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ABSTRACT

Asset Pricing in Multiperiod Securities Markets

Gary Chamberlain

The paper provides an intertemporal version of the capital asset pricing
model (CAPM) of Sharpe and Lintner. Although we allow for general changes in
the investment opportunity set and for general risk-averse preferences, there
are conditions under which two mutual funds are sufficient to generate all
optimal portfolios. In particular, we require that the Riesz claim, which
represents the date 0 pricing functional for the marketed claims, should lie
in a scalar Brownian information set. Then we obtain an instantaneous
counterpart to the CAPM pricing formula: a linear relationship between the
conditional mean returns on the securities and conditional covariances with
the return on the market portfolio. Our use of option pricing techniques
requires continuous trading but does not require continuous consumption.
In addition, we consider a large economy with a factor structure, as
in Ross' arbitrage pricing theory. The dividends are assumed to have an |
approximate factor structure, with the factor components lying in the |
information set generated by an N-dimensional Brownian motion, and with the
covariance matrices of the idiosyncratic components having uniformly bounded
eigenvalues. We obtain an N-factor version of the pricing formula and relate
the factors to the gains processes (price change plus accumulated dividends)
for well-diversified portfolios. An approximate factor structure for dividends
implies an approximate factor structure for the gains processes of the
securities. Furthermore, the assumption that per.capita supply is well
diversified can motivate our condition that the Riesz claim lies in an
N-dimensional Brownian information set.




1. INTRODUCTION AND SUMMARY

The paper provides an intertemporal version of the capital asset
pricing model (CAPM) of Sharpe [38] and Lintner [26]. In addition, we
consider a large economy with a factor structure, as in Ross' [34, 35]
arbitrage pricing theory (APT). This enriﬁhes the interpretation of our
model and in turn suggests a multifactor extension of it.

To set up the static CAPM, suppose that there is a single consumption
good and that agents are interested in certain consumptfon at date 0 and
state contingent consumption at date T. There are K+l securities representing
contingent claims to the good at date T. These claims 1ie in a Hilbert
space H of random variables with finite variance. A share of the kth
security pays dkeH units of the good. The Oth security is a riskless
asset that pays one unit of the good in all states of nature. The price
of a share of the kth security at date O is ZkO' We use the Oth security
as numeraire, so that Z00 = 1, and we set ZkT = dk. Under this numeraire,
the riskless interest rate is zero.

Markets are frictionless, with no transactions costs and no restrictions
on short sales. A1l agents share the same probability assessments. The jth
agent chooses a claim x}eH from the linear span of do,...,dK; the value of
the market portfolio at T is W = Z§=1 x}. The CAPM asserts that the
expected change in the price of a security is proportional to its covariance
with the value of the market portfolio:

(1.1) E(ZkT -7

¢ Cov(ZkT -1 W) (kfl,...,K).

kO) k0’




The argument runs as follows: suppose that each agent chooses a
mean-variance efficient portfolio, so that the market portfolio is also
mean-variance efficient. One can show that all mean-variance efficient
claims in M are linear functions of a single claim p (mutual fund separation);
furthermore, p represents the price system in that Zko = E(pdk). Then (1.1)
directly follows.

Now consider an intertemporal model in which security trading can
occur at intermediate dates 0= to»< t;1 << tN=T. In a dynamic programming
approach, one chooses a portfolio at ti to maximize the conditional
expectation of a value function defined over wealth at tin- The problem
is that this value function depends also upon the information available at

t Additional state variables must be introduced to summarize changes

i+l
in the investment opportunity set, as in Merton [31]. In Merton's continuous
time model, the pricing formula contains covariances of price changes with
changes in the state variables, so that one does not generally obtain a
simple relationship like (1.1).1/ Cox, Ingersoll and Ross [10] have provided
a general equilibrium setting for these additional covariance terms.
Equilibrium models in a discrete time framework have been provided by
Lucas [29], Brock [4], and Prescott and Mehra [32].2/

We shall adopt the continuous trading framework of Merton [30, 31]
and Cox, Ingersoll and Ross [10], but we shall not use dynamic programming
techniques. There is an information structure {given by an increasing
sequence of o-fields) {F,, 0<t<T}, and a stochastic process Z, = (Zj,,...,Zy;)
giving the prices at date t of the K+1 securities, as a function of the
information available at that date. This information is common to all of

the agents. As before, agents are interested in certain consumption at t=0




and state contingent consumption at t=T. Their endowments consist solely
of the consumption good and the securities at t=0; there are no nontraded
assets. A trading strategy Qt = (eOt,...,eKt) is a stochastic process in
which ekt specifies how many shares of the kth security to hold at date t,
as a function of the information available at that date. An admissible
trading strategy must be self-financing in that the value of the portfolio
at t equals the initial value plus the accumulated gains (and losses) from
frading prior to t.

A contingent claim xeH is marketed at t=0, denoted by xeM, if there
is an admissible trading strategy & such that §1°Z¥ = ZE=0 eszkT = x. Then
(if there are no free lunches) we can follow Harrison and Kreps [19] in
defining the implicit price of x at t=0 by w(x) = gg-go. We assume that «
can be extended to a continuous linear functional ¢ on H; so, by a theorem
of Riesz, y can be represented as y(x) = E{px), where peH.

Now an agent's problem is to choose a claim xeM subject to
m(x) (= E(px)) satisfying his budget constraint. The agents are risk-averse
in the following sense: if x = X + e, where E(e[ﬁ) = 0, then they prefer
X to x. Preferences may differ across the agents, but they all use the same
probability measure in making this calculation. Then we are able to show
that every optimal claim is a measurable function of p, provided that these
claims are marketed.

With continuous trading, this restriction on optimal claims can
lead to a mutual fund result which, as in the CAPM, leads to a pricing
formula. The key to the mutual fund result is the martingale representation
theory used by Harrison and Kreps [19] to provide a foundation for the

Black-Scholes [1] option pricing formula. Suppose that p fs in the




information set generated by a Brownian motion B (i.e., peFB). We shall
discuss the motivation for this assumption below. Let ggt be the trading
strategy chosen by the jth agent. Then there are (nonanticipating) stochastic

processes aj and vy such that

t t .
* o = * o = .
(1.2)  g%-Z, 8%0°Zp * /o oj dBg + Io o54Ygds (3=1,...,0; 0<t<T)
--the value process for any optimal portfolio can be represented as a
stochastic integral over a single process Yt = Bt + fg sts. Hence the

J g* _+Z., also has such a

value of the market portfolio, W, = Zj=] 83¢-Zy

representation.
From here we use a martingale projection argument to obtain our

pricing formula:

(1.3) W

t t
NO + IO anBS + IO aSYSds,
_ t t - .
(1.4) Zkt = Zko + IO Bksst + IO Bksysds * Vg (k=1,...,K; 0<t<T),

where o, v, and 8, are (nonanticipating) stochastic processes and V, is a
martingale that is uncorrelated with B; i.e., Cov(By, V,,|F.) = 0 for 0<s<t<T.

In differential form (if oy #0),

(1.5)  dz,, = -1

Kkt Bktat dNt + dVv

kt

and

(1.6) E(dZ,4|F,) = o, Cov(dZ,,, dW |F.),



where ¢y = Yt/at. Equation (1.6) is our intertemporal counterpart to the
static CAPM equation (1.1).

In order to assess the assumption that psFB, suppose the information
structure is generated by a vector gt = (B]t""’BLt) of independent Brownian
motions. We show that it is not necessarily the case that one can construct
a scalar Brownian motion B such that peFB. So this condition must be
regarded as restrictive. Such a construction is possible if there is an
invertible function g: R+R such that (g(p), 5{],...,§tn) has a multivariate
normal distribution for any finite set of points tjs[o, T].

An alternative justification, which I prefer, considers a large
economy with a countable set of securities. Assume that the security payoffs
have an approximate one-factor structure generated by a Brownian motion B;
i.e., dk = fk + € where the factor components fk are in the information
set generated by B, and the covariance matrix of the idiosyncratic components
(e],..,,en) has uniformly bounded eigenvalues as n-»w.gj Then we can follow
the Pareto-efficiency argument in Connor [8] to motivate the assumption
that peFB. Furthermore, the role of the market portfolio can be played by
any well-diversified portfolio.

The plan of the paper is as follows. Section 2 continues the
Introduction by deriving the CAPM equation (1.1) in a way that mimics our
treatment of the multiperiod case. Section 3 sets up the information
structure and the price system, and follows Harrison and Kreps [19] in
defining a new probability measure under which the security prices are
martingales. Section 3 also summarizes some martingale theory, in particular
the key notion of the martingale covariance process. Section 4 derives the

restriction in (1.2) on the value of an optimal portfolio, and Section 5

derives our pricing formulas (1.3-1.6).




Section 6 shows how the restriction in (1.2) gives a mutual fund
result. The two mutual funds consist of the riskless asset and a A-fund

that holds A, . shares of the kth security at date t. For any optimal claim,

kt
there is a scalar process o such that by holding ay units of the A-fund at t,

and adjusting the holding of the riskless asset to keep the strategy self-
financing, we generate that claim at T. Furthermore, the risky A-fund is
chosen to be instantaneously mean-variance efficient.

Section 7 presents an N-factor version of the pricing formula for a
countable set of securities, and it allows for consumption and dividends at
intermediate dates. We relate the factors to the gains‘processes (price
change plus accumulated dividends) for well-diversified portfolios, and we
show that an abproximate factor structure for dividends implies an

approximate factor structure for the gains processes of the securities.
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2. THE STATIC CAPM

I shall begin by reviewing the Sharpe-Lintner model.if The treatment
of the dynamic case will follow it quite closely. Also some of our notation
will be set up in this section.

There is a complete probability space (2, F, P) and a space H of

F-measurable random variables that are square integrable:
= ) 2y _ 2
H= {xeF : E(x°) = [ x“(w)dP(w) < =}

(xeF denotes x is F-measurable). H is a Hilbert space under the mean-square
inner product (x,y) = E(xy).

There is a single consumption good and agents are interested in
certain consumption at date 0 and state contingent consumption at date T.
There are K+1 securities representing claims to the consumption good at T.
A share of the kth security pays dk units of the consumption good, where
d eH. Tﬁe Oth security is a riskless asset with do(w) = 1 for all states

k

we, which we denote by d0=ln. The (nonstochastic) price of the good at

t=0 is qeR, where R is the real line. The price of a share of the kth
" security at t=0 is ZkoeR. We use the Oth security as numeraire, so that

z 0° 1, and we set ZkT = dk (k=0,1,...,K). Under this numeraire the riskless

0
interest rate is zero: Z00 = ZOT =1,

The set M of marketed claims is the linear span of do,...,dK:

M= [do,...,dK]
K K+1
={x= ) O dy © (8ps-. 2B )eRT ]

k=0




If x = Xekdk, the (implicit) price of x at t=0 is n(x) = Zekzko. We can
regard m as defined on M instead of on portfolio vectors in RK+] since if
X = Zskdk = Zeidk’ an arbitrage argument implies that Zekzko = Zeélko;
otherwise, a claim to 0 could be sold at a positive price, so that agents
could costlessly increase their consumption at t=0. So m:M-+R is a linear
functional; it is continuous since M is a finite dimensional subspace.
Hence, by Riesz's theorem, there is a peM such that w(x) = E(px).

The jth agent has preferences over RxH represented by a utility
function Vj (§=1,...,0). He is risk-averse in the folléwing sense: if
X = X + e, where E(e) = E(ex) = 0, then vj(c,i) > vj(c,x) for all ceR, with
strict inequality unless e=0 a.s.§-/ This definition of risk-aversion is objection-
able, as argued by Rothschild and Stiglitz [37]; one would 1ike to replace -
E(ex) =0 by E(e|x) =0. The conﬁnuous trading model will allow us to do that.

Agents have endowments at t=0 consisting of the consumption good
and shares in the securities. Consumption at T is provided for by holding
a portfolio of securities; there are no nonmarketed endowments. The jth
agent solves the following problem: max vj(c,x) subject to (c,x)eRxM and
qc + m(x) < a3 where aj is the value at t=0 of his endowment.

Now there are two basic steps, which will be repeated when we consider
continuous trading. First we determine the space of efficient portfolios,
‘or, more directly, of efficient claims. This space is generated by o. Then
we project security prices onto this space.

Given any xeM, consider its projection X onto the linear space

[19,0]: x = X + e, where E(e) = E(pe) = 0. Hence vj(c,i) > vj(c,x) for any

]

ceR unless x = X a.s. Note that xeM since 1= dgeM and peM; furthermore,

m(x) = n(x) since m(e) = E(pe) = 0. So if (cg,xg) is chosen by the jth agent,




then xga[lg,p].éf This key mutual fund property implies that the market

J

claim, W = Zj=] xg, js also in [ln,o] : W=r1 +ap, where 1,0eR. Note that

W is the value at T of the market portfolio.

Now consider the projection of ZkT onto [1Q,p]:
Zep =T Y B Vs

where E(Vk) = E(ka) = 0 and Ty BkeR (k=1,...,K). Since Zko = E(kaT)

and Z00 = Ep. 1, we have
0 ™ Tk * By E°)-

Hence

ZkT = Zko + Bk(p" ED) + BkY + Vks

where yeR. Since
W=1+ ap,
it follows that, if Var(W) # 0,

(2.1) E(ZkT - Zko) = ¢ Cov(ZkT - zko,w),

where ¢ = ay/Var(W). With the numeraire chosen to give a zero interest rate,
the expected change in the price of a security is proportional to its

covariance with the value of the market portfolio.
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3. CONTINUOUS TRADING: MARTINGALES AND THE PRICE SYSTEM

3.1. The Price System

Suppose that trading can take place at any date in [0,T]. We need
to extend the static model so that there is a price system and an information
structure at each date. The information structure is given by a filtration:
F = {Ft’ 0 <tgT} is a family of sub-o- fields with FS€=F£ for0<ss<tsT
and FT = F. Date O events are certain in that P(R) = 0 or 1 for AeFO. In
addition, F is a standard filtration: Fs = Fs+ ; nt>s Ft (right-continuity),
and F contains all the P-null sets (comp]etion).zj

The (K+1)-dimensional stochastic process ;{ = (ZOt’f"’th) gives
the prices at t of the securities; Z is adapted to F in that Z{ is Ft-measurable
(ZteFt)’ As before, the kth security pays dng units of the consumption
good at T and d0 = ]Q. We use the Oth security as‘numeraire so that ZOt =1

_ 2\ <o (ke ke

and we set ZkT = dk‘ Assume that E(Zkt) <o (k=0,...,K; 0 <t <T).

Q’

We also need to specify the admissible trading strategies. Define a
simple trading strategy as a (K+1)-dimensional stochastic process 8 = {gt, 0<t<T}
that satisfies three conditions: (1) QtEFt; (2) GOtsH, sth,wlekt(w)[ < o
(k=1,...,K); (3) there is a finite integer N and a sequence of
dates 0 = to < t] < ... < tN = T such that gt(w) is constant over the
3 - 8/ . = K
interval t ; <t <t for every state w(n=1,...,N) & Then 4Ly ( zk=06ktzkt)
represents the value of the portfolio at t. Define 8 to be a self-financing

simple strategy if
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i.e., the value of the portfolio before trading at tn equals the value after
trading. This self-financing requirement can also be expressed as follows:
ift <t<t g

(3.1) 8

£l = . +Zt(z -Z)+e - (2, -1

t = & Z,)

T4 n n
--the value of the portfolio at t is the initial value plus the accumulated
capital gains and losses.

We sha]] assume that the space 0 of admissible'trading strategies
is linear (ag + a'0'e0 if 9,0'c0 and a,a'eR) and includes the simple,
self-financing ones. We shall say more about © after we have set up the
necessary martingale machinery.

A claim xeH is said to be marketed at t=0, which we denote by xeM,
if there is a trading strategy 6c0 such that BT'ZT a.s. The cost of
that strategy is 8,:Z,. We can identify 89°Zy with the price of x if
—O'ZO _0 ZO for any 8'e0 with e -Z = x a.s. As in Section 2, this
follows from an arbitrage argument: if QO'ZO > gé-_o, consider the portfolio

strategy
lt = .e..i: - .Qt + [(_QO'%)'_Z_O,Osn-:O}-

This is admissible (Ye®), requires no initial investment (10‘;0 = 0), and
generates positive consumption at T (1_1.1_T = (§0<-g6)-gﬂ > 0).

We shall say that a portfolio stategy 8e® is a free lunch if
«Z, <0 and 6T°ZT€H+’ where H_ consists of the claims er with P{x > 0} =

—O =0 -
and P{x > 0} > 0. Assume there are no free lunches and define the price of
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claims in M by m(x) = 6 *Z,> where 80 and 6,°Z; = x a.s. We shall assume
that 7 admits an extension y to all of H, where y:H+R is a continuous,
strictly positive, linear functional: y(x) = m(x) for xeM and y(x) > 0 if

xeH Harrison and Kreps [19] provide general conditions on preferences

4
under which there must be such an extension in order for optimal net trades
to exist, and hence in order for (M,7) to be viable as an equilibrium price
system.

Then by Riesz's theorem there is a peH such that y(x) = E(px) for
all xeH; p > 0 a.s. since ¢ is strictly positive. We shall assume that p is
uniformly bounded above and away from zero: there is a &eR sucﬁ that
P{0 <8< p < d']} = 1. From our choice of numeraire, w(lﬂ) = E(p) = 1.

So following Harrison and Kreps [19] we can define a new probabi]ity measure
P*, with P*(A) = IA pdP; let E*(x) = [xdP* for xeH. Then Z is a (P*,F)-

martingale:
LEMMA 1. EX(Z,|F)) = Z, 0<s<tc<T.
Proof. See Harrison and Kreps [19, Theorem 2].2/

3.2. The Martingale Covariance Process

With an eye to applications, we are mainly interested in martingales
generated by stochastic integrals over Brownian motion. However, the structure
of our arguments is somewhat clearer if we work with general continuous
martingales. In particular, this helps to underline the key role of the

covariance process and the associated notion of martingale projection.lg/
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We shall assume that all martingales adapted to F are continuous;
more precisely, if X is a martingale (under P or P*) adapted to F, then the
function t » Xt(w) is continuous on [0,T] for weQ', where P(Q') = 1. An
example is the filtration generated by a vector of independent Brownian
motions.

We shall say that a (P,F)-martingale X is square-integrable, or
i < EX$,

as the sum of a

XeMZ, if HXH2 = (EX%)% < =, (Note that, by Jensen's inequality, EX

2, there is a unique décomposition of X2

0<t<T). If XeM
continuous martingale and a continuous, increasing, intégrab]e process with
initial value 0. This latter process is known as the quadratic variation
or variance process and will be denoted by'<x:zllf It can}be obtained by
partitioning the interval [0,T] into 0 = tOn St < < tk(n),n = t and

forming the quadratic variation

k(n)-1
S S S F L
j=0 j+]3n jn
if max {Itj+1,n - tjn!’ j=0,...,k(n) -1} > 0 as n » =, then

(3.2)  E|s] - <> | 0.

Given XeMz, define HZ(X) to be the set of predictable processes
such that Halx = (E]g ag d<X>S)% < .2/ Then the stochastic integral
Yy = jg a, dX; is well-defined for aenz(x), and Y is a square-integrable
(P,F)-martingale (YeMz).

By analogy with

Cov(x,y) = ZX[Var(x+y) - Var(x-y)]  (x,yeH),
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define the covariance process for the martingales X and Y in M2 by

<x,Y>t L<X+Y>, - <X-Y>t].

t

Note that <X,X> = <X>. Then X, Y, - <X,Y>t is a martingale, and <X,Y> is

tt
the unique continuous, bounded variation, integrable process that has this

property and initial value 0. We can obtain <X,Y> by forming a partition

as in (3.2) and then

(3.3) E|}(X - X, (Y =Y, ) -<X,Y> | >0
It Yaan e ¢

as n > <,

If <X,Y>, =0 for 0<t<T, then X, Y, is a martingale and so

E(X Y, F) = XYo = E(X.IF.) E(Y,[F)

for 0 < s <t <T. Hence X, and Y,

extremely useful property. We shall say that the martingales X and Y are

are uncorrelated conditional on Fs’ an

uncorrelated.
- rt - rt 2
If Y, = [ adX, and Vi = [ B dW_, where X, WeM", oeTl,(X), and
ssnz(w), then <Y,V>t = fg a585d<X,W>S. If B is a Brownian motion, then

<B>, = t and so the covariance process for jg anBS and IS -3SdBS is f; aSBSds.

t
These definitions apply equally well under P*. So if X and Y are
(P*,F)-martingales, XeM? denotes Hxlb = (E*)(%)P2 < =, <X> is the variance

process (so Xi - <X>t is a (P*,F)-martingale), <X,Y> is the covariance

process, and HZ(X) is the set of predictable processes o such that
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Ha[k = (E* fg a§d<x>s)k < o, If we are not explicit, the measure that the
martingale property refers to should be clear from the context. The
filtration is always F unless we say otherwise. Note that P(A) = 0 if and
only if P*(A) = 0, so there is no ambiguity in the use of "almost surely."
Since Z is a P*-martingale, if & is a simple, self-financing,
portfolio strategy, then (3.1) implies that gt-;{ is a square-integrable
martingale under P*. That 6 °Zt is a P*-martingale is the appropriate
generalization of "self-financing"; see Harrison and Pliska [20]. The
sguare-integrabi]ity is convenient, and we shall assume that §¢~gteM2 under
P* for all 6e©. This is all we need to say about © to obtain our asset
pricing formula. After deriving the formula, we shall give a definition
| for © in Section 6 which allows us to exhibit portfolio strategies that can

serve as mutual funds.
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4. PREFERENCES AND THE REPRESENTATION OF OPTIMAL CLAIMS

4.1. The Structure of Optimal Claims

As in Section 2, the preferences of the jth agent are given by a
utility function vj:RxH + R (j=1,...,d). Now, however, we adopt a more
appealing definition of risk aversion: If x,xeH and x =X +e, where E(e|§) =0,
then vj(c,i) > vj(c,x) for all ceR, with strict inequality unless e = 0 a.s.
This holds, for example, if vj(c,x) =.E[uj(c,x)], where u(c,*) is strictly
concave in its second argument (and supposing that the expectation exists).

The jth agent has an endowment consisting of Ej units of the
consumption good and 5jk units of the kth security at t=0. So his budget

constraint at t=0 is determined by aj = qu + éj.gﬂ. He solves the following

problem:

max v.(c,x)
C,X

subject to ceR, xeM, qc + m(x) < aj.

We shall assume that this problem has a solution, which we denote by cg,xg.
Now we show how risk-aversion restricts the set of optimal claims.

Define H(p) as the set of claims in H that are measureable with respect to p:

H(p) = {xeH: x = g(p) a.s. for some measurable function g:R~R}.
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LEMMA 2. If H(p)<= M, then xgeH(p) (3=1,...,d).

Proof. Let x = E(x*|p), so x* = X + e with E(e|p) = 0. (We have dropped

the j subscripts to simplify notation.) Then xcH{p) = M (by Jensen's
inequality), and (c*,x) satisfies the budget constraint: 7(x) = m(x*) - w(e)
= n(x*) since n(e) = E(pe) = 0. E(e|x) = O implies that (c*,x) is strictly

preferred to (c*,x*) unless e=0 a.s. Q.E.D.

A Representative Agent

Lemma 2 shows that an optimal claim is a function of p if the set
of marketed claims is sufficiently farge. With some additional structure,
we can sum over the agents and then invert to express p as a function of
aggregate consumption. This result is not needed to obtain our pricing‘
formula, but it does enrich the interpretation of p.

Suppose that the preferences of the jth agent are given by
v.(c, = w, + . .
j{esx) wJ(C) E[uJ(X)]

where uj:R-»R is increasing and strictly concave with derivative u5. If
yeM and ©(y) = E(py) = 0, then a necessary condition for x} to be an optimal
claim is that E[uj(xg + ay)] is maximized over qeR at a*=f0. Under suitable
conditions, this requires E[yuj(xg)] = 0. If M=H (complete markets), then
E[yui(xg)] = 0 for all y in H with E(py) = 0, and so uj(x}) = Ajp a.s.,

where AjeR is positive. Since uj is strictly decreasing, xg = gj(p) a.S.,

where gj:Aj-+R is strictly decreasing on its domain Aj < R. Hence

ZJ 9; is strictly decreasing, and so

X = Zg=] x*¥ = g(p) a.s., where g i=1

J
p=h(X) a.s., where h is strictly decreasing.



18

From here we could construct a representative agent, with time-
additive, strictly concave, von Neumann-Morgenstern preferences, whose
optimal claim is X. Such constructions have been used in [16, 17, 9, 22].
For our purposes, however, all that matters is that p is a measurable function
of aggregate consumption: o(w) = h[X(w)] for (almost) all states w. Note
that this implies, given Lemma 2, that optimal claims are functions of

aggregate consumption, as in Breeden and Litzenberger [3].

4.2. Martingale Representation

In Section 2 we used mean-variance preferences to restrict the
optimal claims to linear functions of p. Lemma 2 is weaker, but with
continuous trading it can lead to a sharp restriction on the values of
optimal portfolios. 1In ordér to make this connection, we need the following

representation for H(p):

CONDITION (R). There is a P*-martingale YaMz with Y. = 0 and E*(<Y>$) < o

0
such that if xeH(p), then

T
= * +
X Ex(x) + [, adY
for some asHZ(Y).
The motivation for Condition (R) comes from representation results
for functionals of Brownian motion. Suppose that B = (81,...,BL) is a

vector of independent Brownian motions under P; we shall follow the convention

that a Brownian motion has initial value equal to 0. Let F%~denote the
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o-field generated by {§S, 0 <s < t}, let FB - F%3 and let FE-denote the
corresponding fi]tration.lg/ The martingale representation theorem of
Kunita and Watanabe [25; 15, p. 88] implies that if X is a square-integrab]e

(P,FE)-martinga1e, then it can be represented as:
Lot

where aneHZ(Bn). Harrison and Kreps [19] and Kreps [24] have shown how
martingale representations provide the foundation for the Black-Scholes
option pricing formula. Duffy and Huang [14] have shown how these represen-
tations relate to the number of continuously traded securities needed to
implement an Arrow-Debreu equilibrium.

Suppose that YeM2 is a P*-Brownian motion and let Xt = E*(xlF{),
where xeH(p). If peFY then xeFY, and the martingale representation theorem
gives x = XT = E*(x) + fg anYS. The following lemma provides a corresponding
result in terms of the original measuré P. The proof follows Duffy and

Huang [14, Proposition 6.3].

LEMMA 3. If there is a P-Brownian motion BeM2 with psFB, then Condition (R)
holds.

Proof. Let V, = E(png). The Kunita-Watanabe result implies that

- t
Ve = 1+ [;8.dB,

where BeHZ(B) and BteF%. Girsanov's theorem [27, Theorem 6.2] implies that

i} t -1
(4.1) Y, = By - [5V; Bds
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is a P*-Brownian motion in MZ. If xeH, then Lipster and Shiryayev [27,
Theorem 5.20] implies that the (P*,FB)-martingaie St = E*(xIFE) can be
represented as S, = E*(x) + jg a dY ., where aeHZ(Y).lﬂ/ The result follows

since ST = x if xeH(p). Q.E.D.

Suppose that F is generated by an L-dimensional P-Brownian motion:

F = Fgu There is a counterexample in Appendix B to show that given yeH,

2

it need not be true that there is a scalar Brownian motion BeM™ such that

yeFB. Hence the Lemma 3 condition that psFB must be regarded as restrictive.
I shall indicate a special case in which a scalar Brownian motion B

can be constructed such that peFB. Suppose that F = FE, and that there is

some measurable function g:R+R with a measurable inverse such that g(p)

together with B form a Gaussian system; that is, the distribution of

(g(p), 5{ ,...;gt ) is multivariate normal for any finite set of points

n
tie[o, T]. Then we have the following representation for g(p):

L (T
ole) = Elgle)] + ] | oy a8,

where @ [0, T]+R is a deterministic function. (This follows from the

L-dimensional version of [27, Theorem 5.6; 28, p. 13].) Define

% |
Y (Zh=1 aﬁt) and, to avoid some complications, suppose that

v

g >0 (0 <t <T). Then

Lot
By = n§1 JO Ys Ons 9Bng

is a scalar Brownian motion in M2, and
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i
9(p) = E[a(p)] + jo v, dB,

[27, Lemma 6.9]. Since v, is deterministic, it follows that g(p)er® and
o} peFB. Note that, given a representative agent, this argument applies if
some invertible function of aggregate consumption together with B form a
Gaussian system.

We shall return to the representation problem in Section 7, when
we consider an N-factor version of Condition (R). There we relate the
factors to well-diversified portfolios and show how Condition (R) can be
motivated from the assumption that aggregate per capita consumption is well
diversified. |

Now we shall show how Condition (R) combines with Lemma 2 to restrict

the values of optimal portfolios.

LEMMA 4. Suppose that Condition (R) holds. If xeH(p) and there is a
portfolio strategy 8@ such that 8-Z. = x a.s., then there is an aell,(Y)
such that

cer at
84°Zy = 8y * fO agdY : (0<ct<T).

Proof. (R) implies that there is an aeHZ(Y) such that

x = E*(x) + fg a dY .
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. . t R
Since 8, and IO anYS are P*-martingales,

Z,

8,°Z, = E*(87ZL;F,) = E*(x|F,)

Ex(x) + [§ agdY,.

Then the result follows from E*(x) = y(x) = n(x) = Q.E.D.

8Ty-

Lemmas 2 and 4 establish the key mutﬁal fund property. If H(p) is
marketed, then the value of an optimal portfolio is restricted to be a
stochastic integral over a single martingale Y, which is common to all
optimal portfolios. A portfolio strategy that, together with the riskless
asset, plays the role of a mutual fund is displayed in Section 6. The form
of that strategy is not needed for the derivation of our asset pricing

formula in the next section.
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5. THE ASSET PRICING FORMULA

Following the development of the static CAPM, we need a counterpart
for the projection of Zk on p. It is given by the martingale projection
theorem, which uses the notion of the stable sﬁbspace generated by a
square-integrable martingale X with X0 = 0. This stable subspace S(X)

consists of the stochastic integrals over X:
s(x) = veml:v, = [EadX_, aem (X)}
"t 0 7s s’ 2 '
LEMMA 5. Suppose that Condition (R) holds. Then

- t - :
(5.1) Zpy = Zig* Jo Bred¥s * Vit (k=1,...,K3 0 < t < T),

where Bkenz(Y) and Vk is a square-integrable P*-martingale that is

uncorrelated with S(Y): <X,Vk>t = 0 if XeS(Y).

Proof. This is a direct application of the martingale projection theorem:

2

M® is a Hilbert space under the inner product (X],XZ) = E*(xlTXZT); S(Y) is

2 norm, and so the Hilbert space projection

a closed subspace of M2 under the M
theorem gives Zkt - ZkO = Zkt + th, where ZkeS(Y) and (XT,VkT) = 0 for all

XeS(Y); this implies that V, is uncorrelated with S(Y) [15, pp. 87, 88]. Q.E.D.

k

Let ggee be the portfolio strategy chosen by the jth agent and

define W as the value of the market portfolio:
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W, = .g ggt.gt (0<t< T).
j=1
The projection result in Lemma 5 is not by itself restrictive; we
could get such a representation by projecting Zk onto any square-integrable
P*-martingale. The restrictions come from the fact that S(Y) contains p,
the claim that represents the price system. So the mutual fund result in

Lemmas 2 and 4 implies that W_ - wosS(Y). In addition, since p is the

t
density of P* with respect to P, we can show that Vk in (5.1) is also a
martingale under the original measure P. These are the key points in the

following result.

THEOREM 1.  Suppose that Condition (R) holds. If H(p)<= M, then

t t
(5.2) M Wy + /o a dX, + fo a Y d<X>,

_ t t _ . !
(5.3) Z,, = Z,o+ fo B dX¢ + fo BisYdX>g + Vi (k=1,...K5 05t <T),

where X and Vk are square-integrable martingales under P; o, v, and Bk are

in HZ(X); and Vk is uncorrelated with S(X).

Proof. (i) Lemma 2 implies that xgeH(p) and then Lemma 4 implies that an

optimal portfolio strategy satisfies

3 - 3 t
(5:4) 8502, = 8302y * 5 o5

where ajEHZ(Y). Hence ay

J
Y ogy 1s in M,(Y) and summing (5.4) over the
j=1 -

J agents gives
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_ t
(5.5) W, = Wy + [5odY..

¥ js dP/dP*. Since AcH(p) (recall that there

1

(ii) Note that Azp~

is a 6eR such that 0 < § < p < § ' a.s.), Condition (R) implies that

A = EX(A) + [g n Y,

where nenz(Y), and so

(5.6) A, = E*(A[F) = E*(1) + [§ ndV..

th in (5.1) is a P-martingale if Atvkt is a P*-martingale [15, p. 83];

this follows since A -AoeS(Y) and Vk is uncorrelated with‘S(Y) under P*.

t
(iii) From Girsanov's theorem [15, p. 83],

= - t ']
Xt = Yt IO AS d<A,Y>S

is a local P-martingale. So there is a sequence {t(k), k=1,2,...} of
stopping times such that t(k)4T a.s. and Xt = Xt (k) is a P-martingale

(a.b = min{a,b}). X is a P-martingale if for each te[0,T]

(5.7)  {IXy_r(yl» k=To2se.}

is uniformly integrable [7, Proposition 1.8]. The Kunita-Watanabe

inequality gives

% Uk
Xl < sup IYSI + 6 <X>f <Y>r

Ofng

n
N

[7, eq. (5.17)]. Since A, is a bounded P*-martingale, E*<A>¥ <= [7,

t
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Theorem 4.1(i)], and E*<Y>$ < = by Condition (R). Hence E*(zz) < o by Doob's

1 E*(zz) implies that uniform

inequality [7, Theorem 1.4], and so E(Zz) <8
integrability holds in (5.7), and X is a square-integrable martingale under P.
= t = =
From (5.6), <A,Y>t = IO nsd<Y>S. Note that P{<X>t <Y>t, 0<t<T} =1
since X-Y is a continuous process with bounded variation. Hence HZ(X) = HZ(Y) and

_ t .-l
(5.8) Yt = X+ fO A nsd<X>S.

Substituting (5.8) into (5.5) and (5.1) gives (5.2) and (5.3) with v, = x;‘ Ny

Finally, for any cenz(x) we have
<[‘:sdxs’vk>t N fg Csd<x’vk>s = 0,
since <X,Vk>t = <Y,Vk> = 0. Q.E.D.

t =

COROLLARY 1. Suppose that there is a P-Brownian motion BeM2 with peFB.
If H(p) = M, then

t

t
(5.9) W, Wo + fO a dB + I a Y ds,

t t . .
(5.10)  Zpy = Zyg* [g BgdBg *+ [5 Bgvgds + Vip  (kelhiiiks 0<teT),

where a, vy, and Bk are in HZ(B)’ and Vk is a square-integrable martingale

under P that is uncorrelated with S(B).

Proof. From Lemma 3, (4.1) and (5.8), B - X has bounded variation. Since
B-X is a continuous P-martingale, P{Bt = X¢» 0<t<T}=1[i5, p. 54]. Now

the result follows from the Theorem since <B>t = t. Q.E.D.
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Under the assumptions of Corollary 1, let Y be the P*-Brownian

motion constructed in Lemma 3. Then (5.1) and (5.5) imply that
Byss dss

t
<W>, = f az ds,
0

so, if ay 0,

d<Zy, Wy/dt -
d<i> 7dt kt®t -

We can obtain consistent estimates of the variance and covariance processes
<W> and <Zk’ W> from a single realization of W and Zk’ by forming the
quadratic variation and covariation as in (3.2) and (3.3). Hence a

! may be available as the sampling interval

consistent estimator of Bktat
between observations shrinks to zero. The restriction from our pricing

formula is that

o4
Iyt - jo Bsts dWg

is a P-martingale. ‘
Expressing (5.9) and (5.10) in differential form gives

dW_ = atdBt + a.y.dt,

t't

dZy ¢ = ByydBy + Byyvdt + dVp,.
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The formalism corresponding to the martingale property of B and Vk is
E(dBtlFt) = E(dvktlFt) = 0, and corresponding to <B>, = t and <B,V >, =0
we have Var(dBtlFt) = dt and Cov(dBt, dvktlFt) = 0. Hence

E(dZ, 4 [F,) = Bqvedt,

Cov(dz dwtlFt) = Bktatdt,

kt’

and, if oy 0,

(5.11)  E(dZ,,|F,) = ¢, Cov(dZ ., dW [F,),

where ¢t = yt/at. This is perhaps the closest counterpart to the static CAPM

equation (2.1) that one can hope to obtain in a general intertemporal setting.

Now consider changing the numeraire so that the price of the kth
securjty at t is Zkt = ptzkt (k=1,...,K), Zot = Py and p'teFt is positive
a.s.lé/ If dpt/dt = Pylys corresponding to a locally riskless interest rate

of r_, then Ito's formula [7, Theorem 5.10] gives

t’

~

Ayy = Pedyy * Zyydpys
using rates of return, we have

S IR
o Ly = Ty, dZ,, 4 ridt.




(e

e )

+

Then with W, ’;pt”t’ (5.11) becomes

(5.12) E(z" g IF) = rydt + 7, Cov(Zyy det, Wy o

where 1

t = Oghy

29

IF ).
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6. THE MUTUAL FUND PORTFOLIO

Let § = (eo, .10y )ell,(Z) denote 8,EMy(Z, ), k=0,...,K, and Tet
IO 8 dZ  denote Zk -0 fo ksdzks‘ We shall specify O, the set of admissible

portfolio strategies, to consist of all ggnz(g) such that

- . t .
(6.1)  84°Zy = 89°Zy * [g &L, octel

The stochastic integral in (6.1) replaces the summation in the definition
of self-financing simple strategies in (3.1). Then © is a linear space that

contains the simple, self-financing strategies, and (6.1) ensures that gt-gt

is a square-integrable P*-martingale.— 16/

Define §t = (z1t""’ZKt)’ and suppose that S is an Ito process:

(6.2) s, = +f0 ¢ dB_ +[0 pds,

where B = (Bl”"’BK) is a vector of independent P-Brownian motions in MZ.

The jth element of fg ® dB is Zk [o , where ¢jkgnz(8k) (j,k=1,...,K).

jks%Bks
The Kx K matrix ¥, = ®t®£ is the local ‘covariance matrix for §_t (A' denotes
the transpose of the matrix A), and it is convenient to assume that its

eigenvalues are a.s. uniformly bounded above and away from zero: there is a

SeR such that a.s. we have O0<d<a' ¥ _a_gﬁ" {(0<t<T) for any g_sRK with

t
asa = 1. The Kx1 vector p is a predictable process with E(fg gs-gsds) <o,

Recall that Z,. = 1. If F is generated by B, we shall write F = Fg.

ot
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PROPOSITION 1. Suppose that Condition (R) holds. (i) If YTeM, then
H(p) S M. (ii) IfF=FE, then M = H. (iii) If F = F2 and

Plugepy > 0, 0 <t < T} =1, then the riskless asset and the mutual fund
Ay = W;1 i, generate H(p); i.e., if xeH(p), there are processes 6, and a

such that &, = (GOt, atx]t,..,,atAKt)s:O and f;-Zr = x a.s.
Proof. See Appendix A.

If Y. is marketed, there is a portfolio process y that generates it.

T
The two mutual funds consist of the riskless asset and thé fund that holds
Vit shares of the kth security at t (k=1,...,K}. For any optimal claim
(i.e., xeH(p)), there is a scalar process a such that by hé]ding oy units
of the y-fund at t, and adjusting the holding of the riskless asset to keep
the strategy self-financing, we generate that claim at T. If Ly # 0, we

can use WZ] e for the risky fund. This corresponds to the mean-variance

efficient portfolio in the static case.
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7. LARGE ECONOMY FACTOR MODELS

7.1. Extension of the Pricing Formula

I shall present an N-factor version of the pricing formula and relate
the factors to the gains processes for well-diversified portfolios. This requires
a countable set of securities. I shall also extend the consumption space and
allow securities to pay dividends before the terminal date.

Suppose that there is a fixed set of dates 0 < Ty < Tp <. < T T T
at which consumption and dividend payments may occur. (We allow consumption
at t=0 but not dividend payments.) Let Hi = {xeH: xsFTi}. A share of the
kth security pays d ;eH; units of the consumption good at T, (k=1,2,...3
i=1,...,L). The Oth security pays no dividends until the terminal date,
when it pays one unit of the consumption good: dOi =0 (i=1,...,L-1) and

dgp = 1o+ We let the Oth security be numeraire and set Zj, =1 (0 <t < T).

oL Q

In terms of this numeraire, the price of the consumption good at Ty is

qiEHi (i=1,...,L-1), the price at t=0 is qoeR, and we set q = 1. We assume
there is a 6¢R such that P{0 < 6 < g, < s, =1, -1 = 1.

Define

D,, = J q.d, ., D, = (Dhys.--sD .),
kt i:Tjit i ki =t 0t nt

and define the gains process for the first n+l securities as
+ Qt'

Here n is a finite integer which may be arbitrarily large; a more explicit

but more cumbersome notation uses Qnt’ Gnt’ etc. Suppose that securities

are sold ex-dividend and set Z, = (0,...,0). Let g = (eo,.;.,en) be a simple
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trading strategy, as defined in Section 3. Define HT = H1 X veu X HL and
consider a claim x = (x],...,xL)eHT. The analog of the self-financing

requirement in (3.1) is

(7.1) 84°Zy = 8p°Zp * 2 8¢ °

for t < t< tm+]'

A claim §§HT is said to be marketed at t=0, which we denote by xeM,
if it is generated by an admissible trading strategy. The set 0 of these
admissible strategies is assumed to be linear and to contain at least the
simple strategies that satisfy (7.1) for some xeH', which is then the x
generated'by that 6. An admissible strategy employs only a finite number
of segurities. If ;€0 generates x., we assume that Z§=] a8, generate§
I 2% (24eR).

A trading strategy 6¢c0 is a free lunch if QO'ZO = 0 and § generates
5;H1 (i.e., X5 2 0, i=1,...,L, a.s. and 5?=1 x? > 0 with positive probabiTity).
We assume there are no free lunches, which allows us to define the price of
xeM by m(x) = 8g°Zy» where Be0 generates x.

H' is a Hilbert space under the inner product (x,y) = E(Z%=1 xiyi).
We assume that m admits an extension y fo all of HT, where ¢ is a continuous,
strictly positive linear functional: y(x) = m(x) if xeM and y(x) > 0 if
EﬁH:- By Riesz's theorem there is a peH such that y(x) = E(Z%=] P3%5)-
We shall assume there is a SeR such that P{0<§ fpi§_6-1, i=l,...,L} = 1.
Given our choice of numeraire, w[(o,...,o,19)] = E(pL) = 1.

As in Section 3, we define a new probability measure P*, with

Px(A) = [, o dP; let E*(x) = [xdP* for xeH. Then the gains‘procgss is a

P*-martingale:
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LEMMA 6. E*(G6,,[F) = 6, (k=0,1,...5 0 < s <t<T).

Proof. We follow the proof in Harrison and Kreps [19, Theorem 2].12/ Fix
k>0, s, t, and AcF_. Consider the case in which s<t,<t and d,; = 0 for i#1.
(The argument in the other cases is similar.) Consider the simple trading

strategy 6 defined by

eku(w) 1 for ue[s,t) and weA,

0 otherwise;

6u(®) = <Z (w) for uels,t;) and weh,
= —st(w) + q](w)dk](w) for UE[T],t) and weA,
= -st(w)'+ ql(w)dkl(w) + Zkt(m) for ue[t,T] and weA,

0 otherwise;

8. (w)

ju 0 for all j#0,k.

This strategy satisfies (7.1) and generates the claim x = (0,...,0,xL)

with X = (th - Gks)]A' Since the initial cost of the strategy is zero,
0 = W(Z_) = E*[(th = Gks)]A].

Since this holds for all AcF_, we have G, = E*(thlFs). Q.E.D.
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Since G = (Go,...,Gn) is a square-integrable P*-martingale, we
can adopt the following specification for the admissible trading strategies:
- e [F
let anz(g) denote ekenz(Gk) (k=0,...,n), and Tet IO gsdgs denote
Th_o I6 8,.d6,¢; then © consists of all gell,(8) (for n=0,1,...) such that

t |
(7.2) 842y =8y Ly * Jo 8548 - 1 9 0ct<T)
1.Tift

for some xeH'; we say that § generates x and that [; is the gains

X
process corresponding to x.

In order to use diversification arguments, we shall allow agents to
choose claims from M, the closure of M in H'. If E;ﬁ, define the corresponding

gains'process as
, L
= F* -
(7.3) G, =E (igl ;%3 1FL) - wlx).

This corresponds to the following Timits: suppose that 5ﬂeM is generated
by the trading strategy 6,€0s and that X >X as n>e, Then n(gﬂ) = w(én)'*W(é)
n_ (t YA .
and Gt z IO Qnsdgs converges in M~ to the P*-martingale G.
Preferences of the jth agent are represented by a utility function
v.:RxH' > R and are risk-averse in the following sense: if x, gﬁHT and

J

X; = X5+ ey (i=1,...,L), where E(ei|£1’5'°’£i) = 0, then vj(c,§) SVj(c,g)
with strict inequality unless e = 0 a.s. This holds if

v(c,x) = uo(c) + Z%=1 E[ui(xi)], where u; is strictly concave.

The jth agent solves the following problem:
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max vj(c,g)

subject to ceR, 5§ﬁ, qo¢ * p(x) < 3y

where ajeR. Assume this problem has a solution and dendte it by

* *' j= 9gec ey .
c%, x3 (=1 J)

Define

H(p) = {xeH': x; = g5(pys---50;) a.s. for some measurable

function gi’: R' R, i=1,...,L}

and

H'(p) = {xeH: x = g(p],...,pL) a.s. for some measurable

function g: RL-+R}1
LEMMA 7. If H(p) =M, then xteHlp) (3=1,...,9).
Proof. As in Lemma 2.

CONDITION (RN). There is a vector of uncorrelated P*-martingales Y = (Yl""’YN)’

with Ymst, Ymo = 0, and E*(<Ym>$) < o (m=1,...,N), such that if xeH'(p) then

T

(7.4) x = E*(x) + jo o dY,

for some ggnz(x).
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LEMMA 8. If there is an N-dimensional vector B of independent P-Brownian

motions in Mz, and if ping-(i=1,...,L), then Condition (RN) holds.

Proof. As in Lemma 3, we have
) B t
V, = EGp ) = 1+ JO 8 dB_,

where ggnz(g), and Girsanov's theorem [27, Theorem 6.4] implies that

t
i} -1
(7.5) Y, =8, - Jo V. B ds

is a vector of independent P*-Brownian motions in MZ. Then the result
follows since any yeH that is measurable with respect to F§acan be represented

as a stochastic integral over Y [27, Theorem 5.20; or 23, Theorem 8.3.1]. Q.E.D.

The following result places an (N+1)-mutual fund restriction on

the optimal gains processes.

LEMMA 9. Suppose that Condition (RN) holds. If G is the gains process

for 5§ﬁ, and if xeH(p), then there is an ggnz(!) such that

t
(7.6) 6, = JO 0 Y (0<t<T).

Proof. First we need to show that g, = piE*(QE1IFT-)’ i=1,...,L-1. Consider
i

the claim y = (y],...,yL) with Y; = zeHi, YL = =92 and y; = 0 for all j#i,L.

Then yeM and y(y) = 0 implies that E(quiz) = E(piz), or E*(qiz) = E*(piloiz) =

E*(D[]IFT ). Since this holds for all zeH,, we have

E*(npiz), where n .
i

g. = np; a.s.
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From (7.3),

"esar-

6 = L, %%~ v

_ -1 . -1 . .y
Note that q;X; = E*(pL pixi'FTi)' Since P pixieH (o), Condition (RN)
implies that

:
-1 . A ,
o PiX; = E*(p Tpyx;) + Jo o dYss

where a.ell,(Y). Hence

T
-1 1
%* \
93%; = E*(p pixi’+J0 %55

——S
and so

:
(7.7) 6. = jo a Y,

N 5. = : C 5. = :
where o = Js_, &; . and &, = a; . if t < 1.5 &, = 0 otherwise. Then

the result follows by taking expectations conditional on Ft in (7.7). Q.E.D.

Lemmas 7 and 9 show that if H(p) is marketed, then the gains
process for any optimal trading strategy can be represented as a stochastic
integral over an N-dimensional martingale, which is common to all optimal
gains processes.

3%
Let G3 be the gains process chosen by the jth agent and define

J
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If there are a finite number of securities (i.e., dki =0 for k > k), then
we interpret ét as the gains process for the market portfolio. If the
number of securities is infinite, it would be well to allow for an infinite
number of agents, or to interpret our J agents as types, each of which
stands for an infinite number of identical agents. We shall not pursue this
formally, but rather interpret ét as the aggregate gains process for what
may be a proper subset of the agents in the economy.

Define the stable subspace generated by Y as

t

- 2., -
S(Y) = {UeM": U, Jo adY , cel,(Y)}.

LEMMA 10. Suppose that Condition (RN) holds. Then

t

(7.8) 6y = jo B dY, +V,, (k=1,2,...; 0 < t < T),

where §keH2(l) and V, is a square-integrable P*-martingaTe that is

uncorrelated with S(Y).

Proof. As in Lemma 5.l§/

THEOREM 2. Suppose that Condition (RN) holds. If H(p) =M, then

Nt t
(7.9) G 1 {jo o dX 4 Jamsy d<x > 1,

Nt t
(7.10) Bkt = mg'l {J Bkms‘”‘msJ'JO BmsYms 4K ! * Vi (k1,25...50<8<T),
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where X = (X],...,XN) is a vector of uncorrelated, square-integrable
martingales under P; a, y, and B, are in HZ(X); and V, is a square-integrable
martingale under P that is uncorrelated with S(X).
Proof. As in Theorem 1.
COROLLARY 2. Suppose that there is an N-dimensional vector B of
independent P-Brownian motions in M2 and that pieFE‘(i=1,...,L). If

H(p) = b7l, then

it t
(7.11) Gt = J gsdﬁs + JO g_L_S-y_sds,

0
t t :
(7.12) G, = [0 B, B, + [0 Bevgds * ¥y, (k12,50 <t <T),

where a, Yy, and Ek are in H2(§), and Vk is a square-integrable martingale

under P that is uncorrelated with S(B).

Proof. As in Corollary 1.

These results ought to extend to more general spaces for consumption
and dividends. Suppose that cumulative consumption and cumulative dividends
are (integrable) bounded variation processes as in Huang [21], and that the
price at t=0 of such a claim is given by y(C) = E([g oSdCS). Suppose that
the optimal claims have the agents consuming in rates, Ct = fg csds with

E(fg cgds) < =, as in Duffy [13]. If the jth agent has preferences over
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consumption rates given by vj(C) = E[fg ujs(cs)ds}, where Usg: R+R is
strictly concave, then as before we shall have c}teFi if the set of marketed
claims is sufficiently large; i.e., the optimal consumption processes will
be adapted to the filtration generated by the p process. If there is an
N-dimensional vector B of independent P-Brownian motions in M2 with

ptsF§ (0 < t <T), then the pricing formulas in (7.11) and (7.12) will
follow.

With continuous consumption, it becomes possible to derive
"consumption-g" pricing formulas, as in Breeden [2], but we shall not pursue
that here. His model, with the extensions of Grossman and Shiller [18],
addresses many of the limitations of the CAPM. Nevertheless, aggregate

consumption data have serious limitations if one's objective is to work

with daily (or more frequent) data on security price fluctuations.
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7.2. Factor Structure and Diversification

Next I want to relate the B process in Corollary 2 to the gains

process for a well-diversified portfo]io.lg/ Let

I = {k(j), j=1,2,...}

be a subsequence of the nonnegative integers that indexes the securities in

positive net supply.

DEFINITION 1. Suppose that B is an N-dimensional vector of independent

P-Brownian motions in MZ. The dividend process for the securities in

positive net supply has an approximate N-factor structure generated by B if

(7.13) d,, =f . +e (kel; i=1,...,L),

ki ki ki

B _ . .
where fkiEF?}’ E(eki) = 0, and the covariance matrix of [ek(l),i""’ek(n),i]
has uniformly bounded eigenvalues as n->=,

We shall refer to fki as the factor component and to Vii 28 the
idiosyncratic component. The bounded e%genva]ue condition on the
idiosyncratic components is suggested by the analysis in Chamberlain and
Rothschild [6]. We could replace the fking»condition by a restriction
that square-integrable functions of the factor components are representable

as stochastic integrals over a vector Y of uncorrelated P*-martingales.
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DEFINITION 2. xeM is a well-diversified claim if there is a sequence of

. . . A o -

trading strategies 8 €0 such that (i) 6, generates x eM and x ~>x in H" as n>e;
Ny _ n PN . (343 P .
(ii) 8¢ = QﬂoeR (0<t<T)and 8.0"%0 0 as n>o; (iii) ®nk0 0 if k¢l;

i.e., uses only the securities in positive net supply.

8,
For an example of a well-diversified claim, let an'denote how many

of the first n securities are in positive net supply, and set enko = I/an

if kel, enkO = 0 otherwise (k=0,1,...,n-1). Then Qno'ﬁno = 1/an-+0 if there

are an infinite number of securities in positive net supply. Since Qn

generates x = 232] gk(j))an, lim x is a well-diversified claim if this

series converges in H' as n-e.

THEOREM 3. Suppose that B is a vector of independent P-Brownian motions

2 with pieFE-(i=1,.,.,L). If the dividend process for the securities

in M
in positive net supply has an approximate N-factor structure generated by B,

and if G is the gains process for a well-diversified claim, then

t t
(7.14) G, = J gsdgs + JO a vy, ds

0
t t '
(7.15) Gy = Jo B, B + Jo BigYs ds *+ Vi y (k=1,2,...; 0<t<T),.

where o, y, and 8, are in H2(§) (o depends upon the well-diversified claim;
y and §k do not), and Vk is a square-integrable martingale under P that is
uncorrelated with S(B). In addition, if QﬂeRn satisfies Qﬂ'gn-+0 as no>o
and ¢nk =0 if k¢ I, then
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n 2
(7.16) sup E[ ] ¢ .,V,.] -0
Oct<T k=1 nk kt

. n -4
as n>w; i.e., J_q 0., V>0 inM°.

Proof. Let 5§ﬁ denote the well-diversified claim that has G for its gains

process, so that

GT =

nesar-

inT - W(L) [

i=1

and let {Qn} and {§n} be the sequences specified in Definition 2. ‘Then

n-1
*ni = Lo OnkolFiq ¥ Skt

and zkenkoeki converges in H to 0 as n—>« due to the bounded eigenvalue
C s B . B
condition. Hence zkenkofkiEF— converges in H to Xy and so xieF—.
Construct the vector
t

Yo =B * Jo Ygds

of independent P*-Brownian motions in (7.5); any yeH that is measurable with
respect to FE-can be represented as a stdchastic integral over Y. Following

the proof of Lemma 9,

.
-l
op PiX; = Ex(p ogx;) + Jo %75dYs>
Q:X: = E*(p-1p X.) + Jria dyY
i%i L "% g —is -’
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The proof of (7.15), like that of (7.12), follows the proof of (5.3)
and (5.10) in Theorem 1 and its Corollary; the assumption that H(p)< M and
the structure of optimal claims are not needed for that argument.

. n . .
To prove (7.16), note first that Zk=1 ¢nkvk 1s}the residual from

the projection of ZE=] ¢,y onto S(Y) under P*. In addition,

Ly Oniic = Uy + Ups

where U; and U; are P*-martingales with

n L L
o= 7 ¢ [} a.f . -Ex(] q.f )]
nT 5y "nk jop 1 ki j21 1 ki
and
n L
"= - E* =
S R e R A

k=1 i=
Since UAES(X), we have

n
Ut =Q + )} ¢V
n n o5y nkk

for some QneS(X). Hence

n
el = fa i + | L 8V I3 > 0
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as n+», since the bounded eigenvalue condition together with the boundedness

2
of q; imply that Eyi-*o, and so E*yn->0. Q.E.D.

t t
We can regard IO B, 4B, + fo B, Y ds as the factor component and
Vit as the idiosyncratic component in (7.15). It follows from (7.16) that
the covariance matrix of [vk(l),t""’vk(n),t] has uniformly bounded
eigenvalues as n>=. So if the dividend process for the securities in
positive net supply has an approximate factor structure, then the corresponding

gains process also has an approximate factor structure.

In the one-factor case, the differential form of (7.]4) and (7.15) is

dG

t atdBt + atytdt

1]

dB dt + dv

dG £ ¥ BVt

kt = Bkt kt®
or, if at#O,

-1
Bktut th + det.

det

Then E(dvktlFt) 0 and Cov(th, detIFf) = 0 imply that

E(dG,, [Fy) = 0, Cov(dey ., d6[Fy),

where ¢t = yt/at. So, under an approximate one-factor structure, the gains
process for any well-diversified claim can play the role of the gains process
for the market portfolio.

In the N-factor case, let G? be the gains process for a well-

diversified claim gw, so that
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m: m mo | =],...,N N
dG, = odB, + oy Y, dt (m )

and let At be the Nx N matrix with g$ as its mth column. If At is

nonsingular, we have

_ A
where gkt = At gkt’ and

N

= m
E(detIFt) = mz] St Cov(det, thlFt)’

where &y © A;] Y4+ I plan to return in subsequent work to the problem df

ensuring that At is nonsingular.

Well-Diversified Supply

Connor [8] introduced the condition that per capita supply be
well-diversified, and he used it to obtain an exact pricing formula in a
static factor model. I want to sketch how his analysis can be applied to
our mode];

Consider a Sequence of economies'in which the nth economy has "¢nj
identical agents of type j, where Z§=] ¢nj =1 and ¢nj converges in R to ¢j
as n->», Only the first n+l securities are available in the nth economy.
Simplify notation by excluding consumption at t=0 and by assuming that the

net supply of each security is one share. Then per capita supply of the

single perishable good at t=t, is ZE=O dyi/n (i=1,...,L). Assume that
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Z::o dki/" converges in H to ai as n+«, If the dividend process has an

approximate N-factor structure generated by B, then Z:=0 eki/" converges in
H to 0, and so aisF%.. This restriction on ai is our counterpart to
Connor's condition t;at per capita supply be well diversified.

The preferences of type j agents are given by the utility function

Vj(L) = ZL E[“ji(xi)]’ where Ui R-R is increasing and strictly concave

i=1
. -
with derivative uji. Let xJ eH® be the solution to max vj(g) subject to xeM,
J i* _ 3 o _uT
p(x) < ajeR, and assume that Zj=] ¢5%; = d; a.s. If M=H (complete

markets), then {5?*, j=1,...,Jd} is a Pareto-efficient allocation for the
limit economy; i.e., there is no allocation {gieHT} that (i) satisfies the
resource constraint for the 1imit economy: Z§=] ¢jxg < ai a.s. (i=1,...,L);
and (i) dominates {xJ*}: vi(xd) > vj(g(_j*) (3=1,....3).

Consider the allocation {gﬁ}, where ig = E(xg*lF%}). This satisfies

the resource constraint since

J : J .
A B - -
T 0.3 = E(T ead*IFB) - E@ ) - d..
jop 9 jep 901 U it't, i
Furthermore, vj(gﬁ) > vj(ég*) unless g; = 5?* a.s. Hence Pareto-efficiency

% 1% q%
of {xJ'} implies that xJ eFE.  Since uji(xg ) = Ajoi, where kjeR is positive,

we have DiEFEn So this argument can motivate the hypothesis of Theorem 3.
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APPENDIX A

Proof of Proposition 1. (i). If YTeM, there is a I?HZ(Z) such that

= ) = . T
(A.1) Y = 1l YgZo ¥ IO Y dZ, a.s.
If xeH(p), then Condition (R) implies there is an aaHZ(Y) such that

CE*(x) + [ agdv.

x
il

From (A.1),

-
!

= t
b T BRI = xpeZy v S ndT

The bounds on the eigenvalues of ¥ imply that ax;nz(g) and the associative

law [15, p. 62] gives
x = Erx) + [{ agydZ.

Define the portfolio strategy 6 = (60, 91) as follows: 8,, = (atYlt""’atYKt)

and

- t L]
(R.2) 8y = EX(x) * [g gy dZo - 83454

Then 60 and QT'ZT = X a.s.

(i1) and (iii). By the martingale representation theorem [25],
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- - t
py = Elp]Fy) = 1+ [51.dB,

where ggnz(g). By Girsanov's theorem [27, Theorem 6.4],

) t -1
(A.3)  Bf = B, - [gog 1ds

is a vector of independent P*-Brownian motions in MZ. From (6.2) and (A.3)

= t t
(A) sy = 5o+ Jge s [ s,

L Since S

where gy = My * oy 04Ty 2t
absolutely continuous component of (A.4) is a.s. identically 0 [15, p. 54]

t % *_ 3 X
¢ and [, ¢ dB are P*-martingales, the
and so ;=0 for almost every t. (This result, when S is a Markov diffusion,
is in Harrison and Kreps [19, p. 398].)
By the martingale representation theorem in [27, Theorem 5.20; or

23, Theorem 8.3.1], we have

- -1 - t
(A.5) n, = E*(p"'|F) = 1+ [;B.dBX,
where g;nz(gf). Hence np = 0_1 = dP/dP*, and by Girsanov's theorem,
Q = * _ t -1
(n.6) B = B - g Byds

is a P-Brownian motion in Mz. From (A.3) and (A.6), §t - ét is an absolutely

continuous P-martingale, and so P{Et = Et’ 0<t<Tl=1. Hence
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(A.7)

(%]

t
§O ¥ IO ¢sd§;

* fO fO s s§5d5°

Comparing (6.2) and (A.7), we have a.s. by = n;] Qtét for almost every t,
and so (A.5) and (A.7) give |

-1 _ T
(A-B) P = 1+ fo nslsd_s_s,

where = t By
Since Y is a square-integrable P*-martingale, it can be represented as

_ t ) t
Yo = Yot JorgdBE = Yot [g x9S

where KEHZ(B*) [27 , Theorem 5.20; or 23, Theorem 8.3.1], and Yyt = % -1

tEHZ(S)
We can set §, (e ceeaBy) = Y; and choose 8, so that § = (eo,gq)ee and
QT'ZW = Y7 a.s.; hence YpeM. If xeH, applying this argument to E*(xlFt)

shows that xeM. As in (A.2) the riskless asset and Y; serve as mutual funds

that generate H(p). Since p-]eH(p), condition (R) gives

-1 _ T _ T
(A.9) 0 = 1+ IO uSdYS = 1+ IOstxisd§s’

where ueHZ(Y). From (A.8) and (A.9), Ny = Vedyy for almost all t a.s.

Since P{u,*u, >0, 0<t<T} =1, we have u2 > 0 and . = u'l n W']p for
By ke cts t Lt~ %t Mttt Bt

almost all t a.s. Q.E.D.
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APPENDIX B

Suppose that F = F§3 where B = (Bl’ BZ) is a vector of independent
Brownian motions. Define y = fg B]s dBZs' We shall assume that there is
a Brownian motion BeM2 such that ysFB and obtain a contradiction. Our
counterexample was suggested by an example in [23, p. 204].

By the martingale representation theorem,

t t
B =J M dB1S+j Apg 4By (0<t<T),

where A]eHZ(B]) and AzeHZ(BZ). Hence

t t
v = EGIF,) = J B, B = j ag 4B
0 0
t t
= JO ag Ayg 4By ¢t JO ag Aye dB, (0<t<T),
and so
T eT 2
(8.1) 0= E[Jo g Mg By + [ (o 2y - B 008,
T 2 T 2
= E JO ac Aq ds + E J (o AZS - Bls) ds.




Note that <y>, = ]

is a YeHZ(B) such that

2
By, - t= ZJ B
1t 0 1s
t
= JO Ys M
and so
T
(8.2) 0=E[| (v
‘0
i
= E J (Ys
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t 2 2
0 B]s ds, and so B]te

T
- 231s)d315 + I

2
s~ ZB]S) ds +E

lls

A

Y

0

IT
0

Let u denote Lebesgue measure on [0, T]. Since A%t +

B (o <t <T). Hence there

(0<t<T),

’ 2
s AZs dBZs]

2 Az ds.

Ys 2s

2

k2t = 1 for

almost every (t, w) under the product measure u x P (u x P - a.e.), (B.1)

and (B.2) imply that

2

Mt ©

a contradiction.

2

2 2.2
Bt

Mg =Yg M4

(px P - a.e.),
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FOOTNOTES

l/Simp’lifications can be obtained by using special functional forms
for preferences, as in Cox, Ingersoll, and Ross [11]. See Stapleton and
Subrahmanyam [39] for the case of exponential utility; they also give
references to earlier work using functional form restrictions.

ngonstantinides [9] shows how complete markets can be used to
construct a representative agent of the sort needed for these models. The

investment opportunity set in his model is assumed to not change over time.

é-/This approximate factor structure will in fact be imposed only

on the securities in positive net supply.

&/For overviews and critiques of the CAPM, see Ross [36] and

Roll [33].
§/we use a.s. to denote with probability one or almost surely.

Q/This relationship between mean-variance efficiency and the claim
(p) that represents the price system is developed in Chamberlain and

Rothschild [6].
7/ cqq s :
~/See Chung and Williams [7, p. 6].

§/A1ternative]y, we could specify that et(w) is constant over the
interval tn_]< tf'tn, in order to obtain a simple predictable process as in

Harrison and Pliska [20].

2-/The "almost surely" qualification will be left implicit in all

assertions involving conditional expectations.
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lg/Fcr a treatment of the material in this section, see, for example,

Chung and Williams [7] or Durrett [15].

ll/Stochastic processes U and V are indistinguishable if
P{Ut = Vt’ 0<t<T} = 1. The variance process <X> is only defined up to
indistinguishability, and so we shall leave the "almost surely" qualification
implicit in all assertions involving variance processes. We shall follow
the same convention for assertions involving covariance processes, stochastic

integrals, or, as in footnote 9, conditional expectations.

l-2—-/The predictable o-field I is the o-field of subsets of [0, T]xQ
generated by the sets of the form {0}><AO and (s,t] xA, where AOEFO and AeFS
for 0<s<t in R. A stochastic process, which should be regarded as a
mapping from [0, T]xQ to R, is predictable if it is measurable with reépect

to II.

J-§'/Here and throughout the paper we take Fg-to be a standard

filtration that has been completed so that Fg-contains all the P-null sets

in F.

lﬁ/That we can choose a to be a predictable process follows from
[7, Lemma 3.5 and Theorem 3.6].

l-‘::’-/Chang'ing the numeraire in models of this sort is treated in
(19, 20, 21, 13].

1§-/The simple strategies of Section 3.i are predictable since all
martingales adapted to F are continuous.

lz-/wor'king with a very general consumption space, Huang [21] obtains

this result by means of a somewhat different argument.




56

l§/See [12, pp. 356-359] for the N-dimensional version of the

martingale projection theorem.

lg-/'l'he development here corresponds to that in [5] for the static

case.



(1]

- [2]

(3]

(4]

[5]

(6]

7]

(8]

(9]

57

REFERENCES

. Black and M. Scholes, The pricing of options and corporate liabilities,

Journal of Political Economy 81 (1973), 637-659.

. Breeden, An intertemporal asset pricing model with stochastic

consumption and investment opportunities, Journal of Financial

Economics 7 (1979), 265-296.

. Breeden and R. Litzenberger, Prices of state-contingent claims

implicit in option prices, Journal of Business 51 (1978), 621-651.

. Brock, Asset prices in a production ecconomy, in J. McCall (ed.),

The Economics of Information and Uncertainty, Chicago, University

of Chicago Press, 1982.

. Chamberlain, Funds, factors, and diversification in arbitrage

pricing models, Econometrica 51 (1983), 1305-1323.

. Chamberlain and M. Rothschild, Arbitrage, factor structure, and

mean-variance analysis on large asset markets, Econometrica 51

(1983), 1281-1304.

. Chung and R. Williams, Introduction to Stochastic Integration,

Boston, Birkhauser, 1983.

. Connor, A unified beta pricing theory, Journal of Economic Theory 34

(1984), 13-31.

. Constantinides, Intertemporal asset pricingwith heterogeneous consumers

and without demand aggregation, Journal of Business 55 (1982),

253-267.



(10]

(1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

(19]

[20]

58

. Cox, J. Ingersoll, and S. Ross, An intertemporal general equilibrium

model of asset prices, Econometrica 53 (1985), 363-384.

. Cox, J. Ingersoll, and S. Ross, A theory of the term structure of

interest rates, Econometrica 53 (1985}, 385-407.

. Dellacherie and P. Meyer, Probabilities and Potential B, Amsterdam,

North-Holland, 1982.

. Duffie, Stochastic equilibria: existence, spanning number, and

the "no expected gain from trade" hypothesis, Research Paper

No. 762, Graduate School of Business, Stanford University, 1984.

. Duffie and C. Huang, Implementing Arrow-Debreu equilibria by

continuous trading of a few long-lived securities, M.I.T. Sloan
School of Management Working Paper No. 1501-83, 1983; forthcoming

in Econometrica.

. Durrett, Brownian Motion and Martingales in Analysis, Belmont, Calif.,

Wadsworth, 1984.

. Dybvig and S. Ross, Portfolio efficient sets, Econometrica 50

(1982), 1525-1546.

. Dybvig and J. Ingersoll, Mean-variance theory in complete markets,

Journal of Business 55 (1982),-233-251.

. Grossman and R. Shiller, Consumption correlatedness and risk

measurement in economies with non-traded assets and heterogeneous

information, Journal of Financial Economics 10 (1982), 195-210.

. Harrison and D. Kreps, Martingales and arbitrage in multiperiod

securities markets, Journal of Economic Theory 20 (1979), 381-408.

. Harrison and S. Pliska, Martingales and stochastic‘integrals in

the theory of continuous trading, Stochastic Processes and Their

Applications 11 (1981), 215-260.




oy

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

59

. Huang, A theory of continuous trading when lumpiness of consumption

is allowed, M.I.T. Sloan School of Management Working Paper No.

1574-84, 1984.

. Huang, An intertemporal general eguilibrium asset pricing model:

the case of diffusion information, manuscript, M.I.T., February 1984.

. Kallianpur, Stochastic Filtering Theory, New York, Springer-Verlag,

1980.

. Kreps, Multiperiod securities and the efficient allocation of risk:

a comment on the Black-Scholes option pricing mbde1, in J. McCall (ed.),

The Economics of Information and Uncertainty, Chicago, University pf

Chicago Press, 1982.

. Kunita and S. Watanabe, On square integrable martingales, Nagoya

Mathematics Journal 30 (1967), 209-245.

. Lintner, The valuation of risk assets and the selection of risky

investments in stock portfolios and capital budgets, Review of

Economics and Statistics 47 (1965), 13-37.

. Lipster and A. Shiryayev, Statistics of Random Processes I,

New York, Springer-Verlag, 1977.

. Lipster and A. Shiryayev, Statistics of Random Processes II, New York,

Springer-Verlag, 1978.

. Lucas, Asset prices in an exchange economy, Econometrica 46 (1978),

1429-1445.

. Merton, Optimum consumption and portfolio rules in a continuous-time

model, Journal of Economic Theory 3 (1971), 373-413.

. Merton, An intertemporal capital asset pricing model, Econometrica 41

(1973), 867-887.



“»

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

60

. Prescott and R. Mehra, Recursive competitive equilibrium: the case

of homogeneous households, Econometrica 48 (1980), 1365-1379.

. Roll, A critique of the asset pricing theory's tests. Part I: On

past and potential testability of the theory, Journal of Financial

Economics 4 (1977), 129-176.

. Ross, The arbitrage theory of capital asset pricing, Journal of

Economic Theory 13 (1976), 341-360.

. Ross, Return, risk, and arbitrage, in I. Friend and J. Bicksler (eds.),

Risk and Return in Finance, Cambridge, Mass., Ballinger, 1977.

. Ross, The current status of the capital asset pricing model (CAPM),

Journal of Finance 33 (1978), 885-901.

. Rothschild and J. Stiglitz, Increasing risk: I. A definition,

Journal of Economic Theory 2 (1970), 225-243.

. Sharpe, Capital asset prices: a theory of market equilibrium

under conditions of risk, Journal of Finance 19 (1964), 425-442.

. Stapleton and M. Subrahmanyam, A multiperiod equi]ibrium asset

pricing model, Econometrica 46 (1978), 1077-1096.




	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62



