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BIAS OF S2 IN THE LINEAR REGRESSION MODEL
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Abstract
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sample size increases (i.e. s2 is asymptotically unbiased irrespective
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1. INTRODUCTION

We consider the standard Linear Regression Model
y=XB +u,

where y is Txl, X is TxK, nonstochastic and of full colum rank, B is
unknown Kx1, and u is an unknown Tx1 disturbance vector with
expectation Eu = 0, whose components have common variance E(u%) = oz.

Our topic is the relative bias of the OLS-based estimate

&2 = L (y-xB)' (y-XB)
T-K

for 02 , where é = (X'X)-1X'y , when the disturbances have a non-scalar

covariance matrix oZV.

This problem is important because of the resulting distortions of
t-statistics and stochastic inferences in general, and has concerned
applied economists for quite some time. Cochrane and Orcutt (1949), in
an early sampling experiment, find that serial correlation leads to an
underestimation of oz, whereas Wold (1950) points out that the bias can
go the other way as well. Watson (1955) and Sathe and Vinod (1974)
derive the (attainable) bounds

ES
o2

< (2)
roots of V

mean of T-K least < [ 2] mean of T-K greatest

roots of V

which show that the bias can be both positive and negative, depending on the
regressor matrix X, whatever V may be. Finally, Dufour (1985) points
out that the inequalities (2) amount to
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when no restrictions are placed on X and V. Again these bounds are sharp

and demonstrate that the underestimation of 62

is much more of a threat
in practice than the overestimation (Incidentally, they also hold for

nonlinear or stochastic regressor models ; see Dufour, 1988).

The problem with Dufour’'s bounds is that they are unnecessarily wide
when extra information on V is available. Below we follow Sathe and
Vinod (1974) and Neudecker (1977, 1978) in assuming that the components
of u follow a stationary AR(1) process u. = pu;_y + £ , i.e. that V
takes the well known form

-1 T2

where -1 < p < 1. We show that Neudecker's bounds, which he derived for
positive p, hold for negative p as well,‘and that E(sz/oz) tends to
zero as p » 1 for all regressions with an intercept. We also provide
sharper bounds when certain columns of X are given (such as seasonal
dummies or a linear trend) and demonstrate, contrary to the suggestion
in Sathe and Vinod (1974), that the bias fends to zero as T » = for any

given p and irrespective of the particular regressor sequence {xt}.

2.RELATIVE BTAS IN FINITE SAMPLES

From y - XB = Mu, where M = I - X(X'X)-IX', we have

E[.s;] cE i) = L
G (T-K) T-K

o]




We show first that

2
lim E[—S—Z] =0
1 o

whenever there is an intercept in the regression (or more generally,

when Mi = 0, where i = (1,1,...,1)"). To this extent, note that

1]

lim tr (W) = tr (M) = tr (Mii')
pr1

So Mi = O implies (6). In particular, we have Mi = 0 whenever the
regression contains an intercept, i.e. whenever i appears among the

columns of X, or when X contains a full set of seasonal dummy variables.

A similar result holds for p = -1. We have

lim V(p) = ee'’
-1

where e = (1,—1,...,(—1)T_1)', S0 lim1 E(sz/oz) = 0 whenever e is
p—)_
contained in the column space of X (or more generally, when Me = 0).

This shows that no nontrivial lower bound to E(szlcz) exists which holds

jrrespective of X and V, even if V is restricted to be of the form (4).




For intermediate values of p, the inequalities (2) translate into

T-K

where Ay 2 Xy 2 ... 2 Ap are the eigenvalues of-V(p). These bounds hold
for arbitrary but given p, where X can be any TxK matrix with full
column rank. They can therefore be tabulated as functions of T, K and p,
(see Neudecker, 1977, 1978) where some space can be saved by observing
that the eigenvalues of V(p) and V(-p) are identical

(since V(-p) = diag(e)V(p)diag(e) and diag(eldiag(e) =

Below we present additional tables for the case where X = [XI:XZ] and
Xy is a fixed TxK; matrix, such as a set of seasonal dummies or a
linear trend (the important special case Xy = i having been treated by
Neudecker (1978)).

- ] —1 ' - - -
Let Ml - I - Xl(xlxl) Xl arld let P’l 2 Pz Z...Z Prr_K1+1 - e o~ ﬂvr - O be

the eigenvalues of M,V . Along the lines of King (1981, p. 1573), and
generalizing Neudecker (1978), it is easily seen that

—_— IJ,. .
TK ioy iR S 7 T—K !

Table 1 gives the numerical values for these bounds, for various T, K
and p, for the case where X, is a Tx4 matrix of seasonal dummies. Table
2 gives the analoguous bounds when Xy is Tx2 comprising a constant and a
linear trend. The bounds in both tables are narrower than the ones in
Neudecker (1978), where Xl = i, and also narrower than the
Watson/Sathe/Vinod bounds, which do not place any restriction on X.




Contrary to the latter case, any bounds which incorporate specific
features of the X-matrix are no longer symmetric in p. In the tables we
focus on the more relevant case of positive autocorrelation. There are

different bounds where correlation is negative.

For illustation, consider the regression by Rea (1983, p. 185, eq. 7) of
unemployment on money supply, government expenditures and exports {which
actually is part of a simultaneous equation systeﬁ, but we neglect this
complication here). This particular example was chosen because the data
were available from an earlier paper (Krimer et. al., 1985; see also
Kramer and Sonnberger, 1986, p. 144), and because the regression
contains a linear trend. The original regressor matrix X has the
dimension T = 90 and K = 5, but we confine ourselves to the T = 72
initial observations, which is the maximum allowed by our computer

program.

Figure 1 gives the true value of E(sz/oz) plus the unrestricted
Watson/Sathe/Vinod bounds and the bounds which hold for all 72x5
regressor matrices with an intercept and a linear trend. The figure
shows that the unrestricted bounds are symmetric in p, whereas the true
E(sz/oz) is not. Likewise, any bounds which incorporate additional

information on X are not symmetric in p.

3. ASYMPTOTIC UNBIASEDNESS

Tables 1 and 2 already show that, for given |pl < 1, the bias becomes

less severe as sample size increases. We demonstrate next that the bias

vanishes completely as T » » , i.e. that in the expression (10),

. 1 T-K . 1 T“K
lim —— 21Xi+K = lim

. ———E)\i =1.
Ty T-K 1= Toe T-K i=1




The convergence to one of the upper bound is an easy consequence of
Dufour's simple formula (3). It only remains to show that the lower
bound tends to one as well. To this extent, we observe (see Neudecker

1977, p. 1258) that the ki's can be expressed in the form

l-—p2

2
1—2pcos(@i,T)+P

where ®; o is some number which depends on i and on the sample size, but
’

which need not concern us here. The point is that
1 - 2pcos(@i,T) + pz < (1—p)2 (p

1 - 2pcos(@; o) + p2 < (14p)2 (p

irrespective of sample size. We note next that

32
j=1

= tr(V)

1 T—K - —r_r— 1

—

S ey = - .2
Tk i=1 1K T-X T-K i=1 ! TK T-K 1-|p|

- —— > - .

T K 1+]p| (17)

where the first term tends to one and the second term tends to zero as
T » » . Therefore, the lower bound to the bias of E(sz/cz) tends to one
as well, so 32 is asymptotically unbiased, irrespective of the
particular evolution of X.




The seeming paradox here is that (at least for regressions with an
intercept), E(sz/oz) tends to zero as p » 1 for any given X, but tends
to one as T » « for any given p . The technical explanation for this is

that the convergence to zero of E(sz/oz) as p 2> 1 is not uniform in T.

4. Conclusion

We have shown that the relative bias of the least squares estimate of
the disturbance variance can be quite narrowly bounded when additional
information on the regressors and on the disturbance correlation
structure is available. Not surprisingly, the bounds get tighter as

this prior information increases. In addition, the estimate is

asymtotically unbiased for AR(1) disturbances irrespective of p and the

particular sequence of the regressors.
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Lowerbounds (lwb) and upperbounds (upb) of E(s'L/GL) for various T,

K and £ where K,~4 with XA-[Sq :SL:S’ :S“].

(3 =0.30 {3-0.60 (Q =0.

lwb upb 1lwb upb 1lwb




TABLE 7: Lowerbounds (lwb) and upperbounds (upb) of E(s"/d}) for various T,

K and(l , where KA-Z with X =[1i:t].

f‘ =0.30 f) =0.60 (3-0.95

lwb upb 1lwb upb 1lwb upb




Figure 1: relative bias of s-

~ - - Sathe/Vinod/Matson bounda

irproved bounds

true relative hias







