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Abstract

This paper compares the performance of three related systems of input
demand equations in their ability to model time-of-day electricity demand.
They are derived from the Translog, Generalized Leontief, and the Quadratic-
Squareroot flexible cost function specifications. The data used in the esti-
mation are firm-level monthly observations of seven time differentiated elec-
tricity inputs. Linear demand equations are specified in order to facilitate
the firm-level estimation. The assumption of symmetric separability so often
employed in demand studies of this nature has been relaxed in favor of non-
symmetric separability which allows the substitution of non-electric inputs
for electricity inputs. Comparisons of these specifications are made on the
basis of the log-likelihood, in-sample prediction, and the precision of the
price elasticity estimates. The results are reported for all firms combined
and in terms of individual firm model comparisons.
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1. Introduction

The recent availability of various types of detailed panel data has lead

to the question of specification choice for the modelling of individual agent

behavior. Although microeconomic theory is primarily concerned with individ-

ual agent behavior most applications of theory-based demand models have used

aggregate data. The computer induced revolution in the structure of agent

transaction data now yields the detailed information that makes the specifica-

tion and estimation of individual agent models possible.

This paper considers the choice of a cost function specification for

individual firm demand systems. In particular, we compare models used to

estimate firms' responses to time-of-day electricity pricing. We limit our

consideration to three flexible cost functions that are related by their

similar Box-Cox transformation form.

The data used in this analysis consists of monthly measurements on seven

inputs that define characteristics of hourly electricity usage. The data are

available for 60 months for the period 1976 to 1980 which included more than a

year and a half before TOU rates were put into effect. These data are for the

largest (in electricity usage) 103 firms in the Southern California Edison

service area. First four inputs (A, B, C, and D) are defined respectively as

the energy purchased in the periods: 8 a.m.-12 p.m. weekdays, 12 p.m.-5 p.m.

weekdays, 5 p.m.-10 p.m. weekdays and all other weekday and weekend hours.

The last three inputs (E, F, and G) are the levels of potential energy con-

sumed* in the same periods as the inputs A,B, and C.

The paper will proceed as follows: Section two provides the general form

of the class of flexible functional fdrms considered. Also given is the

*Potential energy consumption is defined as the deference between the m
aximum

kW and the average kWh. See Hirschberg and Aigner (1983) for a detailed

discussion of this concept.
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rationale for loosening the separability assumptions usually employed when

considering a subset of the entire set of goods or inputs demanded. Section

three describes the estimation procedure and provides the error structure

assumptions. In the fourth section we define criteria for comparing the

estimates based on measures of fit, as well as the log-likelihood. An alter-

native to Theil's entropy based measure is proposed. These comparisons are

made across establishments and specifications by firm type. Section five

defines and reports the values of two comparison measures based on the preci-

sion of the price elasticity estimation. The final section summarizes the

various comparisons and relates these findings to two earlier studies of

aggregate data.

2. The Cost Function Specification

We use a cost function specification because the group of firms being

modelled is so diverse. Military bases and manufacturing plants span the

spectrum of the firms. (The distribution of firms by SIC is available in

table 2.) In addition, the use of a profit function would also require the

knowledge of output prices that are not available.

A general form of the Box-Cox type flexible functional form for cost-

functions has been proposed by Berndt and Khaled (1979) and also by Applebaum

(1979). In both cases a non-linear model was estimated using aggregate macro

data involving only three or four inputs. The model we use is different from

either of these in some specification details, but the essential form is

followed. Due to the large number of firms (and inputs) in our sample we

employ linear input demand equations based on three common forms of the gen-

eral Box-Cox flexible function.

The general form of the Taylor series family of flexible functional forms

can be given as:

•
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s(2r) = ao + A*Q(r) + (1/2)*(Q(0 1*B*Q(0) (1)

where s is the resulting scalar, cost for cost functions and output for pro-

duction functions, A is a lxm vector of constant parameters, B is an mxm

matrix of constant parameters, Q is the appropriate vector of arguments,

prices for cost functions and inputs for production functions, r is the Box-

Cox parameter used in the determination of the variables in the model, and ao

is a scaling constant, and the Box-Cox transformation is of the form:

Q(r) = (Qir/
2 - 1)/(r/2) (2)

By setting the value of the Box-Cox parameter various functional forms

are obtained. If r 0 then we get Christensen, Jorgensen and Lau's (1971)

Transcendental Logarithmic (TL) production and cost functions. With r = 1 we

obtain Diewert's (1971) Generalized Leontief (GL) functional form and r = 2

provides us with another of Diewert's functions -- the Quadratic Square Root

function (SQ).

Our cost function specifications have the additional properties of

a) linear homogeneity in the prices, b) positive valued first ordered deriv-

atives, c) concave in the prices (which implies a negative semi-definite

Hessian). Linear homogeneity in the prices can be imposed via the following

restrictions on the values of the parameters: Ii.lbij = 0, Ii=lai = 1 +

rao.
 The symmetry of the price effects and the form of the approximation of

the second order Taylor series dictates that B is symmetric which implies the

additional restriction: bij =

One departure in this study from some previous studies of electricity

demand and other studies of a subset of all inputs is in the nature of the

separability assumptions needed when estimating a set of linear demand equa-

tions (see Chung and Aigner (1981), Hirschberg and Aigner (1983)). Many

studies employing individual agent data lack quantity observations for all

inputs. This is hardly surprising since economic theory proposes markets with



single prices and an infinite number of transactions. For this reason the

estimation of a complete system of input equations, is only attempted with

aggregate data. The assumption of separability between bundles of inputs is

assumed to allow the estimation of a less than complete system of input equa-

tions. Because the information concerning electricity consumption ,and the

prices at which it is consumed is much more detailed than the data for demand

of other inputs, it is commonly assumed that the demand for the other inputs

is not influenced by the relative price differences of the electricity inputs

and -- the symmetric effect -- that relative price changes of other inputs do

not effect the mix of electricity related input consumption.

In the present analysis we also require some type of separability assump-

tion but we use an asymmetric assumption that can best be described as a

long-run/short-run type of distinction (Blackorby, Primont and Russell

(1978)). We assume that relative prices of various electricity inputs do not

influence the mix of non-electricity inputs (same as the normal separability

assumption), however we do not assume the converse. We allow the prices of

non-electricity factors to influence the mix of TOU electricity inputs.

The most important factor in this regard is the wage rate. The effi-

ciency of a shift in work schedules, which may be a reaction to changes in TOU

prices for electricity, are mitigated by the resulting change in the wage

bill. Thus, although we assume dependence of the mix of TOU electricity

inputs on the wage rate, we also assume that TOU price differences for elec-

tricity do not have any influence on labor demand. Using this logic we

include prices of such inputs as labor and other energy inputs in our cost

function for TOU electricity inputs as factors which are exogenous to the

total cost of electricity.

To incorporate the assumption of non-symmetric separability we add the

non-electric prices or exogenous input prices, exogenous because these inputs
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are outside our cost specification. The cost function is then written as:

C(2r) = ao + WPM + ii)(01 13P(r)

+ P(20 1 G130(r) + P(20IWY(r) (3)

where C is total cost, P is the vector of electricity input prices, the ele-

ments of Po are 
the prices of the separable inputs: labor, gas, and petroleum

products (transformed to constant dollars using the manufacturing price

index), and Y is the proxy for output.

In addition to the restrictions on B and A linear homogeneity of

the cost function also results in restrictions on G and W of the form:

i=1gik 
= 0 (where k is the exogenous price subscript) and I. w. = 0.

1=1

We can now apply Shephard's Lemma (Shephard (1953)) to derive the appro-

priate input demand equations from our cost function.

We define the input equation specification as:

Xit = C
1r- H '. O. i = a, b,..., g (4) 

lt 

t = 1, T (T = 48 to 60),

where the Xit's are the dependent variables and the Hit's are functions of the

input prices, and.Oi is the parameter set for input i. The vector Hit is a

function of prices defined when r 0 as

•

H. = 11 11

2Pr/i2 

1 
r/2 • r/2 •P )13-.(P (r) P (r) Y(r), 1):1 (5)

lt P. r a g ol " o3 '

where P. 
. is price of electricity input i, the P0( r) are the Box-Cox trans-'

formed exogenous prices, Y(r) is the Box-Cox transformed output proxy,* and r

is the Box-Cox parameter. When r = 0;

Hi = (1/POLen(Pa),..., 2n(Pg):2n(P0 2n(P03), 2n(Y), 1]. (6)

*The output proxy was the predicted total electricity usage from a regression

of a cubic in time.
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In all cases:

e. (b. -g
11,'"' 

b 
i7' gi3:wi:ai)' (7)

However due to the homogeneity restrictions ai = 0 for all cases except the

Translog (when r = 0).

The primary reason for assuming separability now becomes apparent in the

form of equation (4). Because we need a value for total cost (C) we can solve

this equation in two ways: First, one could employ equation (6) for the value

of C and substitute it into equation 4.* Alternatively we could substitute

the actual value of C directly into equation 4. The first method requires the

consideration of a nonlinear estimation problem which could be quite large

depending on the number of inputs, but the second raises the spector of incon-

sistent estimates. The next section will describe the use of the second

method in detail.

3. Estimation of the Demand Equations

This section describes the error specification and the estimation

procedure.

The general form of the equations to be estimated are:

X1 1
--C(X)

(1-r)

X
2 2
•
•

0

-
Xm 

0 
C(X)l0

1
0

2

0 Hm

•••••

— el
—

e2
•

•

_ern_

, (8)

*When r 0 we would be multiplying all parameters in the cost function by

those in the input equation, and when r = 2 we would divide the input equation

parameters by all the cost function parameters.)
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where C(X) 1' is •the TxT diagonal matrix of the costs taken to the (1-0

power (for r = 1 we obtain an identity matrix), e. is the error for equation i

(to be defined below), E(ee l) is the covariance 0, 0 is the 84x1 vector of

stacked parameter sets Oi for each input, and Ha Tx12 matrix of price terms

for each equation. Dropping the subscripts from the equation above we,

rewrite (8) as:

X = C(X)
(1-0He + e . (9)

In the case of both the TL and SQ forms, the total cost appears on the right

side of equation (9) thus raising the question of consistency. We can define

a generalized least squares estimate of 0 given the covariance Q as:

= (H'C'Q-1CH)-11-1 1 CQ-1X (10)

To check for consistency we examine the probability limit (Plim) of this esti-

mate:

Plim 0 = 0 + Plim [(1/T)H I C(X)
1(1-0Q-

1e] . (11)
T-no T-no

Appendix A demonstrates that the second term on the right hand side does not

go to zero, thus indicating the need for an instrumental variable. The imple-

mentation of the instrumental variables estimation procedure is quite straight-

forward. We can show that if CI is the instrument for cost then our estimate

is written as:*

0. = (1-1 1 CVO
-1
CH)

-1!VCR?
-1X . (12)

iv

If we multiply H by (1-r)(C/CI) and X by (1-0(Cl/C) we obtain the instru-

mental variables estimator when running the standard GLS procedure on these

transformed regressors and input values. The appropriate estimated covariance

matrix of 0iv
is computed by

Ci5v(Oiv) = (13)

*We compute the CI instrument from the actual prices and the predicted inputs

from and ad hoc time specification.

tWe have dropped the 1-r power from C in the following discussion of the

estimators.

•



In another departure from many input demand studies we do not employ cost

share equations. The primary reason is to reduce the potential consistency

problems caused when prices appear on both sides of the equation, especially

in light of the large variations in price caused by seasonal electricity rate

shifts in the present case (see Hirschberg and Aigner (1983) for details).

Also if prices are considered stochastic we can show consistency problems

similar to the case for total cost shown above. Furthermore, using cost

shares as dependent variables results in a singular cross equations covariance

matrix, which requires the assumptions of a common autoregressive parameter

for all equations (see Berndt and Savin (1975)). And in the present study we

have reason to believe the inputs have different error structures based on

their definition. (See Section 4 for further discussion). In addition, a

number of researchers have been concerned with the truncated nature of cost

shares in particular, Woodland (1979) proposes the use of a Dirichlet distri-

bution for cost share equation errors, and Rossi (1983) suggest the log of the

ratios of cost shares as the appropriate dependent variable in order to obtain

a normally distributed error. Both of these solutions involve the use of

non-linear estimation procedures of more complexity than is feasible for the

individual firm models considered here.

We define each input equation with a different first-order serial corre-

lation parameter pi. That is: i e t 
= pieit_, + u (where i = g; t = 

it

T), where uit is an independently distributed normal variate with zero

mean,constantvariance(a..) ijand covariances (a..). Thus we obtain the
71 

cross-equation covariance E(eiteit) = a../(1-p.p.), for all i,j.ij 1 j

This specification is the ordinary seemingly unrelated regression (SUR)

covariance matrix (Zellner (1962)) with the inclusion of a first order auto-
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regressive parameter for each input equation as proposed by Parks (1967).*

To incorporate the restrictions implied by the linear homogeneity of the

cost function in prices and the symmetry of B.** We compute the restricted

least squares estimates using the substitution method. In the case where r =

0 we have a constrained minimization of the form: (using P as the matrix of

regressors, P = C(X) 1 H in terms of equation (9))

--
min(X-PEWQ

1 
(X-P6); st. Re = 0 (14)

wrt

and the solution is given by;

= 0 - DIV(RDR')-1(R;) (15)

-- -1 ^
where D = (1310

1 
P) and 0 is the unrestricted GLS estimate. The substitution

method provides the following non-restricted equivalent minimization:

min(X-PAW)' -1(X-PAW) (16)
wrt W

where - A
e = AW, (17)

--1 -1 - 1
= A(A'1310 PA) WWQ

- Y (18)

and A is the matrix of eigenvectors corresponding to the zero valued eigen-

values of RR. This equivalence is the result of a proof by Lawson and Hanson

(1974).t In general, for efficiency reasons, the application of systems of

demand equations to micro data necessitates the use of such methods for con-

strained least squares.

*Some investigation was made for higher order autoregressive error structure

— 12th and 13th order to account for annual cycles — but a study of a subset

of the establishments found little evidence for such an error structure.

Also, because we have a seasonal price shift in the data it is necessary that

our error specification does not remove the variance we are trying to explain

by our model specification.

**The concavity condition cannot be imposed with linear restrictions.

tThe matrix A is not unique up to a linear transformation and a number of

authors have proposed alternative methods for similar restricted results

(e.g., Dent (1980)).
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Although computing the eigenvalues and eigenvectors of R I R is an extra

computation, once they are available for a particular set of restrictions they

can be applied to all models subject to the same parameter restrictions.

By incorporating the restrictions in this manner we accept the homogene-

ity and symmetry properties without testing them. Our estimation procedure is
•••

performed in three steps: First we compute the restricted OLS estimates using

all seven equations in stacked form. Then we use these parameters to estimate

the appropriate residuals and compute the autoregressive parameters ( i) for

each equation. Using the estimated autoregressive parameters to transform the

data we estimate a second model. Finally, the residuals from the second model

are then used to estimate the cross equation covariance matrix Cerip which is

then used to compute the parameters a third time. The third step was repeated

at least twice in order to approximate an iterative Zellner solution.

The value of the log-likelihood evaluated at the estimates is given by

(see Appendix C for the derivation):

7
1 T ^

Log(L) = const. + 2. 2 log (1-pi) - logI21
i=1

(19)

where 2 is the estimated cross equation covariance matrix, j is the estimated

.
1st order autoregressive parameter for the 

th equation, and const is a con-

stant that does not vary by specification.

As T gets larger the estimates of pi have a smaller and smaller impact on

the value of the log-likelihood. This occurs because the (1-p.) term appears

as the transformation of the 1st observation of the time series, thus when the

series is long it has less and less of an influence. And if we ignore the

first observation the log-likelihood would solely be a function of III.
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4. Model Comparisons Using Measures of "Fit" and the Log-Likelihood.

We have made two types of model comparisons: those based on the "fit" to

the data (in sample prediction) and those based on the precision of the price

elasticity estimates of the inputs using the estimated asymptotic covariance

matrix of the parameters. In this section we will describe the comparisons

using the fit type measures with the precision based measures defined in

Section 5. Under the first type we have a "raw" R2 in the form of the square

of the standard correlation coefficient between the estimated and the actual

input levels, the values of the log-likelihood function, and "information"

based measures proposed by Theil for the assessment of cost share pre-

dictions.

Table 1 shows the R
2 values* with a cross-firm comparison and the mean

and median values for the measures. The cross-firm comparisons are made by

ranking the R2
 values for each firm then counting the number of times each

model has the highest or the lowest value. For example, for input A, 5 estab-

lishments have their lowest R
2 value for the TL specification, while 90 estab-

lishments have their highest R
2 value for the TL model. And we see that 60

establishments had their lowest R
2 value for the SQ specification applied to

input A demand. Note that in general these R
2 values are quite low except for

the commodities A-D for the Translog. However, there are a number of firms

for which the GL and the SQ provide the greater correlation. Also on this

table is the square of the correlation of the total cost computed from the

predicted inputs. However, due to the properties of the TL it always predicts

the cost used to evaluate the predicted inputs.**

*Note that due to the form of our demand equations no free intercept

appears in the equations thus we cannot use the F-statistic equivalent mea-

sures proposed by McElroy (1977) or Buse (1978).

**(See appendix B for details).
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Table 1

Comparisons of the R-Squared Values Computed on Actual Residuals .
Across Cost Function Specifications, by Input Equation

frequency

frequency

frequency

frequency

frequency

frequency

frequency

frequency

TL GL SQ

lowest 5 38 60
highest A 90 6 7
mean .684 .327 .251
median .764 .257 .185

lowest 5 36 62
highest B 91 6 6
mean .723 .352 .265
median .759 .301 .235

lowest 8 39 56
highest C 85 11 7
mean .684 .328 .288
median .742 .279 .269

lowest 11 40 52
highest D 82 12 9
mean .647 .331 .293
median .758 .296 .273

lowest 37 25 41
highest E 26 43 34
mean .059 .077 .070

median .033 .045 .037

lowest 42 30 31

highest F 26 34 43

mean .072 .081 .088

median .031 .032 .033

lowest 43 24 36

highest G 24 46 33

mean .152 .203 .164,
median .067 .131 .108

lowest 0 17 86

highest Cost 103 0 0

mean 1.0 .779 .570

median 1.0 .906 .706

_
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The next set of comparisons employs the value of the log-likelihood (LL)

definded in equation (19). We find that the Generalized Leontief dominates

the comparison of LL in all but 14 cases. This is at odds with the results

obtained for the raw R
2 measure given above and is quite probably due to the

need for an instrumental variable for cost in the TL and SQ specification.

Table 2 provides a summary of the results of the comparisons of the

values of LL with the mean for the set of firms and the median, along with the

distribution of these firm by firm comparisons by their standard industrial

codes (SIC).

In some cases, especially for the SQ, we find very high cross-equation

covariances that result in large 121 indicating very poor fit for some firms

and resulting in low values of LL.

The very large LL values that we found in a few cases could be due not
A

only to low variances but also to singularity of the 2 matrix. To check for

singularity we computed the maximum entropy value of 2 using the method pro-

posed by Theil and Fiebig (1984) which is assured not to be singular. The

determinant of these estimates varied little from our other estimates and the

rankings in Table 2 differed only slightly when using the maximum entropy

value of 2.

Theil (1972, 1975) has proposed the use of information measures for the

comparison of cost-share estimations. Theil made the analogy between cost-

shares and the probabilities that a particular dollar spent will be spent on a

particular input. The Theil measure will be designated as I and is defined

as:

I(m,M) = 2 m. log(61./m.) ,
i=1

where and M. are the actual and predicted cost shares for inputs i.

(20)
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Table 2

Comparisons of the Log-Likelihood Function

Food and Paper Products
(2033,2621,2647)

Chemical Products
(2813,2819,2821,
2841,2874)

TL GL # of firms

lowest 2 0 3+ 5
highest 0 5* 0

lowest 5 0 5 10
highest 0 10* 0

Petroleum Refining lowest 7+ 0 4 11

& Rubber highest 1 8* 2

(2911,3011)

Concrete lowest 1 0 10+ 11

(3221,3241,3295) highest 0 11* 0

Metals Production lowest 2 0 4+ 6

(3312,3325,3351) highest 1 4* 1

Machinery Production lowest 4 0 5+ 9

(3533,3662) highest 1 6* 2

Transportation Equipment lowest 4 0 11+ 15

(3711,3724,3728,3761) highest 0 13* 2

Oil Fields & Pipelines lowest 9 0 7 16

(1311,1389,4613) highest 0 16* 0

Services & Wholesale Trade lowest 7+ 0 4 11

(5141,7391,7813,8221, highest 0 10* 1

8223,8911)

National Security
(9711)

Total

lowest 3 0 5+ 8
highest 1 6* 1

lowest 44 0 59+ 103

highest 4 90* 9

mean -20.1 336.8 -268.7
median 52.7 367.1 -154.5

*The best model performance.
+The poorest model performance.

•
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There are two problems with this measure. First Mi can be negative —

thus log(migni) is not defined, and second, negative and positive values may

cancel each other out, log(Mi/mi) > 0 if Mi < mi or log(Wm) < 0 if

> m.. For this reason we computed two alternative measures as well as I(-,.).

First, to avoid the possibility of negative and positive information

values canceling each other we use the absolute value of the log ratio:

IA(m,M) = m;llog(m./61-)1
i=1

and second we use a Taylor Series approximation to I(-,-) of the form:

K(m,M) = 2 (M.-m.)
2/m.

i=1

(21)

(22)

K(-,-) as well as IA(.,-) take equal stock of over and under estimation and K

can also evaluate the influence of negative predicted values.*

Table 3 provides the rankings for the information measures. Note for

I(-,-) the higher values seem to indicate the better models because negative

values seem to predominate. However Theil's I(-,-) measure does not furnish a

criteria to evaluate positive versus negative values. Positive values of IA

and K are, however, nonambiguous indicators of poor models. Also, note how

large the mean values for K(.,-) become while the median values are much

closer in magnitude. This is due to the very poor fit obtained for a few

outlier firms. These criteria demonstrate that the TL no longer dominates the

other specifications with the firm by firm ranks showing the SQ as the most

successful for the K(-,.) criteria but the GL results in lower median value.

On the whole these results confirm the TL's superiority but also show that the

other specifications are not as dramatically poor as the R
2 measures seem to

indicate.

*Actually very few predicted values are negative less than 8% for the worst

case (SQ) and less than I% for the best case (TL).
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Table 3

Mean and Median of Average Information Measures

TL GL SQ

I(-,-) -.0378 -.0916 -.1631 mean
-.0012 -.0068 -.0029 median

K(-,-) 46.4 37512.0 7640.0 mean
.1003 .0653 .0768 median

IA(-,-) .1839 .2923 .3723 mean
.1063 .1621 .1681 median

Cross Specification Rankings of the Information Measures

TL GL SQ

I(-,-)
lowest 31 28 44

highest* 37 43 23

K(-,-)
lowest* 30 22 51

highest 44 23 36

IA(-,-) ,
lowest* 42 20 41

highest 24 42 37

*The best model performance.

a
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Another method for evaluating these specification comparisons is the way

in which they demonstrate the difference between various firm's technologies.

Table 4 provides a comparison of K(-,-) by SIC group. The *Is denote lower

entropy or better predictions, and the 4.1 5 show the poorer performing models.

Note the advantages for the modelling of Metals Production and Transportation

Equipment industries for the translog specification while the square root

quadratic form provides superior results for Machinery Production, Services

and Wholesale Trade and National Security. The other firm groups do not imply

such dominant results for any particular specification. These results provide

an indication that the use of different technological modes is dictated by

differences in industrial processes.

Table 5 is the equivalent table to Table 4 only prepared for IA(-,-) and

it does not show such strong tendencies by firm type; in fact for National

Security establishments we actually get a poorer fit for the quadratic square

root than indicated by the K(-,-) criteria.

5. Precision Based.Comparison Measures

The following measures are based on the precision of the elasticity

estimates which depend on estimated asymptotic covariance matrix of the param-

eter estimates. Kumm (1981) proposes the use of the expected squared devia-

tions of the estimated elasticities from their actual which we can show

reduces to the trace of the estimated covariance matrix (where N is the vec-

torization of the elasticity matrix evaluated at the mean price and input

values*) or the sum of the elasticity variances.

tOne firm is in its own "group" so we report results for only 102 firms on

this chart.

*The formulas for the estimation of the price elasticities are given in

Hirschberg (1984) Appendix C.
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Table 4

Comparison of Information Measure K(.,.) by
SIC Group and by Cost Function

Food and Paper Products
(2033,2621,2647)

Chemical Products
(2813,2819,2821,
2841,2874)

TL GL SQ # of firms

lowest 2 2 1 5
highest 1 0 4+

lowest 2 3 5* 10
highest 4 2 4

Petroleum Refining lowest 3 2 6* 11
& Rubber highest 6+ 3 2
(2911,3011)

Concrete lowest 5* 3 3 11

(3221,3241,3295) highest 4 1 6+

Metals Production lowest 5* 0 1 6

(3312,3325,3351) highest 0 2 4+

Machinery Production lowest 1 0 8* 9

(3533,3662) highest 7+ 1 1

Transportation Equipment lowest 9* 1 5 15

(3711,3724,3728,3761) highest 4 6+ 5

Oil Fields & Pipelines lowest 1 7 8* 16

(1311,1389,4613) highest 7+ 3 6

Services & Wholesale Trade lowest 2 2 7* 11

(5141,7391,7813,8221, highest 6+ 2 3

8223,8911)

National Security
(9711)

Total

lowest 0 1 7* 8
highest 5+ 3 0

lowest 30 22 51* 103
highest 44+ 23 36

*The best model performance.
+The poorest model performance.

•
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Table 5

Comparison of Information Measure IA(-,-) by
SIC Group and by Cost Function

Food and Paper Products
(2033,2621,2647)

TL GL SQ # of firms

lowest 3* 2 0 5
highest 0 2 3+

Chemical Products lowest 2 4 4 10
(2813,2819,2821, highest 0 4 6+
2841,2874)

Petroleum Refining lowest 5 0 6* 11
& Rubber highest 4 5+ 2
(2911,3011)

Concrete
(3221,3241,3295)

Metals Production
(3312,3325,3351)

Machinery Production
(3533,3662)

Transportation Equipment
(3711,3724,3728,3761)

Oil Fields & Pipelines
(1311,1389,4613)

lowest 6* 2 3 11
highest 3 4 4

lowest 5* 0 1 6
highest 0 3 3

lowest 2 2 5* 9
highest 3 4+ 2

lowest 8* 1 6 15
highest 2 8+ 5

lowest 4 6 6 16
highest 6+ 4 6+

Services & Wholesale Trade lowest 3 1 7* 11

(5141,7391,7813,8221, highest 5+ 2 4

8223,8911)

National Security
(9711)

Total

lowest 4* 1 3 8
highest 1 6+ 1

lowest 42* 20 41
highest 24 42+ 37

*The best model performance.
+The poorest model performance.
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E[(N-N)'(N-N)] = 2 2 var(iiii). (23)
j

where h ij is the estimated elasticity of input i with respect to price j.

Because the elasticities are unitless measures a comparison of a function of

the variances is a viable measure. (The elasticities are evaluated at the

average input and price levels).

Next we consider the construction of a x
2 statistic to test the null

hypothesis that all elasticities are zero but we find that due to the nature

of the symmetry conditions and the formulae for the elasticity matrices the

A A
covariance matrix is not of full rank so x

2 = N
, 
cov(N)N cannot be computed.

A

However if we only use the own-price elasticities we can make such compari-

sons. From the comparisons in Table 5 we find that the SQ specification

results in the greatest value of the x2 in the most number of firms and in

most of these values of x
2 were significantly greater than zero. And in

almost all cases under all three specifications, we can reject the null

hypothesis that all the own-price elasticities are equal to zero.

From this comparison in table 6 we find a definite advantage for the GL

model. This could be due to the absence of the use of instrumental variable

covariance for this case. (Equation (13) need not be used when r = 1.)

Tables 6 and 7 provide the distribution of these comparisons by the same

SIC designations given in Tables 3 and 4. From Table 7 we find a much higher

prevalence of preferred models that employ the GL specification. All the

industries except for Services and Wholesale Trade have more firms with lower

values for the trace of the price elasticity matrix using the GL specification

than either of the other two models.

From Table 7 we note that the SQ specification dominates the comparisons

of the x
2 of the estimated own-price elasticities in all but three sectors.

Table 7 also provides the number of firms under each specification that re
ject
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Table 6

Comparison of Trace of the Elasticity Covariance
Matrix SIC Group and by Cost Function

Food and Paper Products
(2033,2621,2647)

TL GL SQ # of firms
1111111..

lowest 0 4* 1 5
highest 2 0 3+

Chemical Products lowest 0 8* 2 10
(2813,2819,2821, highest 4 0 6+
2841,2874)

Petroleum Refining lowest 2 8* 1 11
& Rubber highest 4 1 6+
(2911,3011)

Concrete
(3221,3241,3295)

Metals Production
(3312,3325,3351)

Machinery Production
(3533,3662)

lowest 0 9* 2 11
highest 3 0 8+

lowest 0 4* 2 6
highest 2 1 3+

lowest 0 5* 4 9
highest 6+ 0 3

Transportation Equipment lowest 0 8* 7 15
(3711,3724,3728,3761). highest 8+ 0 7

Oil Fields & Pipelines lowest 0 10* 6 16

(1311,1389,4613) highest 13+ 0 3

Services & Wholesale Trade lowest 1 4 6* 11
(5141,7391,7813,8221, highest 6+ 1 4

8223,8911)

National Security
(9711)

Total

lowest 0 5* 3 8
highest 7+ 0 1

lowest 3 66* 34 103
highest 55+ 3 45

median 69.9 6.8 89.7

*The best model performance.
+The poorest model performance.

•
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Table 7

Comparison of x
2 for Own-Price Elasticities by

SIC Group and by Cost Function

ood and Paper Products
,2033,2621,2647)

hemical Products
.2813,2819,2821,
841,2874)

''etroleum Refining
Rubber

'2911,3011)

oncrete
.3221,3241,3295)

etals Production
(3312,3325,3351)

lachinery Production
(3533,3662)

Transportation Equipment
3711,3724,3728,3761)

Al Fields & Pipelines
'1311,1389,4613)

-ervices & Wholesale Trade
5141,7391,7813,8221,
223,8911)

-4ational Security
9711)

7otal

;.eject Ho at 5% significance

lowest
highest

lowest
highest

lowest
highest

lowest
highest

lowest
highest

lowest
highest

lowest
highest

lowest
highest

lowest
highest

lowest
'highest

lowest
highest

# of Firms

TL GL SQ # of firms

3+ 0 2 5
2 1 2

4 2 4 10
4 1 5*

6+ 0 5 11
2 5* 4

4 2 5+ 11
2 5* 4

1 2 3+ 6
1 4* 1

7+ 2 0 9
1 1 7*

10+ 1 4 15
2 4 9*

12+ 0 4 16
3 4 9*

8+ 2 1 11
1 2 8*

7+ 0 1 8
1 0 7*

62+ 11 20 103
19 28 56*

38 68 66

The best model performance.
-The poorest model performance.
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_

the hypothesis that the own-price elasticity vector is equal to zero. It is

interesting to note that although in one to one comparisons of each firm
'
s X

2

values the SQ is superior, the GL actually results in more cases where the

elasticity estimates are significantly different from zero.

6. Summary

Table 8 summarizes Tables 2, 4, 5, and 7 by reporting the specification

by industrial group that had the largest proportion of firms with the best

performance. In addition we have the results from the log-likelihood compari-

son. We find that Services and Wholesale Trade is the one firm type with four

out of five measures promoting the SQ specification, and there are a number of

cases whereby three criteria we could agree on the specification of choice

(Petroleum Refining Concrete, Metals, and Machinery). Interestingly we find

that the specification that leads in many cases is the SQ the least used in

empirical work of the three considered, and the TL, which is used widely,

performs quite poorly.

In other studies comparing similar cost function specifications Applebaum

(1979) found the models ranked as: 1) SQ, 2) GL, 3) TL and Berndt and Khaled

(1979) found they could not reject the GL but could reject the TL and the SQ.

However these were studies of aggregate data with less that half the number of

inputs we consider here. In the above mentioned cases the models were esti-

mated with a free r parameter, however this required the use of a more complex

nonlinear estimation process.

A few caveats are in order with respect to the particular sample of firms

used in this comparison. In general, earlier studies of this data (Hirschberg

and Aigner (1982, 1983), Jazayeri (1984), and Tishler (1983)) found that the

aggregate own-price elasticities of TOU energy (inputs A, 6, C and D) for

these firms are estimated to be very low. Thus the results of the present
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Table 8

The Comparison of Best Model Indicators by Firm Type "
( = the number of firms for which the specification is the best)

Food and Paper Products
(2033,2621,2647)

Chemical Products
(2813,2819,2821,
2841,2874)

2
LogL K(.,.) IA(. -) _x__ tr(COV) # of firms

GL=5 TL=3 GL=4 5

GL=10 SQ=5 ••• SQ=5 GL=8 10

Petroleum Refining GL=8 SQ=6 SQ=6 GL=5 GL=8 11

& Rubber
(2911,3011)

Concrete
(3221,3241,3295)

Metals Production
(3312,3325,3351)

Machinery Production
(3533,3662)

Transportation Equipment
(3711,3724,3728,3761)

GL=11 TL=5 TL=6 GL=5 GL=9 11

GL=4 TL=5 TL=5 GL=4 GL=4 6

GL=6 SQ=8 SQ=5 SQ=7 GL=5 9

GL=13 TL=9 TL=8 SQ=9 GL=8 15

Oil Fields & Pipelines GL=16 SQ=8 SQ=9 GL=10 16

(1311,1389,4613)

Services & Wholesale Trade GL=10 SQ=7 SQ=7 SQ=8 SQ=6 11

(5141,7391,7813,8221,
8223,8911)

National Security GL=6 SQ=7 TL=4 SQ=7 GL=5 8

(9711)

TOTAL GL=90 SQ=51 TL=42 SQ=56 GL=66 103

6
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analysis may be due to the inherent "flexibility properties" of the cost

functions as investigated by Caves and Christensen (1980). Except that in

this case we are not investigating the ability of these cost function specifi-

cations to conform to the properties of an optimal solution.*

In conclusion we find all three specifications provide superior results

for the majority of establishments' data under some criteria. The TL seems to

dominate on the basis of the individual equation R2 criteria, a result that is

probably due to the TL's special ability to always predict the total cost used

to evaluate the inputs (see Appendix 13). The GL dominates all the other

specifications when we use the log-likelihood as our measure of comparison.

Furthermore, the GL has the advantage that total cost does not appear in the

input equations thus no separability assumptions need be made and the input

demand equation estimation procedure does not require the use of an instru-

mental variable for total cost. The SQ specification, although little used in

empirical applications, does perform well in a number of cases under various

criteria and may serve as a reasonable alternative.

*The concavity of the cost functions estimated was checked using the eigen-

values of the Hessian computed at the mean price values. However, because

these are stochastic variables with no readily available way of estimating

their second moments we have not reported them as a criteria for comparison.
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Appendix A

The Consistency Problems of Including Actual Costs

in Demand Equation Specifications

To show the inconsistency inherent in GLS estimation of the input demand

equations (4) we take a first order Taylor series approximation of

around the mean of X, Xm = mean(X):

where:

C(X)(1
-r) f41. Q1 + Q2 e*,

Q1 = (rC(Xm)(1-°)ImT + ((1-0C(X) 
(1-2 )r 

0,-*
diag(n(P)B),

Q2 = ((1-0C(X)-r)P*,

P* = (131:1)': :PI)17Tx7T

P = [diag(P1):diag(P2): :diag(P7)](Tx7T) ,

P. = the Txl vector of prices for input i etc.,

n(P) = 7Txk block diagonal matrix with Pis on the diagonal,

B = kxl vector of parameters,

e* = (eo':eo': :eo'),

eo = [diag(e1):diag(e2): :diag(e7),](Tx7T)

e. = the Txl vector of errors for equation i.

(A-1)

Consistency requires the right most expression from equation (11) to go to

zero. Inserting the approximation to C(X)
(1-r) we obtain:

Plim(1/T)(H I(Q1+We*) Ine) = llim(1/T)(H I Q1)Plim(1/T)e

1-40. T4W 1-4W

+ lim(1/T)(H'Q2)Plim(i/T)(e*O-le).
T4W -140.

(A-2)

By definition we have Plim(1/T)e = 0 so the first term goes to zero but the

T+00



27

•

second term is non-zero and the term of interest is:

P1im(1/T)e*O
-1e,

T÷00
(A-3)

where we define the error covariance matrix in the form of the SUR type: Q

= (1 T)
 (0 denotes a Kronecker product). Therefore we can rewrite this

-
term in another form as F(0) = e*

1
O -e where F(Q) = (f11 ,f21 ,..., f71)1 T7x1,

7 .
and: fi = Ii.lsiidii(LT), i = 1 to 7 

th
, sij = ij element of the I matrix,

= ijth element of the inverse of matrix. Note that if we only had 2 com-

modities then e* is symmetric and we get F(Q) = LT2 (a column vector of all

ones with length T2).

Appendix B

The Adding-Up Property of the Translog Specification

This appendix demonstrates that the predicted costs from a set of trans-

log (TL) input demand equations will always be exactly equal to the cost used

to evaluate the predicted input.*

We can write the.typical TL input demand equation in the form,

Ct
X.it 

= [2n(Pt 
+ a.] + e.it

Pit
(B-1)

where: C. = total costs at time t, Pit = price of input i at time t, 2n(Pt) =

row vector of the log of all input prices at time t, Bi = the column vector of

price coefficients for the ith input, et = an additive error.

Once we have computed estimates of Bi and ai we have the following expression
t

for the estimated inputs: X. = Ct/Pit[den(PdBi + a] evaluated at a particu-

*In the estimation we performed we use an instrumental variable for total cost

but the predicted values are computed using actual cost.
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lar cost Ct'* 
Thus our expression for the estimated total costs becomes: Ct =

. P XI1=1 it it.'

On substituting the value of X. from equation B-2 we find: Ct = Ct27.1

[2n(Pt)6i
 + a.]. Now we can rewrite the summed terms in a different form,

using the summations implicit in vector multiplication,

n
2 [.n(Pt)6. a.] = 1 £n(Pt)t) 2 bik ai
i=1 k=1 i=1 i=1

(B-2)

where bik 
is the k

th row of the coefficient vector Bi' 
and £n(Pk) is the log

of the kth price at time t. We can now use the restrictions imposed on the

parameters of a TL cost function to insure the homogeneity of degree one in

the prices that provide: 27.1bik = 0, for all k, 4.1ai = 1. Thus, we can

show that C. = Ct' for 
all t.* This result only holds for the translog speci-

fication and may explain the superiority of this specification in some of our

information based comparisons.

The ability of the translog specification to exactly predict the total

cost can be shown to influence Theil's entropy based measure as well as the R2

measure. We can decompose I(-,-) as:

N
I(-,-) = log(C/C) + m4log(Xi/Xi

i=1

Thus for the translog case the first term always equals zero.

(B-3)

*If we had evaluated the predicted inputs using the instrumental variable CI

for total cost the predicted cost would be equal to CI.
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Appendix C

Derivation of the Log-Likelihood
for a Set of SUR with a AR1 by Equation

The log Likelihood of the three specifications can be written in terms of

the likelihood for the stacked vector of input errors E as;

1 -1
log(L) E ilog(2n) + log(J011) -

or

T ^
log(L) = const. + i 1 1og(1-P1) - 21og121,

i=1
A. A

when evaluated at the estimates P. . and I.

Where:
E = X - PAW, (from equation 23)

^-1 _ ^ ^-1
Q — W(I 0IT) Q , (SUR with 1st order autoregressive

A

parameters)

1 1
const. = -log(2n) - 2(T-q) ,

INJ

- Q = a 7Tx7T block diagonal matrix with matrices Ai on
the diagonal,

A.1

r-.T. . . 0 041-p.^1
-P•1 0 0

1• • •

= • • •

0 0 • 1 0

0 0 _pi 1
. ........

........1

—TxT ,

b. = the 1st order autoregressive parameter
1

A.

estimated for equgion i ,

2 = the estimated cross equation covariance matrix.

To demonstrate this equivalence we first derive the determinant of

^-1Q . By properties of determinants and kronecker products (Graybill 1983,

^ -
p. 184) we can write IQ-11 = 

1Q12 11T . Furthermore, the determinant of a

•
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block diagonal matrix is the product of the determinants of the matrices on

the diagonal, (Graybill 1983, p. 202) thus IQI = fl 1IA1 I. And because the

A.'s are triangular matrices their determinants are the product of the di-

agonal elements (Graybill 1983, p. 224) so lAi l = 415.1 and consequently we
7 "2

have 1Q12 = n.,. (1-p.). And the log 10 I can be expressed as:i

7 ^
"- ^2

log 10
1 

1 = 2 1og(1-pi) - Tlog121
i=1

^ ^-1̂
Now we show that because I is computed from E I Q I QE the PO E term

(C-3)

becomes a constant and does not vary by specification*.

Define u as a Tx7 matrix of the residuals of the regression transformed

to account for the autoregressive parameters:

u = (A,E, : • AE2 :   • • A
7
E
7
)

• Tx7
(C-4)

The estimate of the cross-equation covariance 2 is computed as:

u'u(1/T-q) where q is the average number of parameters in each equation. The

-^
right most term in equation (C-1) is of the form (E'D

1 
E) which we can rewrite

as:
^ ^_,^
(PO E) = tr [vec(u 1)1(2

-1
OI) vec(u)] (C-5)

Via properties of vectorization of matrices (Graybill 1983, p. 311) and
^ 

^-1̂ ^-1
of traces we can rewrite this as (PO E) = tr[u'u 2 ] and thus we find that

^ ^-1^(PO E) = t - q, or the number of degrees of freedom used in estimating the

cross equation covariance matrix.

r,

*]t will vary only by the degrees of freedom used in computing I.
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