q' t(/3T)114-1) = 0.

b) (N-3) 0. Write

XT(P) = T-1E ET IN Ut(P)ETEO(Yt - f (xt, #)) I
Evaluating the conditional expectation gives

o
2 {PT (Et <0 I It—i) — PT (ft < VI ft(151P - PT) I It-1)] = 

2f 
ht,T(A)dAv,f;CP-PT)

= —2"CP ft(1)*)(16 — PT)ht,T(An

where Vift* = Vift(fl*), 13* lies between fl and PT, and AI lies between Vift* (13 — PT) and

0. Hence

AT(j3) = —2T-1EET[ht,T(A)V it(P)\71 ft(P*)1(/3 — PT)• (A.1)

But using the Lipschitz continuity of ht,T and a mean value expansion for Vu,

T-1E ET[ht,T(AnVft(13)Vift(r)] — DT

= T-1E ET[[ht,T(A) .- 
ht,T(0)}V ft(15)V1 Mir)]

+ T-1E ET[ht,T(0)[V ft(P)Vi ft (r) — Vit(P)V.ft(0)]]

< LoT-1E ETN7 ft(fl)V1 ft(inIV J10311(/3 — 13T)1]

+71-1E ET[ht,T(o)V ft(fi)V2 ft(ir*)(/3* — 13)1
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where p.. lies between 0. and 0. Hence

AT(/3) = —DT(f3 — PT) + — 137' 112)

and

II AT(3) a 11 /3 — /3T II

for II -13TII sufficiently small.

c) (N-3) Write

itt(/3,d) sup IIVistMOt(0) — Vit(0)0t(T) II
11r—P11<d

+ sup II Vft(P)th(r) — Wt(r)th(T) II
Ilr—P11<d

where tpt(o) = tgyt — f(zt,p)). Now, by a mean value expansion of Veft(13) and since

Ither)1 = 1,

sup II (V.it(P) — Vit(T))0t(r) II 5_ a2(xt,ct—i)d
hr—Ph <d

Further,

sup II V ft(0)(th(/3) — (7)) II
Ilf—Pli<d
5_ sup 211 Vft(13)1(lEt — (f(xt,#) — f (xt, flT))I < (xt, i8) — f (xi, 7)1) ii

5_ 2 al (X t E t_1)1 (lEt — (f(Xt, 13) f (xt,i3T))I < al(xt, Et_i)d)

Also,
ET[1(lEt (f (Xi) fl) f (Xt, flT))I <al (xt, et_i)d)

= al (xt, Et—i)ht,T (Ar) d

< H (xt, Et—i)d

where H is the upper bound on ht,T and Ar lies between

(A.2)

(A.3)

(A.4)

(f(xt,i3) — f(xt,PT)

— al(xt, Et_i)d) and (f(xt,13) — f(xt, PT) + al (xi, Et_i)d). Combining equations (A.2)

and (A.4) shows that ET[At(/3,d)} < bd for some b > 0.
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d) (N-3) iii). This follows from the "Cr inequality" (given as Theorem 1.2.6 of Lukacs

(1968)), equations (A.2) and (A.3), assumption (A6) and noting that d < do •

e) (N-4). Simply note that qt(,L3) al(xt, Et--1)•

Hence, the conditions of Lemma A.1 are satisfied and so, by Lemma A.1, equation

(A.1), the consistency of b" and the mixing LLN applied to DT,

Eqt(PT) — DTT1 (4 — PT) 0

Further, ET[qt(PT)] = 0,

ET[T-1EqtPT)12 = T-1E ET[qt(13T)]2

= T-1E ET[Vit(fiT)VIMPT)]

--+ A

and ETIqt(i3T)12r < oo, for some r> 1 and all t, T. Hence by the mixing CLT,

That is,

T—iEqt(fiT) MO, A).

711 A-77j DT(4 — Po) — AD N(0, I)

Proof of Theorem 3. Firstly,

DT = 1 [2(aTT)--lE1(o < gt < aT)vitvil

+ 2(82,7)-1E1(-82, < gt < o)vftvil]

so by symmetry, we need only consider

2(aTT)--lE1(o < gt.< aT)vitvil

This is asymptotically equivalent to

DT = 2(cTT)iE1(o < t < CT) v ftv ft
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since 'aT/cT — 1. The remainder of the proof entails two steps.

i) Show that AT = IbT - 2(CTT)-1 E < et < cT)V ftV fit 2- 0 where the

derivative is evaluated at any i3 E B, uniformly in )3.

ii) Show that 12(cTT)-1 E < Et < CT)V/tVift - DTI — 0, where the derivative

is evaluated at

1). Define

and

Then

A1T = 2(CTT)- 1 'ENO < et < aT) — 1(0 < et < cT)1VitVitl

A2T = 2(CTT)-1 !ENO < < - 1(0 < Et < aT)vitvift I

AT < AlT A2T

and we consider AiT and A2T separately. Firstly,

1T < 2(CTT) iENCT < ft <8T) +1(87, < Et < CT)]V ftVi ft

Note that the sum of indicator functions is one when et lies between CT and 6T. Now

i(CT < Et < aT) +1(8T <Ct < CT) 5_ i(cT — < Et < CT + AT) + gjeT CTI > AT)

where AT > 0 and cv./771 = o(Tri). Therefore,

AlT < 2(CTT) iEl(CT -ILT < ft < CT + tIT) .ftV1 ft

+ 2(cTT)-11(18T - CTI > AT)EV.ftV.ft

The second term is op(1) since for any n > 0,
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P(c7,-11(laT — cTI > AT) > 77) ----4 o

with cTAT-1 = 0(Tr0 and since T-1EVftVift is Op(1) uniformly in #. Also, for any

t7 >0,

PTRCTTriEl(CT - AT < Et < CT ± AT)V/tVift > Ti]

< (nCTTriE ET{PT(CT - AT < ft < CT + 1LTI-14-1)WtVift}

(A.5)

But PT(cT - /LT <ct < cT -FATI/t-1) < 2HAT by assumption (A4), where H is the upper

bound on ht,T(.). Thus the right hand side of equation (A.5) is arbitrarily small for T

large enough. Therefore AiT L 0, uniformly in 13.

Next, consider An'. Now

AZT < 2(CTT) 1E1(let - aTI < It - EtrftVift

where the indicator function is one if CT lies between et and gt. Also let - aTi < It — Ed

implies IQ - cTI < It - cu l + IcT - 8TI. Therefore,

A2T < 2(cTT)-1E1(lEt - cTI < It - Et1 -I- IcT - aTi)Vftvi ft

But for 0 < r < min[2ri, 72/(1/2 - 72)]
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PT 1(CTT) iE glet CTI < ftl IcT aTI)vftvift > 1

5_ PT {(CTT) iE 1(let — CT! < 2C r)V ftV 1 ft > 1

▪ P (rit — > Cr)

▪ P (laT — cTI > cr)

▪ (CT) 1> ET[PT(Ift — CT! < 2Cr(it—i)V.ftVifti

+ PTO VEt II II — )30 II> 1)

▪ PT(c-7--.TiaT/cT —ii > 1)
▪ 4(nT)--1H4*.E ET(vftVi ft) + o(1) 0

uniformly in )3, since PT(let — CT! < 24,±r1/t_1) < 4H4+r, uniformly in t,T , II VEt II is

Op(i), CV-1. is 0(T(i—r2)(1+r)) = 0(Ti) and ci-r = o(Tr1). Finally,

AT < AlT A2T 0

uniformly in 3.

ii). By a mean value expansion,

2(cTT)-1E1(0 < et < cT)ViftVi ft = 2(cT7)-1E1(0 < c <cT)Vf°Vf

2(cTT) IE1(0 < et < CT)

x (CqkftVift Vi.ftV,4.ft)IATI(/k — Pok)

where lies between :j and )30, and& and flok are the kth elements of and flo respectively.

Since c 1T4 --+ 0, we need only consider the matrix which has the first term on the right

hand side as its ijth element. Subtracting DT from this matrix and taking absolute value

gives a matrix which is less than or equal to IA3T1 IA4TI, where

23T = 2(CTT) 1E[1(0 < Et < CT) — ET(1(0 < et < CT)1It--1)1V ff
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and

A4T = 2(CTT) iEET(1(0 < Et < CT)vt_ovgvig — DT

Clearly ET(3T) = 0 and further,

var(A3T) = 4(cTT)-2E ET{[1(0 < Et < CT) — ET(1(0 < Et < Ct)lit-1)1VigVig}2

< 4(CTT)-2E ET[PT(0 < Et < CTlit-1)(vig)2(v5.02]

expanding the squared term and first taking expectations conditional on /t_i. Next,

< < CT'T A
It-

CT

= C-1 ht,T (A) dA
fo

= ht,T(AcT)dA

= ht(0) o(1)

for all t by the bounded convergence theorem and since ht,T(A) ht(A). Hence

var(A3T) 4(cTT) 1T—lEET[ht(0)(Vitt3)2(Vig)21 0(1)

-4 0

Hence 3T. 0. 0. Similarly,

A4T = 2T-lEht(0)Vgvig - DT -I- OM
-----' 0

by the LLN. Combining A3T and A4T we have

IL12(cTT)-1E 1(0 < ft < cT)Vert3Vig — DTI < IA3T1+ IA4T1 0

which completes the proof.

37



Proof of Lemma 1. From Lemma A.1,

Z2-(/6 ,fiT) = figT(0) — g(0) + DTO + 0(T II S 112)11 1{1+ II DTO -I- 0(T ll 6 112) II}

Notice that for ll 5 Il< M, the denominator is bounded. Hence, since for any M, AiRri" <

do for T large enough, Lemma A.1 implies that

sup II gT(5) — gT(0) + DTS 11= op(1)
11511<lti

as required.

Proof of Theorem 4. The proof has two main parts.

0 Show that

A5T = T-1-E(i; - *)(I I 1 -1) - T-1E(4 - *)(Iftluc,j; -1

ii) Show that
d

T—t-E(4 — Zit) (let Icift—,1, — 1) --+ MO, A)

P
— Kni ' 0

The form of the LM test then follows from the consistency of AT for A, which is

implied by 161 —P— 13o, the LLN, and Lemma 2.6 of White (1980).7

0 By the triangle inequality,

where

IA5T1 _.5_ IA6T1+ IA7T1 + IA8T1

'

46,671 = T-1E(i1; — -2 *) (retgs-1 —1)

— — 2*)(Igtiwi-,1, -

46,7T = T-1E(4 — 2*)(IgtiwT-,1, —1)

— T—iE( — 2 *) (i( tIwT,4; -
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and

Consider 46.6T. Now

But

Further, WO,T

ai,T and cel.

(1980). Next,

A8T = T-1E(4 - 2*)(Ictiw , - 1)

- - Zn (let luc,. — 1)

A671 = T4E(i); — -21 (IttiC)(71 - ittiwt---,1) - KT11

= T 2 E(Zt — 21Itt I (0-1 — C4-1 )0,T

-FT-1E(41 - 21Ittl(wol, - w) - Km

= A9T + AlOT - KT11 (say)

19T = -6)13-1W0--,1711 PO - WOIT)T-1E(i4i - - WO,T)

= co(ai,T) = w(ai) + uleel)(al,T — cel) ---+ w(ai), where Oti lies between

Similarly, as T --+ oo and S. --+ Po, coo 13- wo using Lemma 2.6 of White

T1(6)0 - WO,T) = T-t-E(l'eti - let') + T-5E(Ictl - Wt,T) + T-5 2,(Wt,T - WO,T)

Writing the first term as a function of 6 and using the method leading to Lemma 2, we

have, for L> 0,
P

sup IT-1E(Ict — Vi ft O Will — 101' 0
11611<i,

and hence T-1 E(Itl — ictI) -- 0, since P(II S 11< LY> 0. Further, T-1E(Ict i — cot,T)tt 

is Op(1) since varET-1,aracti — wt,Tj< co under assumption (A14) part iii), and

T—iE(cot,T — wo,T)= 71-1Ew1(44)*y1

...........4
if N 1: rr-1X—Nrir /1co kai) Lim J. La.C., 1,Zt jey 1 < CO

T---'co
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where al, lies between aT and a. Hence Ti(c2'o — wo,T) = O(1). Finally,

T-1E(i; g*)(Ittj — = (Ie'd — wo,T) — g*T—lEattj — wo,T) 0

using Lemma 2.6 of White (1980). Hence, AgT --P- 0. Similarly, applying a mean value

expansion to cot:1, in AioT implies that

6,10T = T-1E(i; — g*) rEt ICV (44) -2C01(44)411

But by Lemma 2.6 of White (1980) and the continuity of w(-) and wq.) in a,

KT11 
n

Next, consider A7T. Now

17T = *Met, — I et1)(4)t—,1;

= Tgreti — — *T—iE(ii4t1 —

Consider the first term in A7T, or equivalently,

AnT(o) T-iEzik(0)(let — vift .5 1 — Ift1)<I,

The gradient of this with respect to 5 is Ai2T Al3T, where

Al2T = T-1E4 (05)Vifiti)(ft Nrft

and

6,10T —

1371 = T-1Eaz; 'ab(Ift — vi ft let1)<I,

In Ll2T, T4(5) is a.s. 0(1) and from Lemma 1, the rest of the expression is Op (1).

Hence, following Lemma 2, .6.12T — 0. Also,

(A 13T) 23 < T-In8zit/853.1 iviitsj 1-2-. 0

under assumption (A14), iv), since azit/4955 = T—l8zit/5f35. Similarly, the second term

in 1 7T is Op(i).
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Next, consider AgT. Now

A EIT = T-1 EP; — Z;)(Ift IC4/ — 1) — (2* — ZI4')T— IDICtIWT4 — 1)

Clearly, the second term on the right hand side is o(1). Write the first term as

—1T 2 Ekit (fl) - zit(0)± zit(p)— zito60) + iitv30) — 400)1 (Ift IWt,T — 1)

By assumption (A14) part vii), this is op(1) since T-1 (Iftlwi:1, — 1) is a.s. o(1).

ii) Consider the distribution of T—iErt,T, where rt,T = (4 — 24') (let IWt—,1'

Clearly ETIrt,T1= 0 since ET[liftl 1 it-11 = 
(A)t,T • Also,

rri., irrr !., \--, 1
ETia 2 La ft,Tjj-i- — - Lart,Tjt  = ET[T—lErt,Trit,T]

=AT

A

by Assumption (A15). Applying the mixing CLT completes the proof.
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FOOTNOTES

1. The restriction that xt contains only a finite number of lags excludes moving

average models, for example. As White (1986) notes, however, the results in Gallant and

White (1986) may be used to allow an infinite number of lags.

2. Implicitly, all events are assumed to take place on a complete probability space.

3. This basically ensures that *0) is not too fiat in the neighborhood of Po.

4. Inspection of the proof of the uniform Law of Large Numbers, Lemma A.7 of Newey

(1985), shows that, in his notation,

p/im suBp1T—lEcot(b) — T-1E Ewt(b)l. 0

This is implicit in the proof, but slightly more general than his conclusion. The Central

Limit Theorem is essentially his Lemma A.8.

5. If the null hypothesis is of the form S(30) = 0 where VS evaluated at 160 has rank

q < k, then in the test statistics, S() is used instead of (4 — r) and VS(4) is used

instead of R.

6. To use the analogy in Koenker and Bassett (1982, p. 1583), perhaps the statistical

weather need not be too inclement.

7. Lemma 2.6 of White (1980) gives conditions, satisfied by 134 1- ,60 and the uniform

mixing LLN, for using a sample average, e.g., AT, to consistently estimate the correspond-

ing expectation, A in this case.

,
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