%""“““\\“ A o Fcon <

The World’s Largest Open Access Agricultural & Applied Economics Digital Library

This document is discoverable and free to researchers across the
globe due to the work of AgEcon Search.

Help ensure our sustainability.

Give to AgEcon Search

AgEcon Search
http://ageconsearch.umn.edu
aesearch@umn.edu

Papers downloaded from AgEcon Search may be used for non-commercial purposes and personal study only.
No other use, including posting to another Internet site, is permitted without permission from the copyright
owner (not AgEcon Search), or as allowed under the provisions of Fair Use, U.S. Copyright Act, Title 17 U.S.C.

No endorsement of AgEcon Search or its fundraising activities by the author(s) of the following work or their
employer(s) is intended or implied.


http://ageconsearch.umn.edu
mailto:aesearch@umn.edu
https://makingagift.umn.edu/give/yourgift.html?&cart=2313




Title: R? in Seemingly Unrelated Regression Models

Authors: H. Neudecker
F.A.G. Windmeijer

Address; University of Amsterdam
Institute of Actuarial Science and Econometrics
Jodenbreestraat 23
1011 NH Amsterdam
The Netherlands

Date: November 1989

Series and Number: Report AE 18/89
Pages: 18
Price: No charge

JEL Subject Classification: 211

Keywords: SURE-model, goodness of fit, correlation coefficient, asymptotic properties.

Abstract: In this paper we will discuss some properties of McElroy’s measure of goodness of fit
for Zellner's seemingly unrelated regression equations (MCELROY (1977)). Amongst
them are asymptotic properties.

The same will be done for another goodness-of-fit measure, the squared sample
correlation coefficient of (ﬂ'*@l)y and (Q'*@I)& where y is the theoretical value of the
dependent variable vy and Q®I is the variance of y. A comparison will be made between
the two measures and it turns out that McElroy’s measure possesses more desirable

characteristics in case all equations contain a constant term.




%2 in Seemingly Unrelated Regression Equations.

H. Neudecker
F.A.G.Windmeijer
Instituut voor Actuariaat en Econometrie
Jodenbreestraat 23
NL-1011 NH Amsterdam
The Netherlands

In this paper we will discuss some properties of McElroy’s measure of goodness of
fit for Zellner's seemingly unrelated regression equations (MCELROY (1977)).
Amongst them are asymptotic properties.

The same will be done for another goodness-of-fit measure, the squared sample
correlation coefficient of (Q‘%@I)z and (ﬂ'%®l)i where ¥ is the theoretical value
of the dependent variable y and Q@I is the variance of y. A comparison will be
made between the two measures and it turns out that McElroy’s measure possesses

more desirable characteristics in case all equations contain a constant term.
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1. INTRODUCTION

Some ten years ago MCELROY(1977) presented a measure of goodness of fit for
Zellner’s seemingly unrelated regression equations.

In this paper we will discuss some properties of this measure, some of which are
known, some of which are new e.g. that it is the sample correlation coefficient of
(Q'*@N)y and (ﬂ'*@N)ﬁ where v is the theoretical value of the dependent variable
y and 1®I is the variance of y, and asymptotic properties.

Next we will look at the properties of another goodness-of-fit measure, the
squared sample correlation coefficient of (ﬂ'*@l)y and (Q'*@I)&. McElroy wrongly
stated that her measure is this correlation coefficient. A comparison will be made
between the two measures and it turns out that McElIroy’s measure possesses more

desirable characteristics in case all equations contain a constant term.




In section 2 Zellner’s SURE-model is given and the assumptions underlying the
model are stated.

Section 3 gives the definition of McElroy’s measure (Rf) and discusses its
properties.

In section 4 the properties of the squared sample correlation coefficient between
((T*@I)y and ((T*@I)i are given.

In the concluding section 5 a comparison between the two measures is made.

2. MODEL AND ASSUMPTIONS

Zellner’s model consists of n observations on g seemingly unrelated stochastic

equations written as

where for the j-th equation Y; is nxl1, Xj is nxkj of rank k; and fixed, B; is k;x1
and unknown, and g is nx1 and stochastic with mean zero.

Furthermore it is assumed that every equation contains a constant term, so Xj can
be partitioned as (sn,Zj), with s = (1,1,...,1)’, for all j.

We shall write (1) in compact form as

v=XB+g,

where y and ¢ are ngx1, X is ngxk, 8 is kxI and k=Zj§1kj.
For ¢ we have E(¢)=0 and

Die)=0®1,

) being the gxg positive definite contemporaneous variance.
For simplicity we assume that Q is known. If not, it can be replaced in all relevant

. . - 1 _ .
formulae by a consistent estimator, e.g. Q = sE’E, where E = (;c_l,...,gg) and g; is

the LS residual of the j*! equation.
Following McElroy we rewrite (2) as




y=28,+WpB, +¢&,

The estimated counterparts of (2) and (3) will be written as

v=Xb+e=17Zb, + Wb, +e,

b = (X(Q 1ol )X) X (@ 'el,)y.
The theoretical value of v, v, is given by

v =Xb =Zb, + Wh,.

3. DEFINITION AND PROPERTIES OF MCELROY’S Rﬁ

McElroy defines as a measure of goodness of fit for the estimated model

’ 2, '1 .I —l -
o Z@eNZD, Y@ ®N,)Y

b4

Y@'eN)y  y(07'®N)y

=1 -31ss”’ (8)

n - n°n°n>
and the second equality holds because W'(Q'1®Nn)=0 by virtue of (4), (7) and (8).

Rﬁ can be seen as the ratio of the estimated weighted variation and the total
weighted variation in y, because Q'1®Nn = (Ig®Nn)(ﬂ'1®In)(Ig®Nn).




Properties of RZ are:

ii) Rﬁ has a one to one relation with the F test statistic for testing the hypothesis -
that all coefficients except the constant terms (8,) are 0 :

R? ng-k

Z

Fk = . .
-gng-k
1-R?  k-g

iii) Rﬁ is a generalization of Buse’s definition of R? in the univariate GLS-model
(BUSE (1973), (1979)).
Consider a GLS-model

y=Xg+¢

with E(g)=0, D(e)=0’V and X=(s,Z).
Buse’s definition of R? for this model is given by

(¥-sby) 'V 1(2-sby)

(v-sbg)V~X(y-sbp)

by = (V1) sVly = (Vi) lyvly

is the estimator of the constant term under the restriction that all other
coefficients are 0.
A generalization of this measure for the SURE-model is

(¥-Wb,)(Q1®1 )(y-Wb.))
Bu =

(x-Wb,)(Q1®1 )(y-Wb.))




b = (W(Q eI )W) W el,)y = 3(1,8s,)y.

is the estimator of B, under the restriction g =0.
That R%u for the SURE-model equals Rﬁ can be seen as follows. We have

Wby, = 2(1.8s5.)y. = 2(1,8s,5,)Y,

because of (A.3). (For (A. ) see the appendix.)

Hence,
v - Wb, = (Ig®Nn)§L ; v- Wby, = (I;®N,)y,
and therefore

, Y@leNyy
Rgy=————— = R;.

V(O ION )y

Rﬁ is the squared sample correlation coefficient of (Q'*@Nn)y and (Q'%®Nn)&.
Denoting this correlation by rﬁ we have

o (O ON N, (7 *eN, )y)? o
5 e - T - '
VOON )N, (N )y - y(@eN N, (078N )y

Because (Q'*@Nn)y = (Ig®Nn)(Q'*®In)y consists of g n-vectors, all measured
as deviations from their means we have

/) - - ’ -1
Y@ ON )N, (6N, )y = v(Q'eN,)y.

Clearly the same holds for the other two quadratic forms.
Further

Y@ 'ON)y = Y(Q'ON,)(v+e)
= V(QION )y + v(Q '8N e
= V(Q'eN, )y + y(Q '8l (I8N, )e
= y(@'®N, )y




because of (A.4) and (A.1).
Therefore

v@leN)y
ey
Y(Q'®N,)y

Rf is invariant under changes of location and changes of scale of the
dependent variable.
Consider a change of location of y given by

Y=y A@®su = (Hypeity)
The theoretical value of y* is then (in the following _{/_ and b are the
theoretical value of y and the estimator of B respectively in the

untransformed model)

y¥= X(X’(Q'1®In)X)'1X'(Q'1®In)(y_+(lg®sn)u)
=y+ (Ig®sn)u.

Because (Ig®Nn)(Ig®sn) =0 it follows that

YOTON )y*  v(TIeN )y

R% =
YMEOTON Yt y(a'eN,)y

Next, consider a change of scale of y given by
v* = (Al)y,

with A a gxg diagonal matrix.
If we define the matrix

My, 0 ...
A=| . 7.

0




then because of the block-diagonality of X it is easily seen that we have
(AR )X = XA.
Model (2) now becomes
y* = (AGI )XB + (A®I e,
= XApB + ¢*
= XB* + g*
with g*=Ap, X as before, E(¢*)=0 and
D(e¥) = (A®L )(O®I )(A®L ) = AQA®I, .
Clearly, the estimator b* of g* is Ab and consequently

y* = XAb = (A®L)y.

Finally we obtain

Sk a-1-14-1 - cna-1 >
Y¥(ATQTATON )y y(QTN )y

2*
R 2,

YFATTATION YF v(@7ON)Y

Asymptotic properties of RZ,

We shall investigate the asymptotic properties of Rf. It can be considered to
be the estimator of a sort of population correlation coefficient. The procedure
will be inspired by the approach of HEIIMANS and NEUDECKER(1987). This
itself relies strongly on certain properties of characteristic roots. A useful tool
for asymptotic results is the following lemma:

Lemma 1; Lukacs’ Lemma : If the sequence {z )} of random variables is

bounded, then plimz=z implies

E|z-z|"—0 asn— oo forallr>0.




Proof : see LUKACS(1975, p.38).

We shall make the following assumptions relating to the SURE-model :

i) There exist m,M with O<m<M<oo such that msA, <<\ <M, where

(Ap»>-+sAkq) are the characteristic roots of r—llX'X.
This means that %X’X remains a finite matrix of full rank.

ii) plim %g’(ﬂ‘1®Nn)g = g.
This assumption is inspired by the following facts :
E((n-1)'g(@7'@N,)e) = g
D((n-1)"'g(@'®N,)e) = 2g/(n-1),

in case ¢ is normally distributed.

It is now possible to prove the following result :
Lemma 2 : If assumptions i) and ii) hold then
(1) plim Z(V(Q'@N)y - FX(QON,)XB) = 0 ;
() plim 2(y(Q'®N )y - AX(QI®N_)XS - ng) = 0.
If additionally we also assume
lim,_,, 2Z(Q'®N_)Z = H,

then

BB,

plim Rf = .
B /HB, +g




plimR2=0 if B,=0
plim R - 1 if 2 —0.

Z’Hﬁ Z

E(Rzz) = and D(Rf) — 0 asn— oo,

B, HB,+8

Further lim _,

Proof : Consider

AW(OQION,Y - FX(2ON,)XB)
= 2pX(Q 1N )X(X(0 18l )X) X (el e
+ 1@ lel )X (X el ) X)X (@ 18N, )X (X (071l )X) X (@ el .

The variance of the first right-hand side term equals

4/n? gX(Q 1N )X (X181 )X) X (el )X (X (Q el )X) !
- X/(QI®N )XB
= 4/n% FX(Q7ION )X(X(Q181 )X) X (0 'eN ) XA
= 4/n? FX(Q N )@ I )X(X(Q 181 )X) X (O el ) eN )X s
< 4/n? FX(OON, )(Q'@N )XB = 4/n® FX(Q7'ON, )X,

for the greatest characteristic root of (07®1 )X (X' (07181 )X) X (0 7¥81,)
is 1.

If then w_ is the greatest characteristic root of 0! (and hence of Q"!®N ),
we get

4/n? XN )XB < 4/n*w BXXB < 4/nw N BB — 0 as n—oo

by assumption 1i).
So the variance of the first right-hand side term approaches zero as n—oo.

The second right-hand side term is
1@ o1 )X (X0 181 )X) X (Q 8N )X (X(Q 18I )X) X (a6l e

= (e el )X)(EX(O eI )X) Ex (@ eN ) X)(EX (@ el )X) !
(EXAQIBI)e).




Now
DEX(Q'®I)e) = 1/n? X(Q7'QI )X — 0 as n—oo.

This can be proved as follows.
Consider the quadratic form 1/n%a’X(Q°!®I_)Xa with arbitrary a. Then ’

1/n? a’X’(ﬂ'1®In)Xa <1 /nz'wg'a'X’Xa <1 /n'wg'Akn‘a’a — 0 as n—oo

by assumption i).
Hence 1/n? X’(Q’1®In)X — 0 as n—woo,

Further it follows that %X’(Q‘1®NH)X is finite, therefore the probability
limit of the second right-hand side term is zero.

This establishes the proof of (1).

The proof of (2) goes in the same manner, as

Ly(@eN,)y - FX(Q1®N_)XB - ng)
-1 1.70-1
= 2X(Q7ION e + 2(Q7ION e - g.

Clearly
D(2/n FX(Q1®N )e) = 4/n% gX(QION_)XB — 0 as n—woo.
Using assumption ii) we finish the proof of (2).

The additional results follow immediately, partly from Lukacs’ Lemma.

4. THE SQUARED SAMPLE CORRELATION COEFFICIENT OF (/®I)y AND (1'@I)y

MCcElroy states that Rf is the squared sample correlation coefficient of (n‘*®1)x
and (Q'*@I)& (MCELROY(1977, p.384)). We will show that this is a wrong statement.
But could this correlation coefficient be an alternative goodness-of-fit measure?

Some properties of this measure will be discussed in this section and a comparison
will be made between the two measures in the next section. It turns out that R?
possesses more desirable properties in case all equations contain a constant term.
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Let us denote the correlation of (Q'*@In)y and (ﬂ'*@ln)i by R%. Then

iy @@ eI )N, (01, )y)’

V(@RI )N, (el )y - Y@ eI)N, (el )y

N, = [N, + N&(I,-N,).
We can rewrite the numerator of (10) as the square of

V(O 81)N, (2701 )Y + Y(QBI)N, (781 )e = V(2SI )N, (@781 )y,
because

- - M _1 - _§
@RI )N, (el )e = (21O )(L,eN e + (AN 071 )(18(1,-N,))e
= (07181 )e

vl )e = 0,

by virtue of (7), (11), (A.1) and (A.4).

We can further derive

Y@ eI )N, (@781 )y = V(@ 'eN )y + v(@ N oo, -N,)y
o’ —1 - ’, - -
= Y(O'®N )y + y(Q N 071, -N))y,

by employing (5), (7), (11) and (A.4).

So eventually we find

sy -1 - 2 - -
,  Y@TON)Y + y(@ NS, -N,)y

Y@ ION )y + (@ N QeI -N, )y

Let us introduce the definitions
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Y = (¥g5-Yg) and Y= (ﬁl,-nig),

so that y=vecY and i=veci.
We can then establish the alternative expressions for Rﬁ and R?

trQ YN Y
RZ=— —
z 1
trQ YN Y

YN Y + 35 YariN oty

R? =

QYN Y + 35 YOUIN 0ty

The direct relationship between Rﬁ and R? is then given by

) R§+/\
R? =
1+

N s YOIN 0 hys
tr0"'Y'N Y

n—

and it is easily seen that

0<RZ<RZ<1.

Properties of R2 are:
i) 0<R%’c<1, R2=1 if y=y,

2 . - ’ —
R*=0 if b,=0 and N’ =0.

ii) The relation of R? and the F test statistic for testing the hypothesis B,=0 is
given by
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1 (Rz A ) ng-k
2 1+x 77 ’
1-R k-g

Fy gng-x =

by virtue of (12) and property ii) of Rg.
R? is not invariant under changes of location and changes of scale of the
dependent variable.
Consider a change of location of y given by
Y =y +(I®s)n 5 = (Byety)
We know from property v) of RZ that
Y* =y + (I®s)p.
In this case, because
(1g®s,;)(n'*Ngn‘*c&(ln-Nn)) = (@Na7es.)) #0,
it follows that Rz* #R2
Next consider a change of scale of y given by
¥v* = (ABI))y,

with A a gxg diagonal matrix.
As we know from property v) of R: we have

D(y*) = AQAQI_;
v* = (A81)y

2*

) -l -~ ’ - - - -
) v@'eNy + vl wiIN At -N))y

R #R2.

y(@'eNyy + vl aiN e e -N )y




iv) Asymptotic properties of R2.
Lemma 3 : If assumption i) holds then
plim ,-ll(y(n'*Ngn'@(In-Nn))y_ - AX(OIN QeI -N,))XB) = 0.
If further assumption ii) holds and the additional assumption
lim,_, sX(@7I)N, (271 )X = G,
then

BGB
plim R? = .
B'Gp+g

and so

plimR2=0 if =0,
pimRZ2 =1 if Q— 0.

B'GB
E(R?) = and D(R?)—0 as n—oo.
B'Gp+g

Further lim__,

Proof : Consider

A@INAT(,-N )y - FXQIN78(1,-N,))XB)
= 27X (@INOS(1,-N, e + Le(@IN Q81 -N,))e.

It is easy to see that the variance of the first right-hand term equals

4/n® FX(QIN_OR(I,-N,)XB

= 4/n® FX(Q7OI (N &(I,-N,))(Q*e1,))XB
< 4/n gX(Q71Q1 )X

<4/n ngknﬁ’ﬂ — 0 as n—oo
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by assumption i) and using the fact that all characteristic roots of
Ng®(ln—Nn) are less than or equal to one.

The second right-hand side term is

1e(a7iel, (N 8(I,-N, ) *e1, )e.

If we define (gl',...,l_ng') =u = g’(ﬂ'*@ln), we can write this term as

2 £ 8 ’ ’
1/n 'Zl 'Zl (‘Sij" 1/8)u;s s u,
i=1 j=

where §;; equals 1 if i=j, zero otherwise.
Now

E(3s ‘u) = i=1,...,8

n°n =
D(r—llsn'u-) =z, Ci=l,...,8
so plim(%sn’gi) = 0 and therefore the probability limit of the second
right-hand side term is zero.

The additional results follow from the results of Lemma 2 and Lemma

1.
a

5. CONCLUSIONS

If we finally compare the properties of the two measures we see that Ri possesses
a vital property viz. that it is zero if b, is zero and furthermore plim RZ=O if
B,=0.

For R, if b,=0, we have by (12)

which is larger than zero in general.




If we partition G like X as

we have for the probability iimit of R? in case 8,=0

ﬁW’waﬂW

plim R? =

and again this is not equal to zero in general.

Furthermore, Rf is invariant with respect to changes of location or scale in any
v;, whereas R? is not.

We can conclude that it is preferable to use Rﬁ as goodness-of -fit measure in the
SURE-model if all equations contain a constant term. However, if there is at least
one equation without a constant term McElroy’s definition is of no use and one

may consider as a goodness-of-fit measure rf as given in (9) or R? as given in

(10).




APPENDIX: BASIC ALGEBRAIC PROPERTIES OF THE MODEL
It follows from (3) and (4) that
X 'el )e = 0.

Using the partition of X we find

(Ig®sn')(ﬂ'1®1n)e_ =0,

which yields
(I;8s,)e = 0,
and consequently

(Ig®Nn)g =e.
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