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ABSTRACT

This paper studies the qualitative properties of a model of futures

market equilibrium. We characterise the bias (backwardation or contango)

in the futures price, the extent to which output is hedged by producers

and the output that is produced relative to the case where there is no

uncertainty. We show that only three cases can arise and give precise

conditions under which these three cases arise when the number of specu-

lators is very large. The conditions involve the nature of the stochastic

dependence between the spot price and the random returns that speculators

earn on markets in the rest of the economy.
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ON THE QUALITATIVE PROPERTIES OF FUTURES MARKET EQUILIBRIUM

1. INTRODUCTION

Broadly speaking futures markets play two roles. The first is that of

sharing risk between agents, the second is that of disseminating information

regarding future supply and demand conditions. The recent papers of Gross-

man (1977), Danthine (1978) and Bray (1981) have studied the informational

role of futures markets. Our object is to study their risk sharing role and

in particular how the nature of the risks influences the qualitative proper-

ties of the equilibrium.

We consider a model of futures market equilibrium similar to that ana-

lysed by Danthine (1978). The approach involves a partial equilibrium model

in which an individually owned firm makes a production decision before the

price of its output is known. In addition to selling his output on the spot

market the producer can hedge against price risks by trading on the futures

market. We assume that price fluctuations on the spot market are generated

by demand fluctuations. It was observed by Danthine (1978) and Holthausen

(1979) that in such a framework the production decision depends only on the

futures price. Holthausen studied how the production and hedging decision

depends on the relation between the futures price and the expected spot price.

Our object is to extend Holthausen's framework to an equilibrium model. This

is done in the simplest possible way by introducing a random demand function

on the spot market and many identical speculators on the futures market. When

discussing the typical speculator's demand for futures contracts we take his

returns from investments on all other markets as given—these are represented

by a single random variable. This approach while not entirely satisfactory

enables us to show in a particularly simple way how risks in the rest of the
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economy impinge on this market.

In a futures market there are no natural a priori bounds that can be

placed on the positions taken by traders. We do not impose any such bounds

but use an argument related to a concept of asymptotic risk aversion to de-

limit the price region in which the agents do not wish to take unbounded fu-

tures positions and show that a (not necessarily unique) equilibrium always

exists in this region (theorem 1). Our main interest lies in exploring the

qualitative properties of this equilibrium. In addition to the results of

Danthine and Holthausen cited above our analysis is based on two key ideas.

First, the investment decisions of speculators in the futures market depend

not only on the returns of this market (the distribution of spot prices and

the futures price) but also on the nature of the stochastic dependence be-

tween these returns and the returns speculators get on other markets. Second,

if the number of speculators becomes large, so that each of them trades only

very little on the futures market under consideration, then in the limit the

idiosyncratic risk is completely diversified away and only the covariance

risk remains. Theorem 3 states that the futures market equilibrium converges

to a unique limit when the number of speculators becomes arbitrarily large and

characterises its asymptotic properties: if the spot prices on this market

and the speculators' returns on other markets are positively (negatively) de-

pendent, then the equilibrium futures price q will lie below (above) the ex-

pected spot price Ep— the futures price thus exhibits backwardation (contango).

The economic intuition behind the result is simply that in the positively de-

pendent case (for instance) a speculator increases the overall variability of

his portfolio by taking a long position in the futures market and requires

compensation for this added risk in the form of an expected profit (backwarda-

tion). In the independent case no such return is required and the futures
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price is unbiased. In this case producers are fully hedged and all price risk

is carried costlessly by speculators. The nature of the stochastic dependence

between the spot price and the returns of speculators in the rest of the econ-

omy also influences the firm's production decision through its influence on

the equilibrium prices. Equilibrium output is greater than, equal to or less

than what it would be in the absence of risk according as the stochastic depen-

dence is positive, zero or negative. A correspondingly complete characterisa-

tion of equilibrium is not available when the number of speculators is finite

but we do provide certain partial characterisations in lemmas 4 and 5 and

theorems 2 and 4.

2. THE MODEL

We consider the market for a single homogeneous good ("wheat") produced

by a fixed finite number m of identical competitive producers ("farmers").

Without loss of generality we put m=1, the case of m> 1 requiring only trivial

modifications. The technology is given by a cost function c(y) satisfying, for

all output levels, y 0,

ASSUMPTION 1. c(0) = 0, c' > 0, c" >0,  lira  c' (y) = 
3"°°

The production decision is made in "spring" and the output is harvested in

"autumn." After the harvest there is a spot market on which the entire out-

put is sold (the producer cannot store the output). The price on the spot

market is a random variable p=p(w), defined on a probability space (Q,F,P).

Here 0 is the set of states of the world, F is a a-field of subsets of Q, and

P is a probability measure on F. The spot price p(w) is not revealed until

autumn; in spring only the distribution of p(.) is known. We shall restrict

attention to nonnegative prices which are genuinely uncertain in the sense
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that their variance is positive, and which are bounded above by some fixe
d

constant K> 0; i.e., consider only prices in the set

L = {p: R I var p > 0, and 0 p (w) < K for all c.o E

Convergence in L will always be convergence in probability, i.e., p
n--->p for

n---> co if and only if for all E > 0

P (LO I I pri (w) P (W) c) -> 0 for n--> co

In addition to the spot market in autumn, there is a futures market held in

the spring. We write qEEIR for the price on the futures market, and zEEIR for

the amount of the good the producer sells on the futures market (if z< 0 he

purchases futures). We do not restrict z in any way, i.e., allow arbitrarily

large long or short positions. Given a production y> 0 and a futures trade

zEER, the producer's profit in state wEEQ is

Tr(y,z,w) = p(w)y - c(y) + z(q - p(w))

The first two terms on the right hand side represent the producer's
 profit

from his production activities, and the last term is his gain (loss) 
from fu-

tures trading (all prices and costs are discounted to the same date).

The producer's preferences are represented by a strictly increasing,

strictly concave von Neumann-Morgenstern utility function u= u(7r) . Given

prices (p,q)ELx M he chooses (y,z)EElicx]R so as to maximise his expected

utilityl

U(y,z) = E u(Tr(y,z,w)) = fu(Tr(y,z,w))dP(w)

It is easy to check that U(y,z) is strictly concave. The producer's optimal

(yopt(p,o,zo)t(p,e,
supply decision )) if it exists, is therefore unique.
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Neumann-Morgenstern utility function w=w(II). Given prices

The total demand for the good on the spot market is exogenous and given

by a random inverse demand function gy,w). This function is assumed to be

(i) downward sloping and such that the demand price exceeds marginal cost at

zero output and (ii) genuinely random and continuous. Formally:

ASSUMPTION 2. (i) For all w E 4)(y,w) is nonincreasinz in y and 4)(0,w) >

c (0) . (ii) For all y 2 0, 4)(y, • ) E L and yn y implies cb(yn, • ) ---> (y, )  .

The demand for futures contracts comes from a number of identical specu-

lators, indexed i= 12. ,s. A typical speculator is endowed with a random

variable r=r(w) which represents his profits from his investments in other

markets (taken as exogenous). We make the "limited liability" assumption

ASSUMPTION 3. r(-) is bounded below.

If a speculator buys c units of "wheat" on the futures market,2 then his total

profit in state w is

= C(P(0 -q) + r(w)

His preferences are represented by a strictly increasing, strictly concave von

(p,q) EL x Hz he

chooses c ER so as to maximise his expected utility

W() = EIA7(R(c,w))

Again, it is easy to check that W(C) is strictly concave, and hence the specu-

e 202pt(p
lator's optimal trade if it exists, is unique. Since all specula-

tors are identical, their total demand for futures contracts is s
opt

c (p,q).

A futures market equilibrium is now a price system (p,q) and a set of

production (y) and futures trading (z,) decisions such that all agents max
i-

mise their expected utility given the prices, and both the spot and futures

market clear. Formally:
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DEFINITION 1. A futures market equilibrium is given by (p,q,y,z,C) C L x IR4

opt
such that and (i) y=y

opt
(p,q), z = , copt(p,q); (ii) p .

(y, w) V wER; (iii) z = s

3. FUTURES MARKET EQUILIBRIUM

Our main objective is to relate the qualitative properties of a futures

market equilibrium to the underlying data of the model. To this end we begin

by establishing some simple properties of the agent's optimal production and

futures trading decision. These results lead to an elementary proof of the

existence of a futures market equilibrium.

Note that in a futures market there are no natural a priori bounds on the

positions that can be taken by traders. In a general equilibrium context it

is well-known that this can lead to nonexistence of equilibrium [see Hart(1975)].

In the present partial equilibrium context we admit "infinite" trades but show

that the demand and supply schedules of producers and speculators always inter-

sect for a price system at which all agents trade finite amounts.

THEOREM 1. Under assumptions 1-3 there exists a futures market equilibrium.

The proof depends on the following three lemmas. The first observation (orig-

inally due to Danthine (1978) and Holthausen (1979)) is that the producer's

optimal output y
opt 

(p,q) does not depend on the spot prices p, but is deter-

mined simply by equating marginal cost to the futures price q.

LEMMA 1. At equilibrium y > 0 and c' (y) = q.

Proof. (See appendix).

The idea is that if c'(y) q, for instance c'(y) <q, then the producer could
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increase his profit (with certainty) by raising both his output y and his fu-

tures trade z by the same small amount ("selling the extra output on the fu-

tures market").

By lemma 1 and definition 1, when looking for an equilibrium, we need

only consider price systems of the form

(p 
Y Y
,q ) = (4)(y, -) , c' (y)) for y

Let z(y) denote the producer's optimal supply of futures, given prices (p ,q )Y Y

and given that his output is y, and let c(y)=c
opt
 (p 

Y 
,q 
Y
) denote the demand

for futures of the typical speculator. If we admit the values ±°, these opti-

mal trades always exist. To obtain a more precise characterisation we define

the following quantities3

f (37) 
licyj

A(y)
A(y) = (w) - q ), B(y) = f (q -p (w))

Y Y
P >q P
Y Y Y Y

ui (oc) = lim u'(y), etc., a =

LEMMA 2.

(i) z(y) ={ 
1

finite if ...... < f(Y) < aa

u' (-00) 
> 1,(Co) 13

co if a f(y)

1
-co if f(Y) <

-Co if f(y)

C(y) = 4 finite if

\ 00

a < f(y) <

if f(Y) 5-

(3.

  > 1 (3.1)

Moreover, z(y), C(y) are continuous' in y and when z(y) (respectively C(y)) 

is finite, it is the unique solution of Uz(y,z) = 0 (respectively W(c) 
= 0)  .

Proof. (See appendix.)
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Note that the optimal futures trades z(y) and (y) will always be finite

if the marginal utility of wealth of both types of agents either tends to

zero for very large limits of wealth or tends to infinity for very low levels

of wealth (or both).5 Even if this is not the case, the producers and specu-

lators will never want to trade infinitely with each other z(y)=r,(y) =co

1 1
or -°°) since —<Fi. and —< a by equation (3.1).

a a
Intuitively lemma 2 can be understood as follows. B(y) (resp. A(y)) rep-

resents the expected money gain (resp. loss) associated with the sale of one

futures contract when the prices are ( 
Y

p ,q ). Using the strict concavity of u,

the expected utility gain AU for the producer (say) from selling an extra unit

on the futures market is therefore always greater than

B(y)u1 (co) - A(y)u'(-00)

and tends to this expression if his futures position z goes to infinity. This

implies the first line in the lemma, and the rest can be proved similarly.

B(y) 
One can also say that the quotient f(y) = is a measure of how good

A(y)

the "odds" are for a seller of futures contracts. If y increases, then p (0=

gy,w) decreases and q = (y) increases, i.e., selling of futures becomes

more attractive (the odds improve). Formally, it follows easily from the def-

inition resp. assumptions 1, 2 that f(y) satisfies

LEMMA 3. f(y) is continuous in y and there exist numbers 0 y1 <y2  such that

f(y) =

0 for 05_y...y1

finite and strictly increasing from 0 to co for y1 <y <y2

for Y 372co

Proof. (Immediate.)

The proof of theorem 1 can now be completed as follows. By lemma 3 there
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exist uniquely defined numbers (see figure 1)

f(C) 
= 1,

a

f3

1
73-
1
a

Y Y Yw, 
YE [y

1 'Y2] 
such that

f (Yu) = f(?) = a, f(Yw) = "k, 
f(W)

=

Oro. am. maw Oa.. aim.. anni.

Yi V V VC yW yU

U W

Figure 1.

(3.2)

C U C W u,
By construction yu 

<y <y , y
w 
< y <y and of the two intervals [yu

,y j,

one is contained in the other. Lemma 2 implies (see figure 2)

{ 

... co for

z(y) = finite for

co for

Y .1 Yu

Y < Y < Y “Y) =

y
u 

y

00 for

I finite for

-00 for

The curves z(y) and y) can be shown to be continuous, and hence there must

exist at least one point y* in the interior of [yu
,y
u
]i)[yw,ywi such that

z(y*) =st;(y*). It is easily checked that (p*,q*,y*,z*,0), where
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P* = (y*,.), q* = CI(Y*), z* = z(y*), c* =

constitutes an equilibrium. •

z*

0

Y)

I

Y

Y* Y
o

yU y

Figure 2.

(The equilibrium is drawn for s =1, only one speculator.

The point y° is defined below, cf. lemma 6.)

4. PROPERTIES OF EQUILIBRIUM

In this section we study certain qualitative properties of the futures

market equilibrium (p,q,y,z,), in particular the relationship between the

futures price q and the expected spot price Ep ("backwardation" q<Ep or

"contango" q > Ep) , and the extent to which the output y is hedged (z) in the

futures market.
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Define the asymptotic risk aversion6 of the producer by

u'(-m) 
1

Pu = u'(0.) 
-

By definition 0 < p and pu= 0 if and only if the producer is risk-neutral

(u' (rr) = constant). Define similarly p
w 
for the speculators.

LEMMA 4. At equilibrium

I Ep - q I < .
7 min

a u w

where a = Ep- Ep I is the mean absolute deviation of the spot price from its

expected value.

Proof. (See appendix.)

Lemma 4 shows that the asymptotic risk aversion of the less (asymptoti-

. cally) risk-averse side of the market provides an upper bound for the extent

to which the futures price q can differ from the expected spot price Ep after

normalisation by the risk factor G. In particular if one side of the market

becomes asymptotically risk-neutral, then q--> Ep.

Next define for arbitrary (not necessarily equilibrum) values (y,z,c)e

1R xIR2 the risk-premium Au(y,z) of the producer and the risk-premium Aw(c)

of speculators by

Eu(7(y,z,w)) E u(E(7(y,z,w)) -Au(y,z))

Ew(11(,w)) w(E(-1(c,w))‘- Aw(c))

The following lemma says that, at equilibrium, Ep-q is the marOmal risk-

premium7 for both speculators and producers.
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LEMMA 5. At equilibrium

(i)

ii)

Au . -Au Ep q

Proof. (See appendix.)

= Ep q =

coy fu'('u),p1
Eu l ('rr)

coy {Na l (11) ,13}
Ew'(H)

Define -3-7, the certainty output, as that output that would prevail at

equilibrium if the market clearing price on the spot market was not random,

but fixed at its expected value gy)=Ecb(y,•). In this case the producer

would choose his output y so as to equate marginal cost c'(y) with the (cer-

tain) price p, and the market clearing price would be p= -RD. By assumptions

1 and 2 the equation c' (y) = y) has exactly one solution -37> 0. It is easy

to check that 5i= yc where the output8 yc is defined in (3.2).

It turns out that there are only three possible types of equilibria—

these are described in theorem 2 below. We note that the first equivalence

in theorem 2 is really only a statement about the producer's optimal produc-

tion-hedging decision and is true for arbitrary price profiles—not necessar-

ily equilibrium ones, as was observed by Holthausen (1979) in his study of

producer behaviour under price uncertainty.

THEOREM 2. Let (p,q,y,z,C) be an equilibrium, then

< c
Ep -< q <=> y -< z <—> y = y

Thus if the futures price is below the expected spot price (q< Ep), the out-

put is only partly hedged (z< y) and is less than the "certainty output" ye.

The converse is true when q> Ep.

Proof. Since u ('rr) = u (w)(y- z) c (y) + zq) and since u' is a decreasing
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function, the sign of y- z is the same as the sign of -c
oy (u t ,p), which is

the same as the sign of Ep-q, by lemma 5(i). This proves the first equiva-

lence. Moreover, the function

g(y) = T(y) -c t(Y) (4.2)

is downward sloping, and g(yc)= 0. If y is the equilibrium output on the

futures market, then g(y)= -4)-(y)-ct(y)=Ep-q. This implies the second equiv-

alence.
•

In general it is hard to determine which of the three
 cases in theorem 2

will obtain in a given market. Indeed, in view of the possible non-unique-

ness of the futures equilibria, different cases may be 
consistent with the

same underlying data. As we shall see below, however, when the number of

speculators becomes large (s—>00) this non-uniqueness v
anishes and we can

give sufficient conditions for the various cases in t
erms of the form of the

stochastic dependence between the spot price on our market
 () and the spec-

uatorst returns on other markets (r).

Following Lehmann (1966) we say that a pair of random v
ariables IP, x :

are positively (negatively) dependent if for all (a,a)(E
le:

P{5-a, X5- i3s1 
(4.3)

with strict inequality for some (a,a). It is readily shown that if (4),X)

are positively dependent (negatively dependent), then (4
),f(x)) are negatively

dependent (positively dependent) if f is a decreasing fu
nction. Also if

(11),X) are positively dependent (negativel
y dependent), then coy (4),X) >0 (<0).

Of course (4),x) are independent if and only if there is
 equality in (4.3) for

all (a,(3)EEM.2.

In our model we say that (4,r) are positively depende
nt etc.) if and
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3

only if ((y,'), r(.)) are positively dependent (etc.) for all y O. We need

the following lemma.

LEITAA 6. There exists a unique output y°> 0 such that

ePt((y0,.),ct(y°)) , 0

Thus the speculator's demand curve (y) intersects the y-axis in exactly one

point y° (see figure 2).

Proof. (See appendix.)

sssss
Now let e

s
=(p ,q ,y ,z ) denote an equilibrium on the futures market

when there are s> 1 speculators (all endowed with the same r(w), which is as-

sumed not to depend on s. Such equilibria exist for all s, by theorem 1. To

exclude some degenerate limits of little economic interest, the following as-

sumption will be useful.

ASSUMPTION 4. (i) z(y) < 0 < z(yw), (ii) (yu) > 0 > (y11).

Assumption 4 is not restrictive. It says simply that if the prices are so

favorable for a seller of futures contracts that one side of the market is

already willing to sell an infinite amount, then the other side will also

want to sell futures (possibly only in finite amount), rather than buy. A

sufficient condition for assumption 4(i) is that pw, i.e., the producer

is asymptotically less risk-averse, and a sufficient condition for assumption

4(ii) is that p < p , i.e., the speculators are asymptotically less risk-

averse. Of course assumption 4 is always satisfied in the special case where

both types of traders have infinite asymptotic risk aversion. In remark 1

below we indicate briefly the limiting behaviour of the equilibrium when as-

sumption 4 is violated. Our main result is the following.
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THEOREM 3. Let assumptions 1,2, 3, 4(11) be satisfied and let (e5)s=1,2,..

be a sequence of futures market equilibria. Then for s---> 0., this sequence 

converges to the unique limit

e z, = (4)(
37°, .)

 (
370) yo, zopt(4)(yo,.), c , (yo)),

o 
where y is as in lemma 6. Moreover, 

(i) Ep = q, z = y = yc if (4),r) are independent 

(ii) Ep > q, z < y < y
c 

if (,r) are positively dependent 

(iii) Ep < q, y
c 

< y < z if (cp,r) are negatively dependent

Proof. From the proof of theorem 1, for each s, an equilibrium

sssss
e
s
= (p ,q ,y ,z ,c ) is given by the intersection y

s 
of the curves s(y) and

s. (y5 , ciS (y5) , z5

z(y), as shown in figure 3. More precisely, p

z
opt

(p
s
,q
s
),

s zs By lemma 6 each curve s(y) intersects the y-axis only

once at y
o
. Assumption 4(11) implies that

Yu < Y < Y

Therefore z(y) remains bounded in a neighborhood of y
o
. As the curves

s(y) approach the vertical line through y
o
, so that y5—>y°. This proves

the first part of the theorem.

To verify the rest, note that for s-->0.: 
s 

----> 0, hence II(C
s
,w) =

cS (w) — q) r(u) r(w), hence (by lemma 5)

Ep
s 
- q

s 
-
covfw' r(w) ,p(w)1

Ew' r(w)

The function w' is always positive and decreasing, hence co
y {w' (r), p} > 0

( < 0) if (p,r) are negatively (positively) dependent. 
The desired result now

follows from theorem 2.
•
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(37) 2ç(y) s(y) z(y)

Yu

Figure 3.

Yw yu

Intuitively, when the number of speculators is large, market clearing

implies that each one of them trades only little on the futures market. The

"idiosyncratic risk" (due to the spot price variability per se) is then di-

versified away (it vanishes to the second order), and the speculators are con-

cerned only with the "covariance risk" stemming from the correlation between

the spot price p and their other returns r. If this correlation is positive,

then buying futures increases the variability of the speculator's total port-

folio. To compensate for this he requires a positive expected profit from

buying futures, i.e., backwardation (q< Ep) . Conversely if the correlation

is negative, then buying futures decreases the variability of the speculator's

total portfolio. The speculator is prepared to pay for this risk reduction

by accepting an expected loss (q> Ep). When the spot price and other returns

r are independent, then the futures price is unbiased. In this case the spot
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market price risk is carried by the speculators at no charge
. The bias in the

futures price q is thus independent of the agents' attitudes
 towards risk.

If a speculator adds a small investment c to his portfolio r,
 his utility

in state w changes by (up to a first-order approximation)

w(r(p(w) - q)+ r(w)) - (r(w)) = c(p(w) - q)w' (r(w))

and his expected utility changes by

Ep[p(w) - q]w' (r(w)) = c[cov fp, w' (01 + (Ep -q)Ew' (0]

The term in square brackets is the expected utility gain 
from a small unit

investment, which must be zero at equilibrium. For example if (p,r) are pos-

itively dependent, then cov fp, w' (01 < 0, and Ep-q must be 
positive.

In a different context the results of theorem 3 for futu
res markets may

be compared to the Arrow-Lind theorem (see Arrow-Lind (1970)
) and its general-

isation (see Eagill (1984)) for the valuation of public goo
ds. The indepen-

dent case (theorem 3(i)) corresponds to the original Arro
w-Lind result by

which a risky public project spread amongst many individual
s is valued at its

expected value.

Remark 1. To see what happens if Assumption 4(ii) is violated imagine
 for

example that c(y
u
) >0. Then the speculators are so eager to buy (rather than

sell) futures contracts due presumably to very strong negative correlation

between their other income r(w) and the price p(w) — that th
ey are willing to

do so even at terms sufficiently unfavorable to them so a
s to induce the other

side (the producer) to supply an infinite (amount of such 
contracts, namely at

the prices 
(pu,qu) = (1)(yu,.), c, (yu)). Of course Epu < qu. In such an implaus-

ible case, as the number of speculators increases, pr
ices would converge to

,
kp
u 
,q
u
), output to y

u 
and the producer's supply of futures contracts would go

to infinity. Assumption 4(ii) excludes such a possibility.
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As a final exercise let us ask what happens when the number of specula-

tors, s, becomes very small. Noting that nothing in the preceding analysis

depended on s being an integer, we now treat it as a positive real number and

let s--> 0. This means simply that at all prices (p,q) the aggregate demand

of speculators for futures contracts, 
opt 

(p,q) will become smaller and

smaller (provided it is finite). Intuitively, the speculators will then "dis-

appear" from the market and one would expect the futures market equilibrium to

converge to a pure spot-market equilibrium as defined below.

DEFINITION 2. (p,y) EL x IR+ is a spot-market equilibrium (without futures

trading) if (i) Eu(p(w)y-c(y)) = max, given p, (ii) p(w) = (y,w) V wEES2

Thus (i) the producer chooses his output y >0 so as to maximise his expected

utility, given the prices p(-) and (ii) the spot market clears.

LEMMA 7. Under assumptions 1 and 2 (i) a spot market equilibrium (p,y)

exists (ii) 0 <y <y
c 
for any spot market equilibrium.

The spot-market equilibrium need not be unique; the set of all spot-market

equilibrium outputs is denoted by

Y = fy _?. 0 I (p,y) is a spot-market equilibrium for some pEEL1

LEMMA 8. yE Y   z(y) = 0

Thus the spot market equilibridm outputs y are characterised by the property

that at the associated prices (p ,q )= ((y,-), c' (5)) the producer would not
Y Y

want to trade on the futures market. We make the "generic" assumption

ASSUMPTION 5. The curve z(y) intersects the horizontal axis transversally at

all yEY.

By theorem 1 for any number of speculators s >0 at least one futures
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sssss
equilibrium e

s
=(p ,q ,y ,z ) exists. Denote the set of all equilibria by

E
s
, and the corresponding set of equilibrium outputs by

Y
s 
= proj

3
E
s 

(s > 0)

THEOREM 4. Let assumptions 1, 2, 3, 4(ii), 5 be satisfied and let Ys be the

set of futures equilibrium outputs for s >0. Then

. s
lim Y = y n (y ,yw)
S40

Proof. By lemma 8 the set Y of spot market equilibria is given by the inter-

section points of the z(y)-curve with the horizontal axis. By assumption 5

these intersection points are discretely spaced, and by assumption 4(1)

Y n (yw,37w) 0, yw,37'w 0 Y. From the proof of theorem 1 for all s >0, the set

Y
s 
of futures equilibria is given by the intersection points between the

curves z(y) and s(y). As s----> 0 the curve st;(y) approaches the horizontal

axis in the interval (yw,y
w
) (remaining "infinite" elsewhere). It is geo-

metrically obvious that the set Y
s 

converges to Y n (yw
,y
w
), cf. figure 4. •

•

yu
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5. APPENDIX

Proof of Lemma 1.

By assumption 2(i) for y=0, the spot price is higher than the marginal

production cost with certainty, hence y=0 cannot be an equilibrium. Let y>0

be an equilibrium output and define

= U(y+c, z+e)

For c sufficiently small this is well-defined; moreover f' (0) =0. We have

f (c) = Eu ( • ) (13 (w) - c (y + e) +q - p GO)

f' (0) = Eut (•) (q - c' (y)) = 0

Since u' >0, this implies q= c' (y), as asserted.

Proof of Lemma 2.

•

We prove first (ii). Let y>0, (p,q)= (py,qy)= ((y,•), c' (37)),

A= f (p(w) - q), B = f (q-p(w)), f(y) = 33, and denote by C(y) the specu-
p>q p<ci

lator's optimal trade given (p,q) = (p ,q ). Clearly if A=0 then c(y) = -co and
Y Y

Assume therefore A> 0, B >0 and consider le (c) =if B=0, then c(y) =co.

Ewl [c(p(c.o) - q)+r(w)](p(w) - q). Since 10(C) is continuous and strictly de-

creasing in C, it suffices to show that

(c) --> -Bw i (-co) Aw' (03) for

;4' ( -4 (c°) Aw' (-a)) for

To prove (A.1) write

where

w'(c)= -Mc) + Al(C)

—> —00

B (C) = f wi cc (p(w) -q) + r(w)i(cl- P(0)
p<ci

A (c) = f w t[c(p(w)-q) + r(w)](p(w) -q)
p>ci

(A.1)

(A.2)
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Using the strict concavity of w we have, for all E IR, wE ,

w'(-00) > w'R(p(w)-q) + r(u))] > w' (°') .? 0

Therefore B1 
<w'(-00)B. Moreover,

B'1() —f w"(-)(q — P(w)p<cl
2> 

0

Now, using the boundedness assumptions on p, r, it is not difficult to see

that

B1 (E;)
 —> w' (-0.)B for

(even  when w' (-0.) = co. Similarly,

for z; -->
1

This proves (A.1), (A.2) can be proved similarly, which establishes assertion

(ii). An analogous argument proves (i). The remaining assertions are easy to

check; for example

z(y) -----> co for f(y) --> a, etc.

Proof of Lemma 4.

•

Let (p,q,y,z,c) be an equilibrium and define A=A(y), B=B(y) as in Lemma

2. By definition

By lemma 2

a = A- B = Ep - q

b = A+B = Elp -

2A = a+b B b - a=
A b 4- a

2B = b -a

1 1
max (—' —) < —A < min (a,13)

a  (3.

(A.3)

Putting p =min (pu,pw) and noting that pu=a -1, pw =f3 -1, we can rewrite this

as

1 
p -F 1 < P 1
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or using (A.3)

This implies

b +a < (p + 1)(b- a) < (p + 1)
2
(3 +a)

Pb > (p + 2)a > -ph or lal <  b
p+ 2 

From this the assertion of the lemma follows easily, using the triangle in-

equality,

b = Ep-q1 < - Epl + (Ep-q1 = a + lal

Proof of Lemma 5.

We prove only (ii), the proof of (i) being analogous. The first-order

•

condition for utility maximisation for a speculator can be written

0 = = Ew' (II)(p(w) - q) = Ew' (1)(p (w) - Ep +Ep - q) = coy (w' ,p) + (Ep - q) Ew'

This implies the second equality in (ii); for the first use (4.1) to write

the first-order condition as follows

0 = w' (ETI Aw) (Ep - q - Aw)

Since w' >0 by assumption, this implies Ep-q = L.

Proof of Lemma 6.

,
For any y (yw,yw) , c = c ( optky) = ),c'(5)) is the unique solution of

the equation

We have

f(C,Y) = Ew'[Z(q(y,w) - ci (Y)) r GO] (cP(37,0 - c' (Y)) = 0

f (C,y) = Ew"(•)(4)- c')
2 

< 0-

f (C,Y) = Ew"(*)C (go' - c")(q)- c') + w' (.) ((p' -c")

In particular for = 0, f (0,y) = Ew' (-) (cP' -c") <0 by assumptions 1, 2.
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Therefore whenever c= c(y) =0,

lc% < 0, i.e.
dy

the curve t;=t(y) intersects the horizontal axis always from above, h
ence in

o w
exactly one point y

o
, yw <y <y (cf. lemma 2).

Proof of Lemma 7.

(i) For y >0 define

h(y) = Eu‘0.(y,w)y- c(y))(4)(y,w) - c' (y))

•

By assumptions 1, 2, h(0) >0 and h(y) <0 for y sufficiently large. 
Therefore

there exists y >0 such that h(y) =0. With p=q5(y,•) this is a spot market

equilibrium.

(ii) Let (p,y) be a spot market equilibrium. Then

0 = h(y) = (py - c) (p - c') = cov {u' ,p} (Ep - cl)Eu' (A.5)

Recalling the function g(y) -c-p(y) c' (y) defined in (4.2) we also have

Ep - c' = g(y)

t,p}
By (A.5) this implies g(y) = - 

coy {u 
Eu1 

> 0 since u' is downward sloping.

Since by definition g(y
c
) =0 and g is also downward sloping, we must have

Y < Y •

Proof of Lemma 8.

The producer's expected utility is (cf. (2.3))

U(y,z) = Eu[p (w)y c(y) + z (q - p (w))]

with partial derivatives

U = Eut ( • ) (w) - c' (y)) U
z 
= Eu • ) (q p(0)
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Therefore U =-U
z 
for q = c' (y). Now if y EY, we must have

u(0) = 0 where p =

With q = cl (y) this implies Uz (y , 0) = 0 ,i.e.,  z (y) = 0 . Conversely , , if z (y) = 0,

then U
z 
(y, 0) = 0 , where (p , q) = (q)(y, • ) , c (3)) . Again this implies U (y, 0) = 0 ,

i.e., yEY.
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•

FOOTNOTES

1. To justify this form for the firm's objective function it is best to

think of the representative firm as being individually owned (a farm).

2. For speculators we use the opposite sign convention as for producers,

i.e., c, >0 means that the speculator buys futures.

3. We admit "infinite" values and use the obvious conventions, e.g.,

whenever u'(-.00) =co or u' (°) =0.

4. The concept of continuity is extended to infinite values in the natural

way by requiring limz(y) = z(3i) even if z(3-7) =co.

a = co

Y4-37

5. In the terminology introduced in the next section, the asymptotic risk

aversion of both types of traders is infinite.

6. p
u 

can be interpreted as follows: p
u
+1 gives the minimum odds at which

the agent would be willing to accept arbitrarily large bets. To see this

consider an agent who faces a lottery (bet) which pays him the amount

L>0 with probability p and -L with probability 1-p. The expected util-

ity of this bet is U(L) =pu(L) + (1- p)u(-L), so that U t(L) = put (L) -

(1- p)ut (-L). Thus tr(L) > 0 if and only if-2-- >1-p =
u'(-L) 

and hence by
(L)

the concavity of u(.), Ir(L) 0 for all L>0 if and only if  1-p =

p
u
-Fl. Thus the agent is willing to accept arbitrarily large bets (L—co)

if and only if the winning odds --2-- 1p 
are at least p+1. Note that many

-

standard utility functions have pu =co in which case the agent will never

accept infinite bets.

w d .w u u
7. A = (0, Ay =1;sTA (y,z), etc.

8. Note that y
c 
is efficient in the sense that it maximises the expected sur-

plus

S(y) = E (t,co)dt c(y)

0
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