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Abstract

This paper presents a theoretical analysis of the effects of imperfect price
discrimination in a differentiated products Bertrand oligopoly. Three types of
discrimination are considered: that based on differences in industry demand
elasticity (i.e. sensitivity to changes in a common industry price), that based
on differences in brand elasticity (i.e. sensitivity to price differentials bet-
ween firms), and spatial discrimination. Limit results are obtained which show
that, when markets are approximately competitive, industry demand elasticity
discrimination always increases total output and surplus, while brand elasticity
discrimination has the opposite effects. An example is presented in which these
results hold for more general degrees of competitiveness. In this example it is
shown that spatial discrimination always results in lower prices for all con-

sumers, which increases total surplus but decreases industry profits.




1. Introduction

This paper presents a theoretical analysis of the effects of imperfect price
discrimination in an oligopoly in which prices are determined non-cooperatively.
The forerunner of this research is the analysis of the monopoly case begun by
Pigou (1929) and Robinson (1934) and recently investigated by Schmalensee (1981)
and Varian (1985). The main result of this 1iteréture is that while perfect
price discrimination increases total output and total surplus relative to the
inefficient uniform price monopolist, imperfect price discrimination has ambig-
uous effects on total output and surplus. Imperfect discrimination results in
lower prices in some markets and higher prices in other markets than would occur
otherwise. The gains in output and surplus from lower prices in the former
markets may or may not outweigh the losses in the latter markets. The direction
of the effect depends on a condition on the relative curvature of demand in the
various markets.

In this paper it is shown that the results for the polar monopoly case are
inapplicable to the more general case in which the market power of firms is
Timited. For example, it is shown that when discrimination is based on dif-
ferences in the underlying reservation price for the product of the industry and
when markets are approximately perfectly competitive, then discrimination has an
unambiguously positive impact on total output and surplus, in contrast to the
Robinson-Schmalensee result. In fact, there are two additional types of dis-
crimination that can occur with competition which do not occur with collusion.
It is found that in the non-cooperative case welfare conclusions generally
depend on the type of discrimination practiced rather than on any condition on

the relative curvature of industry demand in the various markets.



Analysis of discrimination in markets which are somewhat competitive is
important because the practice is prevalent. Witness, for example, the common
use of coupons, periodic sales, and senior citizen discounts in retailing and

“the use of super-saver airfares. (Phlips (1983) discusses other common business
practices.) Recently Beilock (1985) has empirically documented price discrimi-
nation in the unregulated trucking industry in Florida. The early writers
Clemens (1950-51) and Wright (1965) stressed the importance of analyzing price
discrimination in a competitive context. The profession has belatedly begun to
recognize this fact as there are a variety of recent theoretical analyses of the
subject including Katz (1984), Borenstein (1985), Spulber (1979, 1984), Oren,
Smith and Wilson (1983), and Panzar and Postlewaite (1984).

The present analysis is conducted in a model in which the products of com-
peting firms are exogeneously differentiated and prices are determined by
Bertrand competition. The buying public is segmented into n markets (for
example, into the senior citizen market and the under 65 market). Firms are
assumed to be able to base price on market membership giving rise to imperfect
discrimination in the non-cooperative equilibrium. Three types of discrimina-
tion are classified. First, buyers in different markets may tend to differ in
the strength of their underlying reservation price for the product of the
industry. Price discrimination occurs on this basis as it does in the collusive
case. This type is referred to as industry demand elasticity discrimination.
Second, buyers in different markets may tend to differ in the degree to which
they find competing products to be substitutes giving rise to what is referred
to as brand elasticity discrimination. Third, buyers in one market may have a

strong preference for a particular firm while buyers in another market have a



strong preference for a second firm. The resulting discrimination is denoted
spatial discrimination. With collusion only the first type is found.

In the analysis, total output, total surplus, and profit in the discrimina-
tory regime are compared with their corresponding values in a regime in which
discrimination is infeasible. General results are obtained for the case in
which all markets are approximately perfectly competitive, i.e. the case in
which competing products are close substitutes. The analysis complements the
works of Robinson and Schmalensee which analyze the opposite polar case of pure
monopoly. It is shown that in approximately competitive markets discrimination
based solely on differences in brand elasticity has unambiguously negative con-
sequences on total output and total surplus while that based solely on
differences in industry demand elasticity has positive effects. To extend these
results an example with linear industry demand is constructed in which explicit
solutions for equilibrium variables are obtained. For this demand structure
Robinson has shown that monopoly price discrimination Tleaves output unchanged
and decreases total surplus. It is shown here, however, that this surplus
decrease occurs on1y‘at a relatively high degree of monopoly power. For a wide
range of parameters, industry demand discrimination increases total output and
surplus. The last part of the analysis uses the linear demand model to analyze
spatial discrimination. For this case the surprising result is obtained that
discrimination decreases the equilibrium price paid by all consumers, increasing
total surplus while decreasing industry profits.

O0f the recent analyses of price discrimination, Katz (1984) and Borenstein
(1985) are the most relevant to the present one. Katz uses the Salop and
Stiglitz (1981) "Bargains and Ripoffs" model to investigate the welfare con-

sequences of the ability of firms to discriminate against buyers with poor price



information. In his analysis demand is inelastic and quantity purchased is
independent of regime. Total surplus is dependent only on the efficiency of the
number of firms. In contrast, in the present analysis, surplus is dependent on
the size and distribution of output while the number of firms is exogenous.
Borenstein presents a generalization of the Salop (1979) circle model to deter-
mine the effects of discrimination on free entry zero profit equilibria. He
also makes the distinction between discrimination based on industry demand
elasticity and that based on brand elasticity. He advances conclusions on their
relative merits based on numerous simulations which corroborate the analytical
results presented here.

The remainder of the paper is organized as follows. Section 2 presents the
model and defines imperfect discrimination and the concepts of industry demand
and brand elasticity. Section 3 presents a construction in which the state of
the industry varies by a parameter representing the degree of market power.
Conditions determining the effects of industry demand and brand elasticity
discrimination when markets are approximately competitive are presented.

Section 4 presents the example of linear industry demand and generalizes the
results of Section 3 for that case. Section 5 analyzes spatial discrimination.

Section 6 concludes.

2. The Model

The industry considered is comprised of m firms. The variant of the product
sold by each firm is in general differentiated from the variants sold by the
other firms and is assumed to be exogenously determined.1 The cost of producing
X units for each firm is cx, i.e. all the firms in the industry share the

constant marginal cost of c.



Each buyer purchases at most one unit of the product from at most one firm.
Buyers are heterogenous. The type of each buyer is denoted by the m-tuple
(r1,r2,...,rm) =re Rm, where rj is the dollar valuation or reservation price of
the buyer for product j. Suppose that a buyer of type r faces the price vector

2,..,pm) where pJ is the price of product j. The decision rule of this

(p',p
utility maximizing consumer is to purchase from firm j with probability one if
rj - pj 2 0 and if rj - pj > rk - pk for k # j. In the event that the buyer's
maximum utility is obtained by purchase from one of several firms, it is assumed

that the buyer randomizes somehow between these fir'ms.2

Firms are said to be able to practice perfect or first-degree price discrim-

ination if each firm can observe the type of each buyer and set price on that
basis. Denote pJ(g) as the price set by firm j to type r in the regime in which
perfect price discrimination is feasible. By the familiar Bertrand argument,

the following is the unique equilibrium outcome of price competition

pl(r) = ¢ for j # j'

pd () = ¢ + rd'- maxpo,rd"]

where j' = argmax rd and j" = angmax'rj.
J J#)

In this regime the price charged by each firm to each buyer is equal to cost
except for the price set for the product most valued by the buyer. The latter
price is set so that the buyer is indifferent to purchasing this product and his
next highest valued product at cost. As in the monopoly case, perfect price
discrimination exhausts all gains from trade. The difference here is the allo-

cation of the surplus.



The practice of perfect price discrimination entails enormous informational
requirements, presents many logistical difficulties, and is likely to be ille-
gal. However, it may be feasible for firms to practice impérfect price discrim-
ination. To model this, it is assumed here that the population of all buyers
is partitioned into n subsets which are termed "groups of buyers" or "markets".
The density Qf type r in market i is denoted by the continuously differentiable

m

function fi(g) 20, reR . Firms are said to be able to practice imperfect or

third-degree price discrimination if each firm can observe the market each buyer
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belongs to and set price on that basis.

For example, the population of buyers may be partitioned into the two sub-
sets of those buyers over and under 65 years of age. Firms may be able to
discriminate by offering senior citizen discounts. Because each group of buyers
is generally made up of a wide variety of buyer types, membership in a market is
not a perfect indicator of buyer type. However, because the distribution of
types generally differs across markets, membership in a market is informative.
In this analysis, three ways in which markets may differ are distinguished.

First, buyers in one market may tend to have a lower reservation price for
the product of any firm than buyers in another market. One might argue that
senior citizens have low incomes and generally may not purchase from any firm if
all firms set a uniformly high price. Such a market will be said to have high
industry demand elasticity.

Second, buyers in one market may tend to view the competing firms' products
as close substitutes while buyers in another market find them to be poor substi-
tutes. One might argue that a retired senior citizen has lower time costs to

travel across town than an employed middle-aged buyer. A market containing such



buyers will be said to have high brand elasticity because of the readiness of
these buyers to switch brands when there is only a small price differential.

Third, the buyers in one market may have a stronger preference for the pro-
duct of one particular firm than buyers in another market. For example, in the
spatial models buyers may be classified as those located near one firm and those
located near a second firm. Because of transportation costs, the former buyers
have a stronger preference for the first firm and a weaker preference for the
second firm, while the latter buyers' preferences are reversed.

The above three ways in which markets may differ result in three categories
of imperfect price discrimination, defined respectively as industry demand
elasticity, brand elasticity, and spatial discrimination. For most of this
paper, a symmetry condition on the position of each firm in each market is
imposed. Since asymmetry of market position is the essence of spatial discrimi-
nation, this form does not occur under the assumption. In Section 5, this
assumption is relaxed and spatial discrimination is explored.

The symmetry assumption is the following.

Assumption 1.

2 1.2 m—1)

1 m m .
fi(r P eea,r) = fi(r P Y SR & s 1= 1,...,0.

Note that this assumption is more general than it appears since firms can be
renumbered so that it holds.

Throughout this analysis, it will be convenient to use reduced form demand
curves rather than cumbersome integrals over the densities fi‘ Let pg be the
price set by firm j in market i. Let xg(pl,...,pT) be the demand of firm j 1in
market i given these prices. Based on the behavior of buyers described above
and the distribution of buyer types in market i, this function is determined as

follows (it simplifies notation to calculate the demand of firm 1).



1,1 mo_ 7 rloplep?  rloplep” 1 2 my .m 2.1
(1) X (P seuu,p’) = f1 / ceenJ fo(r .., rh)dri. . drfdr .
p ~00 -0
By differentiating (1) and evaluating assuming equal prices p1 = p2 = ... pm =p

one obtains the following symmetry condition on the cross partials.

ax] (ps....p) ax§ (Preeerp)
(2) =

apk apJ
This does not depend on the symmetry assumption. Assumption 1, however, is
needed to establish the following symmetry property. (It simplifies notation to

express it in terms of firms 1 and 2.)

1 ~ ~ ~ 2 ~ ~ ~
(3) X'i (P/P/Pre..,pP) = X.i (P/P/Psev-,P)

This just states that the demand in market i of firm j when it sets some price p
while all §ther firms set another price p is the same as the demand of any
other firm k when it sets price p and all other firms set price p. This sym-
metry property allows the convenience of conducting the entire analysis and
defining all concepts in terms of the demand of a single firm, which is taken to
be firm 1.
The 1industry demand zi(p) is defined as the total industry output in market
i when all firms set the symmetric price p, i.e.
zi(p) = ';1xg(p,...p) = mx;(p,...,p). Using the fact that fi( ) >0allre R™
and by dg;ferentiating equation (1), it can be shown that the following restrictions

can be placed on xg(p’,...,pm) and Zi(p).




(4a) aXQ(p1,...,pm) £0 Downward sloping individual
! ; firm demand curve.
ap?
(4b) ax%(p1,...,pm) 20, j#Kk Firm's products are substitutes.
apk
1
, m axi (Preee,p)
(4c) zi(p) =mZL : <0 Downward sloping industry
j=1 apJ demand curve.

It is useful to write the slope of the individual demand curve as follows

ax3 (P, -+ .P)
(5) :

apJ
. . K
axg(p,...,p) ax%(p,...,p) axi(p,...,p)
= - + K - Z .
ap? k#j ap k#j apJ
k
1 3 (pses.,p)
= nm z'i (p) - Z j .
k#j ap

This representation uses (2) the equality of the cross partials of the demand
functions at symmetric prices. The equation states that the decline in the
volume of sales incurred by a firm which raises its price can be interpreted as
having two parts.

The first part, the slope of the industry demand curve weighted by the
firm's share of industry demand, accounts for the buyers who no longer purchase
from any firm in the industry because of the price increase, who otherwise would
have purchased. The tendency of buyers in market i to act this way can be

measured by the following elasticity.
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1z.(P)p  -zi(P)P

(6) D,(p) = _m =
1

m

z.(p)

This quantity will be referred to as the industry demand elasticity of market i.
If the buyers in market i tend to have low reservation prices for the products
of all the firms then market i tends to have a high industry demand elasticity.

The second part of the firm's decline of sales in (5) is the loss of buyers
who substitute to products of competitors of the firm because their prices

become relatively lower. This tendency can be measured by the following

elasticity:
I axk(pl-'-Jp)
j#k ap’
(7) B;(p) = o
%Z(p)

This will be referred to as the brand elasticity of market i. If the market
has relatively high brand elasticity then buyers who view competing firms' pro-
ducts as close substitutes (i.e. have reservation prices for competing firms
which are close in value) tend to be relatively more dense in population weight
than buyers who view the firms products as poor substitutes.4
The equilibrium price in each market when firms can imperfectly discriminate

and compete in each market separately is now determined. Suppose that in market

i firm 1 sets price p1 and all other firms set price p. The profit of firm 1 in
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market i is then

(8) ni(p1,p) = (p1-c)X}(p1,p,...,p).

Firm 1's first-order condition is

1
1.1 1 ax.(p1,p,...,p)
= Xi(P /Prece,p) + (p -c) 2 = 0.

ap1 ap1

8N_(p1,p)
(9) S

In a symmetric equilibrium, p1 = p. In this case (9) reduces to

am (p,p)
1 =21

m
3P1 ap1

1
APs.-esp)
=0

ax
(10) =1 2z.(p) + (p-c)—

It is assumed that a price p* exists which solves (10) and that it is the
globally optimal response of firm 1 when all other firms offer p*, i.e.
n(p*,p*) > n(p,p*) for p # p*. This implies that p* is a symmetric Nash
equilibrium of Bertrand competition. It is further assumed that this
equilibrium is the unique equilibrium. It is well known that an equilibrium
does not always exist in models such as this. However, we note that the above
equilibrium assumptions (e.g. uniqueness) are not vacuous as examples can be
provided in which they hold.

It is useful to rewrite (10) in elasticity terms. Substituting (5) into

(10) yields
1 ! J
(1) gzge) + tpre)fpzyte) - § PGP Pl 2o,

ap1

Dividing through by %azi(p) and using (6) and (7) yields the following
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equilibrium condition
(12) p - (p-c)[D,(p) + B.(p)] =0,

which can be rewritten as

(12") p-¢C= 1 .
p D.i(p) + Bi(p)

The markup over cost is determined by the familiar inverse demand elasticity
rule noting that the individual firm demand elasticity is the sum of the
industry demand and brand elasticities. As the brand elasticity in market i
approaches zero, the formula reduces to exactly the standard monopoly formula.
In this limiting case all population weight is on buyers who find the competing
firms products not substitutable at a11.5 In fact, taking an approach similar
to Triffen (1956), one could define pure monopoly as what occurs in this
Timiting case.6

The other 1limiting case is the one in which the brand elasticity is infi-
nitely high. In this case the firms' products are perfect substitutes and by
the familiar Bertrand argument, price equals marginal cost. If all markets are
infinitely brand elastic, there is no price discrimination even if markets
differ by industry demand elasticity since perfectly competitive prices are
determined on the supply side, not the demand.

When 0 < Bi(p) < «, market i is neither purely monopolistic nor perfectly
competitive. Since, in general, demand and brand elasticity differ across
markets, from (12') there is, in general, a different equilibrium price in each
market, meaning that there is price discrimination in the imperfectly com-

petitive equilibrium.
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3. The Output and Welfare Effects of Discrimination

The equilibrium discriminatory price in each market determines the level of
output, profit, and total surplus in each market. Summing across markets
results in the level of aggregate output, profit and surplus. In this section
these levels are compared with their corresponding values in a regime in which
firms are constrained to offer a non-discriminatory price.

In the limit at which brand elasticity is zero in all markets, the analysis
is analytically equivalent to the pure monopoly analysis of Robinson and
Schmalensee. In this case any form of discrimination is necessarily based on
differences in industry demand elasticity. Robinson and Schmalensee have shown
that in this case discrimination has amﬁiguous effects on total output and
surplus. The direction of the effect on output depends on the relative shapes
of the industry demand curves in the different markets. A necessary but insuf-
ficient condition for total surplus to increase is that output increase. This
follows from the allocational inefficiency caused by discrimination. The prac-
tice can only increase profits because prices are determined by the solution to
a single optimization problem. Expanding the choice set can only make the maxi-
mized value of the objective function higher. Since these results hold in the
Timit of pure monopoly power, a continuity argument can be used to show that
they hold when the brand elasticity in each market is arbitrarily small.

| When the market power of competing firms is limited, the
Robinson-Schmalensee analysis is not applicable. Differences in brand elasti-
city are an important basis for discrimination in the competitive case which
must be accounted for in any analysis of discrimination. 1In addition, it is
shown below that even when discrimination is based solely on differences in

industry demand elasticity the effects are markedly different with competition.
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.

Of course, for general preferences a cutoff point of some measure of market
power cannot be obtained below which discrimination has certain competitive
characteristics and above which it has certain monopoly characteristics. What
is accomplished is a demonstration of the features of discrimination in markets
close enough to the 1imit of perfect competition.

In the analysis a construction is presented in which the monopoly power of
firms in the industry is interpreted as varying by a parameter a. In the limit
as a approaches zero the competing firms' products are regarded as perfect
substitutes by buyers in all markets. At this Timit point, price is equal to
marginal cost in all markets regardless of the regime and output and total
surplus are identical whether or not discrimination is feasible. Comparative
statics are conducted to determine the effect on prices of an increase in a
(market power) at a = 0. The effect of the change in prices on total output and
total surplus is then determined and conditions are obtained under which, for

small a, these variables are higher with discrimination than without it.

Analysis

Let the parameter a € [O,E) @ > 0 index a particular realization of the
model described above, i.e., a particular "world." The unit cost ¢ and the
number of markets n are assumed to be independent of a but the distribution of
types in each market is assumed to vary with a. Let fi(r1,...,rm,a) denote the
density of type (r1,...,rm) in market i in world «,i=1,...,n. The individual
firm demand curve of firm j in market i, xg (p1,...,pm,a), is derived from this
density using equation (1). A1l derived functions, e.g. zi(p,a) and Di(p,a),
are now written to denote functional dependence on a. To simply the presen-
tation, all assumptions are stated in terms of these derivative concepts rather

than the primitives. The following definitions are needed.
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Definitions

1z (p,a)
(13)  é.(pa) = __mi° i = 1.

k
Z axi(p,...,p,a)

k#j ap3
Di(p,a)
(14a) RDi.(p,a) =
J D.(p,a)
J
(14b) RB, .(p,a) =
J B,(p.a)

¢i(p,a) is the inverse of the brand elasticity divided by the price which

is used rather than the brand elasticity for analytical convenience. RD nd

.. a
1]
RBij are respectively the ratios of the demand and brand elasticities between
markets 1 and j.

The following are assumed to hold

Assumption 2. zi(p,O) < o, ¢i(p,0) <o for p 2 0.

Assumption 3. zi(p,a) and ¢i(p,a) are continuously differentiable for p 2 0 and

p20andac [O,E).

azi(c,O)
Assumption 4. zi(c,O) >0, “p <0, and
n
Y z.(c,0) = z(c,0) =1 (Normalization).

i=1
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3b,(p,0)

Assumption 5. ¢.(p,0) = 0, ap >0 for p € [c,p) some p > c.

Assumption 6. 0 < RBij(p,O) < ®

where RBij(p,O) = ;ig RBij(p,a).

Assumptions 2 and 3 state that the functions ¢i(p,a) and zi(p,a) are real
valued continuously differentiable functions over the entire range of a.
Assumption 4 states that at price equal to marginal cost and a = 0, industry
demand is strictly positive and strictly downward sloping. Without loss of
generality, the industry demand summed over all markets is assumed to be unity
at price equal to marginal cost. Thus z, can be interpreted as the proportion
of total output at the competitive price made up of purchases in market i.
Assumption 5 makes precise the assumption that increases in a are associated
with decreases in brand elasticity. In the 1limit as a goes to zero, ¢i(p,0) =
0, or, equivalently, in the limit brand elasticity is infinite. As a is
increased, ¢i increases above zero. Assumption 6 states that even though the
brand elasticity in each market approaches infinity, the ratio of the brand
elasticities between markets approaches a finite limit.

To understand the above construction it is helpful to think in terms of the
following sketch of a special case of it. Consider a generalized version of the
standard Hotelling (1929) spatial model with m firms at equidistant locations
around a circle. Suppose that a market consists of buyers with various
transport cost functions and various reservation prices for a good delivered at
their location and that the various kinds of buyers within a market are uni-

formly distributed around the circle. Holding the willingness to pay for a
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delivered good as fixed, suppose the transport cost function of each consumer is
varied by a multiplicative parameter a. In the limit as a goes to zero,

transport costs are zero for all buyers who then regard the competing firms pro-
ducts as perfect substitutes. A version of this example is presented in Section

4.

Equilibrium Prices

The symmetric first-order equilibrium condition (9) determining the
equilibrium discriminatory price in market i, after manipulation and use of the
definition of ¢i(p,a), can be rewritten as

D.i(p:a)
(15) EC;(psa) = ¢;(p,a) - (p-c)[— 5 ¢;(p,@) + 1] = 0.

Atp=canda=0, ECi(c,O) =0, i=1,...,n, i.e. when competing firms' pro-
ducts are perfect substitutes price equals marginal cost. Let pi(a) solve
Eci(pi(a),a) = 0.

In the regime in which discrimination is infeasible, each firm is constrained
to offer one price in all markets. In effect, the buyers in the n different
markets are pooled into one aggregate market with aggregate or non-
discriminatory demand defined by ng(p1,...,pn) =.§1xg(p1,...,pn) for firm j.
The associated industry demand and brand e1astici:;es DND(p,a) and BND(p,a),
as well as ¢ND(p,a) can be calculated from XND* The equilibrium non-
discriminatory price is then determined from (15) with i = ND, and is denoted
Pnp (@) -

In order to compare output and surplus in the two regimes for small a, the
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effect of a change in a on prices at a equal to zero must be evaluated. Totally

differentiating Eci(p,a) and evaluating at p = c and a = 0 yields

3¢, (c,0)

3a i=1,...,n,ND

(16)  p.(0) =

Thus the first-order effect of a change in a on price at a equal to zero is
the change in ¢, which is the change in the inverse of the brand elasticity
(without the price term). This change is positive by Assumption 5.

The greater degree of market power captured by higher a results in higher
prices in both regimes reducing total surplus relative to the efficient alloca-
tion. The relative efficiency of the two regimes depends in a sense on how the
effect of a on the non-discriminatory price compares with the average of the
effects on the discriminatory prices. Using L'Hopital's rule, it is shown in
Appendix A that the following relationship between the non-discriminatory and the

discriminatory prices holds.

LU et e ]
N
vl

1) i=1 1
ND
(17) p;mw) =3¢ - D Z; = n z
.Z 9. .X pi
i=1 i i=1 i
aa

Not that functions of p and a are implicitly evaluated at p = ¢ and a = 0.
Recalling the interpretation of z, as the proportion of total sales at the
competitive price made up of sales in market i, the relationship states that
the change in the non-discriminatory price is the harmonic mean of the change
in the discriminatory prices. By Jensen's inequality, this is less than the
arithmetic mean of the change in the discriminatory prices. Thus brand elastic

buyers have a disproportionate effect in causing the non-discriminatory
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equilibrium price to be at a low level. Intuitively, the presence of the

those buyers causes the marginal benefit of slightly undercutting competitors to

be relatively high because these buyers are so sensitive to slight price dif-

ferentia1s.7
Having determined the relationship between equilibrium prices in the two

regimes, total output and surplus in the two regimes can be compared. In the

discriminatory regime, the measures can be written as the following functions

of a.

n

Output Qpla) =1 z,(p;(a),a).
i=1
n

Profit (@) = Y (p;(a)-c)z,(p;(a),a)
i=1 T
n [+ 4}

Consumers Surplus Cpla) = Y I z,(q,a)dq
i=1 p.i(a)

Total Surplus TSD(a) = CD(a) + nD(a)

The analogous quantities in the non-discriminatory regimes, QND(a),
nND(a), CND(a), TSND(a) are calculated by substituting pND(a) for each pi(a)
in the corresponding definitions above.

At a = 0 prices are marginal cost in all markets in both regimes which
implies that all of the above measures are identical in both regimes. Therefore
for small a, the comparison depends on how the derivitives of these measures
differ in the two regimes when evaluated at a = 0.

The first proposition compares the two regimes in the general case in which
markets differ by brand elasticity in the limit (i.e. RBij(c,O) # 1 for some

i# ).
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Proposition 1. Suppose for some i and j, RBij(c,O) # 1. Then the following

hold:
. v '
(ia) nD(O) > nND(O)
. [ _ 1
(ib) TSD(O) = TSND(O)
B |l ]
(ic) CD(O) < CND(O)
(id) If RDij(c,O) =1, all 1,3 (Di(c,O) = Dj(c,O) all i,j ), then
A O ] 0 d T e 1t
QD( ) < QND( ) an SD (0) < TSND(O).
(ii4) Let n = 2 and without loss of generality assume that RB12 > 1.
> >
(a) Qp(0) 5 Qy(0) as RD,, 3 RBy,.
. ' RB12“(RB12)2
(b) TSD (0) > TSND(O) if RD12 > 2 .
.(p,a
¢1(p )

- 4 - 4 1 . ]
Proof. RBij(p,a) = ¢i(p'a). Since ¢i(p,a) = 0, all i, by L'Hopital's rule

99 .(c,0) .
—L—— pl(0)
RB. .(c,0) = —2% = —
1J 3¢,(c,0)  p;(0)
3

Since RBij # 1 some 1,], p; # p} for such 1,]j.

Proof of (ia). né(O) - n&D(O) =

|
™~
N
-
L
©
e -
ke
2 -
(w]

> 0 by Jensen's inequality.



21

Note that the second equality follows from (17). Proofs of (ib) and (ic) are

left to the reader.

-Z.

Proof of (ii). Let Di =-;l = D which is constant for all i by hypothesis.
i

n
Qé(o) - QND(O) =.z12;(9i - pND)
i=

n ' 1
=D[ ) -z.p; + 0oz ]
i=1

1 P

1

o -

< 0 by Jensen's inequality.

The fact that TSB'(O) < Ts;"'J(O) is proved similarly. The proof of (iii) is in
Appendix B. Q.E.D.

The premise of this proposition is that at least two markets differ by brand
elasticity in the 1imit. Because of this, the effect of a change in a on the
price differs in these markets, i.e. p;(O) # p}(O), some i,j. As discussed
above, the average increase in price is higher in the discriminatory regime.
This results in higher profits by a first-order difference, as stated by
Proposition 1(i). Because total surplus is maximized at price equal to marginal
costf by the envelope theorem there is no first-order difference in surplus in
the two regimes. The first-order increase in surplus attained by the firms is
then at the expense of a first-order loss in surplus by consumers.

Proposition 1(ii) states that if markets have identical industry demand
elasticity, then discrimination results in an unambiguous first-order decline in
output and a second-order decline in total surplus. The intuition is straight-
forward. Discrimination results in an average price which is higher than the

non-discriminatory price, implying the price increase from discrimination in the



22

low brand elasticity markets is proportionally greater than the price decrease
in the high brand elasticity markets. Since all markets have the same industry
demand elasticity, the decline in output in the former markets is greater than
the increase in output in the latter markets, resulting in a net decrease in
output. Total surplus decreases because of the output decrease and the alloca-
tional inefficiencies resulting from discrimination.

Proposition 2(iiia) presents an intuitive condition under which output

increases with discrimination for the case of two markets. If industry demand

elasticity and brand elasticity are positively correlated, and if the ratio of
the high to low industry demand elasticities is greater than the corresponding
ratio of brand elasticities, output increases with discrimination by a first-
order difference. Even though discrimination results in a proportionally
greater price increase to the low brand elasticity buyers than a price decrease
to the high brand elasticity buyers, the former have lower industry demand
elasticity and the net effect on output is positive. The condition under which
total surplus increases is that the ratio of industry demand elasticities be
larger than the average of the ratio of the brand elasticities and the square of
that term. This is a stronger condition than is needed for output to increase,
which is in accord with the Schmalensee result that an output increase is a
necessary condition for a total surplus increase.

In the monopoly analysis of Robinson and Schmalensee, brand elasticity is
identically zero in all markets and discrimination is based entirely on dif-
ferences in industry demand elasticity. Analogous to this in the competitive
case is the situation in which brand elasticity is identical in all markets in
the 1imit as a goes to zero, i.e. RBij(c,O) = 1 for all i,j. This is assumed to

hold in Proposition 2 below. By L'Hospital's rule this is equivalent to the
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assumption that

3¢,(c,0) a¢j(c,0)
da Y

for all 4,j.

(since ¢i(°'°) = 0 for all i). from (17) the first-order effect on prices is the
same in all markets (including the non-discriminatory case) and is denoted p'.
Because of this, price discrimination has no first-order effects on output and
profits and no second-order effect on total surplus. Differences between re-
gimes are then accounted for by differences in the second-order effect of a on

prices. Differentiating Eci(p,a) from (15) twice results in
9z,
i

(18) p;'(O) =2 -%9 p'2 + k i=1,...,n,ND

where k is a term which depends on second derivatives of ¢i which will be
assumed to be identical for all i. The above equation shows that the second-
order effect of a change in a on prices is higher the lower the industry demand

elasticity, Di’ which is used in the following resuilt.

Proposition 2. Suppose that RBi. = 1 for all i,j (which is equivalent to the
3b. 3.
assumption that 531 = 531, all i,j at p=c and a=0). Suppose that the second

derivatives of ¢i(p,a) are identical at this point for all i. Suppose, however,
that Di(c,O) # Dj(c,O) some i,j. Then the following hold. (In addition to the

fact that QB(O) = Q&D(O), TSB'(O) = TS&&(O), and né(O) = n&D(O)).

(a) Qg (0) > Qyy(0)

(b) TSy ' (0) > TSy(0)
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() my (0) = myp(0).

Proof of (a). From (18)

az‘i azND

'K re 2] dp ap
P: - Pyp = 2P’ -

1 ND z_i zND

Twice differentiating QD(a) - QND(a) and evaluating at a = 0 yields

L8 ] 1t gazi 11 |
Q, (0) - Qun(0) =2 77— (pP; - Pyp)
D ND 1.=1ap i ND azi 2
az_i 2 § 55——
=202 [ 28— -0z 1
i i i
>0

where the inequality follows frog the fact that Di # Dj some i,j and because it
cén be shown that the function %-, b > 0, is strictly convex (when Di # Dj some
i,j which holds by assumption).

Proof of (b). Thrice differentiating TSD(a) - TSND(a) and evaluating at a = 0

yields

T LR AN}

TSy (0) - TSyp (0) = 3k[Qy (0) - Qup(0)]

> 0.

Proof of (c). Twice differentiated nD(a) - nND(a) yields

n
1y Ty Te e
my (0) - myp(0) =iZTZi(pi - Pyp)
= 2p'% | % =1 azND]
j=1 9P p

= 0. Q.E.D.
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Proposition 2 contains the surprising result that when markets are approxi-
mately competitive (i.e. a is small) and when markets differ in the limit only
in industry demand elasticity, then discrimination results in an unambiguous
increase in total output and surplus, albeit a small one. The Robinson and
Schmalensee condition determining the direction for the monopoly case plays no
role here. In contrast to that case, the output increasing effects of lower prices
in some markets always outweigh the output decreasing effects from higher prices
in the other markets. An intuitive explanation of this result will be presented
in the next section.

Another surprising result of Proposition 2 is that there is no second-order
change in profits even though there is a second-order difference in prices. The
third-order difference in profits is a complicated expression including third
derivatives of the price functions (which do not appear in TSB"(O) - TS&Q'(O)).
In numerical examples considered, nD(a) > nND(a) always he]d for small enough a.
Yet in several examples, the inequality was reversed for relatively low values

of a, bounded above zero.

4. Linear Industry Demand

In this section a variation of the Hotelling (1929) spatial model is intro-
duced serving two purposes. First it is an example satisfying the assumptions
of Section 3 and it illustrates the 1imit results obtained there. Second,
because of its simple structure, explicit solutions for prices can be obtained,
which makes it possible to extend the results for more general degrees of market
power .

Consider a duopoly in which the two firms may be thought of as retailers
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located at two separate towns selling the same type of commodity. Marginal cost
c is assumed to be zero. Buyers live in one of the two towns and must bear a
transport cost to purchase from the out-of-town firm. The buying public in each
town is divided into markets (perhaps on an age basis). The number of buyers in
market i in each city whose reservation price for the product of their hometown

firm is no less than p is given by the following linear function
(19) 72.(p) = w.(V, - p)
2%i\P) = WLV = P

The total industry demand, combining the two cities, is then zi(p). Without loss
of generality it is assumed that Z W, = 1, implying that W, can then be thought
of as a population weight. 1

If a buyer in market i chooses to purchase out-of-town he bears a transport
cost t which is uniformly distributed on the interval [O,aTi] and is independent
of the reservation price for the product. Therefore if firm 1 sets price p in
market i greater than price E, the out-of-town price, then firm 1's market i
demand is

1, ~ 1 AT, -p+p ~

(20a)  x.(p,p,a) = gzi(p)(-;$:—-). for p > p.
Since p > 5, firm 1 sells only to hometown buyers. Of these, only those with
reservation price greater than p and transport cost greater than p-p purchase
from firm 1. When firm 1 undercuts the out of town firm the formula is slightly
different

PP
1, o~ 1 1 ~
(200)  x.(p,p,a) = 3z.(p) + é 2 oT, z.(p+t)dt, for p < p,

reflecting the fact that in this case firm 1 captures some out-of-town purchases
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in addition to all purchases made by buyers living in the firm's hometown.

In spite of the fact that the demand formula changes at p=p, it is continuously
differentiable at this point. It can be shown that there exists an equilibrium
discriminatory price in each market which is the unique equilibrium. If the
support of transport costs is not too diverse across markets then a non-
discriminatory equilibrium exists.

The results of Section 3 can be illustrated as follows. ¢i(p,a), the brand
elasticity inverse term, in this case is simply ¢i(p,a) = aTi, which can be
shown by differentiating (20) and using (13). It can be easily verified that
this satisfies Assumptions 2-6, in particular that ¢i(p,0) = 0 and that it is
increasing in a. The results of Propositions 1 and 2 can thus be applied. Note
first that the ratio of the brand elasticities is simply RB1..j = ¢j/¢i = Tj/Ti‘
Note second that at price equal to marginal cost (which is zero) the ratio of
industry demand elasticities is RDij = Vj/Vi' Therefore, from Proposition 1, if
a is small enough and if Ti # Tj some 1i,j but Vi = Vj all i,j, then discrimina-
tion results in a decrease in total output and total surplus. On the other hand
ifn=2and 1< T2/T1 < V2/V1 then discrimination increases output for small
enough a. Proposition 2 holds when markets are identical in brand elasticity
which in this case occurs when Ti = Tj for all i,j. If Vi # Vj some 1i,j then
from this proposition discrimination results in a strict increase in output and
total surplus for small enough a.

In fact, because the equilibrium condition in the above example is quadrat-
ic, equilibrium prices can be solved for explicitly and global comparisons can
be made. For example, it can be shown that if Ti # Tj some i,j while Vi =

Vj all i,j, then discrimination always decreases total output and surplus.
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The most interesting result holds for the case in which brand elasticity is
identical in all markets. Suppose Ti is constant for all i at Ti = 1 meaning
that the average transport cost in each market to make an out-of-town purchase is
%. It can be shown that as a is made arbitrarily large, the equilibrium price
converges to the monopoly level. For this limiting case, with linear demand,
Robinson has shown that output is identical in both regimes and that total
surplus is lower with discrimination because of the allocational inefficiency.
By continuity, for large enough a, TSD(a) < TSND(a) while from Proposition 2 for
small enough a, TSD(a) > TSND(a). It is interesting to determine the point at

which the welfare evaluation changes sign. Proposition 3 obtains a lower bound

for this point.

Proposition 3. Suppose that transport costs are uniformly distributed on the

interval [0,a] in each market. Suppose that ¢ = 0 and that the markets are
ordered so that V1 < v2 < eee < Vn‘
(i) Qp(a) > Qypla) for a >0

(i1)  Tsy(0)

TSND(O)
TSD(a) - TSND(a) is a strictly increasing function of a for a such that

1
a < §V1.

Sketch of Proof

The equilibrium price in a market with industry demand intercept V can be

written as a function of V and a as follows.

%
p{V,a) =a + 5 - (az + [%]Z)

N <<

The discriminatory price in market i is p; = p(vi,a). Aggregate industry demand
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behaves as if it were linear with demand intercept V = Z wivi and the non-
discriminatory price is Pno = p(V,a) (assuming this pri;e is Tow enough so
that there is positive demand in all markets). The difference in output bet-
ween the regimes is

n

n
Qpla) - Qypla) =i§1"" [v; - pyl '121"" [V; - Pyp!

n
= ;Z1wipi * Pnp-

Therefore to show (i) it is sufficient to show that p(V,a) is strictly concave
in V, which is left to the reader. (In the pure monopoly case p is linear in V
and output is the same in both regimes).

To show (ii), the total surplus in each regime is calculated explicitly by
using the assumption of linear demand in the formula for total surplus. The

difference between the surplus in the two regimes can be shown to be
1 2 _ 2

TSp = TSyp = 2[Pwp % WPyl
Substituting the formulas for P; and PND into the above and substituting U for
V/2 and U; for V./2 yields

_ _ T2 _ 2.2 . T2.\% _ 2 _ 2, 2 2%
2[TS, - TSypl = U° - (a+l)“(a® + U%) % WoIUS - (e+U)% (0% + U]
1.2 2 ,.2 2.% R .

Let g(U,a) = 2[U - (a+U)® (a® + U®)™] The above is then equivalent to

TSD - TSND = g(U,a) -i§1wig(Ui:a)-
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n

Note that at a« = 0, g(U,0) = 2 wig(Ui,O) meaning that TSD = TSND' To show that
i=1 v

TSD = TSND is an increasing function of a for a < U1 =—% it is sufficient to show

that %g(u,a) is a concave function of U for such a, which is left to the reader.
Q.E.D.

Proposition 3(i) states that when industry demand 1is linear discrimination
always increases output in the non-cooperative equilibrium. However, for a
large enough, monopoly is approached and in the 1limit quantities are the same.

Proposition 3(ii) presents a lower bound such that if a is no greater than
this level, then the total surplus increase from discrimination is an increasing
function of a. The criterion is that the average transport cost be no greater
than one half the average reservation price in the weakest demand market. To
put this into perspective, at transport costs equal to this bound the discrimina-
tory price and profit in the weakest market are respectively 59% and 82% of
their pure monopoly levels. Above this bound the change in surplus from discri-
mination eventually decreases and ultimately becomes negatives.

To understand this result, it is helpful to consider the pure monopoly case.
In this case the price in a market with demand intercept V is simply %, the
average reservation price. In the non-discriminatory case, price is set as
though the demand intercept were Z wivi’ (assuming it is optimal to have posi-
tive sales in all markets). Disc;imination results in price increases in demand
inelastic markets which are relatively as large as price decreases in demand
elastic markets and the net effect on output is zero.

In contrast, the non-cooperative price function is a strictly concave rather

than linear function of the demand intercept V. At low levels of V, transport
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costs are high relative to reservation value and the firm acts in a relative
sense like a monopolist. If V is increased, the firm is able to extract this
additional surplus by raising the price significantly. At high levels of
V transport costs are low relative to reservation value and the firm acts rela-
tively 1like a competitor. Further increases in V result in negligible increases
in price. Paradoxically, the firm acts like a monopolist in markets with low
prices and a competitor in markets with high prices. The impact of this is that
in moving from a non-discriminatory to a discriminatory regime, price decreases
in markets with high industry demand elasticity are relatively large compared
with price increases in inelastic markets resulting in a postive net effect on
output.

The above discussion suggests a means of distinguishing whether observed
discrimination in this model is based on differences in industry demand elasti-

city or brand elasticity. Suppose V, < V, < ses < Vobut To=T, = ce0 =T,

1 2 1 2

In this case firms act 1ike competitors in the high V markets and 1ike monopo-
lists in the low V markets. Specifically, if there'is a cost increase it is
passed along almost dollar for dollar in the higher V, higher price markets,
while it is partially absorbed by the firms in the lower V, lower price,

markets. It can easily be shown that a given cost increase has a larger positive
effect on price, the larger the original price in the market. On the other hand
if V1 = V2 = eee Vn but T1 < T2 < evee < Tn’ then the firms act 1ike monopolists
in the high price markets and like competitors in the low price markets. A
given cost increase has a smaller positive effect on price, the larger the orig-
inal price in the market.

It is interesting at this point to contrast the Bertrand case above with a

Cournot oligopoly. Consider the simplist case with homogeneous products, m
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firms, linear demand and zero marginal cost. In this case the Cournot price
formula has the familiar form T%ﬁ which is linear in the demand intercept V.
Price as a percentage of average total surplus is independent of the size of the
surplus. Output is the same in the two regimes regardless of the number of firms
implying discrimination results in a strict decline in total surplus. The
welfare analysis of discrimination in a Cournot oligopoly appears to be essen-

tially the same as the monopoly analysis, in contrast to the above results for

the Bertrand case.

5. Spatial Discrimination

This section briefly explores spatial discrimination in a competitive con-
text. This form would occur, for example, if the two firms in the model of
Section 4 could distinguish the hometown of a buyer. In the non-cooperative
equilibrium each firm recognizes its inferior position in the out-of-town market
and offers those buyers a discount.

There are many papers which analyze spatial models in which discriminatory
prices are set by a monopolist or collusive oligopoly including Holahan (1975),
Norman (1981), Spulber (1981) and a large literature cited by Phlips (1983).

Yet the form of discrimination discussed in these papers is better classified as
that based of differences in industry demand elasticity. Buyers who live
further from a firm have higher per unit transport costs which cause their
industry demand to be more elastic. A discriminatory monopolist sets a lower
price. In contrast, if firms act collusively in the model discussed here, there
is no discrimination in equilibrium.

One paper which does present a model of competitive spatial discrimination

of the type discussed here is Macleod, Norman, and Thisse (1985). The contribu-
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tion of that paper is a proof of the existence of a free entry equilibrium in a
simple model in which demand is inelastic and transport costs are identical at
each location.

For simplicity the example of section 4 will be discussed with the
generalization that industry demand is concave, z'(p) < 0, z"(p) < 0, rather than
linear. Transport costs are distributed on the interval [0,1]. Firms can
distinguish two markets, buyers in town 1 and 2. Let the price offered by firm
j to market i be pg. Clearly in equilibrium p: > pf and p; < pg. If p: < pf,
for example, no buyer in town 1 would purchase from firm 2. But firm 2 could
always capture some sales 1in market 1 by slightly undercutting firm 1 in that

market. Assuming that pz > pf, the demand of firm 1 in market 1 is then

1,1 2, _1 1,2

This formula is identical to (20a), which is the demand of firm 1 in the com-
bined markets when discrimination is not feasible and when firm 1 sets a higher
price than firm 2. This holds because in this case the only buyers who would
purchase from firm 1 are those that live in town 1. This simple fact plays an
important role in the result below. The demand of firm 2 in market 1 can be

written as

1 2
p1-p1

x2(p1,p2) =/ lZ(p2 + t)dt
1177 0 2 1
It can be shown that in this example there exists a unique discriminatory

equilibrium in which each firm offers a price Py to hometown buyers and a price

Po to out-of-town buyers. If discrimination is not feasible, there exists a
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unique non-discriminatory equilbrium price denoted PnD* The surprising rela-

tionship between Phr Por and PnD is stated in the following proposition.

Proposition 4. Both discriminatory prices are less than the non-discriminatory

price, i.e. Pg < Pp < Pyp- Therefore all consumers are better off with spatial

discrimination, while profits are lower and total surplus and output are higher.

A proof of this is sketched here. Let pi be the price offered by firm i and
let ni(p1,p2) be the profit of firm 1 in market i in the discriminatory regime
and nND(p1,p2) be the profit of firm 1 from the combined markets in the non-
discriminatory regime. As discussed above, when p1 > p2, n:(p1,p2) = n;D(p1,p2).

If can be shown that in the relevant range

1 1 1
am (p lp2) oan (P1:p2)

ND ND
——‘—T—'—"‘ < 0 and ——T—T— > 0.
dp dp

ap1ap
This implies that the reaction function of the firm is upward sloping in the
other firm's price, i.e. in the non-discriminatory case, if firm 2 offers a
lower price, firm 1's optimal response is to set a lower price. Since the reac-
tion function of firm 1 in its hometown market in the discriminatory regime is
the same as its reaction function in the nondiscriminatory regime and since
PND is the optimal reaction to Pnp* if the out-of-town price Po is less than
PND* the optimal response of the hometown firm, Phe is then also less than PND*
Thus, to obtain the result, it only has to be shown that in equilibrium the out-
of-town price is less than Pnpe It is intuitivé that this would hold and the
proof is left to the reader.

The above result could be extended to the more general model with

many firms. Spatial discrimination would be said to occur if firms, though not



35

2,...,rm) of a buyer, could observe the

able to observe the type r = (r’,r
ranking of the firms by the individual. Again, the reaction function of the
most preferred firm is the same as jt is in the non-discriminatory case. If the
reaction function in the non-discriminatory\case is an increasing function of
the other firms' prices, as it usually is in these models, then the non-
discriminatory price is greater than the discriminatory price set by the most
preferred firm and therefore by all the firms.

Though not quite a Pareto improvement (firms are worse off) competitive spa-
tial discrimination has the appealing consequence of bringing all prices closer

to marginal cost. Note that this holds for general degrees of monopoly power

and is not a limiting result as are those in Section 3.

6. Conclusion

This paper analyzed the effects of price discrimination in a model of a dif-
ferentiated products oligopoly. It was shown that brand elasticity discrimina-
tion has negative consequences on output and total surplus in markets in which
competing firms products are close substitutes. Conversely, industry demand
discrimination has positive consequences in such markets. These conclusions
were extended for more general degrees of market power for the special case of
linear industry demand which is surprising since monopoly discrimination
decreases total surplus for that case. Finally it was shown that spatial
discrimination results in Tower prices in all markets and lower industry pro-

fits.




.36

Appendix A

It has to be shown that at p = c and a=0

)
0¢ z
W
oa f zi .
0¢
i=1 —i

¢ND(p,a) can be written as

n
) z,(p, @)

i=1
¢m(p’a) = n zi(p,a) °

i=] ¢1(P, a)
Differentiating yields

P e Gy
—_ ¢ Lz JIZ ——¢
Owp 121 8¢ 1 "1t 1% pa !
da n ¢ ¢
Zzi—i (2;1-212
=1 o, 141
L] o]/
(22 (22,(3H " —
+ i i i 2da
(z 3t 27
1% 1

where the first term is multiplied by 3;?5737

and the second and third terms are multiplied by

¢i(p,a)2

¢i(p,a)2

L]
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By Assumption 6,

4>
0« 1im~$-'< ™,
a+0 "1

Since 1lim ¢ (p,aD = 0, the limit of the first two terms is zero.

a+0
By L'Hospital's rule

M
¢,(c,a) Qdua ‘(c 0
lim — o
¢, (c @
a+0 1 (c 0)
Therefore,
z 0¢
i, 2
(zz,)(] ——1—)(5—3
e TR Lz,
d 2 i
i (X—aﬁz( ) § TN
53' - da

Q.E.D.
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Appendix B. Proof of Proposition 1(iii)

621

(iiia) Let zi = 5};- .

QS(O) - Q&D(O) = zipi + zépé - (zi + zé)p&D

Dividing through by p&D and using the formula for p&D derived in

Lemma 2 yields

1 ]
P P

1 N - 0r = 5! 1 — \J — ' -2 - 2!
— (00 - QO] = 2z12) + 22, T+ 22 pr T BT TR T R
P 2 2
P
—nt : (]
L (py-p)) . (p,-p))
1% v, 2% P}

where the second inequality uses the fact that z; + 22 = 1., By
pO
2

assumption, RBj, > 1. Since RB,, --;T, pi > pi. Therefore

ey 2 g “21%3 > %%
QD(O) < QND(O) as P! < T

2 P
or as
. z p'
1 > 52
RD,, =—— 5 =5 = RB ,.
12 zé < Py 12
b4
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2 02 2
e - (N = 1t - ] ' '
(iiib) TSD (0) TSND(O) zip|” + z2p2 (zl + zz)pND
l+'
N Y (z]+2})
Z)P1 2P2 z1 z2 9
(v + -9
P, Py
2 2 1
By dividing the above by -z!p! ", setting — = 2z', — = 2z, and
P! 171 z2 22
recalling that —% = RB,,, it follows that TS''(0) > TS''(0) is
Py 12 ‘ D ND
equivalent to
2 1 (1 +33(1 +42
RB -1 == z z
-1 - 12 > z - i
z' z 1 y2 °
2,2 (1+=9
(21+R812) 2RB);

After manipulation of the above, it can be shown that the inequality

holds if the following holds

2
'ET(I-RB )>2(—1-1) Eﬁ?z——l) +-z—,'(R.Blz-l)

A set of conditions sufficient for this to hold is

z

™ L a-r i (z--)
12
(**) —(— -1 + i—,— (RBlz- 1) <0

It can be shown that (*) is equivalent to

RBIZ + (RB

2

12)

RD,, >

12

and that (*) implies (**) which completes the proof. Q.E.D.
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Footnotes

See Holmes (1985, chapter 4) and Borenstein (1985) for an analysis which
uses the Salop (1979) circle model with free entry.

The actual randomization does not matter in calculating the demand of the
firm because the set in which such ties occur has measure zero.

See Holmes (1985, chapter 5) for an analysis of this model in which firms
cannot directly observe the market a buyer belongs to, but can use quality
to sort buyers by level of industry demand. The analysis of Mussa and Rosen
(1978) for the monopoly case is extended to a Bertrand oligopoly.
Borenstein (1984) presents an analysis of elasticities which is suggestive
of the one above.

If the price in market i is determined cooperatively rather than non-
cooperatively then the price cost margiﬁ is the inverse of the industry
demand elasticity and is independent of brand elasticity.

I am grateful to Don Hester for this reference.

As an illustrative example suppose that there are buyers with perfect brand
elasticity with positive measure in the market. In this case ther; cannot
be a symmetric equilibrium with price above marginal cost because of the
familiar Bertrand reasoning, regardless of the number of brand inelastic
buyers. In this case price equal to marginal cost solves the symmetric
first-order condition. Of course, this is not an equilibrium because a firm
can set a small positive profit margin and salvage positive profits from
sales to the brand elastic buyers. 1In general, when brand elasticity is
extremely diverse an equilibrium does not exist. However, I have found

that in examples as long as it is not too diverse, an equilibrium does
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exist. For instance, in a spatial model examp1e,jas long as unit transport
cost parameters differed by no more than a factor of 10, an equilibrium

existed.

N

If a monopolist does not serve a market in the non-discriminatory allocation

then total surp1us may increase with discrimination.
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