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Abstract

A multivariate linear regression model with g responses as a linear function

of p indevendent variables % = %g + % is considered with a p x g parameter

matrix B. The least squares (or Maximum Likelihood for multivariate normal %)

estimator of B is deficient in that it takes no account of the "across
regression" correlations, on the one hand, and ignores the famous Stein effect,
on the other hand. A remedy was offered by Brown and Zidek (1980) in the form

of a multivariate ridge estimator. A richer class of estimators is obtained here
by casting the model in a linear hierarchical framework, obtaining the Brown and
Zidek multivariate ridge estimators., Efron and Morris' estimators of several
normal mean vectors and Fearn's Bayesian estimators of growth curves as special
cases. The unknown covariance cases result in an identifiability problem which
is treated in a Bayesian fashion using conjugate priors. The method is then
applied to forecasting the final election results from partial returns obtained

at election night.




On Multivariate Ridge Regression

INTRODUCTION:
Brown and Zidek (1980) consider a multivariate problem with q responses

and n observations , X » assumed to satisfy the standard multivariate linear

regression model
X = XR+E
with % an (n x p) full column rank matrix whose elements

are treated as fixed known constants

and B is a (p xq) matrix of unknown coefficients to be estimated. With

(%1,..., %q) the usual assumptions on the error are
E(r%j) = r(\)l’ Cov(%j’ &Q/) = YJQ%H J’Q, = l,...,q (2)

or, in short E(E) = Q , cov(g) = F(gﬂ{n » Where (:) denotes the usual Kronecker

product of matrices. The least Squares estimator of Q is given by
o T, -1.T
R = &% XY

which is also the maximum likelihood estimator when normality of the error

distribution is assumed. Equivalently, writing B = <§l""’ éq) ,

% = (Xl’°"’ Xq) so that the vectors xj(n X 1) and Qj(p X 1) pertain to the
j=th of the ¢ responses, (3) can be rewritten as
N T, -1.T
By = & R X ,j
Brown and Zidek cite Sclove's (1971) argument that the least squares
estimator (3) is deficient in that it takes no account of X = (Y,.) , the between

1]

regressions covariance matrix. In order to remedy this shortcoming and also to




take advantage of possible improvements in the estimation of the éi 's even

when L = % by using the ridge regression estimator for that case, Brown and

Zidek suggest the multivariate ridge regression estimator (MRRE) of the form
A _ ~ T -1 T )
B = O + KO TG ®x)y )

where ﬁ(q x q) > 0 1is the ridge matrix, M vec{%} is the (nq x 1) wvector

T T T N
= T 3 .
Y (X 5o ey X ) and E*(k) 1s a (Pq 1) vector of estimators of

T
% = vec{g} = (El yeees @:)T where each Qj isa (p x1) column vector.'®

The least squares estimators(3) have also a stacked matrix representation

fé = (,{q®)\§Tz§)_l({q®§T);c . (3b)

~

Clearly %*(Q) = % .
Estimator (4) is recognized by Brown and Zidek as a Bayes estimator, which
can be directly obtained from Lindley and Smith's (1972) treatment of the linear
model. However, a more careful application of the Lindley-Smith approach will
yield a richer class of estimators, which is the aiﬁ of this paper.
It will be shown that the relationship between the resulting estimator
and the Brown-Zidek MRRE is similar to that between the Lindley-Smith
Exchangeability Within Regression estimator and the Ridge Regression estimator,
where the Ridge estimator is obtained as a special case when an exchangeable prior

around zero is assumed for the regression coefficients. Furthermore, it will be

shown that the Efron-Morris (1972) estimators,at least for the known covariance
cases, can be obtained as special cases of the estimator suggested here. Hence
the latter can be regarded as an extension of Stein's method to the multivariate

regression model.

! Brown and Zidek stack their matrices row by row. I find it more natural

to stack them by columns and hence the few apparent differences.




The unknown covariance case, even after imposing initial restrictions on its
structure, is shown to be nonidentifiable, and hence further (nonstochastic)
restrictions are required for estimating the model parameters. Thus, prior

information on at least some of the covariances is imposed in the form of a

natural conjugate distribution.

2. THE LINEAR HIERARCHICAL MULTIVARIATE REGRESSION ESTIMATOR
The approach here is that of Lindley and Smith (1972). A three-stage model

will be assumed, where in the first stage, given the design matrix % s
N ) .
g8 L, Ong . TOL}

Equation (5) is Zellner's (1961) "seemingly unrelated regression equations”
representation of the multivariate linear regression model in the special case

of identical design matrices.

A second stage is added by supposing
| .
%,%,% 3 N(%q(g)% > L) s independent of MR (6)

that is, each E{Qj} = E (j=1,...,q9) . A vague prior knowledge on £ is

assumed for the third stage.

given y and %}is shown, for

The formal posterior distribution of (%T’ % )

known variances, to be normal with mean vector [see Haitovsky (1985)] :

and covariance matrix




and o, oh
ny ny

After some algebra this reduces to the means and variance, conditional on y -and
V)

Br = (1 ®xx+ @197 q, ®@xy (9)
cov (f3%)
- {01, 08)) Ma,08) e
SRR CHCERENCEE S )

-1 TA-1 -1 T -1
= I -Q 1 I I Q 1 I 1 I Q
Q L% GO, O1) e q @1 @, ®L) 19
Equations (9) and (10)can be regarded as ridge estimators of the multi-
variate regression model. Furthermore, the MRRE reduces to the least squares
estimator (3) when Q_l = Q , as is the case with the univariate ridge.

It will be instructive at this stage to impose some structure on the

general covariance matrix § . Let,
N

- ' : (14)
£ = yor | |

so that Vv (g x q)> 0 is the covariance (except for an overall scale factor)
"

between any two rows in % and & (p X p) > 0 is the covariance (except for
(AU

X:
N




an overall scale factor between any two columns in % . As a result %

reduces to Q = V_HJC)EfJ“ , and hence egns. (9) - (13) reduce
N AV VIV

respectively to

Hla @xBy
g oA

T i
B* = I XX + K z
" <mq®m Qv f\JW®m

_ T -1.-1
cov (B¥) = (£q®§§+5W®E ) (£®£p)

T -1.,-1,. T -1
* = (1 ) v
% (qu %q (%QK; C>

I )B*
upT A

_ T T, -1
cov (&%) = [(%q®£p){{®(§¥) + v

1 -1 -1 T
=11
1) %qx and %q xana

where K = FValW, W=1 —(lTV_
AWy N g gy g

Brown & Zidek (1980) require that MRRE obeys two rules:

(1) that it should be a Bayes rule for fixed known ﬁ,' which, being a

posterior mean, our estimator (13) certainly is;

for a suitably chosen estimator for K, in the special case of equal
information (%Té = %), the MRRE should correspond to the Efron and

Morris (1972) multivariate extension of the James and Stein (1961)

estimator. It will be shown in the next section that this requirement is

met here as well.

SPECIAL CASES

In this section we consider a few important subclasses of priors on

the regression coefficients. We start with those affecting the ridge

matrix K .
w




3.1 The prior é = Q is of special interest in applied work, since it

results in the multivariate regression analog to the Hoerl and Kennard (1970)
"ordinary" ridge rule, in Thisted's (1976) terminology. Thus, as Lindley

and Smith (1972, p. 11) show, the univariate (multiple) regressioﬁ

estimator,when the elements of Qj are assumed exchangeable about an

. L -
unknown value (i.e. a vague § ), is st :’(%T% + kgp) 1¥Tx , Where

- p_lgp and k = y/oé , the ratio of the regression error
variance to the prior variance of Q . When exchangeability is assumed
about O (i.e., & = 0 , in our notation),
gp reduces to {p and the "ordinary" ridge is obtained. Similarly, in
multivariate regression, % = 2 is implemented by deleting the last
column of submatrices from A (eqn. 7), resulting in Q = § in egn. (13).

Or, when (14) is taken into account, in analogy to the univariate case,

-1 -1 .
W becomes I and K = LV (in contrast to K =TV "W when the prior
N Lv Nw L w A v

>

on £ 1is vague). §w is an obvious multivariate generalization of k in
3 :

the Lindley and Smith framework.

3.2 Multivariate Exchangeability Between Multiple Regression Equations is

expressed by letting V = I , obtaining a ridge matrix §u

If, furthermore, it is assumed that T = Y%q (15) reduces to
"

A

E% - gﬁi + (ip -

o -1, T. -1
COV(Ei) {2 + q (%p g)} Y(§‘§)

-1.T -1,-1 -1_T A '
where H=(y XX+ZZ7) 7y X and B, as before are the least squares
Y N ¥ N V1

estimators. This is the Bayesian approach to growth curves with identical X,
i

matrices as developed by Fearn [1975, equations (10) and (11)].

It is worth mentioning here that if Zellner's seemingly unrelated regression




eguatlons model is assumed instead of (5) , i.c., the design matrix 7 , Say,
Y

in ~(5)

takes the form of a diagonal block matrix with different %i(i=l,...,q)

submatrices along the main diagonal and exchangeability between the regression

equationsis assumed, then

_ T -1 -1 ;l T -1
B = {2 " ®
N {'\, (f\, %n)"% + ’I\{q ®,§ } % ({ ®f¥,n)r¥, :

See Lindley and Smith (1972, eq. 23) and Haitovsky (1979, §vI-1).

Here again if R is a diagonal matrix, Fearn's results for non-identical

design matrices are easily obtained. See also Lindley and Smith (1972, p.10).

3.3 Multivariate Exchangeability Within Multiple Regression Equations will

require, in addition to letting X = Ip, a fourth stage in the Linear
v VIRV

Hierarchical Model [cf. Haitovsky (1979)]. 1f only the former is assumed then,

_ T -1 T
g = B OXE O g, 01y 69)

The last two cases can be combined with the £ = 0 prior assumption, resulting
NN

in H = Hq = %q and Hence, for instance for the present case one obtains:

T -1 T -
* = XX + ) X = B*
Brom GOXE+R®T @ ®x0y = B
This is the Brown-Zidek MRRE .

3.4 The Efron-Morris Extension of Stein's Method can be reduced from the

hierarchical representation of the multivariate regression model (5) and (6)

by letting n=p and X = s, I'=1 , £€=0 and Q=1 ()2], thus obtaining
N N MY Nnooong N

q

I
P

-1,-1 -1,-1 -1
= = - T
& Gpa ¥ 2a ®r 5y Tog = Tpa * X ®,‘:’, b G ®F Oy

or
Bx = {1 - (z+ 1)1
i Ap N AP Xi

vl

Cf., Efron and Morris (1972, eqn. 2.4).




If we relax now the a priori assumption that % = Q and let it be unknown

[Efron and Morris (1972, §7)1, % is estimated according to eqn. (17)
- 1 E
= = . and hence
2/ K P 3 61

-1. - -1 -
gx = (1 +1I ® 51<y+%®§ P

N pq q N n

-1.-1 -1- B ~-1.-1 - -1, -
e Ui = GO oyt Gy

-1 - -
- @+ D 3 -p +y

Cf. Efron and Morris (1972, eqn. 7.2) and recall that (k—p—2)“l

estimates I+ Z.
NP
Efron and Morris's more general formulation (1972, §4) requires a

modification in our model, i.e., replacing the covariance matrix in (5) by

I r and setti X = one obtai
mq®'\, ng X q’ o ns

B*

v

(i=1,..., q)

for the £ =0 . Efron and Morris (1972, eqn. 4.6)] , and
N

(i=1l,..., q)

for the unknown é




4. RESTRICTED LEAST SQUARES INTERPRETATION

Ridge regression estimatorswere originally obtained by either
minimizing the residual error sum of squares subject to a positive (scalar)
constraint on the length of the vector of regression parameters, or by
minimizing the length of the parameter vector subject to a positive constraint
on the residual error sum of squares. A generaiization is possible if the
minimization of the residual error sum of squares is performed subject to
a constraint on the length, in a prespecified positive metric, of the
differences between the vector of parameters and an a priori given vector
of constants. See Haitovsky and Wax (1980). Similarly, multivariate
ridge-regression-like estimates can be obtained as a solution to the

problem:

. T -1
mgn{,{ - (£q®§)'§} (-,{: @%n) {X - (,%q ®§),§I}

v

subject to the constraint

= T -1 = B
B-1,0D0 ¢-1, 0 =
yielding

. N -1 T -1.-1,,.-1 T -1 =
Brk, £, B = (L OXXx+k D) T T QXDy + KL 1, ©B)

where B is a p X 1 vector of constants, h 1is a given positive constant,
N
and k > 0 is the Lagrange multiplier. If now instead of fixing % one takes

it to be (in some sense) a mean vector of the estimated Ej 's, one obtains (9)

with Q . replaced by kQ , where 8 depends on how exactly E was derived. If,
N N

on the other hand, B 1is set to 2
N

2 -1 -1 T -1,-1,.-1 T
= r X >
Brac, g, 0 = T @xx+rg )T Oy

-1
i.e., (9) and (10) are obtained with 8 replaced by kg




In a similar manner the ridge regression estimatorsare obtained from the
generalized ridge estimators by setting the a priori given vector of constants

equal to zero.

The properties of the generalizéd ridge regreséion estimators are explored

by Haitovsky and Wax (1980).

COVARIANCES UNKNOWN

Turning now to the more realistic situation where the covariances are un-
known, it is natural to choose maximum likelihood as the estimation principle.
One may regard our three-stage hierarchical model as a mixed effect model,
where the first stage parameters are assumed random and the second stage parameters
are assumed fixed, in view of the widely known fact that classical (BLUE) estimatérs
of fixed effects are the limiting posterior means corresponding to random effects
with zero precision matrix (i.e. flat prior). Maximum likelihood estimators for the
mixed effect models were reviewed by Harville (1977) for variance component models
and were extended by Dempster, Rubin and Tsutakawa (1979) for covariance component

models. We follow Haitovsky (1985) who writes the joint probability

function, when assuming (14), as proportional to

12T

1 1
-5 - T T
Oy @I eerlng - I T - HETR TR

. = T .
where etr denotes the exponent of the matrix trace, and S ;\5} - %q@% is

obtained by "rematricizing'" the B - lq ®E vector. Maximizing (21) with respect
N v

to _1, B and & , the following estimators are obtained:
N n

Ly - mnla - By
n a oy ¥ vy

and B* and é* are as in (15) and (17) , but with the covariance matrices
N <




replaced by their estimators.
There are two things to note here:
in the traditional treatment of the multivariate regression, the matrix of
coefficients % is considered fixed, hence X and % are equal to zero,
and £ is indeed estimated by i in (22). Likewise, if it is assumed that
n

X = £p and E =0, i.e., the Brown-Zidek MRRE (see Section 3.3 above),

there is no need to estimate % , while V 1is estimated by
N

1 Ta
— B%* *
S BB (23)

where B* is a matrix of estimators obtained by '"rematricizing" B*%* with
N N
=0 and I =1_ . Estimator (23) is the '"natural estimator",
A N VP
suggested by Brown and Zidek (1980, egn. 2.14), apart from some differences
in the number of degrees of freedom, which the ML method so notoriously
" fails to account for. A correction for the number of degrees of freedom

is suggested below which will make (23) identical to the Brown-Zidek

estimator.

the matrix of order p X q

2 T > To-1, \—15-1
= B*x -1 = B*{I - (1L V'l v~y }
f\,q®'% ’b{q,q ( )

" v a4 N4

is of rank < min {p, q-1} , since its rows lie in the q - 1 dimensional space.

(Note that W= I - (lTﬁll y1ylJ  is an idempotent (nonsymmetric) matrix with
Y g AV GVREIVE R VIV |

~

rank and trace equal to q - 1 ). Consequently, either % or g is a
singular matrix. Alternatively, there are p(p + 1)/2 + q(q +1)/2 - 1
independent parameters to be estimated in fXCDEi’ but only Pq

( <p(p+ 1)/2 +alg+ 1)/2 - 1)entries in %* . That is, the structure

imposed on § does not suffice to identify the second stage covariance matrix.
v

In order to overcome the singularity, a Bayesian solution is suggested.




To this end we specify prior distributions for the covariance matrices. It will
be done through the conjugate family, which is the Wishart distribution. Assuming
-1

£ s X and E ' are independent, Wishart distributed with Y, vand o

degrees of freedom and g, 5’ and § matrices, respectively, the following

densities (up to a proportionality factor) are obtained:

—L(y-q- -
[T #(y=a-1) etr{-4I' G}
. v

-1 —-q- -
[y 2V T R
v n v

I DY -
2|20 gy
N AVIRNOW
The joint distribution of all the quantities is obtained by multiplying the joint
probability function (21) by the three prior densities above. The integration

with respect to & is performed by rewriting the second term in the
N

exponent in (21) as

- =1.T ) T -1 -
R G- L0 e (¢ 1,00

_ B =T e = T - =T -~
E-1L0D veEnTE L®h + (Lg¥ ‘%q)gg-g) z '

= T, -1 -1, .T -1
wher = (1V'1 1V I h 17
e é (qu %q) (mqb C)“@)E [the counterpart of (17)] ,

since the cross product term vanishes.

Now the integration with respect to é is straightforward, resulting in the

joint posterior density for E, E, X and I which is proportional to:
"\

1
2

r (1 v''1)

Ipl-%(n+Y—q-l),Vl—Z(p+v-q-l)lzl—%(q+0-p-2) T
v v 9 4

5T 1ay 1=y

x etr[ -%{1I"'¢ + v"5 + 37 4y - x) Ny - xB)T 4
‘ o v n n SVAVIAY Qv U AUV VIR

uwoon, Y




where here X=B- r{q@é . The integration with respect to % resulted in

the loss of one degree of freedom in the estimation of ,%
Following Lindley and Smith (1972) we derive the modal Bayesian estimators by

differentiating the log joint posterior density partially with respect to B

,I\:_l R X—l and ,%—l obtaining %* as before (egn. 15) with £+ % and Yy

replaced by their estimators:

a1y YRR Loy wh
(n + Y-q-1) {6 +(x - xB%) ¢4 X8 )}

-1 An—14]
O-p- + =V =
(q + P 2) {’% AVAVERAV] }

17,.T O=1 -1 aTa-12
- - + R+ =) =
(p + v-q-1) {(,{q 'Y, %q) qJ,q N AR %}

a=-1a,-1

213
n, v

117

-1 T
(p + v-q-1) [{(p+ \)—q—Z)%q(g + tq

,5)

The estimators for ,% and V  are natural in view of the following theorem:

Theorem : Let the p %X q random matrix B be multivariate normal with a common
E— N

mean vector & and variance VI , VvV, % > 0 , i.e., B = vec{B} ~
"N N N N

™
, V ) . Then, if
N(%q®,§ m®f\,) en, if q

V)
>

p+1

W, p, Q) ;
[aV)

and if p >q + 1, then

Tils 0wy, a, p)
n, n n,

where here = = B—l(f@ £ 1is the matrix of columnwise deviations from the
N A N

common mean factor.




Proof: vec {5} ~ N(0O, V®1I) . Diagonalize V by the orthogonal matrix P , 1.e.,
— N NN "N N

T -1 T
VP = A, a diagonal matrix, and define = (AN2®1) (P I ec {2} =
Rve =AM, WEOI)E Q1) vee {5}

b

LT .
A %p I ) vec {Z} . C(learl N r
A ORI z arly, 2N, I @F) , hence 2z VU(Z, p, @)
T

where = Zr , but 2z2Z° = = 3V B . imi -
1 z = vec {m} ut 22 Similarly for p > q+ 1

Q.E.D.

Corollary: For q >p + 1 , - ; - -1 m_l, p, ptq+l) and hence,

-1.T -1 -1 ~T.-1. -1 -1
= } =12 . + = = L
) z q+l , then (ET,Z\J 2 v (NV‘ , q, Ptq+1)

(q—p-l) E{(EV =
[aVaV) v
and hence (p - q - 1) E{<$5i—¥§)_l} B X—l

The correction of the number of degrees of freedom in the estimation of R
differs from that in least squares theory; in the latter the divisor is (n-p-1)
This brings up a related problem. O'Hagan (1976) proves that in joint

posterior densities as in our (24). modal estimatorsobtained from the joint

density will differ, often substantially, from that of the marginal densities;

the main difference being the number of degrees of freedom, i.e., the divisors

of the estimated variances and covariances. Thus, the problem of which mode to

choose can be problematic, especially when the number of regression coefficients

to be estimated is large relative to the sample size. However, note that this issue

affects the estimation of the vector of regression coefficients only indirectly,

via the estimation of the variances and covariances. It is our opinion that

the question of "which mode" cannot be ignored, nor overstated

in situations like ours, where the main objective is the estimation of the
regression coefficients rather than the covariances. A few trials made with

our model and the example in O'Hagan (1976) indeed support this contention.

The Bayesian modal estimates can be calculated using an iterative procedure:

A
B* | are computed using least squares multivariate

A
initial values for B*,
N a0

A

regression estimates (eqn. 3), from which the initial values for I' and for &%
N N

(eqn. 17) are computed, using for the latter a simple average of the q columns

of * (i.e., letting =1 in eqn. 17 ). Next, is computed, from which

4 "0




-

is obtained after suppressing Y to £q . Having computed o and %0 '

o

can be calculated, completing the first round, from which iterations can start.

o<y 2
o

Another possible iterative solution is the E-M algorithm. See Dempster et al. (1979)

APPLICATION TO SCOTTISH ELECTION.
Merely as an illustration, our method is applied to the Scottish election of
October 1974 in forecasting the final results on the basis of partial returns.
The forecasting model is that of Brown and Zidek (1979), which was used as pureiy illus-
trative as well. It is a modified version of a model actually used.by Brown and
Payne (1975) for predicting the February 1974 British General election.

6.1 Description of the Data: The data are taken from Brown and Zidek (1979) and

are described there in detail. The forecasting problem is to forecast the winner
of the undeclared constituencies on the basis of the declared constituencies.
The forecasting model is a multivariate regression with the dependent variables

being the change in the party's share in the number of electorates in each consti-

tuency, relative to previous election. The independent variables are the party's

.shares of votes in the previous election plus three dummy variables. The four
main parties who participated in the February and October 1974 elections were the
Conservative, Labour, Liberal, and Nationalist parties. They will be denoted by
i =1, 2, 3, 4 in that order. Thus, let wi and Zi denote the October 1974
and February 1974 votes for the ith party, respectively, and E the electorate

figure, which stayed practically the same in the two elections. Then

X, = 2Z./E and Y. = W,/E - X, i=1,...,4
1 1 1 1 1

denote the (non dummy) explanatory variables and the dependent variables, respectively.
The 3 dummy variables are

I 0.5 Liberal intervenes, i.e. w3 > 0 and X3 =0 ;
1 0

{ 0.5
= 0

otherwise;

otherwise;




Labour or Nationalist top party in February 1974

and le -X1<0.2,

4

otherwise.
where R 1is a categorical variable defining region where

= GLASGOW; Rest of Clydeside conurbation;
= EDINBURGH; : Rest of industrial centres;

= HIGHLANDS; Rest of Scotland.

The value of 0.5 employed in these three dummy variables XS’ X6, X7 is
somewhat arbitrary but was chosen so that a priori coefficients for all seven
variables would be of a similar magnitude.

Thus, q =4 and p = 8 , including the unit vector for the intercepts.

6.2 The Choice of Priors in the multivariate regression with acovariance structure

(14) 1is being studied now and will be reported in a subsequent paper. The
choice of the priors in the present paper motivated the research and, hence is
partially based on it.

There are three covariance matrices E, 5, and % and three scalars Y , V ,

and 0, which require prior specification. Vague priors are assumed for the

regression error covariance, i.e., G and Y are set to zero. The remaining
N

prior values are related to the regression coefficients and their assessment should
be based on their careful interpretation:

The forecasting equations discussed in the last section can be viewed as
including an implied explanatory variable for the eligible voters who did
not participate in the February election. Thus, rewriting slightly the first

~equation as:




+ dummies + error (j=1,...,71)

or, collecting terms:

W

7 z 7
_Ai - A3 4 _ _2j _ 33
E By T ) + W H+By -y 5+ By v 5+ (Byy - v 3

zZ,.
43 + dummies + error

By - g

and similarly for the three other parties, it can be seen that the coefficients
measure the shifts of votes from last election to the present, adjusted for the
fraction of abstainer, attributable to the various party supporters in the last

election. Thus, for instance, the negative B, in the "Conservative equation"

4
signifies a shift of those who voted Nationalist in the last election away from
the Conservative party in the present election, over and above the shift away

from the conservative party of nonvoters in the last election. If we disregard

now the problem of abstainers, obviously each of the regression coefficients

across equations must sum up to zero: in the absence of nonvoters the real-

location of last election voters for each party will result in compensating

shifts in the present election. In the absence of more specific information the
componentwise deviation of the E -vectors around % is justified in the present
application. Mgreovér, % = 8 should be imposed if all eligible voters vote,

or if it is believed that there will be no (non-proportional) shifts among the
last election abstainers, or nearly so. Otherwise, let % be freely estimated.

Now, as the case happened to be, competition was particularly fierce

between the Conservative and Nationalist parties, but less so between the Labour




and Nationalist. In the final result the Conservatives lost in the October
election 28.35% of their voters in February, the Labour lost 5.39%, the
Nationalist gained 32.61%, while the Liberals remained the same. The partici-
pation rate dropped from 77.87% in February to 74.60% in October.

Assuming that the nature of competition between the Conservatives and the
Nationalists on the one hand, and the Labour and the Nationalists on the other,
was known before the election, we have chosen a priori values for % to reflect

a prior belief that corr(B,,, B,,) = -0.7 and corr(B,,, B ) = -0.5 ; all
il i4 i2

i4

other correlations between the f 's across equations were set to zero.

T Z_l
"

Furthermore, in order to be in line with , to which R is added, the
N

v v

diagonal elements of R were set to 0.1 . Thus, R = 0.1 I4 + R* , where R*
N n N n

is a 4 X &4 matrix of zeros except that =-0.07 appears in the (1,4) and (4,1)
positions and -0.05 appears in the (2,4) and (4,2) positionms.

As for the choice of S , it was felt that the Conservatives benefited from

n
the Liberal intervention, but were adversely affected by the last two dummy
variables, and hence we set g = & + S* where S* 1is an 8 x 8 matrix of
8 N
zeros except for % in the (2,6) and (6,2) positions, -% in the (2,7)
and (7,2) positions, and <-% in the (2,8) and (8,2) positions. In the
six explanatory variable case the non-zero off-diagonal elements were slightly
increased to 0.7 and -0.5 respectively, while the last row and column
were deleted. Finally, Vv = 10 and o = 20 produced divisors for the estimates
of V and I of 13 and 14 respectively, and judged to reflect our
N N

confidence in our choice of R and S .
" ¥

6.3 The Forecasting Performance Criteria: It is not obvious that forecasting

the winner is best achieved by first forecasting the vote shares from which the
winner can be picked out. However, there are countries with proportional

representation where the number of votes matters, and, hence the multivariate




regression might be better suited there. We nevertheless follow here, merely as
an illustration, Brown and Zidek (1979) and use the first 25 declared
constituencies to forecast the results of the remaining 71 - 25 = 46
constituencies, using the multivariate regression set-up with n , number of
observations, equal to 25 . - Using these éS observations we first estimate
%* from which we can predict the Yi 's and eventually the number of votes to

be cast in each constituencies for the four parties. Hence,

W., = (Y,, + X, .)E, i=26,...,71;
ij ij ij i

Three criteria for goodness of prediction were chosen.

sD {tr% - @ - 46)}/2

number of incorrect predictions of winning party

a 2,02 1/2
wij) /(wij X 4 x 46)I

{200,
ii
where 2 is the 46 X 4 matrix with typical element wij .

The first two measures were used by Brown and Zidek (1979). The first is
just the square root of the mean squared prediction error and it indeed
estimates the standard deviatioﬁ of prediction.

The second records the number of times the prediction of winners proved
to be wrong. It is a very crude measure, but has the appeal of simplicity.

It does not however take account of the closeness of a particular contest.

The last is the square root of the relative mean squared prediction error.
It standardizes the prediction errors, in some sense, for ease of prediction.
Brown and Zidek also used a third measure which we feel will a priori bias the
results in favour of their method, since it was constructed to be in line with
the loss function they used in developing their estimates, and thus is rejected

here in favour of more objective measures.
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6.4 Results: Two variants of the linear hierarchical model were tried and
compared to the multivariate regression least-squares (maximum likelihood)
estimates (eqgn. 3) and to the Brown-Zidek ridge estimates (egn. 4 with K
estimated by i‘lx , where E and g are given on p. 13 below except that

in the latter the divisor is p-g-1 ). The two variants are with % vague and
with % a prior. set to zero. The three estimates are reported in Tables I -

The predictive record of all those three estimates and that of Brown-Zidek are

summarized in Table IV.

TABLE IV

PREDICTION RECORDS OF THE DIFFERENT ESTIMATES

SD RSD

Least Squares (M.L.) 1551.03 0.2972
Ridge (Brown-Zidek) 1315.78 0.2189
Linear Hierarchical Model

= 0 1315.62 0.2271

N
1423.97 0.2651

* The numbers in parentheses denote the number of wrong 'predictions" of

the winner party in the 25 declared constituencies.

Interestingly, the best prediction records is for the Ridge and the linear

hierarchical model with % = 0 , which is closely related to Brown-Zidek's
N .

Ridge, since the latter essentially presupposes exchangeability about zero.

See section 3. The reason for the more restrictive cases, namely % = 3 , to

perform better might be due to the fact that the '"sample" of the 25 declared




TABLE I

LEAST SQUARES (ML) ESTIMATES OF THE MATRIX OF COEFFICIENTS OF THE MULTIVARIATE
REGRESSION MODEL AND THEIR RATIO TO THE CORRESPONDING STANDARD DEVIATIONS

Equation 1 Equation 2 Equation 3 Equation 4

B/Std. Dev. 5/5td. Dev. a/Std. Dev. r 3/Std. Dev.

.0119

.0627

.0297

.1070

.2202

.0160

.0315

.0061




TABLE II

LINEAR HIERARCHICAL MODEL ESTIMATES OF THE MATRIX OF COEFFICIENTS OF THE
MULTIVARIATE REGRESSION MODEL AND THEIR RATIO TO THE CORRESPONDING STANDARD DEVIATIONS

Equation 1 Equation 2 Equation 3 Equation 4

B B* _8* _B*
Std. Dev. Std. Dev. Std. Dev. . Std. Dev.




TABLE III

LINEAR HIERARCHICAL ESTIMATES OF THE MATRIX OF COEFFICIENTS OF THE MULTIVARIATE
REGRESSION AND THEIR RATIOS TO THEIR CORRESPONDING STANDARD DEVIATIONS

£ - 0

~

Equation 1 Equation 2 Equation 3 Equation 4

B* B*/Std. Dev. g* g*/Std. Dev. R* B*/Std. Dev. B* B*/Std. Dev.




constituencies, on the basis of which the regression parameters were estimated,
is not a random sample, and hence might bias the forecast in the same systematic
way which determines the speed of declaration. The added restriction might

have the effect of correcting for that bias.

Finally, the pattern of convergence of the regression coefficient is

traced throughout the iterations and depicted in Figures I and II. For all
practical purposes, convergence is achieved in four or five steps. It continued

to iterate to the llth iteration only because our convergence criterion is strict.

7. A CONCLUDING REMARK

It was shown that the linear hierarchical model yields a richer family
of estimates than the Brown-Zidek MRRE, but at the cost of requiring more
information in order to identify all the necessary parameters in the case of
unknown covariances. This results from the fact that Brown-Zidek's MRRE is an
Empirical Bayes type estimate and hence all the parameters can be estimated
from the sample itself. Ours, on the other hand, is a Bayes type estimate
which requires some prior knowledge. Hence, the relative merits of both
estimates must take into account the availability and reliability of tﬁe extra

information required for the implementation of the latter.
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Figure I: Convergence Pattern of 8, the
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