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Juctiun and resourc.E· econi::mics. 



* p. ,.,: 0•·i ,u 1. t w:·;;_~_ L"'-roduct ion .Fur,c ,:ions 

f:a.Y.:d L. nebertb1, l\ngslo~ l?ai~-:•11lat•.>s, 
,nd Car::iett L. HYLl~1.fcrrl 

to ill · .. istratc production surfaces are difficult to tiui1d or c;,:penslv-;.• t•j 

purc'l.ase. Th{,se models usu.any are suppos':'d tr:, repn:-se:;.t ,1. r.wc- input 

mo~h.l L; o:fte·n nm·,,1.guou.s. But tJ.e :;;ost. s 1::r:;.:-,u:-; 1.Hsad\,antagt:\ of these models 

is tb2t t-:V('.n :if a ir:.-,1then1:1tic:d sp<.11:.:ificatfon of the ~>roducti:.1t1 function 

change th::-, pn_r:,_:11cte:r:.:: ,::,f the t1nderlyi..1g fun.ct.Lm au.cl ohs.,~rve the resul •· 

for t.eachbtg student:': abou1: the ·natun~ nf agr:i:,ul tur,~l p::.:·odii~:t ion fun.ct ion 

surfaces. A plotter !.inked to a computer is 1.,5 cd to generate three dimen-

sional i l lt•.~;tr::,ti,:,n.:, o: two- input agricultural product.ion fum:tiuns. 

Product.ion E~conordcs problems often :require the m·:1xii!,j zsti-:m or ,:1i}1i­

mizntion of a fur1ctiim, Con•puter g-raphics is also used a!:' a tool for 
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developing in studerits an under~ta.iding of the ,n;;;th,:>:rrath".; __ J. co:1.ditions 

necessary a:n<l sufficient for a ma:idr.::um or min:irm.11t1. Compuv.'.r graphics 

is u.:..eful as a tof/! for i;.>V(~loping in students an 1.mcletsta.nding of 

productio:1 C'Cor,c,~;ics b•::c:;,, ,s:.::: 

(l) Wih :.:.omputer graphics it i <: p1.)sd.b le to g•;mc.-rate three 

dimensional :iUustrations of surfaces fer a Lost of pro­

duction functions, not just the usual te~tbook case. 

Parameteri:: of the produ.;t ion fun-::t"i on can bf, va.ri,:d and 

the .resul umt impact on the su,:£.ice be ob~'(-!rved. Students 

ca.n compare ::;urfaces anong vroduction functions widely 

used in agricid.tur;:;il economics resr-:1.:rch s1::.::h .1:; t!1e C~)hb·­

Dcugias, Tr:mr:.cendental, Spillman, ClS, p,1;.y1'.,.0;11i~J forms 

a:1d ot.f:ers. Shapes of agricultural product i c1n funct i.or: 

surfact;s can he discerne:d at least ?.:ii e:,si.:.y f.co:11 :J !'cm­

puter generated illustration as from a woo1~1 o= plastic 

mo<lcl, and yet copies of the il 1.ustrc.1tions ,r.m be f'.crrried 

by studcr:ts h, a notebook! 

(2) Computer graphics, when used as a tool to !cupple:Lent 

in~tx-uction dealing with optimizaticm rrobh1ms, prov "ides 

vivid illustrations of the meaning of mathem3.tic.al ctm­

ditj_on.s necess .. ry and sufficient for a maximum or r.:inimum. 

Students can easily gresp the importance of sufUde;1t 

conditions when a mathemat ka.1 presenta~:ion is supplemented 

with computer-gene1'ated. illusu·aticns. 
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(:1) Computer graphics is quite inexpensive c:.nd .sin.;p.1e to use. 

The oniy t~qui:pment n1quireci is a ~'.omputer link;.id to a 
CALGJM:P (or other) pl.otter.• which is a'!aikbl e a,t nearly 

1 

ill'<·Y n:~ri th~dr ·.::,wn co111putnr gur~)hi.i:·s p!'Gitn.ims.' The cost 

_ll.lternat .ive Ag:ricdtvra!. 

The C:·:J-:iJ<1.::1,i,1 :',.,;,.,, ·:·he most wi.del ,_, u':',CC. f ,.1:1ct ion }!; ·.:,:r-od:• . .:·t ion ____ .,. ........ __ -------.. ·~•·"'"""""''-·•~--

ccorn,ntics lit';·n,tmc :i.s the Cobb-Dou.gla.s (1928}. A wm-sr:;,,l C>;,Iib-·Douglas 

(l) 

A= J. Dininl shing x .• iHtd con staJrt returns to 
,·. 

~~'}?.(:-? ~:'Pc;..•·:' 3 r}P:Vtc{e:n L·-:-..<.-~ .. · ~ r)l r e1· ·· ·· ·':' 1 · j , 1 " ~ 1 , 
----·--•-~.-........... ----··'-•···- ''"" , ... · 1::: ,;· cu.-. pcpuJ.a1' .. : ;~c, (11:·: transcenaenta. 1 

pre-duet i.011 funct.i r:l'n. .'\pp:roJn-.i ate sel c1ction of p;.irrn:(,tc·r-s yields a 
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The general form of the transcendental is 

(2) e 

Figure 2 illastrat~s the su1face of the function when o." ""· a 2 =- 4, 
J. 

2 ' 1 .. , .. " · ' d '·f . h Y 1 = Y 2 "' - , ;-\ '"~ • f,~, ::.mt nut ,Y; 1 s rro,1uce 1 e:1.t ~<'-' x1 or x2 

assume a value of z,,t·o, ,,nd the isoquants generated by the ftmction are 

asyn;pto'tic to the axes. Ridge lines enclosing Stage II for both inputs 

3 are parallel to the axes a.nd intersect a.t the maximum of the function. 

An alterna.te view of eqt.Hition 2 which more clearly reveals the three 

stages of production is obtained by rotating the figure in the x1, x2 

plane (Figure 3). 

Pol-?inomia?s. A number of polynomial forms have bt:ien used in 

agricultural economics research. A general polynomial form i.s 

Figure 4 illustrates equation (3) when 

a. 3 "" f3 3 = -.05, 

y l = • 40. 

The resultant illustration is a close approxiw.ation of what has been 

referred to as the textbook case. In contrast with the transcendental 

(Figure 2) isoquants intersect the axes, and ridge lines are no longer 

parallel to the axes. 
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'l'J1e Svi t Ln:::.in. One of th,:; c~lrl:i est ma. :·.hc.;na tJ. cal fo .nr.s :1\;ed to 

X I X'? 

(4) y - ACJ·F, /1-·L; ,. 

'.) < l.., ·' . J .•. 

•T1'1'.'°, ~,:.·.,1· llman •·,'.f·,,._'.·".· .~ •• ::::; ·, l' .. '-1 ,., •• 1.. ~ s ·' ·t 1 .,. .. + , .. ,.,. ,, .. , } 1 '-• .,. .., V'. , l: . .:,. ~ l\.1 -· .. •t J l'- 2 ·- • V .,, .J. . -"· ~ · ... , 1_, ,. ~ :... ·~ ••• ,. · 

Althcugh tho function onJ..:,, exhibits dir.Jn]shin2 :riarg::·::~\i. retu:r.ns, the 

sha1:e of the surLi.,:.,;:, is SQ!lle\vhat cLfferent fr::m: that of "(::,:· Cobb-

Douglas (figure ' ' l J ,.. 

Re~~rdles~ of the values assume~ for a and~. all 

Cobb-Doug} a~. t{pe pr-odu;;;t:i..011 functions have cl ast:icit ies 1>f svbsti tnt l 0n 

equal to ,.me. The CES (Arrow et al.) allows f,·,r ,~on::;1·an't cla!?ticitir.=-s 

of subsU tut ion other than one. The g:e11eral foun of th•~ CES :i:c; 

l 

(5) 
•f' ··O p 

y = A[<i:x, ' .;. (l-a)x2 J 
J. 

where the elasticity of ½ubstit1 .. tion (c) is re.iated tc t110 parameter p 

by the :i d,;ni.:i ty 

( (;) 

ahout thJ val 1.1e <:f o .. T,-10 a£ these c::i.::;es ar :~ i.Uu;-;t.rntc·d :i.n Figures 6 
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pr(H}uct.ioa surface approaches a pyramid in shape. ·n1L; :i.s s}10\-\:11 in 

Figure 6 by setting o '-' 10. If a > 1 ar.d -1 •'. p < 0, the isoquants 

interse4:.t both axef,, The produc·ti.cn surfo.ce s.hown i.n Figure 7 was 

gencrat,?J with r: :..o -. 5. Compa 1:e t:1is filure with F l.gur.e 1. 

Sufficient Conditions 

Ct•mputer gn~phic:-:, can also be used -to ::-.upple1:1e:nt the presentation 

of second order, or S\1fflcicnt conditions. 4 For ex,1-m.p 1.c, thr:) function 

(7) y =-- -x 
l 

reaches a maximum at xl ·- x2 = 0 since 

(8) I -2! < 0 
' 

(9) r -2 01 r .,I ;> 0 lo .,. ,:.J 

The c:b-Jv c dr·termin•~mtal conditions are su.ffi d ,~nt for a maximum since 

pri1;cip,Jl .ninors of the rdevant h1,;ssian alt.err.ate: in !dgn starting 

vd th a mh1us. Figure 8 illm,:trates eq, .. :aUon 7. 

A A.-:,r,d.dle poi:.•1,t is gen~rat(Jd hy the <.~qu,rlU.1.1n 

V -· X-r 
J. 

I 

2 

The fun et ion. n"2. ches a minimum at x J. 

at x2 -= 0 alm,g the x, r-ix.i s si.nce 
L. 

(_ll) ' 2 ' 
> 0 

(1:21 
.. , '! ..., LI 0 0 

<: 
-2i 

•- 0 alc,ng the x.1 ax.is and a maximu.tn 
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1'he above dett-.rmincntal conditions vio Lite snfficj 0nt con di t.:ions fvr 

. ~ 2 
l,..xl 

3 
t· 1 'l ,, .. , '-·•" 1 

+ 1. 2x.::; 
J. 

poi11t.s) occ.11r-rin.g f)"rJ(f.r.· t.1rc :--:-latt:ed ranr~n (fi.guI .. {·~ JU} .. 

conch tions ,;,_·re suri@ariJcd .in ·rab1.e 1. 

to Inste1~uct.i.un ... , .. _,_ . ....,. . .,. ______ . ··----·-~ 

:i.sv:tJ.ant~:, rid;;cl ines, and elastic.ities of subr;titm.11.)n. Fr:ior to t}K 

u:~: e of t.:omputer 

; i.c:;.tions of <>J.:gebraic charac:ter:istic:;; of 1::J-1e production 



t V 

;,t 

,; .; 

.' f ~-:., i • 

' : :1: ~ c .. : J,()t;, 

,, .. , 
,·. •.:. ,i ,· 

.l (: 
,· 

C.: I 
·•· [ -r 

C.:_···I l .: , : t,; ! . !-~ 



Table L S1~cond Order Conditions for fi~:un;; J:J. 

16.2434 

6.9342 

2.5366 

I lo,:.ial 
i 17A.? X-'i,, ;'71(,,.{}:: 

I 

I 
l 

l n, I < o 
;.· 

l I 
i H,1 < 0 

,-~-~~---- l ! ,:<;;;~~;~.n I 

·1· !' "' 8<:. ~ I 
1 !L ! < D 

l . .t 1· 

t ' j.! > (' t ,;.""'\ 
.;. 

2.5.366 

I Hll > 0 
' I i Hz) :,, 0 

. .., 
;:; ,., \! 

..... ,~---· --.--
~· .",C; ;, .'~' ,. 
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Footnot:es 

*Deberl'i.n .is J\.ssociate Profess{lr of Ag:d.cidttn·a1 Ec;m:mrJc~;.; 
Pagou1at0.s i::, Assistant Professor of Agricultural b:::oriotni,:s; Brad.:fol'd 
is Profc,ssor of Agricultural Ec.onomics, all at thti Unh'er.sHy cf K,;;ntucky. 
This r~per is an overvieh' of work reported in two forth;:cr:ri.r,g Uni ve1'sity 
,::,f Ke.ntucty R<co!:';c.2.rch Rr:mo.-ts by -:;he authors (1976~ end 1976b). Herman 
C. Collb:; w:r-cte th1:' PL-1 plotter program, 

1 

··A c<:>py c,{ tllt' rt--: plotter tirogram 5.s a.vi:iiL::ble in the forth-
t:OJ';:i.:'g l:e·;::rarch n::-ro1'tr. Pr()gr.c1.rn users ~:(dect the funct.:!.(1:,:, to be 
plottt~d. function. ::ia,a:;r,cte-rs, 'fr.d v2J1.i~:s over wh.t.eh tho f,1m.:tion :i.s to 
be p1 otte,J. 

·; 
~Throughout •Ji±; urti 1.:~e, y is ust:d to (1.e:::,ignate an outp~t, x , 

x? :n·e two irrp,.ns ol· f.i.ctot:; of p:rodw:::tifY,·t., e :rcf-c:-:·s -:-.,:J the bas4) .of the 
natu,·al J.cga·:--;;_ t};~:c, 1 hi::, 18tter A m~d the Crzs;;k lett,·rs ,x, $. y. and p 
desj_ 1;a.,:; te r rnductlvn ti1.11t::ti on paramcit C"L':, .. 

will £erierat.t~ ddge l.i.nes ·,.,htch are not raralicl to the axes. 

4se,.• the ,.Hsc0!-s.1.on on .:;uffici,mt cornl.it.ions :i.n Chai·;,~: a.nJ. 
!Htr::. U; r.ate,.·. 



Figure 1. y = x·4x.6 1 2 

"The Cobb-Doug\as" 
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I 
I 

I 



F' igure 2. Y -x4 4 - 1 X ( ~zv 2 e /\ -2x 
"The l 2) 

Transcen den ta/'' / 
I 

I 
I 



Y = x41 x42 e(-2Xl_ -2Xz) Figure 3. 

Alternate View of the Transcendental 



Figure 4. y = + Xi - . 05 X~ 

+ X + x2 
2 2 

"A Polynomial" 



Figure 5. 
y " (1 - • 4X Ii . (1 - • 6X2J 
"The Spill man" 

I 

/ 
I 

I 
I 



Figure 6. Y = t,4X~ lO + 
l --10 

"The C E S " (Case I ) 



Figure 7. y . (. 4x/ + . 6x/ ) 
''The C E S " (Case 2) 

--

l -.5 



Fig u re 8. y = _ X 2 _ X 2 
1 2 

"A Maximum" 



Figure 9. v = xz z 
I - X2 

II A Saddle Point" 



Figure 10. 

Y • 40Xl - 12xi + L zxi - . 035Xi 

2 3 4 + 40X2 - 12X 2 + 1. 2X2 - . 035X2 

"Local and Global Optima" 
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