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H. Neudecker
#)

A derivation of the Hessian of the (concentrated) likelihood function

of the factor model, by employing the Schur product.

Introduction

Clarke [1] recently derived the typical element of the Hessian of the

(concentrated) likelihood function of the factor model

x = Af+e

where e and f are multinormal with

Ee = 0, Ef = 0, Efe' = 0, Eee' = T, Eff'

T is diagonal of order p, both A and T are unknown parameter matrices.

It is the aim of this paper to derive an expression for the Hessian by

employing matrix differential calculus in conjunction with the Schur

product.

We first prove a lemma on Schur multiplication.

A lemma on Schur multiplication

Lemma 1: If M is a diagonal matrix, then

tr AMB'M = m' (A.B)m,

where A.B = [a..b..1 (the Schur product of A and B)1J 13
m = Ms, = (1....1).

Proof: tr AMB'M = E(AMB'M).. = I a .m
ijkk i3 j

= Ea. .m .b .m. = Em. (a .b )m
11 11- iJ jjij ij

A.B)m

The factor model and its (concentrated) likelihood function

Taking up the model again we find Ex = 0 and Exx' =AA' + T = I, say.
thLet x. be the vector of the 
.

set of observations,

- 1
x = --Ex. (i=1...n), S = (E x.x! - nxxi)n n-1

The log-likelihood of the sample variance S of the sample of independent

vectors x
1.
..x is

n 

(I)
-

1(n-l)flogiEl+trSE
1 
1 , a function of (the unknown parameters) A and
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JOreskog [2] has derived the concentrated log-likelihood as a function
of T, more precisely as a function of the k largest latent roots 01...8k
of S 

* _1
= T 2ST 2. He has shown that maximizing this concentrated log-likelihood

id equivalent with minimizing (1)k = tr02 log102 1 - (p-k), where 02 is the
digonal matrix of p-k smallest latent roots 

0k+1' 
.O of S .

Clarke [11 subsequently computed the second derivatives of (1)k with respect
to the element tpii of T.

The derivation of, the Hessian

Following Clarke we assure that S
* 

has distinct latent roots 81... k
 
and

0
k+1.

..8
p 

with associated (standard) latent vectors wl...wk and wk+1...wp.
The following properties are needed:

I) de
r 

= - w'T
-1
(dT)w

rr r

+0.
II) dw

r 
= - r j
  w.w!T-1(dT)w

r
2 Li -0
ir r j

0 +8r -1 12 j r -1d = 8 Lw'T (dT)w r 
r 

+ 8 E Lw'T (dT)w. 2r r r r 8 - 0jr r j 
r 

- -8 w' 
1

T(dT)T
1 
(dT)w

rr r

These can be fOund in Clarke [11, but can be established in a more
compact fashion. We shall do so.

We start from S w
r 

= 8 w
r r

with w'w = 1
r r

or equivalently w'dw - 0r r

where dw
r 

is the differential of w
r
.

Further

and

We then have:

w!w = 0 (jr)jr

(de)w
r 
+ edw

r 
= (d8 )w + 0 dwr r r r

W(dS)14 + w'S
*
dw = (d0 )w'w + 8 w'dwr r r r r r r r r r'

from which follows

(1)

(2)

(3)

(4)
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dO = w'(de)w
r r • r

because of (1) and (2).

Further:

wl(de)w + w!eclw = (de )w!w + e w!dw (jr)
3 r j r r jr r 3 r

or 0 w!dw = w!(dS
*
)w + 0.w!dw

r j r r j r

because of (1) and (3),

1 
w!dw =   w!(de)w

r -8. j r
r

1
E w.w!dw = E   w.w!(dS)w

3 r 0r-0j ii 
r

j~r

1
hence dw = E ww!(de)w

r . 0-0. j r
r

because of (4) and (2+).

5

_1 _1
From S T 2ST 2, T diagonal, it follows that

dS = -1T (dT)S - 1S T
1 
dT.

We rewrite 5):

d8
r 

= -lw'T
-1
(dT)S

*
w
r 
- iw'S dT)w

r

- w'S
*
T
-1
(dT)w

r 
= - w'T /(dT)w

r r

because of

We rewrite (Ey):

dwr
1 
-0 w•w(de)wr
rj 3r= E

1
w.w!T-1(dT)ew 2 E

1'
w.w!S*T-1(dT w_1 E  

j~rr -0j J er-0j

6 +0.
r 3

E 8 -e 
jr

because of (1). 

w.w!T 1(dT)w
rJ

(5)

(6)

(I)



- 4 -

'2
For d 8

r 
we find:

d
2
e
r 

= - (de WT-1(dT)w 
r 
- 20 wiT-1(dT)dw

r r r r r

+ Ow'T 1(dT)T
-1
(dT)w

r' 
because of (I)r r

e +e.,2
.wT

-1
(dT)w 

r
dT)w

r 
+ 8 w'T 1(d 

r  
wT) E

r r 0-0. 3r 3

+ 0 w'T
-1
(dT)T

-1
(dT)w

rr r

r -1 12
+0 Lw'T (dT)w

rr r

+ 8 w'T - 1(dT)T
-1
(dT)w

rr r •

0 +O.
r j

w'T
-1 

dT)w.12E _0
r j

We shall now differentiate (Pk. This leads to

-
d(1)

k 
= trd0

2 
- tre

2
1
 

d.0
2 '

and d
2

(I)
k 
= trd

2
0
2 
+ tr0

-21
(d0

2
)0

-2
1
dO2 

- tr0
-21

d
2
0
2

1
= E (1- Tr
r=k+1

+ E 
8
1
2 
(d6

r
r=k+1 r

1 r= E(1- (-5--)Or Lwr'T-1(dT)wrI2

0 +0.;
r - -1+ E(1- .!)O E r JLw' 

1
T (dT)w.

2
j + E(1- —

1
)0 w'T 1(dT)T 1(dT)w

r6 r -6 r O rrr . jr r j r r

1 2 -1
E Or [wr' T dT )w

r
j 2

r r

8 +8r -1 1
= E e LwiT (dl)w j2 + E —1-2--11WY-r r r

r j=r 
r

r j

+ E(8 -1)w'T
-1
(dT)T

-1
(dT)w

rr r

= E tr0 T
-1

w w'T
-1
(dT)w w'dTr r r r r

0 +0.
+ E E tr(8 -1) 

r j 
T
-1

w w'T
-1
(dT)w.w!dTr 0-0. r r 3r r j

+ E tr(0 
r 
-1)w 

r
w'T 1(dT)T ldT
r

dT)w.]
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(dOTO
r
-1

w
r r r r

6 ±0.

j

± (dTI)T E (0-1) 
6:i~r1:-6jj 

T
-1

w w'T
-1

.w.wr !
r r 3 3r

+ (dOT(61,-1)wrwi'„T-1.T-lidlp

where TI) = Ts.

We now employ the

5

d.4)

Lemma 2: Let (I) be a double differentiable scalar function of the vector x.
From d

2
cp = (dx)' Adx follows that the Hessian of ,q5 is 1(A+A').

See [4].

This leads to the results

w w'.w
rrr rr

- +0
j1 r + T E E 6 • -1) w w'.w.w! T

-1
r -0 r r j 3r r j

-1
+ T(E(6 -1)w W.I)T-1, where H denotes the Hessian.r r r

It can be shown easily that this expression is equivalent to the matrix
version of Clarke's formula 7. 

1) 
•

-1 -T - 1(Q Q' . 
2 
Q
2
T)T - 2T 1(

2
0 (I-

2
0 '.I)T

1
2  2

6.(0 -1)
-+ 2T r -1

(E E w w'.ww! )T
1

0-0. r r 
. 
3r j r 3

Write w w' = W w.w! =✓ r r' 3 j

e
r
+ej Hence E E (0

r
-1) 

6r-Oj 
W
r 
. W

jr

1) 1 A factor is missing in the last term of Clarke's expression.
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0 (0 —1) 0.(0 —1)
r r 

. 
j r

= E E W W. + 2 E E W W.
. 0 -0. r j 0-0. r j

✓ j r j r j r 3

0 (0 +O.)

± E Er 
r j 

W W.
0 —e. r j

r jfr r j

0.(0 -1)
j r 

. 0-0. r j
rj rj

0.(e —1
j 

= 2 E E 
r  

W . W. + E E (0 -1) W . W.
. 0-0. r 3 . r r 3

✓ j rj rj

e
r

e -0. r
rjr r

2

= 2 E 
r

W . W. + E E (0 -1 W • W.
0-0. r . r r 3
r 3 .rj

1 E E (0 +0.) w . W.▪ 2
✓ 

r 3 r

0.(0 -1)
= 2 E E   W . W + -1) S2 . Q1Q1

✓ j 0r 0j 
r j 

+5200' •QQ' -EOW .W
2 2 2 2 2 r r r

0 +O.
E E (0 -1) r ) W . W. +E0W . W

r 0 -0. r J r r r
✓ jr, r 3 r

0.(0 -1)
j 

i- E(0-1) W 
r 

r r 
.I= 2 EE 

. 0 —e. r 3
r rj r 3
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+ (0 . Q' + (0 -I)Q' . I + 0 Q' . Q'
2 2 2 1 1 2 2 2 2 2 2 2 2

8.(8 -1)
i r 

= 2 E E - W . W - 2Q (I-0 )Q' . I
0-0. r j 2 2 2

rj rj

Literature

(1) Clarke, M.R.B. (1970). A rapidly convergent method for maximum-likelihood

factor analysis. Br. J. math.statist.psychol. 23, 43-52.

(2) JOreskog, K.G. (1967). Some contributions to maximum-likelihood factor

analysis, Psychometrika 32; 443-482

(3) Lawley, D.N. & Maxwell, A.E. (1971). Factor Analysis as a Statistical

Method. London: Butterworths.

(4) Neudecker, H. (1969). Some theorems on matrix differentiation with special

reference to Kronecker matrix products. JASA 64, 953-963.


