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H. Neudecker

A derivation of the Hessian of the (concentrated) likelihood function

of the factor model, by employing the Schur product.

Introduction

Clarke [lJ recently derived the typical element of the Hessian of the

(concentrated) likelihood function of the factor model
X = Af+e

where e and f are multinormal with
Ee = 0, Ef = 0, Efe' = 0, Eee' = ¥, Eff' = L,

Y is diagonal of order p, both A and ¥ are unknown parameter matrices.
It is the aim of this paper to derive an expression for the Hessian by
employing matrix differential calculus in conjunction with the Schur
produét.

We first prove a lemma on Schur multiplication.

A lemma on Schur multiplication

" Lemma 1: If M'is a diagonal matrix, then
tr AMB'M = m' (A.B)m,
~where A.B = Eaijbij] (the Schur product of A and B)
m = Ms, s' = (1....1).
Proof: tr AMB'M = E.:(AMB'M)ii = ..Z aijmjkbzkmﬁi
i - 1jks

= Im,.(a..b..)m.. = m'(A.B)m
Lo 11713715755
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The factor model and its (concentrated) likelihood function

Taking up the model again we find Ex = 0 and Exx' =AA' + ¥ = L, say.
Let x. be the vector of the ith set of observations,

Ix, (i=1...n), S = L (% x,x! - nxx')
; 1 n-1 ", "i"i
The log-likelihood of the sample variance S of the sample of independent

vectors %....x is
1 n

¢ = vy - %(n—l){log[2|+tr82_l} » @ function of (the unknown parameters) A and
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Joéreskog [21 has derived the concentrated log-likelihood as a function

of ¥, more preglsely as a function of the k largest latent roots 6 Bk

of S =Y 2SW 2. He has shown that maximizing this concentrated log likelihood
id equivalent with minimizing ¢k = tr02 - logl@ I - (p-k), where 62 ls_the
digonal matrix of p-k smallest latent roots Gk 1...6p of §" .

Clarke [l] subsequently computed the second derivatives of ¢k with respect

to the element wii of VY.

The derivation of the Hessian

Following Clarke we assure that S¥ has distinct latent roots 61...6k

..Op with associated (standard) latent vectors w....w, and w, . ...w

Ors1” 1Yk k1 Ve

The following properties are needed:

I) do = - 9 w'W_l(dW)w
r rr r

6_+0. 1
II) dw_ = -1 g 1w wly T Ay
r . 8 -6. "33 r
ifr v 7

: 0 +6.

2 - oL 2 r
I11) d“%_ -ler[wrw (a¥)w 17 + R
ifr v 7

-1 -1

+ '

GPWPW (dy)y (dW)wP.

These can be found in Clarke [l], but can be established in a more

compact fashion. We shall do so.

We start from S*w

with

1 ! = .
o? equivalently wpdwr 0

where dwr is the differential of W .

Further : (3#r)
and

We then have:
(ds®w_ + s™aw_ = (36 Jw + 0 du
r r r r r r

w'(d8¥)w + w'S*dw = (A6 dw'w + 6 w'dw N
be T r T r’ o rr r

from which follows




de = w'(dS¥)w
T T “Tr

because of (1) and (2).

Further:

! * ‘ 1o¥ = ' ! 3
wj(dS )wr + sz dwr (der)ijr + erwjdwr (j#r)

or 6 wldw = w!(dS*)w + 8.w'dw
rj r 3 r i i r

because of (1) and (3),

6 .-6.

whdw = —L — w1(as®w
EE R r

z w.w'.dwr = I 5 }6 w.w!(dS*)wr s
j'r‘r‘ 17 j#I‘ I‘ j J 3

hence dw_ = I 1 w.w!(dS¥)w
r . -8. 33 r
jfr r ]

because of (4) and (2¥).

, ¥ diagonal, it follows that

1wy Yayys® - 15ty la.

We rewrite (5):

C-1 ¥ ¥ -1
= .. - 1!
der A (avy)s W 2wrS y (@W)wr
= - s lav)w = - 6wy Hav)w
T T rr T
because of (1).

We rewrite (6):

dw = I 1 w.w'(dS*)w
r . 6 -6. Jr r
jfr v ]
-3z 5 Ee w.ww'l(dw)s*wP -3 I
jgeor 03 39 j#r
8 +0. 1
-3z 62:51 w.w%W (dW)wP
j#r v 0

because of (1).

r ]

w.w!S*W_l(dW)w
13 r




d26 we find:
r

d26 - (de )w'W_l(dW)w - 26 w'W-l(dW)dw
r r’'p T rr T

+ 6 w'W_l(dW)W—l(dW)w , because of (I)
ror r

i ) 1 0_+0. 1

o [w'y T(av)w |7 + 6 W'y T(dy) % 1w wty” (v )w

rtr r rr . -8. 33 r
jfr v 7]

+ 8 w'W—l(dW)W_l(dW)w
P , r

-1 2 ‘ 6P+ej -1 2
1] 1
er[wrw (dW)wP] + GP .E 5 o [wrW (dW)wj]
jEr r j

+ 0 w'W—l(dW)W—l(dW)w .
rr r

now differentiate ¢k. This leads to

-1
trd02 - tr@2 q@z .

2 -1 -1 -1.2
trd 02 + tr@2 (d02)92 d@2 - tr@2 d 02
b P
T (1- Ei)dze + I 515-(der)2
r=k+1 r r r=k+1 r
_ _l i 2
2(1- 5 )er[wrw (d¥)w ]
r r
6 +6.
1 T 2 I RO | -1
L(1- 578, T g—gr[wly (dW)wj] +I(1- 5208 Wiy T(A¥)Y T (d¥)w
r r 7 Jjfr r j r P

1 2p -1 2
L5s er[wrw (dW)wr]
r r

-1 2 Optls 1 2
1 - 1
o, Ly @ 17+ 11 (o -1) grgtfury (dW)ij
r r j=pr r j

-1 -1
- 1
i(eP 1)wrw (av)y (dw)wP

tro W—lw w‘Whl(dW)w w'dy
r rr rr
6 +0. _; 1
L otr(8 -1) —L vy wry T (dy)w.w!dy
. r 6 -6. rr 3]
j#r r

tr(8_-1)w w'Y T(ay)y lqy
r rr




-
L Z(0,-1) ==
Lr jfr r j

+ (dy)!

- -1
1 - 1
(ay) i(er l)wrwrW

e

Where Y = V¥s,

We now employ the

Lemma 2: Let ¢ be a double differentiable scalar function of the vector x.
From d2¢ = (dx)' Adx follows that the Hessian of ¢ is Z(A+A').
See [u]. K

This leads to the results

-1 ' vy~ 1
Hw y (Zerwrwr.wer)W

-1 ) 6_+6. _
¥ (L (e -1) ow wowwt )Y

r e er—ej rr jj

1

W—l(z(er-l)wrw;.l)w-l, where Hw denotes the Hessian.
r

It can be shown easily that this expression is equivalent to the matrix

version of Clarke's formula 7. l):

-1 . ryo~l ool _ , -1
y (Q2QQA. QQQQ)W 2y (92(1 QQ)QQ.I)W
8.(6 -1)

2 r
(22 ——g—w
rj r

+ ooyl

Write ww' = W , w.w! =
rr r 33
.66,
Hence : I (o -l)-é-—:-l W W.

r §#r r . Bj r ]

1 . .. . .
) A factor 5__1__ 1s missing in the last term of Clarke's expression.
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8 (8 -1)
rr

L 6 _-6.
r 3

6 (6 +6.)
z
. 6_-06.
jfr v ]

LW+ 22 (6 -1)W LW,
r . r r 3
rj

T (er+e.) wP . W.
j#r J

- oLl '
. Wj + 92(02 1) QQ . QlQl

r




- 1 1 - 1 : ! 1
2,(0,-1)2) . 2,01 +0,(0,-1)2) . I + Q0,00 . 2,0}

_ - 1
o wj 292(1 02)92
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