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A Consistency Condition for Expected
Utility and Mean Variance Analysis

Introduction

Expected utility (EU) and mean variance models (MV) are the two main
approaches used to represent an agent's preferences over risky alternatives. The
EU model, the better theoretically grounded of the two, has made available a rich
set of risk aversion definitions which allow one to categorize agents by pref-
erence type. Agricultural economists have used the absolute risk aversion
function obtained from the EU model to measure risk attitudes in many different
settings (e.g., King and Robison, Binswanger, Love and Robison, and Wilson and
Eidman).

Practical risk problems, on the other hand, have often been solved using the
MV model. Work by Lin, Dean, and Moore, Scott and Baker, Boussard, Brink, and
McCarl, and Robison and Barry are examples from the agricultural economics
literature. The advantages of the MV model include its simplicity which allows
for two-dimensional representation of risky alternatives and the computational
ease which allows portfolio models to be solved using quadratic programming.
More recently, its usefulness has been extended to analytic work because qf its
ability to describe relationships with more than one random variable (Chavas and
Pope) and its convenient representation of incoﬁe and substitution effects under
risk (Cass and Stiglitz, Royama and Hamada, and Robison and Barry).

Because each approach has useful and unique features, much effort has been
made to identify the conditions under which the two approaches are consistent; or
at least the conditions under which the two approaches can be viewed as approxi-
mations of each other. If satisfactory consistency conditions could be found,

researchers would have the advantage of being able to combine the best features

of each approach in conducting decision theory research.




Until recently, no generally acceptable sufficient condition had been
found. Restrictions on the probability density functions describing risky
alternatives, such as normality, were rarely satisfied empirically. On the other
hand, restricting the agent's preference function to the quadratic utility form
implies perverse risk attitudes. Thus, most researchers modeling decisions with
the MV model have abandoned the requirement of consistency with EU because to do
so limits the flexibility of the MV model.

The paper has two purposes. The first is to report a new and more general
sufficient condition for MV and EU consistency recently identified by Meyer. The
second purpose is to use the new condition to perform comparative static analysis
in MV models. In doing so, a number of apparently unrelated results from the
literature are shown to arise from a common principle. |

The remainder of this paper is organized as follows. First, the literature
is reviewed with special attention given to the recently identified consistency
condition called the ''location parameter consistency'' condition. The next
section discusses how this location parameter consistency condition permits com-
parative static analysis using the MV model in a more general setting. Finally,
the last section illustrates comparative static results for two well-studied

economic models.

Literature Review

Available space limits our review of the known conditions under which EU and
MV models are consistent. An up-to-date review is given in Meyer. We simply
summarize by saying that without restricting either the class of admissible
probability density functions or limiting the decision maker's preferences to an
uninteresting set, so far no sufficiently flexible consistency condition has

been found.




The location parameter consistency condition (LPC), recently identified by
Meyer, is sufficient for MV and EU consistency. Most significant about the LPC
is that the condition has both empirical and theoretical support; moreover, it
does not restrict the preferences of the agent nor the specific form of the
distribution describing the random alternatives. What instead it requires is
that the risky alternatives satisfy a certain relationship relative to one an;
other. A definition from Feller is useful in summarizing the nature of the
relationship between risky alternatives required by the LPC.

Definition: Two cumulative distribution functions Gl(.) and Gz(.) are said to
differ only by location parameters o and B if Gl(x) = Gz(a + Bx)
with 8 > 0.

Some two-parameter families of distribution functions, such as the normal
or uniform families, are made up of members which differ from one another only by
location parameters. In addition, an infinite number of unnamed two-parameter
families are included among those families whose members differ from one another
- only by location parameters. Others, such as the lognormal family, are not.
However, even in the case of lognormal distributions, transformations of varia-
bles may sometimes permit the distributions to satisfy the LPC. Using the above
definition, we state the LPC condition which has the generality described above.
Proposition: If the set of random a]ternatives‘are each described by cumulative

distribution functions which differ from one another only by loca-
tion parameters, then any expected utility ranking of those alter-
natives can be represented by a MV ranking instead.
Notice that the LPC proposition imposes no restriction on agents' preferences nor
are members of the choice set restricted to a particular probability distribution
type. Instead, the distributions in the choice set are required to be related to
one another in the manner described.
To prove the LPC proposition, one recognizes that random variables are

described by distribution functions which differ from one another only by




location parameters if and only if they are equal in distribution to some posi-
tive linear transformation of the same variable. Normalizing this random varia-
ble so that its mean is zero and variance is one, this means that each random
alternative Yi is equal in distribution to “i+°’x where My and o; are the mean

i
and standard deviation of Yi and x is some arbitrary random variable. Of course,

this means that an expected utility ranking of these random alternatives is giveﬁ
by:
b
(1) s U(ui+cix)dF(x)
a

where F(x) is the CDF describing random variable x and [a,b] contains its sup-
port. Further details and a formal proof of this proposition are available
elsewhere (Meyer). Important to notice, however, is that the expected utility
model is now a function of the mean and standard deviation (square root of the
variance).

With the mean and variance embedded in the exbected utility model we are now
prepared to do comparative static analysis on those models which meet the LPC
requirements. Many simple economic models do, in fact, meet the LPC requirement
including Sandmo's model of the competitive firm and Tobin's pure liquidity
model. These two economic models, for example, satisfy LPC no matter How the
random variable is distributed and for any utility function because a]i‘fisky
alternatives available to the decision maker are positive linear transformations
of a random variable outside the agent's control. " In the Sandmo model, random
profit alternatives are each written as px-C(x)-B where p is an exogeneously
given random output price, x is output level selected by the firm, and C(x) and B
are the variable and fixed costs of production. The firm, in choosing output
level x, is choosing the parameters in the positive linear transformation of
random output price p which determine its profits. A1l alternative profit dis-

tributions in the Sandmo model satisfy the condition of being related to one




another by location parameters. Thus, to analyze the behavior of this firm in a
comparative static sense, one can use either MV or EU techniques and must get the
same results. Sandmo and Hawawini do indeed carry out the analysis under the two
different approaches and do prove the same theorems, but before this explanation,
no reason for this was available. A very similar point can be made for the pure
liquidity preference model.

In addition to this theoretical support for the LPC, preliminary indica-
tions are that empirical support exists in the only data set examined thus far.
To test for this sufficient consistency condition, one must test the hypothesis
that except for Tlocation parameters all cumulative distribution functions
describing the random alternatives are the same. Notice that this is a far
easier condition to meet than tests for normality or uniformity, for instance,
which require all CDFs to be the same except for location parameters and to be of
a specified functional form. It is the flexibility to choose any CDF in formu-
lating the test for the LPC that makes that condition more 1ikely to be satisfied
in a given data set. Preliminary work using a variation on the n-sample
Kolmogorov-Smirnov test for the mutual fund data used by Levy and Markowitz
indicates that one cannot reject the location parameter consistency condition as
a hypothesis.

The final point to be discussed before going on to comparative statics is
that the ranking function:

b 5 )

(2) r U(]J-i+01°x)dF(x) = Q(U-i’ll-i
a

which was presented earlier defines preferences in MV space as indicated. The MV
preference function, ¢(oz,u), is not overly restricted. That is, by choosing
various utility functions and distribution functions, one can obtain a wide
variety of functions ¢(02,u). Important to the comparative static results agri-

cultural economists desire, one can incorporate decreasing, constant, or




increasing absolute risk aversion and other such properties into a MV model by
deriving those properties of Q(cz,u) which arise from the imposition these condi-
tions on the utility function in the expression defining @#. A number of these
results are available elsewhere (Meyer).

In summary, the LPC is one with theoretical and empirical support, yields
flexible MV decision models, and hence allows one to combine the best features of
the EU and MV approaches in conducting analysis of various models where this
condition is met. Such analysis is carried out in a general model in the next

section.

Comparative Static Analysis

In this section, we deal with a MV decision model and the comparative static
results that one can derive within it due to the LPC assumption discussed in the
previous section. The impact of imposing this condition lies in the particular
MV preference functions which can arise and how their properties correspond to
properties of preferences in the expected utility model. The linkage between MV
and EU models was given earlier in equation (2).

Using this expression, one can re]aie such concepts as constant or decreas-
ing absolute risk aversion from the expected utility framework, to varioué prop-
erties of the MV preference function @. We will use certain of those prbberties
of @ to discuss the intuitively appealing ''income'' and '‘substitution''
effects often developed in MV comparative static analysis.

Assume an agent with preference function Q(oz,u) chooses 02 and u subject to
the generally specified restriction u = g(oz,a)+1 where o and I are exogenous
parameters. To solve a constrained maximization of this form, it is easiest to
replace u in the objective function, thereby eliminating the constraint. Thus,
the maximization becomes:

2

max ﬂ[oz,g(o ,a)+1]



The first-order condition for this problem is:

w1+gzgl=0

where the arguments of these functions have been suppressed for notational sim-
plicity. The sufficient second-order condition is:
D11+ 203 9 + By 05 + By 9y < O

Let D denote the left side of this inequality. One can show that assuming u(.) is
increasing and concave (i.e., displays risk aversion) is enough to imply that
D 0 holds for the Sandmo firm model and the Tobin ]iquidity preference model to
be discussed soon.

Assuming the condition D < 0 is satisfied, one can then use the first-order
condition to derive the effect of changes in parameters in the model on the

optimal choice of 02. Doing so for parameter I yields:

do? _ " P10 * 95 9)

I D

Q

[=¥

Now changes in parameter I represent vertically parallel shifts in the opportu-
nity set in (cz,u) space and can be thought of as representing ''income'!'
changes. That is, changes that make the agent better or worse off, but do not
affect the rate at which 02 and u can be exchanged for one another. In fhelmodel
of the competitive firm, such a parameter is the fixed cost parameter and in the
portfolio model it is the initial wealth parameter.

Of course, one can calculate doz/dI, as was done above, without ever impos-
ing the LPC. The value of imposing the LPC lies in its ability to determine the
sign of doz/dI. Specifically, one can show that the sign of dcz/dI depends only
on whether the agent in question displays increasing, constant, or decreasing
absolute risk aversion (Meyer). This result is not a big surprise, it has been
assumed by others, illustrated by example, and proven in certain specific econom-
ic models, but it has never been formally demonstrated as being true under the

general conditions used here.



The main point we wish to make concerning the above income effect, is that
it allows one to quite easily divide the effect of any change in the opportunity
set into two components, the income effect term and the substitution effect term.
As shall be illustrated, these terms play roles similar to those of the corre-
sponding terms in basic two-good consumer theory. To see this, calculate dozlda
where o is some parameter which shifts the opportunity set in an unspecified

fashion.

d® " P12 9+ P 91 9 + 9y 9pp)
do D

2 (-0, g415)
90 (%(17_) + - 20'12

Simple calculations show that -9, is how much I, the ''income'' parameter, must
change in order to offset in utility terms a one unit change in parameter «.
Assume for discussion purposes that g, > 0, thus increases in o increase the
agent's opportunities. The term (92 %%L) can be called the income effect result-
ing from the change in a. It is composed of both a term which indicates an
'‘equivalent'' income change, and a term which indicates how this income change
would affect the decision made by the agent. This is completely analogous to the
standard consumer theory discussion. | ‘

-gg .
The remaining term, (——gﬁ—Lg), represents the effect of changing o if the

parameter I had been adjusted to keep utility constant. It can be termed a
substitution effect. Since one can easily show that ¢2 is positive, this term is
signable if the constraint defining the opportunity set is such that 912 is of
one sign. For the examples we discuss, this is the case. Obviously, much more
can be done within this framework; space does not permit us to carry this out at
this time. Next, two examples of models satisfying the location parameter
consistency condition are briefly analyzed using the general comparative static

results just obtained.




The Sandmo Model

In the Sandmo model, output x is selected so as to maximize expected utility
from profits which were earlier defined as m = px-C(x)-B where C(x) and B are
variable and fixed costs, respectively. As mentioned earlier, all alternatives
to the firm are positive linear transformations of the given random variable p;
hence, the LPC proposition applies. The mean and variance forAeach profit

alternative in the Sandmo firm can be written as:

u x-C(x)-B

P
2 _ 2 2
O'pX

where up and Gg are the mean and variance of the random variable p.
Using the second equation to eliminate x from the first equation allows us
to write:
b (fg)“2 - ¢ [(5;1/21 .
P P
which is in the form u = g(oz,a) + 1.

One can now determine the effect of changing “p or 02 or B in this model

P
using the general methodology presented in the previous section. As heqtioned
earlier, shifts in B are ''income'' changes and hence signable on the basis of
decreasing, constant, or increasing absolute risk aversion.
Space does permit us to show this. Sandmo, Hawawani, and Robison and Barry

have found similar results concerning a change in B.

To consider the effect of an increase in cg, we write the result as:

do? do? _ P2%12
Ez‘ = -gz aB— D
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The Tobin Model

Tobin developed the pure theory of liquidity preference in the context of a
portfolio model involving a single risky and riskless asset. In that model,
terminal wealth, W, is expressed as W = awo;>+ (l-a)wor where o is the proportion
of initial wealth wo invested in the riskless asset, and p and r are the returns
to the riskless and risky assets. All alternatives to the firm are positive
linear transformations of the random variable r; hence the LPC proposition
applies. The mean and variance for each terminal wealth alternative in the Tobin

model can be written as:

H=aW e+ (1-a) Wur and

02 = [(1-a)w0]2 05

where ur and,oﬁ are the mean and variance of the random variable r.

Using the second equation to eliminate o from the first equation allows us
to write:

o 172
<

O

=W e+ (u.-0) (

which 1ike the Saﬁdmo model is in the form u = g(oz,a)+1.

One can now determine the effect of changing Hpes o&, p, Or wo in this model
using the general methodology presented in the previous section. Changes in wo
are income changes and hence are signable on the basis of increasing, constant,
or decreasing absolute risk aversion. Cass and Stiglitz and Robison and Barry

(1986) have found similar results.
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Summarz

This paper has introduced and illustrated a new condition which allows for
consistency between EU and MV models under much more general conditions than
heretofore known. The condition, the LPC, requires only that distributions be
related to one another in a particular way, namely that the distributions differ
only by location parameters.

This condition has important implications for both theoretical and empiri-
cal risk work. On the empirical side, it suggests the need to develop tests to
determine statistically when distributions differ by location parameters. This,
however, will be a much less restrictive test than the test to determine whether
all distributions are members of the same specified two-parameter family of
distribution functions.

On the theoretical side, much remains to be done also. We have shown that
the LPC applies to two specific examples, namely the Sandmo and Tobin models. It
is believed the LPC applies to a large number of theoretical models and can be
used to deduce original risk models in setting not yet examined. Moreover,
preliminary results suggest that income and substitution effects, with corre-
spondence to consumer theory models, may be more easily defined in MV mode1s than
in the EU model. Thus, it may be that the MV model has some advantage over the EU
model because of its mathematical tractibility.

Finally, some effort is needed to work backwards, when the @ function is
known to find the corresponding U(.) function. For example, Robison and Barry
and Chavas and Pope have used particular MV models to duplicate EU models. The
framework developed in this model might allow for a richer interpretation of

their models.
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