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ABSTRACT

The purpose of this note is to propose a simple technique, based on matrix algebra,
to compute the Gini Index of Inequality, to obtain a decomposition of this index by factor
component, when detailed data on the various components are available, and to derive a
breakdown of the inequality into within and between classes inequality, when the income
units are grouped by income range.

*On leave from Bar Ilan University, Israel.



I. INTRODUCTION

Several attempts (Lerman and Yitzhaki, 1984; Brown and Mazzarino, 1984; Berrebi

and Silber, 1985) have been made recently to derive algorithms which allow a quick com-

putation of the Gini Index of Inequality (Concentration). Other studies (Fei, Ranis and

Kuo, 1978; Kakwani, 1980; Pyatt, Chen and Fei, 1980; Shorrocks, 1982; Shorrocks, 1983)

attempted to assign inequality contributions to various components of income such as labor

or property income.

This note shows how matrix algebra can be used firstly to compute the Gini Index of

Inequality, secondly to obtain a decomposition of this index by factor component, when

detailed data on the various components are available, and finally to derive a breakdown

of the inequality into within, and between classes inequality, when the income units are

grouped by income range.

II. MATRIX ALGEBRA AND THE GINI INDEX

Following the work of Sen (1973) and Donaldson and Weymark (1980) it has been

shown (Berrebi and Silber, 1986) that the Gini Index of Inequality 1G could be written as:

= >85f=1
(1)

where si is the proportion of total income earned by the individual whose income has the

jth rank in the income distribution, assuming that

si > s2 > • • • > s; > > sn

Expression (1) may also be written as

or, in matrix notation as

1G =Esi[E(n) E()]
i=1 j>i

1G = e[D — DIP

1

(2)

(3)



where ê is a column vector of n elements which are each equal to (e being the cor-

responding line vector), 75 is a column vector of n elements being respectively equal to

81,82, , 8n and D is anxn lower triangular matrix defined as

-1 0 0 . • • 0 0 -

1 1 0 . • • 0 0

1 1 1 . • • 0 0

• • •

1 1 1 ▪ 1 0

1 1 1 • 1 1

whereas D' is the transpose of D.

If one defines a new matrix G, henceforth called the G-matrix, as

expression (2) may then be written as

= D — (4)

IG = 81GS (5)

Since many computer programs have subroutines for matrix multiplications, expression

(5) seems to be a very simple way of computing quickly the Gini Index of Inequality

(Concentration).

III. FACTOR COMPONENTS AND THE GINI INDEX

Let us call Xii the factor component i of individual j's income and Xi this individual's

total income. The share 82- of individual j mentioned in part II will now be written as sj,

with

(6)

where XT = Xj whereas the share of component i in society's total income will be
3=1

defined as

E7=1V.
3.i =

2

XT
(7)
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Let us call sji the share of the component i of individual j in total income XT, that

Xii
85i = w.AT

(8)

and define a 71 by (k +1) matrix S, whose first column is the vector g of the shares si.,

whose second column is the vector :4,1 of the shares sji and whose (i + 1)t
1  column is the

vector :i.i of the shares sji. It should be clear that the product

eiGS = i (9)

is a row vector i of (k+1) elements, where the first element is the Gini Index of total income

inequality and the next k elements are the contributions of the various k components to

total inequality.

It should be stressed that the (1 + 1)th element zi+i of i, which is equal to e' G:54 .i is

neither the Gini Inequality Index Gi of the ith component of income, nor what Fei, Ranis

and Kuo (1978) called the Pseudo-Gini Oi of the Oh component and Rao (1969), Kakwani

(1980), Pyatt, Chen and Fei (1980) and Shalit (1985) called the concentration ratio of

component i. Using the notations of Pyatt, Chen and Fei (1980) and their theorem A.5

(which is Kakwani's (1980) theorem 8.5) it is easily shown that zi+i is equal to 010i.

It is however very simple to compute these Pseudo Gini Indices: call ii.i the vector of

the ratios !iii so that the element vii of ki is the share of individual j in the total income
8.i

derived from component i. Then the Pseudo Gini 'di is simply defined as

= eiGO.it (10)

To obtain the Gini Inequality Index Gi of component i, one has to construct a new

vector g.i, whose elements 9, are the shares vii previously defined, but they are not ordered

according to the order of the shares sa, of vector S (as were the elements vji of 14).i) but

3



according to their own rank in the vector 9. It is then easy to see that the Gini Index

Gi, for component i, is defined as

Gi = egag.i

In short our procedure to decompose the Gini Inequality Index among all factors that

contribute to income is very simple. It does not require the preliminary computation of

concentration ratios (pseudo Ginis). It requires simply the construction of a matrix S

whose first column refers to the shares of each individual's total income in society's total

income whereas the next columns refer to the shares of each individual's income from a

specific component in society's total income. All these vectors are ranked according to

the (decreasing) rank of the individuals in total income. The product eiGS is then a

vector i whose first element is the Gini Inequality Index IG and whose other elements

are the contributions of each component to the overall inequality IG. Naturally such a

decomposition of inequality remains subject to the serious criticism put forth by Shorrocks

(1982). However if one still decides to use the traditional decomposition of the Gini Index

used by Pyatt, Chen and Fei (1980) or by Shalit (1985), the procedure proposed here seems

to be the simplest one.

IV. INCOME CLASSES AND THE GINI INDEX

When the data on income distribution are grouped by income class (range), it may

be of interest to decompose total inequality into two components, the inequality between

income classes and that within income classes. Kakwani (1980) has shown that the Gini

Index is equal to the sum of the "between classes" Gini Index and of a weighted average of

the "within classes" Gini Indices. It will now be shown that, using again matrix algebra, the

contribution to total inequality of each of these Gini Indices can be very easily computed.

Let us partition the n x n G-matrix previously defined into m2 submatrices where m

is the number of income classes (e.g., deciles) used. In each income class h there are nh
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individuals so that n = nh. The partitioned matrix G will therefore look like
h=1

G =

C11 G12 • • •

C21 C22 • • • G2m

••

Gml Gm2 • • • Gi

(12)

It is easily seen that the Chh matrices have 0 on their diagonals, (-1)'s in their upper right

triangle and (+1)'s in their lower left triangle. The matrices Gpq where q > p have all

identical elements equal to (-1) whereas the matrices Grt, where t < r, have all identical

elements equal to (+1).

Let us similarly decompose each of the vectors 8' and S into m components 'eh and gh,

where each subvector ê or gh has nh elements. The product 8' G.'s' defined in (5) may now

be written, using well known rules on partitioned matrices, as

m m
= E. Gpq3q]

p=1 q=1

Expression (13) may also be written as

eicg= EPG 
PP P 

G 
PEIng

p=1 p=1 q$p

(13)

(14)

The first element on the right hand side of (14) gives evidently the "within class"

contribution ./.„, to the Gini Index whereas the second element corresponds to the "between

classes" contribution IB. It is easily seen that el,' Gpqgq may be written (assuming q <p)

a S

1 1 • • •

1\I1 1 • •

1
• ••

11 Snqq

1
Slq

•
•

n elements • • •
n elements

n xn matrixP
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4-+ 
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— -2-n E Sig
n

fig

If we call rig the average share 
j
E (16) may be written as:
=i

epi Gpr —iq = nPnqgq

(16)

(17)

One then verifies easily that the total between classes contribution .1B may be written as

m-1

--P-n ?Ingq — gq (18)
n n

p=1 q>p p=2 q<p

One may notice that in the specific case where np = nq = 1 V p or q (there is no

within inequality because there is only one individual per class) gq is equal to the share sq

defined in part I and 1B will be written as

-TB = —1 En E Sq Sq (19)
Ti 
p=1 [q>p q<p

n/2
(n — q +1 q

4-4 = - 8n—q+1) (20)

q=1

an algorithm for the computation of the Gini Index which was proposed by Berrebi and

Silber (1986).

To summarize, when there are m different income classes, giving m subvectors Sq of

the shares vector 3, one obtains the within classes contribution I; to income inequality by

computing the sum

771

=E(eigGqq3q) (21)
q=1

where e'q and Sq were previously defined and Gqq is a nq by nq G-matrix (nq is the size

of the vectors Eig and Sq). The "between classes" contribution is naturally obtained by

substracting/u, from 1G where .IG is given by expression (5).
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V. CONCLUSION

The present note suggested a simple technique based on matrix algebra, for computing

the Gini Index of Inequality. This technique seems also to facilitate the decomposition of

the Index by factor components when data on the various sources of individual income are

given, as well as the breakdown of the Index in between and within classes contributions

when income data are classified by income ranges.
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