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Abstract

This paper shows how the general equilibrium model with incomplete markets
(GEI) can be extended to an open-ended future, thereby providing a natural
setting for analyzing problems in macroeconomics. To obtain a concept of equi-
librium which respects the incompleteness of markets and ensures that agents’
plans are node consistent, a transversality condition must be imposed on every
subtree. Conditions for the existence of an equilibrium as well as certain prop-
erties of an equilibrium are derived. The prices of infinite-lived securities in
zero net supply are shown to permit speculative bubbles which affect (do not
affect) the equilibrium allocation if markets are incomplete (complete). The

prices of securities in positive net supply (for example equity contracts) cannot
have speculative bubbles, thus limiting the extent of speculation in the GEI
model.




1. Introduction

The analysis of equilibrium on a sequence of markets in which agents correctly anticipate future
prices was first introduced in an abstract setting by Radner (1972). This model has recently evolved
into the model of general equilibrium with incomplete markets (GEI for short). The analysis of the
GEI model (which is surveyed in Magill-Shafer (1991)) suggests that it may provide a valuable
framework for discussing many issues in macroeconomics. To provide such a framework however
the model, which has so far been restricted to economies with a finite horizon, needs to be extended
to the more natural setting of an open-ended future.

There are two natural ways of extending the analysis of an economy to an infinite horizon.
The first is to assume that there are a finite number of agents (families) who are infinitely lived;
the second is to assume that all agents are finitely lived and are succeeded by their children in an
indefinite sequence of overlapping generations. The models that arise from these two approaches
have become the basic workhorses of modern macroeconomics (see Blanchard-Fischer (1989)). In
this paper we explore the first type of extension: we study an exchange economy with a finite
number of infinitely lived agents who use spot markets for the current exchange of goods and a
limited array of financial markets for redistributing their income across time periods and uncertain
events. Such a model provides an extension of the representative agent models (for example Lucas
(1978)) to an economy with heterogeneous agents in which markets can be incomplete. When the
markets are incomplete and agents are heterogeneous many phenomena can arise which cannot
occur in the representative agent (complete market) version of the model.

In a model with a sequence of markets over an infinite horizon a new problem arises which
has no counterpart in a finite horizon model: if agents are permitted to borrow, they may seek
to postpone the payment of their debts by rolling them over indefinitely from one period to the
next and if such Ponzi schemes are permitted there is no solution to an agent’s decision problem.
Broadly speaking two approaches are used in the macroeconomics literature to limit the rate at
which agents can accumulate debts: one is to place a priori bounds on debts, the other is to require

that the present value of debts goes to zero. Since a priori bounds may introduce an additional

imperfection over and above the incompleteness of the financial markets, we seek a condition based

on the latter approach.

Consider an economy in which every agent is rational and impatient. We argue that if every




agent knows and recognizes that every other agent is rational and impatient then all agents in the
economy will be led to limit the rate of growth of any debt they might plan to finance through
the security markets. No impatient agent will allow his lending to grow so fast that it acquires a
positive present value at infinity — a natural transversality condition for an impatient agent. If
agents recognize that lenders limit the credit that they are willing to extend in this way, then they
will not plan to finance a debt which has a negative present value at infinity. When markets are
complete (so that agents are not constrained in redistributing their income accross the event-tree)
if agents restrict their financial plans so that the present value of their debts from the perspective of
the initial node tends to zero, then a consistent concept of equilibrium is obtained. However (as we
show in section 4) if markets are incomplete (so that agents are limited in their ability to transfer

income across the event-tree) then the same condition must hold from the perspective of every node

in the event-tree, if agents plans are to be node consistent — a condition akin to subgame perfection

for Nash equilibria.

When markets are incomplete there is a potential ambiguity involved in present value calcu-
lations, since there are many present value processes which are compatible with the no-arbitrage
equations on the financial markets. Optimality of an agent’s consumption-portfolio plan requires
that the present value of his credit at infinity be non-positive when evaluated with the agent’s per-
sonal present value vector. Since in a large economy in which trade is anonymous, agents cannot
be expected to have information regarding the present value vectors of other agents, we assume
that each agent uses his personal present value vector when limiting the present value of his debt at
infinity to be non-negative. Thus an agent’s budget set is defined by the requirement that purchases
on the spot markets be compatible with earnings on the financial markets at every date-event, plus
the asymptotic condition that from the perspective of every date-event, the present value of the
agent’s debt converges to zero as the horizon goes to infinity.

The financial markets are a key element of the GEI model. We consider real securities, namely
securities whose returns are the value (under current spot prices) of specified bundles of goods.
A model with nominal securities (i.e. securities whose returns are specified in units of account)
in which price levels are not tied down, as studied by Balasko-Cass (1989) and Geanakoplos-Mas-
- Colell (1989), can always be converted into a family of models with real securities. The model
covers securities in zero net supply such as bonds or futures contracts and securities in positive net

supply such as equity contracts of firms and permits both short and long-lived securities.




To prove existence of equilibrium for the infinite horizon economy we use a method similar to

that introduced by Bewley (1972) which consists in taking limits of equilibria of truncated (finite

horizon) economies. We take the commodity space to be the space of bounded sequences (£,) and

the crucial assumption on agents’ preferences is that they be continuous in the Mackey topology.
As is well-known (see Brown-Lewis (1981) and Mas-Colell-Zame (1991)), this latter assumption is
a precise abstract way of formalizing the idea that agents are impatient and it is this assumption
(or more precisely a slight strengthening of it to uniform impatience) which permits the equilibria
of finite horizon economies to “approximate” the equilibria of an infinite horizon economy.

In section 6 we show that if the securities are short-lived and have payoffs in a numeraire
commodity then a GEI equilibrium exists for every infinite horizon economy (Theorem 6.1). As
soon as there are securities whose payoffs depend on the spot prices of two or more commodities
or as soon as there are long-lived securities an equilibrium may not exist: in this case for the
finite horizon GEI model it has been shown that an equilibrium exists generically (Duffie-Shafer
(1985, 1986)). We extend this result to the infinite horizon economy as follows: first we show
that a pseudoequilibrium always exists (Theorem 7.2), then we show that for a dense set of asset
structures a pseudoequilibrium is a GEI equilibrium (Theorem 7.4).

In view of the way equilibria are constructed in Theorem 7.2 as limits of equilibria of truncated
economies, in any such equilibrium the price of an infinitely lived security is equal to the present
value of its future income stream for every agent —the so-called fundamental value of the security.
It is natural to enquire whether this property is true for all infinitely lived securities in all GEI
equilibria: since no terminal condition can automatically be attached to the system of stochastic
difference equations (the no-arbitrage equations for each agent) which must be satisfied by a security
price, it is not a priori clear that the price of an infinitely lived security will equal its fundamental
value.

The phenomenon of speculative bubbles has been the subject of much interest in macroeconomics
(see Blanchard-Fischer (1989, chapter 5)). It is sometimes argued that bubbles cannot arise in an
economy with a finite number of infinite-lived agents: in section 8 we show that this statement
needs to be qualified. As in Tirole (1982) and Santos-Woodford (1992) we find that there cannot
be a speculative bubble on infinitely lived securities in positive net supply: since equity contracts
constitute a significant segment of the capital market, this places a bound on the extent to which the

GEI model predicts the occurence of speculation. However the prices of infinitely lived securities




in zero net supply behave quite differently: they admit substantial amounts of speculation. In
Proposition 8.4 we show that a speculative bubble can always be added to the price of such a
security without affecting the real equilibrium allocation. There is thus a significant nominal
indeterminacy in the prices of infinitely lived assets in zero net supply. But there is a qualitative
difference between speculative bubbles that can arise in a GEI equilibrium depending on whether
the markets are complete or incomplete. If the markets are complete speculative bubbles only
introduce a nominal indeterminacy; if the markets are incomplete a speculative bubble can have a
real effect in the sense that the same equilibrium allocation cannot be supported by a system of
asset prices without a speculative bubble.

Finally we mention some recent related papers. Hernandez-Santos (1991) study the problem of
existence of equilibrium with short-lived nominal securities. Levine (1989) and Levine-Zame (1992)
study conditions on a system of debt constraints under which equilibria of truncated economies
converge to an equilibrium of an infinite economy. In a framework which is broad enough to also
include the overlapping generation model (and is akin to that studied by Levine (1989)) Santos-
Woodford (1992) study conditions under which prices of infinitely lived securities in positive net

supply may or may not involve a speculative bubble.

2. Characteristics of the Economy

We consider an economy with time and uncertainty over an infinite horizon. Let T = {0,1,...}

denote the set of time periods and let S be a countable set of states of nature. The revelation of

information is described by a sequence of partitions of S

F = (Fo,Fy,...,Fy,...)

where the number of subsets in F} is finite and F; is finer than the partition F;_; (i.e. o € Fy, o’ €
F;oy = o Co'oronNog’ =0)forall t21. At date 0 we assume that there is no information
so that g = S. The information available at time ¢ (for ¢t € T) is assumed to be the same for all
agents in the economy (symme'trz’c information) and is described by the subset o of the partition
[y in which the state of nature lies. A pair £ = (¢,0) with ¢t € T and o € F; is called a date-event
or node and #(§) = t is the date of node . The set D consisting of all date-events (or nodes) is




called the event-tree induced by F
D= U (t,o)

teT
dE[E‘t

It is convenient at this point to introduce certain subsets of D that reappear frequently through-
out the paper. The unique node §y = (0,0) with o = S is called the initial node. ¢ is said to succeed
€ (strictly) if §' = (¢, 0"), € = (t,0) satisfy t'2 ¢ (¢ > t), 0’ C o and we write &/ 2 ¢ (& > €). For
any node £ € D the set of all nodes which succeed ¢ is called the subtree D(¢) starting at £,

D()={¢eD| ¢2¢}

D*(¢) denotes the set of all strict successors of £, D) ={¢& eD| €& > ¢}, and £t denotes the

set of immediate successors of £
§F={€eD¥) () =1&)+1}

Let #£* denote the number of elements of £*: this number which is denoted by b(§) is finite since
for each ¢t € T the number of subsets in IF t+1 is finite and is called the branching number of the
event-tree D at &, b(§) = #£*,£ € D. For any £ € D and any 7 € T with r > t(€), D.(§) denotes
the subset of nodes of D(¢) at date 7, while D7(¢) denotes the subset of nodes between dates (&)

and 7

D) ={&eDE)[4¢) =7}, D'(§)={¢ e D) () < &)< T}

When the subtree originates at the initial node &g it will simplify the notation if we write
D = D(é), D* = D*(&), D" = D"(&), D, = D, (&)

For each £ € D*, £ = (t,0) there is a unique ¢’ € F;—; such that o’ D o; the node 6~ = (¢t - 1,0")
is called the predecessor of €.

The economy consists of a finite collection of infinitely lived consumers (families) I = {1,...,I}
who purchase commodities on spot markets and trade securities at every node in the event-tree D
described above. There is a set L = {1,... ,L} of commodities at each node: the set consisting of

“all commodities indexed over the event-tree is thus

D x L={(¢)|€eD, teL}




Let RP*L denote the vector space of all maps z : D x L — R and let {,o(D X L) denote the

RDXL

subspace of consisting of all bounded maps (sequences)

£o(D x L) = {z € RP*L |sup (.0eDxL | 2(§,£) [< 00 }

The norm || - ||eo of £oo(D X L) is defined by || z ||oo= sup ,0eDxL | (&,¢€) |. As in Bewley
(1972) we take the commodity space to be £,(D x L). Each agent i € I has an ini‘tial endowment
process given by w' = (w'(£,¢),(£,£) € D x L) which is assumed to lie in the non-negative orthant
£2(D x L). Let w'(€) = (w'(€,£),£ € L) € RE denote the agent’s endowment of the L goods at
node . Agent ¢ chooses a consumption process z* = (z*(€,4), (&,£) € D x L) which must lie in his
consumption set X* = £} (D x L) ; zi(¢) = (z'(€,€),L e L) € Ri denotes the agent’s consumption
at node £. Note that this description of the commodity space assumes that each good is perfectly
divisible and is perishable (no storable or durable goods) and that the supply of goods does not
grow without bound. The agent’s preference among consumption processes in X* is expressed by
a preference ordering ?

At each date-event there are spot markets on which the L commodities are traded. Let
p=(p(€,8),(6,¢) € D x L) € RP*L

denote the spot price process and let p(€) = (p(€,£),£ € L) denote the vector of spot prices for the
L goods at node &.

A rich variety of financial assets can be considered in a model of this kind (for a discussion
see Magill-Shafer (1991)). We restrict our attention to the class of real securities: a financial asset
is said to be a real security if its return at each node ¢ after its node of issue is the value under
the spot prices at node ¢ of a specified bundle of the L goods. As noted in the introduction,
a model with nominal securities can be converted in a family of models with real securities (see
Geanakoplos-Mas-Colell (1989)).

Let J C IN (the positive integers) denote the set of (real) securities. Security j € J which is
issued at node £(j) € D is a pron;ise to deliver a dividend process { V(£,7) € R| £ € DY(£(5))}
at all nodes strictly succeeding its node of issue £(j) where V(§,5) = p(€)A(€,7) is the value of a
prespecified bundle A(¢,7) € R of the I commodities under the spot prices p(§). Each security is
assumed to have a non-trivial dividend stream, that is, it makes a non-zero payment at some node

after its node of issue (A(¢',5) # 0 for some & > £(j) for each j € J). Contract j is first traded

6




at its node of issue and is then retraded until a maturity node is reached, namely a node beyond
which it makes no payment: after such a maturity node the security is no longer traded.

For every node ¢ in the subtree D(£(j)) prior to a maturity node let ¢(£, ) denote the price of
one unit of security j at node £ after its dividend V' (£, j) at that node has beén paid. Security j with
node of issue £ = £(j) is said to be short-lived if it only pays dividends at the immediate successors

of its node of issue, namely if A(¢',7) =0 V & ¢ £*(j). In all other cases security j is said to

be long-lived. A security whose commodity payoffié exclusively in good 1 (A(,€,7) = 0if £ # 1)

is called a numeraire security. If for every t 2 ¢(£(5)) there exists a node £ with ¢(£) > ¢ such that
A(&,7) # 0 then security j is said to be infinite-lived.

To summarise the returns (dividends and prices) on the different securities in a compact form
it is convenient to extend the definition of the dividend and price process of each security j from
its subtree D(£(7)) to the whole event-tree D. Thus we define A(&,5) = 0 for all £ ¢ DH(£(5)).
Similarly we set (¢, j) = 0 after a maturity node of asset j and for all £ ¢ D(£(5)), 7 € J. Let

A(E) = (A6,5), 7€ T), ¢(&) =4q(&,5), €T

denote the commodity payoffs and prices of the securities at node ¢.

Definition 2.1: A security structure is defined by a triple (J,(, A) where J is the set of securities,
¢ =(&(5),J € J) is the set of nodes of issue of the securities and A € £oo(D x L) is the commodity
payoff process of the securities which satisfies A(¢,7) = 0 if & ¢ D¥(£(5)).

Let J(&) denote the set of active securities at node £

J(§) = {j € J |£ € D(£(7)), 3¢ € D*(§) with A(¢',5) #0} (2.1)

and let j(€) = #J(€) denote the number of active securities at this node: we assume j(¢) < oo for
every { € D. With this assumption even if J is infinite A(£) and ¢(£) have at most a finite number
of non-zero components.

Let z'(€,5) € R denote the number of units of the j*! security purchased (if z'(¢,5) > 0) or
sold (if 2%(€,7) < 0) by agent i at node ¢£: each security is assumed to be perfectly divisible and can
be bought and sold in unlimited amounts (no short-sales constraints). If contract j is not active

at node £ then we adopt the convention 2(£,5) = 0. Let 2 = (zi(f,j),(ﬁ,j) eEDxJ)e RD*J




denote the i*h agent’s portfolio process. z* is chosen from the space of portfolios defined by
Z={7eRP (i) =0ifj ¢ J(E))

Let ¢ denote the security price process ¢ = (q(¢,5),(€,7) € D X J) and let Q denote the space of
security prices
Q={qeR> |q&,j)=0ifj ¢ J(£)}
It is convenient to summarise the characteristics of the economy that we have described above.
Let
2=
denote the profile of preferences and endowments of the I agents and let (J,¢, A) denote the security

structure then £ (D, Z,w,(J,(, A)) denotes the associated economy over the event-tree D.

3. Assumptions

In this section we describe the assumptions that we impose on the characteristics of the economy
¢o(D, Z,w,(J,(,A)). The crucial assumption required to obtain the existence of equilibrium in
an infinite horizon economy is the choice of a topology in which agents’ preference orderings are

continuous. Let £;(D X L) denote the subspace of RP*L consisting of all summable se uences
g q

@ xL)={PeRP¥| ¥ |PEf|<o ]
(¢,0)eDxL

For P € £1(D x L) and = € £oo(D X L) the scalar product is defined by
Pz= > P00
(¢,)eDxL
The Mackey topology on £, (D x L) is the strongest locally convex topology such that the dual of
£oo(D x L) under this topology is ZlgD X L). For a discussion of this topology see Bewley (1972)
and Mas-Colell-Zame (1991).

A1 (Event-tree): For each node £ € D the branching number b(€) = #£7 is finite.

A2 (Endowments): There exists scalars m, M with 0 < m < M such that V (&,¢) € D x

L, w'(£,£) > m, Vie Tand T wi(€,0) < M.
i€l




Let w = ¥ w' then A2 implies || w ||o< M. Thus a feasible consumption process z* for agent
i€l
¢ must lie in the set

F={yetf(DxL)| |lyllo< M}

A3 (Preferences): For i € I, ? is a transitive, reflexive, complete preference ordering on X* =

£5,(D x L) and % is monotone, strictly convex and continuous in the Mackey topology i.e.

for all # € X', {z'e X' |z %'} is strictly convex and closed in the Mackey topology and
-

{z' € X |2* = #' } is open in the Mackey topology. ~ is monotone in the sense that for each

z' € X' and for each y € ££(D x L), z* + y% i,

Let £ C D be a subset of nodes and let g denote the characteristic function of E
© { 1 if £€€FE

XE =
0 if €¢F

For z € £(D x L) define z2xg = (z(&,1)x5(€), (§,1) € D x L). Let eg € £ (D x L) denote the

process which has all components 0 except for the component of good £ at node & which is 1

e5(¢,0) = {

1t (€,0) = (60)
0 i (€,8)# (6,0

A4 (Preferences): There exists 8 < 1 such that for all i € I
l'iXD\D*F({) + ﬂ:l:iXD+(£) + e§ T ¢ Vg € F,VEe€D,

A5 (Securities): Every security j € J is a real security with commodity payoff A(+,]) € Lo(D X L)

and the number of active securities j(£) is finite at each node £ € D.

Let e; € £oo(D X L) denote the commodity process consisting of one unit of good £ at each node

, 1 if ¢=¢
e, ) = {0 " E’;éf} VéeD

A6 (Short-lived numeraire bond): For each £ € D there exists Je € J(€) such that £(j¢) = € and

A(yJe) = erxe+ |

Remark: We have repeated Al for completeness: it is essential that at each node & there are only

a finite number of immediate successors. Assumption A2 asserts that the aggregate endowment

9




process w = Y w' is bounded above and hence that each individual endowment process w' is

i€l
bounded above: in addition each agent has an endowment of each good which is uniformly positive

across all nodes. Good 1 plays the role of a numeraire: by assumption A4 it is strictly desired by
all agents at all nodes and thus has a positive price at each node.

Assumption A3 is classical since the paper of Bewley (1972). Mackey continuity of the preference
ordering ? expresses the idea that agent i prefers early to more distant consumption: it is a precise
abstract way of formalising Irving Fisher’s notion of impatience. Araujo (1985) has shown that
all agents must have Mackey continuous preferences if an Arrow-Debreu equilibrium is to exist
for a general class of economies. This assumption permits the infinite horizon economy to be
approximated by truncated finite horizon economies since consumption in the very distant future
is unimportant. The role of this assumption will become clear in section 6 when we establish the
existence of an equilibrium for the economy £ by taking limits of equilibria of truncated economies
&r: roughly speaking impatience is a way of coping with the open-endedness of the future and
ending up with an economy which in many respects behaves like a finite horizon economy (but
with no pre-specified terminal date).

As Bewley (1972) has shown, % is Mackey continuous if it is represented by an additively

separable utility function

w(z') = 3 p(€)8:€)vi (2 (€)) (3.1)

¢eD
where p(§) is the probability of £ (induced by a probability measure p on the measurable subsets of
S), ;€ (0,1) is a discount factor and v* : Rﬁ — R is a continuous, increasing concave function
with v*(0) = 0.

The assumption of strict convexity in A3 is needed for the case of general security structures
so as to be able to invoke the currently available existence theorems for a finite horizon economy:
in these theorems an agent’s optimal consumption is assumed to lead to a demand function rather
than a demand correspondence. Strict convexity and monotonicity imply strict monotonicity. It is
likely that only the conditions of convexity and strict monotonicity with respect to one good are
needed to obtain the existence results for a finite horizon economy, but we shall not enter into such
refinements here.

Assumption A4 is a uniform condition on the impatience of each agent with respect to future

consumption at each node. To understand what it means consider the following thought experiment.
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Pick any feasible consumption process z' € F and add one unit of commodity 1 at node £ If
commodity 1 is desired at node £ then the new consumption process is strictly preferred by agent
i (¢ + % &'). By the Mackey continuity of ¥ there exists § < 1 such that agent ¢ still prefers
the new consumption process even if it is scaled down by the factor B¢ for all nodes that strictly

succeed £ i.e.

T XD\D+(¢) + BeT' XD+ () + €5 ; &

Since F is bounded §¢ can be chosen to be the same for all z* € F. The new requirement in A4
over and above Mackey continuity of ? is that the coefficient §¢ be uniformly bounded away from 1
when #(£) — oco. Agent 7 thus exhibits uniform impatience in that at each node he is prepared to
give up a small but positive fraction (1 — 8 > 0) of his future consumption process in exchange for
an additional unit of commodity 1 at that node. A4 is satisfied by a preference ordering represented
by (3.1). A4 is essentially the only new assumption on preferences and endowments that we add to
the assumptions made by Bewley (1972) in order to obtain the existence of an equilibrium in the
case of incomplete markets.

A5 and A6 are assumptions on the type of securities available to agents on the financial markets
and are thus specific to the GEI model. Since by A1 only a finite amount of uncertainty (b(§) < )
is resolved at each node ¢ it seems reasonable to assume that only a finite number (j(£) < o)
of securities are available for trading at each node. If j(£)2b(£), V £ € D then markets are
essentially complete; if j(£) < b(§) for some node £ € D then the financial markets are incomplete.
The existence of a portfolio at each node which gives positive returns at each of the immediate
successors is a classical assumption in the analysis of financial markets: assuming the existence of
a short-lived numeraire bond at each node (A6) is a convenient way of ensuring that this condition

is satisfied.

4. Budget Sets and the Concept of Equilibrium

In order to arrive at a concept of equilibrium we need to specify how agents perceive their
trading opportunities on the system of markets when faced with the spot and security market
prices (p,q). Two elements are involved in the construction of an agent’s budget set; the first is the
usual condition which asserts than an agent’s net expenditure on the spot markets must not exceed

the income earned on the financial markets at each node; the second is a new element introduced
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by the sequential nature of trade combined with the open-endedness of the future.
Let zi(€) = (2(£,7),j € J) denote the ith agent’s portfolio at node £. At the (unique) prede-
cessor £~ the agent has chosen the portfolio z(£~). Since we assume that no transactions costs

are involved in the purchase or sale of securities there is no loss of generality in assuming that at

node £ agent ¢ liquidates the portfolio position z*(£~) taken at £~. The agent’s budget constraint

at node £ is thus given by

p(€)z*(€) £ p(E)w' (&) + (p(E)A(E) + q(€))2*(€7) — q(€)=(€) (4.1)

Note that 2/(§;) is not a choice variable for the agent: we assume 2'(&5) = 0 so that agents do
not inherit financial commitments from the past. The consumption-portfolio process (¢, zi) which
is chosen must satisfy (4.1) at every node. (Since we have assumed that each agent’s preference
ordering is strictly monotone with respect to the first commodity at each node (A4) we may replace
the inequality in (4.1) by an equality.)

If the agent is to have a solution to his consumption-portfolio choice problem then the prices
(p, ¢) must not offer arbitrage opportunities at any node £ € D i.e. there must not exist a portfolio
24(€) such that .

- q(§)z'(§)20
(P(E)A(E) + (€))7 (€N 20, V¢ et

with at least one strict inequality. This condition has been extensively discussed in the finite horizon
incomplete markets literature and in the theory of finance (see for example Magill-Shafer (1991))
and is equivalent to the existence of a process = = (7(£),£ € D) of positive node (present value)

prices such that

©(€)q(€) = > m(€)(p(&)A(E) + q(€"), Y€€ D (4.2)

greet
In view of the open-endedness of the future even if the prices (p,q) do not offer arbitrage
opportunities there will not be a solution to the agent’s choice problem if a further restriction is
not placed on the portfolio processes which the agent is permitted to consider. For any no-arbitrage
prices (p,gq) with ¢ # 0 the agent can change any given portfolio (2! — 2 + Az%) so as to obtain
one more unit of income at the initial node and can roll over his debt ad infinitum thereafter. More

formally a change Az' in the portfolio such that
1= —q(é)A2' (&)

. . (4.3)
0= (p()A(E) + ¢(€)AZ(E7) - ¢(€)AZ(¢), V € e DT
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is always feasible from any chosen portfolio 2! € Z and is preferred by agent i if his preference
for consumption goods is monotone. A portfolio Az’ satisfying these conditions is called a Ponzi
scheme (for a discussion of this see Levine (1989, section 3) and Blanchard-Fischer (1989) p. 49).
Thus some form of borrowing constraint which limits the amount of debt that an agent can plan
to incur is necessary if his consumption-portfolio choice problem is to have a solution.

One approach, often adopted in the macroeconomics literature, which eliminates Ponzi schemes
and leads to a well-defined concept of equilibrium is to impose a priori bounds on the indebtedness
of the agents. Adopting such an approach for the GEI model would however essentially amount to
reverting to Radner’s approach of placing a priori bounds on agents’ portfolios. As Hart (1975)
pointed out such bounds are necessarily ad-hoc — furthermore they may add another imperfection
to the model and much of the simplicity of the finite horizon GEI model arises from the fact that
the only imperfections modelled are those arising from the incompleteness of the financial markets.

Since we focus on the GEI model without default, the most natural borrowing constraint is that
agents should not borrow more that they can pay back: the problem is to give a precise meaning to
this statement. The idea we want an equilibrium to express is the following. In an economy in which
every agent is rational, impatient and prefers more (consumption), an agent will not be maximizing
if he postpones spending so as to become lender at infinity. Since for every borrower there must be
a lender, if it is assumed that every agent recognizes that every other agent is rational, impatient
and prefers more, no agent should seek to be a borrower at infinity. Together these two conditions
require that every agent be neither borrower nor lender at infinity, namely that the present value
of the debts at infinity be zero.

This can be made more precise as follows. If agent ¢ has an optimal consumption-portfolio plan
(z*,2") subject to the budget equation (4.1) and an appropriate growth condition on his debt, then
there is associated with this plan a present value vector ' = (7*(¢), £ € D) where 7¢(¢) is the
multiplier (dual variable) induced by the budget equation (4.1) at node £. The vector 7 describes
how agent ¢ translates (discounts) a stream of income in the future to date 0. If the plan (z, z*)
is optimal then 7* must satisfy the adjoint equations (4.2) which express the fact that for agent ¢
the marginal cost of each security at each node is equal to the marginal benefit of its return at the

following nodes. In addition (ﬂi,zi) must satisfy the transversality condition

limsup Y 7'(£)q(€)z(€)<0 (4.4)

T ¢eDr
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which asserts that an optimal portfolio does not leave value (make agent ¢ a lender) at infinity. If
(4.4) was not satisfied, agent ¢ could find a preferred consumption stream by decreasing his lending

(which is always possible even if markets are incomplete) thereby increasing earlier consumption.
Even if trade is anonymous and agents do not know more about the characteristics of other
traders than that they are rational, impatient and prefer more, no agent should count on finding
lenders on the markets who would finance a porfolio 2* that permits him to be a borrower at infinity
liminf 3 7'(€)g(£)='(€) <0 (4.5)

¢eDr

since this would oblige some other traders to be lenders at infinity. Strictly speaking, since markets
are incomplete, agents on the other side of the transaction will evaluate their lending with different
present value vectors, for when markets are incomplete the no-arbitrage equations (4.2) admit many
solutions. But if markets are large and anonymous agent ¢ cannot be expected to know the present
value vectors of all other agents. In such circumstances it has become usual in the incomplete
markets literature to make the assumption of competitive perceptions introduced by Grossman-Hart
(1979): an agent uses his own present value vector to fill in the information regarding valuations
which cannot be deduced from observed or anticipated prices. Using this convention, agent ¢ will
not attempt to finance a portfolio satisfying (4.5). Thus (recalling that (4.4) must be satisfied) a

candidate growth condition on an agent i’s debt is given by

Jim 3 w(©)a(€)#(€) = 0 BN

¢eDr

It can be shown that this growth condition sufficiently restricts the debt that an agent can plan

to incur so that an equilibrium (which we call a commitment equilibrium) exists in which the budget
sets of the agents are defined by (4.1) and (4.6) and markets clear. As the following example shows,
if markets are incomplete, such equilibria may involve trading plans that agents would only carry
out if they had made binding commitments at date 0 regarding their future trades.
Example A. Suppose that tl{e event-tree D is such that the only uncertainty is at date 1, the
future after date 1 being infinite but certain. Let (£;,£]) denote the two nodes at date 1, the node
following &; (resp. £;) at date ¢ being denoted by & (resp. £;) for t 2 1. (See Figure 1.)

We assume that the two nodes at date 1 are equally probable (p(£1)) = (p(£]) = 1). Suppose

the economy has an equal number of agents of two types and one good (income). Every agent has




Figure 1:

the same additively separable utility function (3.1) with

wi(z) = 3 p(€)619, fa(e) = i tJo(E) + i RVE()

¢eD
The endowments of the two types of agents are shown in Figure 1: both types have 1 unit of
income at node o and if nature chooses node &;, type 1 agents have 1 — € for ever and type 2 agents
have ¢ for ever; if nature chooses node ¢; the incomes of the two types are reversed.
In an Arrow-Debreu equilibrium for this economy the agents’ budget sets would be defined by
a vector of date 0 prices 7 € £;(D) (Bewley (1972, Theorem 2))
{z' € €L(D)| 3 w(E)(=*(€) - w'(€) = 0}

¢eD
By symmetry the only equilibrium is such that both types of agents consume 1 at node &, and %
at all subsequent nodes regardless of the branch chosen by nature. The Arrow-Debreu equilibrium
is given by
(&) =1, F'(&)=7(€)= % Vizl, i=1,2 (4.7)

t

7?(50) = la ﬁ(Et) = 7?(64) = %, v t% 1 (48)

It is easy to check that the equilibrium allocation in (4.7) can also be achieved by a system of

complete financial markets consisting of two insurance contracts at node &, (paying 1 unit at node
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& (resp. 1) and 0 at node & (resp. &;) and the short-lived numeraire bond at all subsequent
nodes, in which agents have budget sets defined by (4.1) and (4.6).

More surprisingly, (4.7) can also be acheived as a commitment equilibrium allocation with
incomplete markets: suppose that at each node (in particular at node &) the only contract is the

short-lived numeraire bond, then the bond prices and strategies are given by

0if & =&
V26 if € = &
a(€) = 2O =03G+ ), i E=6, 121, =20 (49)

§ if
if £ # & “ll g4 L) ife=g, 121

Agents of type 1 commit to lend for ever if & occurs in exchange for the right to borrow for
ever if £ occurs: on the upper branch agents of type 1 accumulate a credit (growing like %) which
is balanced against a debt which grows at the same rate on the lower branch (with the reverse for
agents of type 2). Such trading strategies are not however node consistent: if £; (resp. &) occurs it
is not in the interest of type 1 (2) agents to lend. In the language of game theory the commitment
equilibrium defined by (4.9) is not subgame perfect.

While the concept of a commitment equilibrium may prove to be of interest for exploring the so-
cial value of rules or commitments? it is not in the spirit of an equilibrium with incomplete markets.
In the remark following Proposition 4.2 we show that an Arrow-Debreu equilibrium can always be
realized as a commitment equilibrium even when the financial markets are extremely incomplete
(the only security at each node is the short-lived numeraire bond). The binding commitments made
by agents at date zero regarding their future trades on the financial markets serve as a collection

of new contracts which, when combined with the existing securities, complete the markets.

In the above example an agent of type 1 (2) can foresee from date 0 that if node £; (£]) occurs

it will not be in his interest to lend for ever if there is no binding commitment to do so. It is clear
that if we are to obtain a concept of equilibrium which respects the incompleteness of markets and
does not introduce extraneous binding commitments then additional conditions must be imposed
on the trading plans of the agents.

In the spirit of subgame perfection it should now be clear what these conditions are. In order

!One might argue that in early stages of society when there were no financial instruments beyond borrowing and
lending, the social norms which put pressure on more fortunate individuals to lend (often with a zero interest) to those
who had suffered unavoidable losses, were an attempt to use commitments to replace missing insurance markets. In
the macroeconomics literature the value of commitments forms part of an extensive literature (rules versus dicretion)
(see Kydland-Prescott (1977) and Blanchard-Fischer (1989), chapter 11)
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for an agent’s plan to be optimal, it must be optimal when restricted to the subtree D() for every
node £ in the event-tree. Thus an agent’s portfolio must not imply that he is a lender at infinity
when viewed from any node in the event tree. Similarly, respecting the fact that other traders
plans must have the same property, the agent should not attempt to be a borrower at infinity
when viewed from any node £ € D. Thus the condition which makes agents’ trading plans node
consist.ent throughout the event-tree is the requirement that for each agent ¢

Am 30 w(€)g(€)# () =0,VEED (4.10)

¢'eDr(¢)

We are thus led to define the budget set of agent i as follows

3 2' € Z, such that V€ € D

Boo(p,q, 7,0, A) = { 2t € £L(D x L) | Aim D2 7 (€)a(€)z'(€) = 0
¢'eDr(¢)

pE)(* () = w'(€)) = (V(£)Z(€7) — a(€)(&)
where V(€) = p(§)A(€) + ¢(£) is the vector of returns at the successor & for the j(£~) securities

traded at {~. In equilibrium we will require that 7 be the present value vector of agent . If

(z*,2%) is a pair satisfying the constraints in Boo(p, g, ,w', A) then z* is said to finance z* and with

a slight abuse of notation we write
(¢;2") € Boo(p, g, 7,0, A)

(2;2') is said to be ¥ mazimal in Beo(p,q,7*,w', A) if Z* finances z* and ' ¥ &' for all (¢%;2%) €

Boo(pa q, '”iawi, A).

These considerations thus lead us to the following concept of equilibrium.

Definition 4.1: A GEI equilibrium of the economy £, (D, % ,w,(J,(,A)) is a pair

t

((2,2), (5@ (F)ier) € €D x Lx ) x 2T x RPXL x @ x £f(D x 1)

where (z,2) = (z!,...,2%,2,...,27) such that
(i) (z%;7") is >;3 maximal in Beo(p,§,7*,w',A), for eachi €I
(ii) for each 1 € I
(2) #(§) >0, ¥ € € D and P* € £ (D x L) where P = (P'(¢),£ € D) = (F(€)5(€),€ € D)
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(b) & is % maximal in Be(P',w’) = {z' € £} (D x L)| Pi(z' — ') 20}

(c) T (€)d(&.5) = E,§+ T (ENBENAE,5) + a(€,), Vi€ J(E), VEED
(i) R(E-w)=0 (W)L =0

1€

i€l

Remark: Condition (ii) characterises the equilibrium present value vector #* of agent i: 7 must

satisfy the agent’s adjoint equations (c), while (b) asserts that the induced date 0 commodity

price vector P! supports the preferred set of agent i at Z' or equivalently that z' is the agent’s

most preferred bundle in his induced Arrow-Debreu budget set Bo,(P*,w?). (a) requires that the
supporting price P? lie in £1(D x L), a property which is implied by the Mackey continuity of the
preferences as we shall see in the proof of Theorem 7.1. With an appropriate normalization of the
spot prices — since good 1 is the numeraire good we adopt the normalisation p(&,1)=1,VE e D—
this implies that 7 lies in £;(D).

In the above definition all securities are taken to be in zero net supply: this is not a restriction
since by an appropriate change of variable an economy in which assets are in positive net supply
can be transformed into an economy in which assets are in zero net supply as we show later. Taking
assets in zero net supply is convenient for the proofs.

Let V(£+) = [V(€')]grge+ denote the j(€) x b(€) matrix of returns at the successors &’ € &t for
the j(£) active securities traded at node £. The (financial) markets are said to be complete if rank

V(€)= b(€), ¥V € € D and incomplete if this condition is not satisfied.

If markets are incomplete, then typically the set of GEI equilibrium allocations of Definition
4.1 does not include the Arrow-Debreu equilibrium allocations. To see this let (%, P) be an Arrow-
Debreu equilibrium of an economy with characteristics (D, Z,w) satisfying A1-A3. In order that
the equilibrium price process P = (P(¢,1), (€,1) € D x L) be the present value of the spot price
process p = (p(¢,1), (£,1) € Dx L) (with p(¢,1) = 1), discounted by the process © = (7(£), £ € D)
we must have

T(§)p(E,1) = P(§,1), 7(§)=P(£1), V(&) €D XL (4.11)

Let (J,(,A) be a security structure satisfying A5-A6. If the prices of the securities are equal to

“the discounted value of their future dividends? then we must have

2The case where the price of an infinite-lived security differs from its fundamental value by a speculative bubble
is considered below.




P& D)= Y. PE)AE),VEeD (4.12)
£'eDt(¢)

Given P € £4(D x L) and y € £oo(D X L) it is convenient to have a notation for the present
value of the commodity stream YXD(¢), namely the restriction of y to the subtree D(¢). We thus
define

P.y= 3 P(E))
¢’eD(¢)
Proposition 4.2: Let (z, P) be an Arrow-Debreu equilibrium of an economy £(D, % ,w) satisfying
AI-A3 and let (J,(, A) be a security structure satisfying A5-A6, then z can be obtained as the al-
location of a GEI equilibrium ((Z, 2), (p,q, (7');c1)) with prices (, q,(7');e1 defined by (4.11),(4.12)
and @ = T, VielifandonlyifVEéeD,Viel

(Pé’ (& —wz))e'e& €< [PE" A geer > (4.13)

JEJ(§)
where < []36-, A(+, 7)) ¢ree+ > denotes the subspace of R®¢) spanned by the returns (measured by

JEJ(E)
the discounted value of the dividends) at the successors €% of £ of the J(€) active securities at node

I3

Proof: Let (Z, P) be an Arrow-Debreu equilibrium. Since agents’ preferences are Mackey contin-
uous, P € £;(D x L) (Bewley (1972), Theorem 2). If the prices (,, (7*);c1) are defined by (4.11),
(412) and 7' =7, Viel then (i) and (iii) in Definition 4.1 are satisfied. Thus z = (z!,... , 1)
can be obtained as the allocation of a GEI equilibrium (with the above prices) if and only if there
exist portfolios z = (21,...,27) such that ' finances ', VieTIand el 3 =0.

Consider all the portfolios 2 = (z,...,27) such that the budget equations (4.1) hold for all
§ € D, for each agent 7 and ) ;1 z* = 0. Such portfolios always exist and can be constructed by
forward induction.? Since the riskless bond has a nonzero (positive) price at each node, there exists

a portfolio zi(fo) at node &y such that

B&0)(7(&0) — w'(&0)) = —(€0)7*(&o)

and by forward induction there exists a portfolio z*(¢) such that

BE)E(£) — (&) = (BE)A(E) + 4(€))7'(67) — (€)Z(€), ¥ € € D*

3We are grateful to an anonymous referee for pointing this out.
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for all ¢ = 2,...,I. For agent 1 choose z}(¢) = — "1, 2i(¢), V€ € D. Since Sie1(@ - w') = 0,
(4.1) is also satisfied for agent 1. Thus Z can be obtained as a GEI equilibrium if and only if one
such process of portfolios z = (z!,...,27) satisfies (4.10) for each i € I. Consider any node €.
Multiplying the budget equation at each node £” € D(€) by 7(£"), summing from the immediate
successors &’ € {1 and using (4.11) and (4.12) gives for any T > () '

Y. PENE(E) - (€M) = (P(EVAE) + P, 1)a(€)F€) - 3 #(€)TE7 (")
£"eDT(¢) ¢"eDr(¢’) (4 14)

z* satisfies the transversality condition (4.10) if and only if

(P4 =) o = [Pt o, @01 vECED

JEJ(&)

and such a portfolio process 2* exists for each i if and if (413) holdsVE €D, Vie LA

Remark. Note that if the weaker transversality condition (4.6) replaces (4.10) in each agent’s
budget set, then Definition 4.1 defines what we earlier called a commitment equilibrium. If there is
a numeraire bond at each node (A6) then the Arrow-Debreu allocation Z can always been obtained
as a commitment equilibrium. To see this note that (4.13) applied to node &' = & implies that any
process of portfolios z = (21,...,27) constructed by forward induction in the proof of Proposition
4.2 satisfies (4.6) for each i, since P(z' — w') = 0. Thus for any such process of portfolios z,

((%,2),(P,q, (F')ic1)) With 7 = %, V i € I is a commitment equilibrium.

The spanning condition (4.13) is the same as in the finite horizon case (see Magill-Shafer (1991)),
the only difference being that the discounted sums are infinite. The transversality condition (4.10)

which formalizes the requirement that on each path of the event-tree D the present value of an

agent’s debt tends to zero, replaces the terminal condition z*(¢) = 0 for all terminal nodes in a

T-period model. The spanning condition (4.13) can be used to prove? that if =2 Arrow-Debreu
equilibria can typically (generically) been obtained as GEI equilibria only if there are enough active
securities at each node ¢ to span the immediate contingencies £+ (i.e. j(€) 2 b(€)) for each node
£eD.

‘A generic argument can be constructed in the case where agents’ preferences are represented by (3.1) using the
finite equation method of analyzing infinite horizon Arrow-Debreu equilibria introduced by Kehoe-Levine (1985).
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Example A (continued). Consider the economy in Example A with the financial structure con-
sisting of the short-lived numeraire bond at each node. Since 1=75(&) < b(&) =2, the markets are
incomplete at node &. The only GEI equilibrium is the no-trade equilibrium (z, z,7) = (w,0,9)

where 5.1 iy
6, ift21

In Proposition 4.2 we assumed that the price of every security in a GEI equilibrium is equal

q(&) =q(&) = {

to the discounted value of its dividends (its so-called fundamental value). As we show in section 8
in an infinite horizon economy the prices of infinite-lived securities in zero net supply can have a

speculative bubble component. If (J,(,V) contains such securities then (4.13) must be replaced by
(P , (& —wi)) € <[P A(+3) + P(E,1)p(€',5)] et > (4.13")
¢ gegt ¢ J€I€)

for all £ € D, for all ¢ € I, where p(¢',5) # 0 if security j has a speculative bubble, p(€',7) being a
solution of the homogeneous equation
P(&Dp(&:0) = 32 P(E,1)p(€,4), VEED
gegt

In this case it can be shown that if I > b(£) for some node & for which j(£) < b(€), then for some
w the I vectors {P ¢ (7 - w')erge+ Yier span RY®)| so that (4.13") cannot be satisfied at node € for
all ¢ € I. Thus the Arrow-Debreu allocation cannot be obtained as a GEI equilibrium allocation.
(4.13") does however suggest that speculative bubbles can affect the spanning opportunities offered

by the financial markets. The next example shows that this is indeed possible.

Example B. Consider an economy with event-tree, preferences and endowments of Example A.
The financial structure consists of two securities issued at node &. Security 1 (2) pays 1 unit at
node £ (7) and 0 elsewhere and is retraded at all nodes on the upper (lower) branch (& (&), t21).

There are two symmetric equilibria. In the first the securities are priced at their fundamental values

q1(éo) = @(é) = %, Q&) =q@(&)=0,t21

Trading the securities thus only permits income transfers at date 1, the agents remaining at

their initial endowments thereafter:
=i i i 1 _ _ _ _
#(6) = 1, 5'(6) = 56 = 3, 3'(6) = P2(E) = 1~ ¢, B (E) = #(E) = ¢, 122
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In the second equilibrium security 1 (2) has a bubble on the upper (lower) branch

B(60) = BlE) = 5 D) = BED = g7, 121

and the Arrow-Debreu equilibrium allocation (4.7) is achieved with the portfolios
7(&) = —2(&) = —--i(l —€), 120, z* = -2
1 2\6¢ 1—6'2 y b= Uy
Even though the security prices grow at the implicit interest rate ( %), the agents’ borrowing (lend-

ing) decreases at the rate § so that the transversality condition (4.10) is satisfied

lim #EnF(Enzien) = — lim oL 8T 1 _4
Am 7(€r)a(ér)z (ér) = - lim ﬂa—T'1__5(§ —6) =

(e}

In this example the securities have value after date 1 only because each agent believes that other
agents believe that they have value: the equilibrium thus depends on the beliefs of the agents, not
on the fundamentals of the securities.

In the above example we have permitted an intrinsically worthless (zero dividend) asset to be
traded. Strictly speaking this requires extending the definition of active securities given in (2.1). In
sections 5-7 where we study the limits of truncated economies, we retain the convention (2.1), since
in finite horizon economies an intrinsically worthless asset has a zero price. In the above example
only the first equilibrium is a limit of equilibria of trul.lcated economies: the second equilibrium is
specific to the infinite horizon economy and has no counterpart in finite horizon economies.

Since, when markets are incomplete, GEI equilibria are typically different from Arrow-Debreu
equilibria, the existence of a GEI equilibrium cannot be deduced from the existence theorem for
an Arrow-Debreu equilibrium for an infinite economy (Bewley (1972)). Our next objective is thus
to give conditions under which a GEI equilibrium exists®. The proof of existence of equilibrium
is divided into two parts. The first part considers an economy in which all securities are short-
lived and deliver commodity payoffs in the numeraire good (section 6); the second part (section
7) considers the general case where securities are short, long or infinite-lived and have arbitrary

commodity payoffs. In the first part it is shown that an equilibrium always exists; in the second

®Existence of a GEI equilibrium cannot be deduced either from the theorems of existence of equilibrium for a finite
- horizon economy with a countable number (or a continuum) of states (Zame (1988), Hellwig (1991), Mas-Colell-Zame
(1991), Mas-Colell-Monteiro (1991)) since in these models the number of securities is finite. Nor can it be deduced
from the existence result of Brown-Werner (1992) who consider an economy with an infinite number of securities
in a two-period, one-good model: they use the property of constrained optimality of a GEI equilibrium for such an
economy but this property does not extend to a multiperiod or multigood model.
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part it is shown that a pseudoequilibrium (defined in section 5) always exists. From this we deduce
by a separate argument that an equilibrium exists for a dense subset of asset payoffs. Section 8
examines the possibility of speculative bubbles for the equilibrium prices of infinite-lived securities

and whether or not they can affect the GEI equilibrium allocation.

5. The T-truncated Economy and Pseudoequilibrium

We prove existence of GEI equilibrium for the infinite horizon economy by taking limits of GEI
equilibria in truncated economies in which trade stops at some finite date. Let £oo(D, % ,w, (J,¢, 4))
be an infinite horizon economy. The associated T-truncated economy &r(D, %,w,(J,(, A)) is the
economy with the same characteristics as £ in which agents are constrained to stop trading at
date T. If (pr,qr) € RDP*L @ is a commodity and security price process then the budget set of

agent ¢ in the truncated economy &7 is defined by

12 €2z 26 =0ift(&)2T
pr(€)(=*(€) - w'(£)) = (pr(§)A(E) + ¢r(€))7'(€7)
—qr(§)F(€) if 1) LT
~ 2 (€) = W (€) i 1) > T )

Even though the consumption-portfolio process of an agent is defined over the whole event-tree, a T-

BT(]’T? QTawi’A) = 9 xi € zg‘o(D X L)

truncated economy is essentially a finite horizon economy with 7'+ 1 periods since the consumption-

portfolio process of an agent is fixed after date T'.
Definition 5.1: A GEI equilibrium of the truncated economy &7(D, % ,w,(J,(, A)) is a pair
_ _ + 1 DxL
((:BT,zT), (pT,qT)) € foo(D x L x I)) XZ xR X Q

such that

(i) (z%;2%)is ¥ maximal in Br(fr,r,w', A), Vi€ I

(i) @r-w)=0 (i) Xz =0
i€l i€l

(iv) pr(§) =0if ¢(§) > T, qr(§) = 0if (&) 2T




Since only the prices of the commodities and securities which are traded in £ are well-
determined, (iv) is a natural way of extending these prices to the whole event-tree.

Since in an equilibrium of the truncated economy the terminal condition z%-(f) = 0 for all £
with #(£) 2 T replaces the asymptotic condition (4.7), the present value vectors of the agents do
not appear explicitly in Definition 5.1. Each agent has however a well-defined present val}1e vector

in an equilibrium of &7 which is characterised as follows.

Proposition 5.2: Under assumptions (A1-A4) if ((zr,2r),(pr,dr)) is a GEI equilibrium of
&r(D, Z,w,(J,(,A)) then each agent i € I has a present value vector 7% € RD satisfying

(a) T2 (€) > 0 ift(€) £ T, 74(€) = 0if () > T
Pi(z' —w') 20 }
(€) = w'(€) if 1(€) > T.

(b) z is ¥ maximal in Bp(Pi,w') = {zi €L (D x L)

where P} = (Py(€),€ € D) = (7%(€)pr(€),€ € D)

(c) 7p(E)ar(€,5) = £,§+ Tp(€)(Br(€)AE,5) + ar(€,5)), ¥ 5 € J(€),4(€) £ T -1

Proof: (see appendix).

It is well-known that not every truncated economy £7(D, % ,w,(J,(, A)) has a GEI equilibrium.
The problem arises from the fact that at node ¢ the dimension of the subspace of R() spanned by
the columns of the 5(§) x j(£) returns matrix

[pr(§)A(E',5) + ar(€',5) ] ¢rec+ (5.1)

1€3(8)
can change when the prices (pr(€'),q7(£’))¢rce+ vary. There is however a convenient case where
this difficulty can be avoided. If all securities are short-lived numeraire assets and if spot prices are

normalised by using good 1 as the numeraire at each node
pr(§,1)=1 VE€D (5.2)

then the returns matrix (5.1) is independent of both the spot prices and the security prices since
q(&',5) = 0 for each j € J(£) for all ¢’ € ¢*. In this case a GEI equilibrium of a truncated economy

&t always exists (see for example Geanakoplos-Polemarchakis (1986)).

Theorem 5.3: If assumptions A1-A3 are satisfied and if (J,(, A) is a security structure consisting
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of short-lived numeraire assets then every truncated economy

ér(D, % ,w,(3,(,A)) has a GEI equilibrium.

When securities have payoffs involving two or more commodities or when there are long-lived
securities then changes in the prices (pr,qr) can create discontinuities in agents’ demands which
may lead to the failure of existence of a GEI equilibrium for a truncated economy. The approach
followed in the recent literature is to introduce the concept of a pseudoequilibrium: such an equi-
librium exists for all truncated economies and for most economies a pseudoequilibrium is a GEI

equilibrium. The idea is as follows: typically the matrix in (5.1) is of rank

a(§) = min (5(£),5(£)) (53)

but for some values of (pr,qr) the rank may fall. A pseudoequilibrium is an equilibrium of an

economy in which agents are given an artificial subspace of income transfers of dimension a(&) at
node ¢ (for each ¢ € DT) which contains the subspace of transfers achievable with the existing
securities — but which is larger when the matrix in (5.1) has rank less than a(£). Existence of
a pseudoequilibrium for a two period economy has been proved by different methods by Duffie-
Shafer (1985), Husseini-Lasry-Magill (1990), Hirsch-Magill-Mas-Colell (1990) and Geanakoplos-
Shafer (1990); Duffie-Shafer (1986) and Magill-Shafer (1991) cover the multiperiod case.

In these papers a pseudoequilibrium is defined using a vector of discounted date 0 prices and an
abstract subspace at each node. The subspaces are parametrised in a way which is convenient for
proving existence. Here we adopt an alternative representation which is more convenient for the
passage to the limit from the finite to the infinite case: this representation consists in defining the
artificial subspace at each node by an orthogonal basis which may be interpreted as the returns on

a(§) short-lived numeraire assets issued at node &.

Definition 5.4: (K,7,T') is an artificial short-lived numeraire asset structure for the economy
E(D’ f):,wV (J’ C’ A)) if
(i) K = (K(£),§ € D) where K(£) consists of a(€) short-lived numeraire securities issued at

node { with good 1 payoff at the immediate successors ¢’ € £t

ke K(€) = nk)=Eand T(&,0,k)=0if £ 1or € ¢ £F




(ii) at each node & the returns of the securities issued at node £ are pairwise orthogonal
Y T, LE(E,L,E)=0 V kK € K(€),k#K
geet

(iii) the payoff on each security is non-zero and is normalised so that

T, 1,k)|=1 VkeK(€), YVEED
max |T(¢, 1) €K(), Ve

Definition 5.5: Let ((Zr,3T),(PT,pT)) be a GEI equilibrium of the truncated economy

ér(D, z,w,(K,n,T)) normalised by (5.2) where 7 = (74, ... ,'71{) is the vector of agents’ trades in
the securities of K and p7 is the vector of security prices and let 77 be any vector of no-arbitrage

node prices

rr()pr(6,k) = > wr(€)L(E,1,k), Vke K(), VEeDT! (5.4)
geet
Let gr be defined by
Y. wr(€)pr(€)AE,5), VieJE), VEeDT!
Tr(€)ar(€,5) = { D) (5.5)
0 otherwise

We say that ((Z7,71), (PT,pr)) is a short-lived numeraire asset pseudoequilibrium of the economy
gT(D7 t y W, (J$ Ca A)) if
([pr€)A€,3) + @ (€.5)] veer ) © ([TE1,8)] e )» ¥ E€ DT (5.6)
JEJ(E)

kEK(¢)

where for a matrix B, < B > denotes the subspace spanned by the columns of the matrix.

Remark: When (5.6) holds, the definition of gz in (5.5) is independent of the choice of the vector
of node prices wr satisfying (5.4). This can be seen as follows:

w(6d) = —= 3 wr(€)FrE)AE,5) + ar (€ )
m1(8) ¢ieer

- — > (€)Y eflr(€,1,k)

7(8) icer kEK(€)

= Y alpl(&,k)

keK(§)
where (a{:,k € K(£)) are the coordinates of the vector (r(€")A(¢',5) + Gr(€',5))eree+ on the basis
(Tz(+, 1,k),k € K(£)). The reverse calculation with any other vector of nodes prices (#r(£),¢ € DT)
satisfying (5.4) leads to (5.5) using the terminal condition qr(&,5) = 0if ¢(§) = T.
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Theorem 5.6: Under assumptions A1-A3, for any truncated economy Er(D, % ,w,(J,(, A)) there
exists an asset structure (K, n,I'r) satisfying (i)-(iii) in Definition 5.4 such that a GEI equilibrium

((ZT,71), (BT, PT)) Of E7(D, %, w,(K,n,'1)) is a short-lived numeraire asset pseudoequilibrium of
gT(Dy t s Wy (J7 C’ A))

Proof: It suffices to check that the existence of a short-lived numeraire asset pseudoequilibrium is
equivalent to the existence of a pseudoequilibrium as defined in section 2.4 of Magill-Shafer (1991):

the result follows by applying Theorem 16 in that section. A

If in a pseudoequilibrium the returns matrix of the original securities (J,{, A) has maximal
rank a(£) at each node £ € DT~ then the inclusion in (5.6) is an equality. In this case trading
in the artificial securities gives each agent access to the same opportunity set as trading in the
original securities. Thus when the rank condition in (5.7) below is satisfied, up to converting the
portfolios and security prices from the artificial to the original securities, a pseudoequilibrium is a

GEI equilibrium.

Proposition 5.7: Let ((Z7,797), (PT,pT)) be a GEI equilibrium for Er(D, % ,w, (XK, n,Tr)) which
is a short-lived numeraire asset pseudoequilibrium of the economy 7(D, % ,w,(J,(, A)) and let G

be defined by (5.5). If

rank [pr(¢)A(E',5) + ar(€, )] ceet = a(€), V£ e DT! (5.7)

then there exists a vector of portfolios for the agents zr = (2%,...,%%) such that ((Zr,Zr),

(pr,qr)) is a GEI equilibrium of the economy £r(D, z,w,(J,(, A)).

Proof: At each node £ € DT~! let V(%) and I'7(£1) denote the returns matrices on the left and
right side of (5.6) respectively. When (5.7) holds agents have the same opportunity sets with the

two asset structures. For agent i € I, i # 1, define the agent’s portfolio z. by

a @], [~ -
[V(eﬂ]zT(O } [rf(m] (@, veeD )

with 25(6) = 0if t(£) 2 T. Let Zh(€) = — Z z'(€), ¥ € € D then the spot market clearing equations
imply that z} satisfies (5.8) and ((a:T,zT) (pT,qT)) is a GEI equilibrium. A
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6. Existence of Equilibrium with Short-lived Numeraire Assets

In this section we prove the existence of a GEI equilibrium for an infinite horizon economy in
which securities are short-lived numeraire assets. The limit arguments that we develop for this case
will be used to prove the existence of a pseudoequilibrium when the economy has a general security

structure.

Theorem 6.1: If assumptions A1-A6 are satisfied and if (J,(, A) is a security structure consisting

of short-lived numeraire assets then the economy £,,(D, %,w,(J,(, A)) has a GEI equilibrium.

Proof: In a GEI model with real securities, price levels play no role since the budget equation
(4.1) at each node is a homogeneous function of the current prices (p(£), ¢(£)). Since by assumption
A3 good 1 will always have a positive spot price a convenient normalisation is obtained by using

good 1 as the numeraire at each node
p§,1) =1 VEeD (6.1)

Let A(¢',1) = (A(¢,1,7 € J(£)) denote the vector of commodity 1 payoffs for the J(€) securities
issued at node £. Then the budget set of agent i is given by

3z € ZsuchthatV &€ D

Boo(p? q, 7ri7wi7 A) = mi € K:O(D X L) Tlinoo Z ﬂ-i(g,)q(g,)zi(g’) =0
¢'e€Dr(¢)

P(E)(2'(€) —w'(€)) = A6, D) (€7) - 4(€)7(8)
with the obvious modification for the budget set Br(:) for the T-truncated economy. With short-
lived numeraire securities, redundant securities can be removed without changing the exchange
opportunities of the agents. We may thus assume, without loss of generality, that the returns on

the securities j € J(£) are linearly independent i.e.

rank’ [A(€)1,1)]geer = JO2HE) (62)

The main steps in the proof are as follows. By Theorem 5.3 the truncated economy Er has a GEI
equilibrium ((Z7,27), (Pr,qr)) for every T € T. The first step consists in establishing uniform
bounds (in T') on the truncated equilibria. The second step is to take an appropriate limit of these

equilibria. The final step is to show that this limit is an equilibrium for £.,.
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Step 1: Uniform bounds. By Theorem 5.3 for every T € T there exists a GEI equilibrium
((#1,21),(PT,qr)) for the truncated economy £r. The spot prices may be normalised by setting
pr(€,1) =1, VEeDT. ForeachieIlet (7%, Pi) denote the present value vector and the vector
of discounted prices of agent ¢ defined in Proposition 5.2. Since the relations satisfied by (7%, P})
are homogeneous we may normalise P} by setting

Pl = S P& =1, Viel, VTeT (6.3)
(¢,0)eDT xL

where 1 = (1,...,1,...) € £(D x L) denotes the vector all of whose components are equal to 1.
Since the securities are short-lived numeraire assets, the adjoint equations for agent ¢ in Proposition
5.2(c) simplify to
#(Oar(6.5) = 3 #(E)AE,1,9), Vi), VEeDT! (6.4)
gect
We shall now find bounds independent of T for (Z4(€, ), Z(¢,7), 7(€)) and (Fr(&, £),qr(&,7)),
Viel, V(§6,7)eDxLxJ.

(1) bounds on Z%(£,€):  since Z4(£,£)20 and VIR0 = YW 0EM,
i€l i€l

0<Z5(&0SM, YV (£,0) DXL, Viel

ii) bounds on 74 (€) and pr(€,£): It suffices to consider T 2 ¢ €) since for T > t(€), 7h(€) =
T T

0 VieIand pr(€,€) = 0, V£ € L. Since Pi(¢,1) = 75(€) and > Pi(g,0) =
' . (¢,0)eDTxL
1, 0= 77(£) £ 1. Let us show that #4,(€) is uniformly positive for T 2 ¢(£). This is a consequence of

the continuity and strict monotonicity of the agents’ preferences which imply the following property.
Lemma 6.2: For each £ € D there exists ag < 1 such thatViel

i+l ral, VaieF

i

Proof: (see appendix).

By Proposition 5.2 :E'T is >;7 maximal in BT(PI"-,w"). Consider scaling down agent i’s consump-
tion up to date T to c¢z’. This would free the income (1 - ag)Pjzh = (1 — ag) Phw' 2(1 - ag)m
which could be converted into %%)ﬂ units of good 1 at node £. By Lemma 6.2 we must have for
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T24¢)
(1 —agm

Pi(€,1)
since otherwise the new consumption would be preferred to a“ci;,v, contradicting the optimality of z4-
in Br(Pi,w).

Since 0 = P(&,€) = 7#5(€)pr(€,£) £ 1, (6.5) implies

0=pr(§,0) £ (—1'_—1015—

21 <= Pp(E1) 2 (1—ag)m <= 75(6) 2 (1-ag)m (6.5)

ym VieL (6.6)

(iii) bounds on gr(€,5): since gr(€) = 0 for T < ¢(¢) it suffices to consider T > #(£). Since
S EHE) =0 = ¥ gr(€)z(€) = 0 there exists at least one agent i € I with gr(£)z-(€)20.
i€l i€l )
Consider the following change in the portfolio of this agent: he scales down the portfolio Zp from
node £ onwards

Ir —

Ei ! ! +
{ T(€) V& ¢EDH() 6.7)

BEp(€) V€ € DH(§)
where 8 < 1 is the factor defined by A4. Agent i can still consume w'(¢’) if ¢(¢') > T, zh(¢') if
¢’ € D\D*(¢) and Bz4(¢') if ¢ € DH(€) with t(¢') < T since

Pr(6)w'(€) + A(6, 1)FH(€7) — Bar()Z(6) 2 pr(€)zh(€)
and for all ¢ € D*(€) with ¢(¢') ST
pr(€) () + A(E', 1)BZ1(€7) — qr(€))BZ7(€') = Bpr(€)Fr(€") + (1 - B)pr(€)w'(¢")
This change frees the income
(1= B)pr(€)w'(€) 2 (1= B)m

at each node ¢’ € D¥(€) with ¢(¢’) £ T and in particular at each successor £’ € £*. By going short
(i.e. borrowing) (1— 8)m units of the numeraire bond j; (which exists at each node £ by A6) agent
¢ can then increase his consumption of good 1 at node £ by at least gr(€,j¢)(1 — B)m. By A4 we

must have

EE0-Am S 1 = ar(ed) £ T (68)




since otherwise the new consumption would be preferred to :E}, contradicting the optimality of :if‘,‘
in Br(pr,qr,w', A). (6.4) applied with j = j¢ and (6.8) then imply
ZEE
ar(&,Je) = —= =
G = 5@ = a-pm

Reapplying (6.4) to all j € J(£) gives

_ . 77':}(5/) '1.9)| £ 6(—0
qu(E,])I é £,€Z£+ 7_‘_T(€) IA(é.,]-,])l = (l—ﬂ)m

6(§) = max {|A(£,1,5)], € € &F, j € J(€)}

(iv) bounds on Gr(£)z5(€): As before let T > t(€). Consider an agent who is a net lender at
node £ i.e. gr(£)z-(€)20. This agent can consider scaling down his portfolio as in (6.7): he can
then consume at least 3z4.(¢') for ¢ € D*(¢) and increase his consumption of good 1 at node £ by

(1 = B)gr(£)z-(€). By A4 this increase must be less than 1 so that

HOHEO 20 = mOHO £

Since 3 §r(€)25(€) = 0 agents who are net borrowers must find net lenders. Thus
i€l

TOHREO 0 = - (1=3) £ wOHE

~(1=5) £ 0©H© £ 15, Viel

Note that these bounds do not depend on €.
(v) bounds on z5.(€,7): Let T > t(€). For all ¢’ € £+
A, 1)z7(€) = pr(€)F(€) - pr(E)w'(€) + Gr(€) 2 (€)

The inequalities 0 < pr(€")Z5(¢) < (1—_1324755’ 0= ﬁT(f.l)wi(f,) < (%W and (6.10) imply for

each ¢ e ¢t
LM (I-1) o LM 1
(1 - asz)m B 1- ,B é A(£ ,l)zT(E) é (1 - aEI)m + 1- ,3

(6.11)




Since by (6.2) there are no redundant securities, (6.11) bounds z%(£). This can be seen as follows.
Let @ € R*©) be defined by a(¢’) = A(€, 1)z5.(€). Consider the system of equations
Y AL L&) =aE), €egt
i€J(§)
By (6.2) there exists a j(£) x j(£) determinant in [ A(€',1,7) Jeree+, jes(e) Which is not zero. Keeping

the corresponding equations and applying Cramer’s formula to compute (2}(62 7), j € J(€)) shows

that there exists a bound (&) such that

|Z5:(€,5)] < 7€), 5 € J(E)

Step 2: limits. For a convenient summary of the notation and results from functional analysis
that we use in the rest of the proof the reader is referred to the mathematical appendix of Bewley
(1972). Let ba(D x L) = £5,(D x L) denote the norm dual of £o,(D x L) consisting of bounded
finitely additive set functions on D X L and let || - ||s, denote the norm of ba(D x L). The prices
(Pi,T € T);eg can be viewed as elements of ba(D x L).

Let o(ba,{) denote the weak* topology of ba. Since Pil =|| Pi |lpo=1 VT €T, Viel

and since by Alaoglu’s theorem the unit sphere in ba(D x L) is o(ba,{s ) compact there exists a

directed set (A,2) and a subnet {(P}A,i € I),X € (A,2)} such that P}A converges to P! in the

o(ba,l) topology, V i € 1.

Let Y = RPXLXI RDxIxIy gDXLy gDy w RDXI 1p view of the bounds established in (i)-
(v) of step 1 it follows from Tychonov’s theorem (Dunford-Schwartz (1966), p. 32) that there exists a
set X' C Y which is compact in the product topology on Y such that {(zr, zr, pr, 4T, (ﬁé‘)iel}TeT C
K . Thus by extracting an appropriate subnet, ((ETA,ETA,ﬁT,\,QTM(W%‘A )icl) converges to (Z, z, p,
d,(7')ie1) in the product topology. By Theorem 9 (p. 292) and Theorem 1 (p. 430) of Dunford-
Schwartz (1966) the Mackey topology and product topology coincide on bounded subsets of £, (D x
L). Since x}A € F, VT, Vielit follows that Elfx converges to Z' in the Mackey topology V 7 € I.

Step 3: limit is an equilibrium. We begin by showing that Z* is ? maximal in agent ¢’s induced
Arrow-Debreu budget set

Beo(P',w') = {zf € ££,(D x L) | Pi(zi — ) £0}
To this end we first show that

gt ety (D xL), 2'533 = Piz'2 Pivf
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If z¢ ? z* then for any € > 0, z' + €l = z'. Since XD\DT converges to zero in the Mackey topology
(z' + el)xpr + wixD\DT — 2t el

in the Mackey topology. Since :E}A converges to z' (Mackey) there exists A € A such that A > )

implies

(z' + el)xprs +w'XD\D™ } 2T,

The consumption vector on the left side of this relation could be considered by agent  in the

economy &r, since it coincides with w' after date 7. Since by Proposition 5.2 j%‘x is ? maximal

in B, (P, ,w') we must have
Pra'+€> Ppah = Pho', VA>)A
Since P}, converges to P' in the o(ba,£w) topology and since z* € £ (D x L),
Piz' + € 2 Plu
Letting ¢ — 0 gives (6.12). It is now easy to show that
gt €L (DxL), 2% 7 = Pzt > Piwf (6.13)

For suppose z' % Z' then by continuity of ? there exists @ < 1 such that az’ * z'. By (6.12),
aPizt 2 Piw' = Pizi > Plut.

Since for each £ € D

PT(§)(E, () = w'(€)) = A(E,1)%H, (67) - @, (6)74, (€)

involves only a finite number of terms, the equation is satisfied in the limit. Thus (z*,z%) satisfy

the budget equations

PE)E(£) —w'(€)) = A(E,1)2(67) - q(€)Z'(€), VEeD (6.14)

For the same reason the adjoint equations for agent ¢

X

T(0)d(65) = Y, T(E)AE,1,5), 1€ (), VEED

g'ect

are satisfied in the limit.




Since P € ba(D x L) and P* 20, it follows from the Yosida-Hewitt theorem that there exists a
unique decomposition P* = P} + P} where P{ € ¢f(D x L) and P} is a non-negative purely finitely
additive measure (sometimes called a pure charge). Furthermore P}y = 0 whenever y € {(D x L)

has only a finite number of non-zero components. Since
Pf,ef = Pf,(6,0) = 7, (91 (§,0), V(6,0 €D xL
passing to the limit gives
Pej = Pi(£,0) = 7'(©)p(&,0), V(6,0 €D XL

Multiplying the budget equation (6.14) for node € by Pi(€,1) = #(¢), adding the resulting equations
for all nodes £ with #(€) £ T and using the adjoint equations (6.15) gives

Y POEE©) -w'(©) = - Y #(O)a)zF'e) (6.16)

¢eDT ¢eDr

By (6.10), g, (€)%}, (€) is bounded uniformly in T) and € so that (z*) = (§(£)7(€),£ € D) €

£eo(D). Since 3 #(¢) = X Pi(£,1) £ ¥ Pi(,0) £ 1implies 7 € £4(D), the term on
¢eD ¢eD (¢.£)eDxL

the right side of (6.16) tends to zero in the limit and

Pi(zi —w') =0 (6.17)

Suppose P; > 0. Then w' 2 ml implies Pjw' > 0. By (6.17) Piz’ = Piw' < P'w'. By the strict

monotonicity and Mackey continuity of ‘t for all & > 0 there exists T > 0 such that

(&' + al)xpr % & (6.18)

Choose 0 < a £ P}wi then

Pz +.al)xpr £ Pi(Z' + al) £ Pz + a £ Plu’ (6.19)

(6.18) and (6.19) contradict (6.13). Thus P} = 0 so that P* = P! and by (6.17), Pi(3' — w') = 0.
By (6.13) Z' is % maximal in the agent’s induced Arrow-Debreu budget set Boo(P',w') and (¢, PY)
“satisfy (a)-(c) in Definition 4.1(ii).

Let us show that (Z;7%) is >;'- maximal in the GEI budget set Boo(p,q,7",w', A). (3,2) €
£eo(D) and 7 € £1(D) implies im7 .0 Y erep(e) #(€)7(€)Z'(€') = 0, V € € D. Since the budget
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equations (6.14) are satisfied, ' finances z* and Z* € Boo(p,§, 7,w', A). Since for any (z';z') €
Bo(p,q, 7 ,w', A), limr__. }]:) 7(6)§(£)2*(€) = 0 replacing (%, 2") in (6.16) by (z',z") gives
Pi(z* — w') = 0 so that o

Boo(5, 4, 7,0, A) C Boo(P'w'), Vi€l
Thus ! % maximal in Boo(P?,w') is also ;h maximal in B (p,q,7,w',A), Vi€ L

Since in the limit

Z(a‘:i—wi)=0 and Zz":o

iel iel
the limit ((Z, 2), (P, §, (7');e1) is an equilibrium of the economy £(D, %,w,(J,{,A)) and the proof

is complete. A

7. Existence of Equilibrium for General Security Structures

In this section we draw on Theorem 5.6 and the limit arguments of the previous section to
show that an infinite horizon economy with a general security structure has a pseudoequilibrium
(Theorem 7.2). As in the finite horizon case, a pseudoequilibrium corresponding to an artificial
asset structure is a GEI equilibrium if the subspace of income transfers generated by the original

security structure has maximal dimension at each node. In the finite horizon case it has been shown

(Duffie-Shafer (1986)) that this condition (equation (5.7)) is verified for all pseudoequilibria of an

open dense set of economies parametrised by endowments and asset payoffs. In the infinite horizon
case we establish (Theorem 7.4) a weaker result: for given characteristics (D, %,w,(J,()) there
exists a dense set of asset payoffs A* such that for all A € A* the economy Ex(D, %,w, (J,(, 4))
has a GEI equilibrium.

The Definition 5.5 of a pseudoequilibrium for a finite horizon economy can be extended in the

natural way to an infinite horizon economy.

Definition 7.1: Let (K,7,T') be an artificial short-lived numeraire asset structure for the economy
€o(D, z,w,(J,(,A)) as in Definition 5.4 and let ((z,7), (p, p, (ﬁi)iel)) be a GEI equilibrium for
£ (D, %, w,(K,n,T)). We say that ((Z,7), (P, 5, (7')ic1)) is a short-lived numeraire asset pseudoe-
quilibrium of the economy €,(D, Z,w,(J,(, A)) if there exists § € RP*J such that

1

Yo ®(EEVAE, ), YieE), VEeD, Viel (7.1)

1= 5 ¢/eD (¢)
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([pehae.s) + €. 55%) c ([re,1,1) cect ), VEeD (7:2)
Theorem 7.2: Under assumptions A1-A6, for any infinite horizon economy E(D,%,w,
(J,¢,A)) there exists an asset structure (K,n,T') satisfying (i) - (iii) in Definition 5.4 such that
a GEI equilibrium ((Z,7), (D, p, (7' )ic1) of Eeo(D, Z,w, (K, n,T)) is a short-lived numeraire asset
pseudoequilibrium of £, (D, %,w,(J,(, A)).

Proof: By Theorem 5.6 for every T' € T there exists an asset structure (K,7,I'7) satisfying

(i) - (iii) in Definition 5.4 and a GEI equilibrium ((Z1,%r),(pT,5T)) Of the artificial economy
ér(D, Z,w, (K, n,I'r)) which is a short-lived numeraire asset pseudoequilibrium of £7(D, =, w, (J,¢,A)).
Let gr denote the prices of the original securities defined by equation (5.5) and let (7%, Pf);cp de-
note the present value vectors and discounted prices of the agents associated with the equilibrium
(Proposition 5.2). In view of the remark following Definition 5.5 for each i € I

T(Oir(6,4) = ;( )fr'T(s')ﬁT(f')A(f',j), VjeJE), veEeDT!
£'eD+ (¢

which can be written as

ar(6,5) = %P%A(-,jbcm(g), VjeJ(E), VEeDT! (73)

since 7(¢) = Pi(€,1) > 0if £ € DT~! and Pi(€) = 0 if #¢) > T. Applying the limit
argument in the proof of Theorem 6.1 shows that there exists a directed set (A, 2) such that
(Z13, 773> BTy » PT3» Ty, (7Y, )icl) converges to (Z,7,5, 5, T, (7*);c1) in the product topology and Pj,
converges to P* in the o(ba,{) topology for all ¢ € I. By step 3 of the proof of Theorem 6.1,
P' e £f(D x L) and Pi(€,6) = #(€)p(£,8) V¥ (£,¢) € D x L. By (6.5) 7 (€) — #(€) =
Pi(£,1) 2 (1 - ag)m > 0. Since A(,7)XD+(¢) € foo(D x L) and since P, converges to P in the
o(ba,{) topology. ’
PhA(HH)xD+e) — PPAG,3)xD+e)

Thus (7.3) implies

_ . 1 —: . . .




Let q(¢,7) denote this limit. Then g = (g(¢&,7),€ € D,j € J(£)) satisfies (7.1). Passing to the limit
in (5.6) in the obvious way gives (7.2) and the proof is complete. A

We now show that for given characteristics (D, Z,w, (J,()) there is a dense set A* of asset payoffs
such that for all A € A* every pseudoequilibrium of £, (D, Z,w,(J,(,A)) is a GEI equilibrium.

To this end we define the following space of commodity payoffs satisfying assumptions A5 and A6.

Definition 7.3: Let (J,(,(J(£),€ € D)) be a countable set J of securities with nodes of issue
¢ = (&(3),7 € J) and with active securities at node £ given by a finite subset J(£) C J at each
node, where ¢ and (J(£),£ € D) are compatible in the sense that

(i) 7€ J(§) < £eD(>))

(ii) £€ D(£(s)) and j ¢ J(§) = j ¢ J(§) V& 2¢.

The set of admissible security payoffs A for (J,(,(J(§),€ € D)) is the subset of £oo(D X L X J)
satisfying: A€ Aif for all £ € D

(1) A(€,6,) = 0if € ¢ D(E()

(2) Ja(€) = {j € J|¢ € D(E()), 3 & € D¥(€) with A(E,5) # 0} C J(¢),

(3) there exists j¢ € Ja(€) such that £(j¢) = € and A(, j¢) = e1Xe+-

Since A C £oo(D x L x J) it is natural to endow A with the norm topology, the norm of a payoff
process A being defined by

Allo = sup  |A(,45)
(¢.£,7)€DXLxJ

Note that A is a closed subset of £,(D x L x J).

Theorem 7.4: Under assumptions A1-A6 there exists a dense subset A* C A such that if A € A*
then the infinite horizon economy £ (D, % ,w,(J,(,A)) has a GEI equilibrium.

Proof: (see appendix)
The idea of the proof is to show that if we pick a payoff process A € A for which the rank

T

condition

rank [p(€')A(¢,5) + ‘7(5"j)]¢’€3§j) =a(¢),V€eD

is not satisfied in an associated pseudoequilibrium ((Z,7%), (P, 5, (7);c1) then for all € > 0, there

exists a payoff process A € A in the ball of radius € around A such that ((z,%), (P, 5, (7 )ic1) is a

37




pseudoequilibrium for £, (D, % ,w,(J,(, A)) and the rank condition is satisfied for A.

8. Equilibrium Prices of Infinite-lived Securities

In any GEI equilibrium the prices of the securities § and each agent’s present value vector 7t
must satisfy the agent’s adjoint equations
TE)a&5) = Y F(E)BENAE,5)+d(€,5), VEED, Viel (8.1)
glegt
In a finite horizon economy or as here, in a T-truncated economy £r, “integrating” these adjoint

equations (by successive substitution) and using the terminal condition
qr(§) = 0, VEeDr (8.2)

gives

i (6,d) = — T(Epr(E)A(E,5), VEED, Viel

ar(&7) = == z 7r(€)pr(€)AE, 5), YV £ € D, S (8.3)

() gD e
so that the equilibrium price of each security is equal to the present value of its future income
stream for each agent. The expression on the right side of (8.3) is called the fundamental value for
agent ¢ of asset j (at node &).
It is evident that in an infinite horizon economy (8.3) holds for any finite-lived asset. However

for an infinite-lived security there is no terminal condition (8.2) that can be added to the adjoint
equations '(8.1) which would force the equilibrium price of the security to equal its fundamental

value for each agent. This leads to the following definition.

Definition 8.1: Let ((%,%),(P,q,(7");c1)) be a GEI equilibrium of the economy &, (D,
Z,w,(J,&,A)). Asset j € J is said to be priced at its fundamental value if for all agents i € I

W6 === 3 F(EBEVAE, ), VEeDEG)) (8.4)
(&) gD (¢

Asset j is said to have a speculative bubble if for some agent 7 € I (8.4) is not satisfied.

It is a natural consequence of the method used in the previous section to construct equilibria of
an infinite horizon economy ., that in these equilibria all assets are priced at their fundamental

values: since in the truncated economies &7 (8.3) is satisfied, this property is transmitted to the
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equilibrium prices of the assets in the limit. To what extent are such equilibria typical? Do there
exist equilibria in which some of the assets have speculative bubbles? To answer this we need to
distinguish between economies in which assets are in zero and in positive net supply.

Let £, (D, & ,w,6,(J,(,A)) denote an economy which is identical in all respects to that con-
sidered in sections 2-7 except that securities issued at date 0 can have positive initial supply
6 = (6;, j € J(&)) where §; = E 6 and 6’ is agent. ¢’s initial holding of security j. (Securities
issued after date 0 could also be permltted to be in positive initial supply, but this unnecessarily
complicates the notation). A GEI equilibrium of the economy £ (D, % ,w,¥,(J,{, A)) is given by
Definition 4.1 with the following modifications: the new budget set B(p, q, 7*,w", §°, A) of agent i is

identical to that defined in section 4 except for the equation at the initial node which becomes

p(&0)(' (o) = w'(&0)) = ¢(&0)(6" = ='(&0)) (8.5)

and the market clearing condition (iv) becomes
Y #(&4) = 6§, VEED, Vjed (8.6)
i€l
where §; = 0 if j ¢ J(&o). With an economy E,(D, % ,w, 6, (J,(,A)) in which assets are in positive
initial supply we may associate an economy c‘,:oo(D, Z,w,(J,(,A)) in which assets are in zero initial

supply and agents have the modified endowments
WO =)+ Y GAEI), VEED, (8.7)
J€J (%)

If (%, %), (D,d,(7)ic1)) is a GEI equilibrium of the induced economy £.,(D, = ,w,(J,(, A)) in which

every asset is priced at its fundamental value and if for each 7 € I
Z(20) =2(5)+ 8, Vied

where 6;'- =0 if j ¢ J(&), then ((Z,2),(p,q, (7)ic1)) is 2 GEI equilibrium of the original economy
Eo(D, Z,w,8,(J,(,A)). To see this it suffices to check that the two budget sets are the same. The
budget equations at each node are clearly the same and if assets are priced at their fundamental

values then forall j€J,i€Iand £ €D

im 3 #(E)E.s) = Jm 3> #(E)RENAE,H) =0

T — > ueDre) T ® eeD(E)\DT(¢)




since P € £;(D x L) and A(+,J) € £oo(D x L). Thus the transversality condition (4.10) is the same

if it is expressed in the transformed variables 7' or in the original variables i, forall £ € D

Jim 3 #EE)AE) = lim 3 #EEENEFEE) = lim 37 w(€)aE)FE)D

T ¢eDr(e) T ®eeDr(e) *¢eDr(€)

To apply Theorem 7.4 to the transformed economy &, the endowments w' must be uniformly

positive: to ensure this we make the following assumption.

AT: If§;>0then 6 2 0 VieTand A(j)€£L(DxL). If6;=0then§i=0 Viel

Securities in positive initial supply are required to have non-negative payoffs. Agents do not
inherit any initial debt (or credit) but they can be initial owners of productive assets such as equity
contracts of firms or tracts of land which yield rentals (crops) in the future.

Theorem 7.4 applies to economies foo(D, z,w,(J,(,A)) parametrised by payoff processes A €
A. To apply the theorem to economies with assets in positive initial supply a perturbation in the
agents’ initial endowments w = (w,...,w!) is necessary so that the induced endowments w* in
(8.7) stay constant. Let @ = £X¥(D x L x I) be the space of initial endowments of the agents. The

following result is a corollary of Theorem 7.4.

Proposition 8.2: Under assumptions A1-A7 there exists a dense subset A C X A such that
if (w,A) € A then the infinite horizon economy £« (D, Z,w,é,(J,(,A)) has a GEI equilibrium in

which every security is priced at its fundamental value.

In the equilibria of Proposition 8.2 no security price has a speculative bubble. We shall now
show that this is a typical property of the equilibrium price of any asset in positive net supply but

is atypical of infinite-lived assets in zero net supply.

Proposition 8.3: Under assumptions A1-A5 and A7 in any GEI equilibrium the price of every

asset in positive net supply (6; > 0) is equal to its fundamental value.

Proof: This result could be deduced from Santos-Woodford (1992) but a simple proof can be
obtained in the present context. The reasoning in step (iv) of the proof of Theorem 6.1 can be

applied to any equilibrium ((Z, 2), (5, , (7 )ic1)) of an economy £ (D, %,w,6,(J,(, A)) and leads




to the inequality
I-1 ; 1
- (15) £ 47©) £ 1=,
Thus (§z*) = (g(€)z'(€),€ € D) € £y(D). Since §(¢) Ezlfi(f) = 'eEJ:(f) 4(&,7)6; and since 6; # 0
i j

implies §; > 0 and g;(&,7) 2 0 (by A7) for all j such that §; > 0, §(+,j) € £oo(D). By the adjoint

VéeD, Viel

equations (8.1) of agent ¢

T(€)a€q) = Yo TEWEAE N+ Y, 7(ENE)
¢'eDT(¢) ¢'eDr(¢)
§'>¢
Since 7' € £1(D) and §(-,j) € Lo(D), ¥ #(£)4(¢) — 0asT —> oo, Vi€ I, so that
el

€Dr(¢

(8.4) holds for each agent. A

We shall now show that the equilibrium prices of infinite-lived assets in zero net supply are
not tied to their fundamental values. It is always possible to add a bubble component to the
equilibrium price of an infinite-lived security so that the resulting price remains an equilibrium
price. There is however a striking difference between speculative bubbles in complete and incomplete
markets. When financial markets are complete speculative bubbles are ¢rivial in the sense that every
equilibrium allocation can be supported by security prices which do not involve any speculative
bubbles; removing the bubble component in the price of any infinite-lived asset does not alter the
span of the markets and hence does not affect the real equilibrium allocation. When markets are
incomplete there exist equilibria in which infinite-lived assets have speculative bubbles which are
non-trivial in the sense that the same equilibrium allocation cannot be obtained if assets are priced
at their fundamental values: the bubble components in the prices of the infinite-lived assets affect
the span of the markets in such a way that they cannot be removed without altering the real
equilibrium allocation.

Note that when the price of a security has a bubble component, the price ceases to be a linear
functional on the space of income streams £,(D). Thus the bubbles that arise in the GEI model
are not the same as the bubbles studied by LeRoy-Gilles (1992) which come from a pure charge

component of a continuous linear functional on £, (D).

Proposition 8.4: (a) Let £,(D, % ,w,6,(J,(,A)) be an economy satisfying assumptions AI-AT.

(i) If((z,2),(p,q,(7*)ic1)) is 2 GEI equilibrium and if j € J(&) is an infinite-lived asset in zero
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net supply then there exists a positive solution p of the homogeneous system of equations
#Ep€) = Y #(E)p(E), VEED, Viel (8.8)
g'ect
and a vector of portfolios  such that ((Z,%),(p,d, (7 )ic1)) is a GEI equilibrium where
(-, k) = q(,k) + p(-) if k = j and (-, k) = q(-, k) il k # j.

Conversely, if ((z,%),(p,§,(7)ic1)) is 2 GEI equilibrium and if the financial markets are
complete even without the infinite-lived assets in zero net supply then there exists a vector
of portfolios and a vector of asset prices § under which every asset is priced at its fundamental

value such that ((z,2),(p,q, (7 )ic1)) is a GEI equilibrium.

(b) There exist equilibria in which financial markets are incomplete and in which some infinite-lived
asset has a speculative bubble such that the same real allocation can not be supported by a vector

of asset prices under which every asset is priced at its fundamental value.

Proof: (a) (i). By A6 there exists a short lived numeraire bond at node £ whose equilibrium price

g(&,j¢) defines the one-period interest rate 7(£) at node &, q(&,J¢) = TT;(T)’ VEé€D. Let

pE)=c [ (1+7¢)), VEeD
€'€léo£]
where [£,£7] denotes the path in D from & to £~ and « is a positive constant. p = (p(§),£ € D)
satisfies the system of equations (8.8) since for all { € D and for all i € I

27 “*(5')1»(5)—( @) TT a+rE) = #©acd) I1 a+#E)

geet eveleost] €mefto €]

=) I @@+7(€")=7€)p(€)

6"6[{0 96—]

Thus the asset prices (-, k) = q(-,k) + p(-) if k = 7 and ¢(-, k) = §(-, k) if k # j satisfy the adjoint
equations (8.1). Let V(gq,&") = [B(£)A(E,7) + q(§', 7] eree+ denote the returns matrix at node £
and let < V' > denote the span of the columns of V. Smc(é)p(f'*") (p(€"),&" € £1) is collinear to
the vector (1,...,1) and (1,...,1)T €< V(g,€t) > it follows that < V(§,&Y) >=< V(g,£%) >.

Since ¢ satisfies (8.1)




—q(o} _ [—Q(E)} .
<[V(q,§+) V= vgen)” o€

The subspace of income transfers is unchanged at each node and since no agent inherits debt at
date 0 in the infinite-lived asset j (45; = 0 by A7) 3(&)8 = §(&)é* so that by (8.5) the agents
wealth at date O is unchanged. Thus B(p,q,7',w', 6, A) = B(p,§,7,w',6',A). For all agents
i € 1,7 # 1 define the new portfolio ' by

—6(6)]2,. =[—q(£)]2,. VeeD ‘o
[V(mﬁ) O = Lygen] 7 TE€ &9

I .
Let 31(£) = — S #(€), V£ € D then the spot market clearing equations imply that 7!(-) satisfies
=2 Ce . . .
(8.9). Thus (z*;2*) is ? maximal in B(p, %, 7 ,w',§',A), Viel, Yy 2 =0and }(Z'-w')=0
. i€l i€l
imply ((Z, 2)(p, 4, (7*);e1)) is a GEI equilibrium.
(ii). Let #* = 7, V i € I denote the common present value vector of the agents and let 7 denote the

vector of asset prices defined by (8.4). Then ¢(-,7) = §(-,J) except possibly for some infinite-lived
assets in zero net supply. Since < V(§,£1) >=< V(g,£) >= R*©), V ¢ € D and since 6;- =0

for assets in zero net supply B(p,q, 7w 6, A) = B(p, 3,7, w', 6%, A). By the same argument as

in (i) there exists Z such that ((Z, 2), (,q, (7 )ic1)) is 2 GEI equilibrium.

(b) This property was exhibited in Example B of section 4. To keep the example as simple as
possible the event-tree was chosen to have no uncertainty after date 1: thus A6 was not invoked, to
permit the markets to be potentially incomplete. The property is however quite general: the span
of the markets can differ depending on whether the prices of infinite-lived securities do or do not
have bubble components. By altering the span of the markets, speculative bubbles can thus affect

the equilibrium allocation.




Appendix

Proof of Proposition 5.2: For a vector z' € RDXL Jet 3 € RP™*L denote the components of

z* up to date T. Since the two convex subsets of RD"xL

. e T e . . _:
Ur ={&' e R_,l? xL |#'xpr +w'XD\DT * v}

- " T s . o .
By ={&€ R,E xL |#'xpr +w'XD\DT € Br(pr,qr,w*, A) }

. . N ] ‘Li
satisfy U} N By = 0, by the standard separation theorem there exists P; € RDTXL,PT # 0 such
that

at . a1 .
sup Prz* £ inf Pri!
p I'r ] T

5-"-6133 ey

Since &4 € Uk N By (where U3 denotes the closure of Uy

&2 Ii’IT:?:'T, V& e Uy (al)

a1

Prit £ Priy, Vi e By (a2)
Let P} € RP*L denote the vector which coincides with }%‘zT on DT x L and is zero on (D\D7T) x L.
By (a2) the system of linear inequalities in the variables (zi(€),€ € DT,2(£),6 € DT-1)

Pr(§)('(€) - (&) — (r()AE) + ar(€)=(€) +ar(6)='(§) £ 0, VEeDT  (a3)
(with 2*(&5) = 0 and gr(€) = 0 if t(§) = T') imply the inequality
> PHOGE(O) - 77(8) £ 0
¢eDT
It follows from Theorem 22.3 in Rockafellar (1970) that there exists a non-negative vector (75 (8),€ €

D7) € RP” such that » .
Pi(€) = 7 (&)pr(€), VEeDT (ad)
7(6)qr(€) - Y. #(E)Br(€)AE) +ar(€)) =0, VEeDT! (a5)
gréet

3 A€ (€) £ Y PHEFT(E) (a6)

£eDT £eDT
Since P} # 0 there is a node £ € DT such that #4.(£) # 0. Since % is strictly monotonic in good 1,

pr(€,1) >0, V € € DT. By A2 and (a6), Pizi > 0. If there exists a node £’ with 75(£') = 0 then
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by decreasing a positive component of :?:}, say good (&,¢) for which p¥-(€,£) > 0 and by increasing
the consumption of good 1 at node £ the agent can attain a vector in % which costs less than :?:},
contradicting (al). Thus #5(€) > 0, V & € DT so that (a) and (c) in Proposition 5.2 hold.

By (26), Piw' £ Pizh and by (a3)-(ab), PzT(m‘ -w') £ 0,V & € Bk. Since :?'T € By, Ppzi =
Piw'. Since Piw' > 0, (b) follows from (al).

Proof of Lemma 6.2: Let a¢(z’) be defined by
ag(z')=inf { e€R | 0 <<, oazi+elyai)}

By A.2 and A.3, a¢(z') < 1. F C €4 (D x L) is compact in the product topology. Let us show that
g — ag(z') is upper semi-continuous on F in the product topology. Let (z!) be a sequence
of F converging to ' € F componentwise and suppose that for € > 0, there exists a subsequence

(which without loss of generality we call (z)) such that
ae(zf,) > Ol((.’fi) +e€

Then, by definition of a¢(z?)
2} ¥ (ag(7) + €)al, + ¢
Since on bounded sets the product topology and the Mackey topology coincide, z¢, converges to z*

in the Mackey topology and by A2
2% (ag(2) + 7 + ¢

But this contradicts the definition of ag(Z') since by monotonicity of the preferences if a €
(e¢(%%), 1] then aF + € =zt
Thus o is upper semicontinuous for the product topology on F and attains its maximum on

the compact set F. Then max;ey max,icp {o¢(z')} < 1 and there exists ¢ < 1 as in Lemma 6.2.A

Proof of Theorem 7.4: Define A* C A as the subset of commodity payoff processes such that
the economy £ (D, %,w,(J,(,A)) has a GEI equilibrium. Consider a payoff process A € A and

let ((2,7), (P, P, (7);e1)) be a pseudoequilibrium of (D, %, w, (J,¢, A)) generated by an artificial
| asset structure (K,7,T") with

rank [F(E,’ 17"’)])&’?{6(‘2) = min (b(é)aj(g)) = a({), v 5 € D
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where j(£) = # J(£). Let g be the vector of prices of the original securities defined by (7.1).
There exists a vector of portfolios 2 € Z such that ((Z,Z2),(p,q, (7 )ic1)) is 2 GEI equilibrium of
£oo(D, ,w,(J,(, A)) if and only if

rank [p(€")A(¢,5) + (€', 7)) gect = a(f), VEeD (ab)

To prove the theorem we show that if (a6) is not satisfied for A then for every € > 0 there exists
a commodity payoff process A € A with || A — A ||o< € such that (a6) is satisfied for A, so
that A € A*. We show that this can be done without changing the underlying pseudoequilibrium
(2,7, (7, 5+ (7*)ie))-

Let H C A denote the subset of commodity payoff processes A such that ((z,%),
(B, P, (7)ie1)) is a pseudoequilibrium of £ (D, %,w,(J,{, A)). The payoffs in H must satisfy (7.1)
i.e. for all £ € D, gtﬁe'eg(s) 7(€Np(€)A(€") must be independent of ¢ and if ¢(¢) denotes this
common value then (7.2) must be satisfied with § replaced by q. Thus A € H if A € A and if for
all £ € D,

> T (€)B(E)AE) ) THEPEIAE) e

i 71 ’
¢'eD*(¢) (&) ¢'eD+(¢) (€)

. 7—r1 UAY-IE </ A "
(s 5 TEREHED] () e (mE 0] g )

These two equations can be written with date 0 discounted prices as: for all £ € D

s POAC) | 5 PUOAE) g

D1 - D1( ¢! ?
§I€D+(£) P(§71) E’ED""(E) P (5,1)

’ Dl( gl "o =1 ,
Lo THENAE D e ) € (TPHET(ER)] geet )

JEJ(§)

To simplify notation, if z € £(ID X L) and P € {;(D x L) define Péa: = Y P(€)z(¢) and let
¢'eD(¢)

P 63' T = (Pﬁ" T)grce+ denote the b(£) vector of date 0 discounted values of z from all the successors

of £ onwards. For A € A define

P A= (P A(])] € () Pad= [P, A(33)] et

JE€J(§)

Then H can be written as




> Pl A, ¥6eD,Viel
glegt

é,l) 2 P & P‘(E, )

¢'est

(P! & AYCL(E),VEED
where £(€) = ([ PY(ENT(€',k)] ereet )-

keK (&)

Note that H is not empty since A € H and since for each £ € D the second condition < - >C
L(£) can be expressed by a system of linear equations, H is the intersection of a countable collection
of closed hyperplanes. Thus H is a closed subset of .A. Since A is a closed subset of the Banach
space £oo(D x L x J), it follows that H is a Baire space (Rudin (1973), p.42 Theorem 2.2).

For each node £ let J(£) be a subset of J (&) consisting of a(§) securities including the short-lived
numeraire bond. For a payoff process A € A let A denote the payoffs of the securities in J (€). Let
£t be a subset of a(€) nodes of £+ (to be chosen below). Consider the subset of H

He={A€H| det [Pléri/i]=0}

We show that H¢ has an empty interior in H. It suffices to show that we can perturb any 4 €
He, A — A+ AAwith A+ AA € H in such a way that

det [P s o (A+Ad)]#0 (a7)

Consider changes AA in the commodity payoff process consisting solely of changes in the amounts

of commodity 1 which can be decomposed as follows:

> a{'el + ) g'el +7J‘31, if j € J'(¢)
AA(-7) = { eeét grect\é+ (a8)

0, ifj¢J(€)

where J/(£) is the subset of J(£) which excludes the short-lived numeraire bond. Note that the
commodity payoffs are perturbed only at node £ and its immediate successors £+ and only securities
in J’(£) have their payoffs perturbed. For security j € J"(f) its payoff in good 1 is perturbed by
aé, at node ¢’ € £+, ,Bg, at node ¢’ € §+\f+ and by 77 'at node €. For brevity write

a = (af,j € J'(6), € € &%) e R(©-1)20)

B =(Blni € (), € € £N\E) e R(O-1)0O-2(0)

= (v,j € J'(§)) € RO
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a can be chosen so that (a7) is satisfied. To see this let g : R(s(©-1)2(&) _, R be defined by

g(a) = det [P? gi (A+AA)] (a9)

where AA is defined by (a8). While AA is a function of (a,8,7), the determinant in (a9) depends
only on a. A straightforward but tedious calculation shows that g has partial derivatives of order
a(€) — 1 evaluated at a = 0 which are not zero since P1(¢’,1) > 0V ¢ € é*. Thus g is not locally
constant in a neighborhood of @ = 0. It follows that there exists a arbitrarily small such that

g9(@) # 0.

If a(§) < b(€) then S is chosen to ensure that
(P! 5 (4+A4)) € £(©) (a10)

L(€) is a non-trivial subspace of R*®). There is a choice of a(§) nodes £t c ¢+ and an appropriate
ordering of the nodes such that £(£) can be represented by a system of b(¢) — a(€) equations of the

form

LE)={veR |[I|Ep=0}
The nodes are ordered so that the subset £+\é* constitutes the first 5(¢) — a(£) nodes. I is the
(6(&) —a(&)) x (b(&) — a(€)) identity matrix and E is a (b(€) — a(€)) x a(§) matrix (see Magill-Shafer
(1991), p.1544).

For each j € J'(€), once a has been chosen, there is a unique vector 47 = (ﬂg,,f’ € tt\ét) e
RY(®)=2(8) such that the vector

vj = ((-Pl(é.l, ]-)ﬂgl,él € €+\£+)’(P1(§,7 l)aélaél € é+))

satisfies the equation [I | EJv’ = 0.
We have to ensure that (P? & (A+AA)) C L(€) is satisfied for all nodes £ # €. By construction

this inclusion holds for all nodes £ which are not on the path from & to €. If 47 is chosen so that
P+ X PUEVBL+ Y PNE e =0
gregt\é+ greé+

for j € J'(€)NJ(€7) and if v9 = 0 for j ¢ J'(€) N J(€~) then (al0) is satisfied for all nodes £ € D.
Thus A + A A satisfies the subspace requirements (the second condition) in the definition of H. To




show that the first condition in the definition of H is satisfied it only remains to show that if Agq
is defined by

MEd) = —= Y TEOME)AAE,H), Vie (@), VEeD
T (6) f’ED+(E)

then forall 7 € I
—,~1~ > T(ENBENAAE,5) = Aq(,5), Vi€ J(E),VEED
7(€) gD )

so that all agents agree on the induced changes in the security prices. Since AA has only a finite

number of non-zero terms this follows from (P! & AA) C L(€), YV EeD.

Since a can be chosen to be arbitrarily small and since (8,7) are deduced from a by linear
relations with bounded coefficients, the perturbation AA can be made arbitrarily small. Thus for
all £ € D, H¢ is closed and has empty interior in H. Since H is a Baire space, the countable union
Ueep He has empty interior in H. Thus for all € > 0 there exists an e-perturbation A of A such
that

(P o d) = LE), VEeD

and the proof is complete.
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