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Abstract:

Selectivity models usually consist of two equations: a linear and a qualitative variables equation. This paper

investigates the consistency of the ML-estimates of two selectivity models in which the heteroscedasticity of the
error term of the linear equation is ignored. Homoscedastic estimation of a heteroscedastic model is proved to

yield inconsistent estimates. Some Monte Carlo evidence is also provided.




1. Introduction.

The problem of estimating selectivity models has received considerable theoretical and empirical
attention in the econometric literature. Maddala (1983, chapter 9) provides an overview.

Consider the following selectivity model:*

Y=oy + Xo, + 01 + ¢ : )

I' =y +Zy -,

where I; = 1iff I} = 0 and I, = 0 otherwise. The continuous dependent variable y; is related |

to a constant, some explanatory variables contained in the vector X;, the variable I; equaling
either 1 or 0 and an error term with zero expectation. The latent variable I} depends upon a
constant, a vector of explanatory variables Z; and the error term v; with zero mean. This model
has been utilized to measure the effect of social training programs on wages. The key parameter
in that case is 6. It reflects the wage effect of the training program or, in other words, it is a
measure of the effectiveness of the program. Obviously, model (1) has a very restrictive nature.
An important generalization is the switching regression model (see e.g. Maddala, 1983, p. 261
or Willis and Rosen, 1979). It enhances the model by permitting the program to not only affect
the constant term of the wage equation but also its slope «;. Furthermore, it allows for a more
elaborate error structure than model (1). In particular, the switching regression model does not
assume equal variances across regimes. To clarify this point consider model (1) where an
individual specific stochastic money return of participating in the training program 6, replaces
the constant money return 6. Assume that 6; = Ao + Vi\; + x;, with Ex, = 0. Rewriting model
(1) yields:

Yi= o+ N, + Xy + VNI + (g, + «]) @

Iy =y, + Zy, - v,

If we choose V; = X; we obtain the switching regression model. The difference between models

! This model is the starting point of the analysis in e.g. Bjérklund and Moffitt (1987) and
Goddeeris (1988).
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(1) and (2) lies not only in the addition of slope effects but also in allowing for a heteroscedastic
error term. Indeed, this last generalization of model (1) is a very straightforward one. For
instance, even if we relate the uncertain individual specific returns of the training program to
a constant and an error term: 6; = 6 + error term, Ef, = 0, the resulting model would be
heteroscedastic. Now, consider the estimation of model (2). We can estimate the heteroscedastic
model by either full information maximum likelihood, this procedure yields consistent,
asymptotically efficient parameter estimates and correct standard errors, or use a two step

estimation method, which differs slightly from the one commonly encountered (see below),

yielding consistent but not asymptotically efficient estimates and incorrect standard errors for

the second step estimates. But what will happen if we ignore the heteroscedasticity and perform
a homoscedastic maximum likelihood estimation?

With respect to ignoring heteroscedasticity the following results are established in the
literature. Disregarding heteroscedasticity in a linear model will yield consistent, but inefficient,
estimates. Homoscedastic estimation of a heteroscedastic probit or truncated model (cf. Yatchew
and Griliches, 1984, and Hurd, 1979) will result in inconsistent estimates. For simultaneous
models much less is known of the influence of heteroscedasticity on estimators of a
homoscedastic specification. In this paper a more or less intermediate position is considered.
The problem of homoscedastic estimation of a heteroscedastic simultaneous model will be
addressed for the case that one of the endogenous variables of the model has a qualitative nature
and the other endogenous variable is heteroscedastic. In Section 2 it will be proved that ignoring
heteroscedasticity will frustrate the consistent estimation of model (1) in which the
heteroscedasticity is assumed to have a very simple form. Section 3 will consider a variation of
the well known selection model discussed in Heckman (1979) in which the linear equation is
heteroscedastic. Section 4 describes some small scale Monte Carlo experiments to settle some
loose ends of sections 2 and 3 and to get some insight in the magnitude of the bias of the

homoscedatic ML-estimates and section 5 concludes.
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2. Heteroscedasticity in a self-selection model.

Consider the following rewritten version of model (1):2

yi = Xot + &,

I; =Z.'7-V.' (®)

The constants «, and v, are now included in the vectbrs of explanatory variables X; and Z,.
Furthermore, I; may also be included in X;. The errors ¢; and »; are jointly normally distributed '
with expectations 0, variances o? and 1 and correlation p.* The heteroscedastic variance ¢? of
g will be restricted to a very simple form o7 = o?; + ¢3(1-L). A rationalization for this
specification is given in the introduction. If we define S, (Sy) as the set of individuals i with
= 1 (0), the loglikelihoodfunction of this model equals:

logL = Y log(P,) + Y log(P,)

ieS, icS,
where:

P, =P =y, -Xa,v, < Zy) = Pv, < Zyle, =y, - Xa)P(e, =y, - Xa)

1 1 Z."Y - %(y, - }(ia)
exp(-—(, - X))@ '

\/2_1;- 20} 1/1—p2

;> Zy) = Pv; > Zyle, =y, - Xa) P, =y, - Xa)

2 This model is discussed in Maddala (1983, p. 120).

3 The variance of »; has to be restricted to 1 because we only observe the sign of I}. The
correlation is assumed to be homoscedastic and consequently the covariance of g and v, is
heteroscedastic.




Zy - ﬁ(yx - Xo) |
- eXP(-—lz-(y,- - X))l - @ i ]

\/27- 20 J1-p2

To economize on the notation the loglikelihood function can be written as:

logL = -glogh- - nlogo, - njlogag, - _2102-}; 0, - Xa)* -
1%

L3S0, - Xa + Y logd (o) + Y log(l - 2,00,
20y ics, ics, ics,

where:

N is the number of observations and n, (ny) the number of elements of S, (Sp) N = ny + ny).
The loglikelihoodfunction of the homoscedastic model (¢ = o; = o) can be obtained by
substituting o for ¢, and o, in eq. (5). Maximization of (5) with respect to «, v, 01, 0o and p

will, under some general conditions (cf. Cramer, 1986, Chapter 2), yield consistent,

asymptotically efficient estimates &, ¥, 6, 8, and 5. The properties of the estimates obtained by

ignoring the heteroscedasticity of the error term (&, ¥, & and p) are unknown and are the object
of the present analysis.*
The ML-estimates of the model taking account of the heteroscedastic error terms can be

calculated by solving the following system of equations:

4 The analysis will concentrate on whether the most important parameters of the model (&
and 7) are asymptotically biased or not.
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dlogL(a,,0,) 1 A 1
"_aTY“‘— =0-= PIRICH A

J1p7is 3, Gz
—p* ie5,

1-p? i,
dlogL(0y,00)

0=1Y0, - X)X, + 130, - xa)x, + Lo YT )X, -
do 5, o2 ics, 0, s,
1 A S 2 A
=P E G(EpX;
ieS,

9

dlogL(o,,0)

=t —132 0; - X8)* + ‘liﬁ.zﬁ(éu)(yi - X&)
do, 0] ieS, 0 ieS,

0

dlogL(o},00)

e -2 IS - Xa? - 57T GE)0, - X8)
0 0 icS, 0o 5,
6logI‘;i,01,Uo) _ Y E@ E(s) - Y G )E (6,
ieS, ieS,

where’®

i ) ’ Z.‘ —,A’ .A.-A.'
Fe) = ¢ | 2220 | o | 202 "8-]]-: _ 6@y - be)

v1-p?

d)(Z,':)". - b ‘8,')

GE) = ¢

$Z3" - b°e)
1-%Z5 - be)

5 &, (8,) denotes &g (g, evaluated in & and &, (6,).




yr = L

V1-p*
In general this system of equations will have to be solved numerically. Assuming a

homoscedastic error term & would require solving:$

9logL(9) _ ¢ - F@&)z, - GEYZ,
a,y r——l_p uES la '_l_p g O

alogL(0) _

%a - 200 XEX, ¢ 230, - X@K, + 25 SR, -

(17 5° Y GE)X,

ieS,

nl 1-.

0= 1,1 _xae s L 55 V(v - X&) -
0 = + 63% 0, - Xa)* + alp ;%F(Eu)(}’,- X.@)

2+ S50, - XaY - 1"2 GEN0; - X3)

dlogL(o)

3 =0 = Ei(éx,)g,(&) - E G(g(h)gu(&)
p ieS, iS5,

From now on the analysis will concentrate on the estimation of the most important parameters
of the model: a and . To prove that the probability limits of the estimators under the
assumption of homoscedasticity (& and ¥ , these estimates result from solving (7)), equal « and
v, it suffices to demonstrate that the probability limits of (7a) and (7b) equal O under
heteroscedasticity.

The following lemma is very useful in pursuing this objective.

¢ The tilde distinguishes the homoscedastic ML-estimation from the heteroscedastic ML-
estimation. F, G etc. are defined analogously to F, G etc. except for substituting &, 7 and 5 for
&, ¥ and p and ¢ for 6, and 0.




Lemma 1.

For the function

- _$@Zy" -pe)
@) 1 -@@" -p79

the following holds:

(@) aG(e)loe < 0ifp > 0

(b) aG(e)lae > 0ifp < O

(c) 32G(e)/e2 > 0

The proof is given in the Appendix.

Starting with (7a), assume that for an infinite number of observations a proportion r; (= lim
n,/N) belong to the set S; and a proportion r, (= lim ny/N = 1 - 1) belong to S,. Eq. (7a) can
be written as:

ny 1

n ~ ~
al LFE)Z, - W_-E GEWZ =0

n,ies, Nyics,

For an infinite number of observations plim(y) solves:

1 ieS, nyies,

T = rplim i'EF(E‘")Z,.] - r,plim [lzc”;(éa)zl_] =0 9)

where &; ~ N(0,(0,/5)*) and &; ~ N(O0,(cy/5)%), 0, ¥ 0,. The essential feature of this
specification is the deviation between the variance of both error terms. Therefore, we assume
for simplicity that &; ~ N(0,1) and &; ~ N(0,5%), & # 1.7 If the variance of the first and the
second term (9) goes to 0, the probability limits can be replaced by expectations. The problem
with eq. (9) is that it contains five different stochastic variables: &, ¥, 5, & and y;. Assume that
@ and p are consistent estimates of « and p. Furthermore, assume that plim & = ¢ and plim ¥

= «(0). We know that ¢ # 1. Define the function T as follows:

7 The fact that 3 # 1 is crucial. Obviously, if o, # ,, the probability limit of  can not
be equal to 1 in this simplified version, because the probability limit of & before this
simplification was made can not be equal to ¢, and o,.




1 88, Nies,

T = r,plim [ni;F(ah.)Z,.] - r,plim [_1. EG(SQ_)Z‘_]
where:

Fe)

2 ¥Z(0) - p'e)

-[@[M]]-x _ 9(Zn(0)" - p"e)
1-p

2

Zy(o) - pe‘] 17t = $(Zx(0)" - p’e)

1-p 1 - ®Zx(@)" - p’e)

(o)
V1-p?
&; and gy are distinguished because they have distnct variances: g; ~ N(0,1) and g; ~

N(0,0?), ¢* # 1. Clearly, plim T = plim T = 0 in y(0). Under the assumption that the error

¥(0)* =

terms are uncorrelated across individuals we can write:

var [iE F(el.-)z.-] = —12-2 var(F(e,)Z) = izzzz{var(F(a“)) <

Ny, ny s, nyis,

L e,y -
n

E(F(g,,) ] 2

1
vy

Lemma 2.
E(F(g,)) and E(F(g,)?) are finite.
The proof is given in the in the Appendix.

Lemma 3.

E(G(gy) and E(G(gy)?) are finite.

Proof: Note that the Mills’ ratio ¢(x)/(1 - ®(x)) equals ¢(-x)/®(-x) and employ Lemma 2. The
fact that &y has variance ¢® (# 1) does not cause complications because the density of &; equals
o(ex/0)/a.




Assumption.

lEZ,Z{ and iEZ‘Z,-’ are finite.

ny s, Ny'ics,

This assumption implies that if the number of observations increases, the elements of the matrix
LZZ; do not increase at a greater rate. This assumption is commonly made in the literature.
Consequently max(ZZ ;/n,) < o and therefore, given Lemma’s 1 and 2 the variance of the first
and second term of (9°) go to O if the number of observations is increased infinitely. So, (o)

solves:

lim lim
T=r, n_,ooE(_EZF(s,,)) 0[ nrooE(= 1y z6en (10)
| ieS, () ieS,
where &; ~ N(0,1) and &; ~ N(0,6%). If ¢ = 1, (10) holds and plimy = plimy = v (the
heteroscedastic case (5)). For the consistency (inc3nsistency) of 4 we have to proof that (o)
is independent (dependent) of ¢ if the number of observations is infinite or, in other words,
dy(0)/do = 0 for all ¢ > 0 (dv(0)/d0 # 0O for all ¢ > 0). Consider the arbitrary element k of

the vector T_:

7, -1, [ oo (Y Z,F(E,) [ oo B3 7,606,

1 ieS, 0 icS,

Apply the implicit function theorem to (10°):

dv,(0) ~ dT,/do

_ if 8T/dv,(c) %0
30 Tlare T

where:

EGGey) __ lim T e) f(so.)
—_— n —>00 T~ no s f Eoi

-00
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(-]

r0 hm & r0 hm |
Lim 1yz, j Glealieq) | 1-— | dey = = _Ez 0.,

no icS, oo o ieS,

and

aT, lim 1 T 0FE,) lim 1 T 9G(ey)
— =T, Z, d(e,) dey; -1y, Z, &) de
Oy o) '™ “n,gs: "‘_L Oy (o) W TN 0mg “nogs: “_L 37k(6)ﬂ w

lim lim
r n_m—EZ 0’:.,, - T n—»oo—zs:zixekovi

f(eq) is the density function of a normal distribution with expectation 0 and variance ¢°.

Proposition 1.
If there exists at least one i € S, or at least one i € S, for which Z; # 0, dT,/d7,(¢s) < O for

all v,(0) and o.
The proof is given in the Appendix.

Proposition 2.
If there exists at least one i € S, such that Z, # O and if p # 0, 6,; < O for all o.

The proof is given in the Appendix.

Now assume that there exists an i € S, such that Z; # 0. From propositions 1 and 2 it follows

that:

37 ,(0)

#0 ifp =0
do

In other words, the homoscedastic ML-estimator 4, of the heteroscedastic model (¢ # 1) is
inconsistent under the assumption that « and p are consistently estimated. According to
Proposition 2 it does not matter whether 5 is consistent as long as 5 # 0. Therefore the
assumption that p is estimated consistently is superfluous. If 5 = 0 (or if it is simply assumed
that p = 0), +, is estimated consistently. Of course, this is in line with the frequently utilized

2-step estimation technique for selection models. For the present model the 2-step estimation of
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first estimating eq. (3b) by means of the probit technique and then estimating (3a) with ordinary
least squares on the regressors X; and a correction term created from the first step of the
estimation (cf. Heckman, 1979) will yield a consistent estimate of < despite the
heteroscedasticity of the error term. However, in this case the 2-step estimate of o will be
inconsistent (see further). We can conclude that 4 is an inconsistent estimator of + if it is
assumed that & is a consistent estimator of a.

Inconsistent estimation of o might in principle yield the consistency of 4. Suppose that
plim(&) = a + u(o), where u(o) # 0. Given Proposition 2, u needs to be dependent on ¢ to
establish the consistency of 4. u(o) solves:®

=0=r

1 nl»mus, 'TI')’ - I N> 4 'TI'Y (11)

aT lim <, 9E(F(,)) lim IE(G(ey))
g

ieS,

Furthermore, u(o) should be such that @ = a + u(o) solves (7b). Whether « is able to solve
both of these equations simultaneously is a difficult problem. It becomes even more involved
if we recognize that p is likely to depend on ¢ also. However, it can be shown for a relevant
case that & is not able to solve both (11) and (7b) simultaneously. Assume that Z, = X; . In that

case & solves:

Y0, - X@X, + £ 0, - XDX, = 0

ieS,

that is, & is the ordinary least squares estimate of equation (3a).’ Clearly, plim(&) is
independent of ¢ and therefore, it can not solve (11) for every o. This conclusion can be made
more general: construct the vector W; by stacking the independent elements of X; and Z,.'°
Replace X; and Z; in (3) by W,. The elements of « and + corresponding to the elements of W;
notin X; or in Z; respectively should be estimated equal to 0. This artificial procedure does not

prohibit us to conclude that ¥ is an inconsistent estimate of v irrespective of the consistency of

® In this case the first term of (10) also depends on o through & which is part of &;. |
denotes that the expression is evaluated at . v

® Note that this conclusion does not hold for the heteroscedastic model (6). The weights of
the third and fourth elements of (6b) differ.

10°At this point it is assumed for the moment that I, is not an element of X;.
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both & and 5. Unfortunately, this conclusion does not hold for thé case that I is part of X;: eq.
(3b) can not be estimated if I; is an element of Z;. A Monte Carlo study will be performed to
study this point (see section 3). Given the complicated structure of (11) and (7b) it appears to
be unlikely that a u(o) exists with settles both these equations simultaneously.

Let us now turn to the estimation of «. First consider a 2-step estimation of model (3)
while ignoring heteroscedasticity. In the second step the following equation is estimated with

ordinary least squares:!!
Y, = X + pok; + v,
where:
N = Egl|l, =1) = E(g,lv, < Zy) ifI =1
or
N = E(|l, =0) = E(g;|]Zy >0 ifI =0
Consistent estimates of A; can be calculated from the first step, the probit estimation of (3b):

,.=-f(£’_) if I =1 and xi=ﬂ if 1, =0
(Z5) 1 - ¥(Zy)

where v is the probit estimate of +. Ignoring the heteroscedasticity of v; and assuming that it

is normally distributed with mean 0 and variance o2, the OLS regression amounts to maximizing

the following loglikelihoodfunction:

logL = %’log(Zw) - Nlogo, -

One of the first order conditions is can be written as:

1 cf. Maddala, 1983, p. 120 or p. 224.
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P8 - 0= [T 0, - XX, + T 0, - X@X, + B (Rx) - % &X;] (12)
g ieS, ieS, ieS, ieS,

v

This method of estimation suffers from two different types of heteroscedasticity. As already
noted v; is heteroscedastic. Due to the well known result that ignoring heteroscedasticity in a
linear regression model does not hinder consistent estimation, this heteroscedasticity problem
per se will not lead to an inconsistent estimate of a. However the second type does. The
problem is that the coefficient of the correction term A; for 'Ii = 1 and I; = 0 are restricted to
be equal despite the heteroscedasticity of &;. The correct coefficients of the corrections terms are
poy (I; = 1) and pg, (I; = 0), which are only equal if 6, = g, or p = 0. Consequently, this .
restriction prevents the consistent estimation of « by solving (12). Consistent estimates can be
obtained in this case by not imposing this restriction in the 2-step estimation technique (see
below). Assume for the moment that X; = Z;. Given the similarity of (12) and (7b) it will be
clear that substituting consistent estimates of F(g;)"V/(1-p?) and G(ex)V/(1-p?), assuming that
there are available'?, and solving (7b) will not yield a consistent estimate of o. A more general
conclusion can be reached by considering model (3) where W,, the vector of independent
elements of X; and Z,, is substituted for X; and Z;,."* The third and fourth element of (7b) drop
out. Assume W, is arranged such that W, = (X;,X), where X are the independent elements of
Z; not belonging to X;. Denote the corresponding vector of parameters by: ™' = (&@',a'). o

solves: !

Y0, - Wa )W, + Y0, - Wa™)W, = 0
ieS, ieS,

Therefore, the homoscedastic estimation is similar to regressing W; on y;.

Consider the ML-estimation of (3) while taking account of second type of the

12 Consistent estimates of F(.) and G(.) can be obtained by carrying out a probit estimation
on I; while using both Z; ,y; and X; as regressors. (V/(1-p?)! can be included in the coefficients
of the second stage of the estimation (cf. footnote 15).

B Again, I; is for the moment excluded from X,.

14 Of course, « can be equal to 0.
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heteroscedasticity discussed above. In this case the first order condition with respect to o is :**

dlogL _ o _ _}:(y Wa )W, + _Z(y Wa')W, + (13)

da” 01 ie3, ao ics,

51%2 (=MW, - 50'1—22 AW

Ul ieS, 00 ieS,

The first order condition with respect to v equals:

dlogL _ EF(sh)W Y Fe)W, = Y (-N)W, - Ex W

37 ieS, ieS,

Substituting this condition in (13) yields:

_E(y Wa*™ - (5, - —50)>\)W. + _E O, - Wa" )W, =

al ieS, 00 ieS,

This first order condition corresponds to the regression model:

Yi= Wa' + (6 - SN + o (14)

Recall at this point that we have already demonstrated that the homoscedastic maximum
likelihood estimate of o of model (3) in which X; and Z; are replaced by W;, is the ordinary
least squares estimate of equation (3a) in which X; is replaced by W,. Consequently, ifp#0
and g, # 0y, simply estimating equation (3a), where y; is regressed on W; instead of X;, will not
lead to a consistent estimate of o due to missing variables bias. Only if W; and \; are
uncorrelated, consistent estimates are obtained by employing ordinary least squares. This is
obviously not the case.

Finally, consider the case in-which I is part of equation (3a). For simplicity look at the

following model:

B = PUJ/‘/(I‘Pz) and 6, = PUW(I‘PZ)-
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y; = 0, + &, where ¢, ~ N(0,1)if I, =1 and ¢ ~ N0,6®, o*> # 1if I, =0

I; =Z."Y"V,'

Rewriting the first order conditions with respect to estimating 6 for the homoscedastic and

heteroscedastic maximum likelihood estimations yields (cf. egqs. (7b) and (6b)):

- _Ey + aﬁ‘_EF(s) =0+ _Zs + 55 ——EF(S)

|uS 1uS 1uS 1uS

_zy, “‘__EF(s) =0+ —Ee + a“_EF(é)

1uS 1uS 1uS 1us

The probability limit of 8 is 8. Consequently, 8 is consistent only if:

plim | 5 "‘_.): FE)| = -plim _YS = p°plim iz F(&) (14)
nis, Ny s, Ny s,

where ¢ ~ N(0,1), & ~ N(0,1) and & ~ N(0,5%). The inconsistency of  can be proved by

showing that the first term of (14) is independent of ¢. However, this is a very complex task

because both & and 5 depend on o. Furthermore, no explicit form of & and 5 can be derived,

we only know that they solve (7c) and (7d). To get some insight in the consistency of 6 a Monte

Carlo experiment will be carried out in the section 4.

3. Heteroscedasticity in the Heckman (1979) selectivity model.

Consider the model discussed in Heckman (1979):

y; = Xa + ¢, observed if I, = 1

Ii‘ = Zi')' -V (b)

where I, = 1ifI; > O and I; = 0 if I} < 0. Assume that there n, observations for which y; is

not observed and N-n, observations for which y, is observed. Furthermore, for the observations
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for which y; is observed the variance of ¢; is either o7 (n, observations) or o3 (n, observations)
and o2 # o3. The group of n, (n,) observations will be denoted by S; (S;). The main goal of
model (15) is the estimation of «, the addition of eq. (15b) to the model is only carried out to

correct for selectivity. The loglikelihoodfunction of model (15) is:

logL = Y logP(,, = y, - Xa, I > 0) + Y logP( ey, =y, - Xa, 7 > 0) +
ics, ics,

Y logPU < 0)
kS,

where the additional subscript of &; reflects the heteroscedasticity of this error term. Under the
assumption of normally distributed error terms with expectation 0, var(e;)) = o2, var(ey) = o3,
var(v) = 1, cov(g;,») = po; and cov(oy,») = po,, the loglikihoodfunction of model (15) can

be written as:

n
logL = - ';n210g21r - nlogo, - mjoge; - 0.53 (6y(o,)" - 0.5%: Ey(0))? +

Zy - pg(oy) Zy = pEy(oy)
logp| — — 1 ° logp| ——— =2 & log(l - ®(Z.
gs?_og [ ] +§0g [ = ]+§og( Z)

v1-p2

1-p
where

Y - Xe (o) = 2 (16)
a.

1

g(0) =

The loglikihoodfunction in the case that the heteroscedasticity of ¢ is ignored is obtained by
substituting ¢ for-g, and o, in (16). Maximizing this likelihoodfunction is equivalent to solving

the system of first order derivatives with respect to the parameters of the model:

dlogL(o) _ o _ 1 -
oy 0 i Z_;‘F(su(a))z,- + Z;F(Sz.-(a))z,- ‘_‘ZS?G(O)Zi

dlogL(e) _ o _ Iz I 0" _ |
=—— =0 UE £,(0)X; + a; az,-(o)X.-f . ;;F(S"(U))X' *




25 FE (o)X,
0 s,

o

dlogl(o) _ o _ _uth 1 = 2 1 = 2
—— - 0= + %%; (&,(0))" + .2_6%‘; (&(0))" +

LIS FE(0)5,00) + £ FE,(0))E,(0)
0 s, o

ieS,

alogll;(O) -0 - \/;7 [‘sz FE (o)t (o) - §p(gﬂ(a))5i(o)

where

.
1@
1-p? 1-p

Zy - pg

2

Zy - pe; ¢(Zy" -p'E)
F ) = 1 13 -1 = 1 ]
(€)) ¢[ ] 5@y ~p7e)

o (Z i'Y)

0 3@

Zy - )
£(0.) = 1 : [p. Y ~ PEL; 8-:]

1-p

N

Again the analysis will be concentrated on the consistency of the estimators of the most relevant
pafameters of the model: « and v. To prove the consistency of the estimates resulting from
solving (17) we need to prove that (17) also holds, while acknowledging the heteroscedasticity
of the error term, if the number of observations goes to infinity. Denote the solutions of (17)
by: ¥, &, o and p. Starting with (17a) assume that if the number of observations gets very large,

the proportions of the observations in each set S;, S, and S, got to the constant 1y, r, and r,. Eq.




(17a) can be written as:

1 | Mlegs ~ N P My 1 =
——Y Fe(0)Z + =) F(g,(0)Z,| - ——) GOZ =0

where the bars indicate that the function is evaluated in 4, &, ¢ and p. If the number of

observations becomes boundless we know that the probability limits of 4, &, o and p solve:

1 k€S, 2 ieS,

T = plim
1-p

] [rlplim [.’:_E I—;'(E”(E))Z..] + r,plim [niz F‘(EL.(E))Z'.] ] - (19)

r,plim iz G0z, =0
nyics,
where &,; ~ N(0,(0,/5)?) and &, ~ N(0,(0,/5)?). The essential characteristics of the specification
is that o; # 0,. Again, to simplify things, we will assume again that &; ~ N(0,1) and &, ~
N(0,8%, &* # 1. T consists of five different random variables: ¥, @, @, p and y;. Assume that
a and p are consistent estimates of « and p and that plim ¢ = ¢ # 1 and plim 4 = (o). Define

the function T as follows:

1 ieS, 2 S,

! [r,plim[iz Fe,)Z,| + rzplim[nlz F(eﬁ)z‘.}] -
2

1-p

rplim | 23 G0z,

0 ieS,

where F(.) and G(.) are defined as in (9°), &; ~ N(0,1) and &,; ~ N(0,0?), o®> # 1. Obviously,
plim T = plim T = 0 in (o). Analogously to the previous section and under the assumption
that the elements of the matrix £ZZ ; increase in a moderate enough fashion (cf. the Assumption

in section 2) it can be proved that y(¢) solves:




lim lim 1 ‘
[rl nl"’°° .—1;5: F(el')Z] *h nz"°°E Eg F(&,)Z, ] -

1
V1-p?

ry m _Z GO)z| =
0 o ieS,

For the consistency (inconsistency) of 4 we have to prove that (o) is independent (dependent)
of ¢ if the number of observations is infinite. Apply the implicit function theorem to an arbitrary

element k of the vector T:

dv,(0) _ 0T, /oo
36 9T /oy, (0)

if dT/dv,(0) =0
where:

aT, lim dE(F(e,)) lim < fe,)
_6_05 =n n»m—EZ—————aoz‘ =hn _m—zz IF(sﬂ) a

nz ieS, nz ieS,

T. &y r,

li < Ii
—?2 l—r>nov.u_2:2 J F(sm)ﬂsm)[l ;3] dey = o : —Eza‘/’m

nz icS,

and

aT, lim T 0K lim 1 T OF(,)
=r o + 7, Z, | —=fle,) de,, -
a’yk(o,) 1 n oo nl o lkJ;) a L 2 n oo n2§ lk-L a'yk(o_)ﬂ 21) 2

lim Ly, 9GO

r - Lo\
0 n—>oco0
no no ieS, * a’Yk(o')

lim lim lim k
=r n—>oo ',;‘zs: Zxk‘l’lvt r, nzaoog ‘1’211 - T ng »ooz Zu\l’ovi
1 e led, €S,

f(g) is the density function of a normal distribution with expectation 0 and variance ¢°.




Proposition 3. .
If there exists at least one i € S, at least one i € S, or at least one i € S, for which Z; #

0, 3T,/87,(0) < O for all v,(c) and o.

Proof:

a). Yt = EZ, with Z; < 0, due to Proposition 1.

b). y&; = Q,Z, with @, > 0, due to Proposition 1 and the property of the inverse Mills’ ratio:
d(x)/2(x) = ¢(-x)/(1-2(-x)).

1. '

Combining a), b) and c) leads to the specified result.

Proposition 4.
If there exists at least one i € S, such that Z, # O and if p # 0, ¢,; > 0 for all o.

Proof: Due to the property of the inverse Mills’ ratio that ¢(x)/®(x) = $(-x)/(1-(-x)), we can

make use of Proportion 2.

Assume that there exist an i € S, such that Z; is not equal to 0. It follows from Propositions
3 and 4 that:

d7v,(0)
0,

#Z 0 if p=0

So, under the assumption that both @ and p are consistent, ¥ is inconsistent if p # 0. Again,
in order to obtain this result it does not matter whether p is consistent as long as p # 0.
Consequently, the assumption that p is a consistent estimate of p is dispensable. Note however,
that if p is inconsistent it is likely to be related to o and therefore, the direction of the bias of
7 which can be deduced from Proposition 4 need not to be correct. Furthermore, note that if
we would have started with the incorrect assumption that p = 0, consistent estimates of y would
have been obtained. Of course, this is no surprise given the properties of the 2-step estimation
technique discussed in Heckman (1979).

To investigate the consistency of & consider the 2-step estimation of model (15) while

ignoring the heteroscedasticity of the error term &;. Just like in the previous section this amounts
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to imposing an incorrect restriction on the coefficients of the second step equation. While

ignoring heteroscedasticity the following model is estimated with OLS:
Y = Xa + O\, + v,
where

N\ = Elv, < Zy)

and ¢; is assumed to be normally distributed with mean 0 and variance ¢?, whereas taking full

account of the heteroscedasticity of g would require the estimation of
Vi = X + 0N + 0N + v,
where

Ny = Eeylv, < Zy) if ieS, and A, = 0 if ieS,

Ny = E(eylv; < Zy) if ieS, and N\, = 0 if ieS,

and &; ~ N(0,0}) and &; ~ N(0,d3), with ordinary least squares by substituting consistent
estimates of A;; and Ay. Clearly the imposition of this incorrect restriction will lead to a
inconsistent estimate of o. The ML-model (15) can be considered to suffer from exactly the
same problem as the model discussed in Section 2.

What we have proved for model (3) is that if « is consistently estimated, 7 is inconsistent
and if v is consistently estimated, & is inconsistent. Unlike the model discussed in the previous
section, it is unclear how to prove that % or & are unconditionally inconsistent. The method used
in section 2 can not be applied because we can not eliminate the summation over the
observations in S;. To study this point a Monte Carlo experiment will be conducted in the next

section.

4. Some Monte Carlo evidence.

To investigate the remaining problems and to get some insight in the bias of the estimates a

Monte Carlo experiment will be carried out. Two models will be considered. The first model




-22-

is discussed in section 2 and' has the following structure:

Yi = + X0, + 0L + ¢

I =y + x0m - v,

where I, = 1if I; > 0 and I, = 0 otherwise, x,; is a scalar randomly drawn from a uniform
(0,1)-distribution. The coefficients were set to: oy = 1, @y = 1,0 = 1, 9o = -1 and 7, = 1.
The normally distributed error term &; has mean 0 and variance 0.5 if ; = Oand 2 if I, = 1.
Both these variances will have to be estimated. The mean and variance of the normally '
distributed error term »; are 0 and 1. The correlation between & and v; is put to 0.8. 1000
independent data sets of 1000 observations were created and the model was estimated with
homoscedastic and heteroscedastic Maximum Likelihood. Table 1 gives information on the
results:
-INSERT TABLE 1-

This table clearly illustrates that the homoscedastic estimation results are biased. In particular,
the coefficient of 6 is biased strongly. The true value (1) is even much smaller than the
minimum of the homoscedastic estimates (2.132). Given the importance of this parameter
estimate (cf. the introduction), heteroscedasticity of the error term of the linear equation should
be a common procedure in models like model (1). The quality of the homoscedastic estimate of
the correlation between the error terms of the model is also very poor: again, the true value
(0.8) does not lie in the range of estimated coefficients (0.891-0.982).

To investigate the bias of the estimates of the model discussed in Section 3 consider the

following specification:

Y=oy + X +¢& observed if I, = 1

I =Yoot XM VY

where ; = 1if I > O and I; = 0if I; < 0. The variance of ¢ is either o2 or ¢2. x; is drawn
from the uniform (0, 1)-distribution. The coefficients were set to: oy = 1, &y = 1, 4, = -1 and

v: = 1. The normally distributed error term ¢; has mean 0 and variance 0.5 or 2.0. Which of
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these variances applies to an individual observation is decided upon by a simple selection rule:
a standard normal random variable is drawn and if it exceeds 0 thé variance was put to 2.0 and
otherwise to 0.5. The mean and variance of the normally distributed error term »; are 0 and 1.
The correlation between ¢; and », is put to 0.8. 1000 independent data sets of 1000 observations
were created and the model was estimated with homoscedastic and heteroscedastic Maximum

Likelihood. Table 2 gives the results.

-INSERT TABLE 2- -

The estimation résults of the homoscedastic maximum likelihood estimation are particularly poor
for the parameters of the linear equation. The range of estimate a, does not even cover the true
value of the coefficient. Given the fact that the estimation of the linear equation is the primary
goal in this model this is a very worrisome result. Heteroscedasticity has a very strong impact
on the quality of the estimation results. The range of the estimates of p does not contain the true
value also. The quality of the estimates of the probit-type equation are much better, but still

there seems to exist a negative bias.

5. CONCLUSION.

The effect of ignoring heteroscedasticity of the error term of the linear equation in a
simultaneous equation model consisting of a linear equation and a qualitative variables equation
is that the parameter estimates are no longer consistent. The Monte Carlo analysis performed
in Section 4 demonstrates that the bias of the estimates is quite substantial. It should therefore
be common practice to test the linear equation of the simultaneous model against
heteroscedasticity.

Finally, it should be noted that a two-stage estimation method such as the one described
in Heckman (1979) has an advantage compared to homoscedastic maximum likelihood estimation
of a heteroscedastic model: the coefficients of the qualitative variable equation will be estimated

consistently.
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Table 1: Characteristics of 1000 replications of the selectivity model.

homoscedastic ML

heteroscedastic ML

coefficient

mean

variance min max

mean

variance min max

o (=1)
o (=1)
6 (=1)
Yo (=-1)
1 (=1)
o

0, (=0.5)
0, (=2)

p (=0.8)

1.066

0.609

2.712

-1.098

0.779

1.947

0.01598

0.04596

0.02075

0.00569

0.01829

0.00416

0.702

-0.044

2.132

-1.393

0.323

1.751

0.952 0.00018 0.891

1.490

1.345

3.184

-0.842

1.287

2.170

0.982

1.007

1.008

0.984

-1.003

1.004

0.01213

0.00808

0.02519

0.00730

0.01956

0.714

0.691

0.281

-1.327

0.563

1.396

1.280

1.415

-0.707

1.476

True parameter values between parentheses.




Table 2: Characteristics of 1000 replications of the Heckman selectivity model.

homoscedastic ML

heteroscedastic ML

coefficient

mean

variance min max

mean variance min

max

aQ (=1)
a, (=1)
Yo (=-1)
7 (=1)
o

0, (=0.5)
0 (=2)

p (=0.8)

2.712

0.029

-0.966

0.013

2.127

0.05946

0.09739

0.00782

0.01954

0.01496

0.972 0.00011

1.855 3.467

-1.264 1.166

-1.311 -0.703

0.483 1.552

1.763 2.480

0.922 0.994

0.997 0.01124 0.682

1.004 0.01446 0.570

-1.002 0.00798 -1.291

1.002 0.01988 0.549

1.413

1.410

-0.728

1.487

True parameter values between parentheses.




APPENDIX

A note on notation:
Throughout this Appendix the inverse Mills’ratio will be denoted by:

the related function M(X) is defined as:

M@) = %

Proof of Lemma 1.

_ @y -0
cte) 1 - ®@Zy" - p-¢)

Clearly,

9G@e) _ _p-9Hx) 4 9GE) _ - THR)
de ox &2 ax?

Using the results that H(x) > 0 and H(x) > x (cf. Johnson and Kotz, 1970, p. 279):

JH(x)

= Hx)(Hx) -x) > 0
ox

This proves (a) and (b). The second derivative of H(x) equals:

°H(x) _
ax?

0H(x) _

dH(x) S .
—ax—-(H(x) x) H(x)[ "

1] = H&)(HE) - x)? + HE)HE) - 3) - 1)

This expression exceeds 0 for all x if

_y()? + (y(x)(x + y(x)) -1
exceeds 0, where y(x) = H(x) - x. The following properties of y(x) are relevant here:
(a) y(x) = H(x) - x > 0 because H(x) > x (cf. Johnson and Kotz, 1970, p. 279);

(b) y(x) = 0 if x = oo because H(x) = x if x = o (x < H(x) < x + (1/x), cf. Johnson and Kotz, 1970,
p- 279);

(c) dy(x)/ax < 0, because dy(x)/dx = dH(x)/dx - 1 = H(x)(H(x)-x)-1 = -(1 + Hx)x - H)® < 0
because 1 + H(x)x - H(x)? is the variance of a unit normal variable truncated from below at x (cf.

Johnson and Kotz, 1970, p. 278).

Thus, y(x) is a strictly positive decreasing function of x. Taking the first derivative of (Al) we get:

B 2y () +3()
X

which, due to the properties of y(x) and the fact that x + y(x) = H(x) > 0, is negative. So, (Al) is a
decreasing function of x. Finally, by noting that:




GG + YR + )= 1) = 0

because of the property (b) of y(x) (y(x)(x + y(x)) = dH/dx = 1 if x = o), we have established that (A1)
exceeds 0 and therefore that 3H%/dx > 0 and consequently, dG*de > O.

Proof of Lemma 2.

EFCe,") jiﬁz". . ";] be) de,  0=12

lim [¢(Z,7 -p7EY =0

- 0
£,>- —_—_-@(Zlyl s Cu)l ¢‘(8n) T

By applying L’Hdpital’s rule we find:

lim ¢(Zj7- - p-cu) - lim P'(Z;‘Y' - p‘eu)¢(z.'7. - p.eu) lim (Z -
7% 92Zyt - p7e) BT -0 $(Zy" - pcy) T e

lim ¢Zy" - p"¢) lim .
£, MI #(e,) = £, -@ZyT -p7e)e(e) =0

because x%xp(-x) —»0ifx—> ooandq = 0.
Again, by implementing L'Hépital’s rule we find:

N2
lim (¢(Z{)" =P lim  207(Zy" - p € )¢ (Zy" - p7¢) _ lim *(Zx" - p"¢)
E,PX® | 7 = =, \ = g, - = g = ( I'Y -p cll)—f—f'
u Lq’(Z,‘Y - P Cn) W "2P ¢( 0 — P 8”)‘1)( 0 — P 8“) u ¢(217 - p 8”)

s 32 .
lim ¢(Z‘7- - p-cu) - ¢( " - )

—_ - =0
g, _Q(ZI‘Y- — p.cn) ¢(C|.) s —»oo ( p Cu) dJ(Z . p' )r( x)

due to the previous result.
Both ¢(.) and $(.) are bounded strictly positive and continuous functions and therefore:

¢(Z[‘Y- - p.eu)
8” ¢(Z('Y- - p-cu)

[}
] B(e,) < o 6 =12

Given these results (A1) is finite for both # = 1 and 6 = 2.




Proof of Proposition 1.

) T 0F(,) _ 7 9G(g)
J; 3 t( )¢( ") df:" and 0;.,; = J; a')'k( )ﬂ u)

Iy =

where
OF(ey) _ 1 OF) _ 1

37,0 Nl = = Fe)(ve - p"&, + FE)Z, =E,2,

9Ge) _ 1 9G(e) _ 1
dv,(0) -7 ov: 1-p°

Glen)(Glew) - (vi = P e))Zy = 0,2, (A3b)

The function x + M(x) exceeds zero if $(x)x + $(x) exceeds 0. This holds because it is an increasing function
of x (first derivative $(x) > 0) and ®(x)x + ¢(x) = 0 if x = - oo. Similarly the function H(x) - x exceeds zero
if ¢(x) -(1-®(x))x exceeds 0. This function is decreasing in x (first derivative -(1-®(x)) < 0) and ¢(x) - (1-
&(x))x = 0 if x = oo, Consequently = is strictly negative and {1, is a strictly positive function of ¥ and
therefore:

lim lim 1 -
r n»oo-zz e’;vl =n nl—bm7§zﬂ’:ﬂzlk <0 and
1ie,

lim lim 1

To n—»co_zz = Tofj»o0 7~ EZ 0,2, >0

if Z, # 0 for all i. Consequently, dT,/dy,(0) < O.

Proof of Proposition 2.

Define

2
h(cy) =_f(eo,)[l - %‘;]

where f(.) is the normal density with expectation 0 and variance ¢°. This function is symmetric in £y (h(gy) =
h(-¢5)), h(e,) = 0 if and only if £; = 0, h(ey) > 0if -0 < €5 < 0, higy) < 0if |e;] > o and

o

h(ey) dey = I Rey) dey - % J eafley) dey =

Because of the symmetry of h(gy)

I h(ey) dey = E h(e,) dey + ]. h(ey) dey, = 0

and therefore:




o o™

[ h(e,) dey = - J h(e,) de,

[

Consider

6, = [ Gle)h(ey) de,

Making use of the properties of h(.) and G(.) we can deduce:

0 o

0, = J Gleh(e,) dey + ‘[ Geh(e,) dey =

os

1]
= 1 -G(-g)h(-£y) d(-£,) + lae“)h(eu) de, =

o -4

= I (G(-&y) + Gle)h(ey) dey = \[ G~ (e h(ey) de,

The function G™(¢y;) has the following properties:
G-(ca) = Gx("so,')

G*(egp™) = G™(Er-p") (G™(x) is symmetric in p)

aG~ (g, - 5

d o =p7[(y - p7EG(Ey) - (¥ + p7El)G(-Ey) +

801'

0G™(-¢,
Gl-eq)* = Glen)] = %
0i
aG"(gy) . -
T if &y

aG-(CO‘) 7

ae, Few>0.

G~ (gg)

<0 ife, <0
dcy i e

These last two results follow from Lemma 1. Consequently G(¢;) is a strictly increasing function for g5 > 0.
Splitting 6,; up we get:




6, = \[ G~ (e )h(ey) dey +»I G (e h(ey) dey,

[

o o

< ‘[ G (e)h(ey) dey + Cz‘;‘[‘a’w)c-(eu) J h(ey) deg,

because h(ey;) < 0 and G™(gy;) > O for &; > 0. Because G"(gy) is an increasing function beyond &; = 0, we
know min G*(¢,) = G"(0) for ¢ = o. Using (A4) we get:

g

6, < ‘[ (G*(ey) - G~ (0)h(e,) dey < 0.

because h(g,) > 0 and G™(g,) < G(0) for g5 € (0,0).










