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ABSTRACT

This paper reports preliminary monte carleoc evidence on the fixed
sample size properties of adaptive maximum likelihood{AML! estimates of
a simple linear regression. The focus is on the problem of selecting
the smoothing and trimming parameters used in estimating the score
function. We examine the performance of AML estimators when these
parameters are pre—-selected or, alternatively, are determined by a data-—

based bootstirap method.




1. IMTRODUCTION

Stone{1975) proposed adaptive maximum likelihood{AML) estimation of a
iocation parameter and proved first-order efficiency. Bickel (1982}
modified Stone’'s idea and proved that AHML estimation of the slope
parameters of a linear regression with identically distributed
disturbances is first-order efficient. Bickel ‘s work extends in a
straighforward way to non—linear regressions (Manski,1784).

These adaptation results are impressive but leave open the guestion
of the fixed sampie size behavior of AML estimates. This is alwayvs an
issue in evaluating asymptotic results but seems particularly critical
in the present case. One reason is that AML estimates are approzimations
to linearized likelihood equations(LLE) estimates. The latter estimates
are themsslves based on a first order approximation.

A second, more specific cause for concern is that an intermediate
step in AML estimation is use of residuals to estimate nonparametrically
the score function of the disturbances. To apply the kernel method
assumed by Stone and Bickel, the statistician must select smoothing and
trimming parameters. Compatibility with first—order theory reguires only
that the amounts of smoothing and trimming imposed be reduced at
appropriate rates as the sample size increases, so that the score
function estimate is mean—square consistent. Given a fixed sample size,
these restrictions on rates in no way constrain one’'s choice of
magnitudes for the smcothing and trimming parameters. Thus, the first-
order theory of AML estimation is inherently incomplete as a guide to
practice.

It is not reasonable to expect that a fixed sample size theory will
soon be developed. The usual difficulties in parametric problems are
compounded by the nonparametric step of score function estimation. The
literature on kernel estimation of densities has struggled with only
limited success to determine how the level of smoothing should be set
when estimation of the density per se is the objective. In aML
estimation, the situation is much more complex. We need to estimate a
density plus its derivative and then to use these to estimate the

parameters of interest.



We report preliminary monte—carlo evidence on the fixed sample size
properties of AML estimates. Our focus is on the probliem of selecting
the smoothing and trimming parameters used in estimating the score
function. We examine the performance of &ML estimates when these
parameters are preselected or, alternatively, are determined by a data-
based rule. The first-order theory of adaptive estimation assumes
preselection. From a first-order perspective, there is no reason to =

consider data-based rules because preseliection vields an efficient

estimate. From a fixed sample size perspective, however, data—-based -

rules msy have appeal.

2. THE EXFERIMENTS

Our experiments concern a simple regression problem, namely
estimation of the shift parameter =separating two distributions which
differ in location but are known to have identical shapes. The common
shape of the two distributions is assumed not known. Equivalently, the
probiem is to estimate the slope parameter b of the linear model y =
atbx+u where ¥ = 0 or 1 and where u has the same, unknown distribution
conditional on both realizations of x. The intercept s is a nuisance
parameter, identified by centering the distribution of u at zero.

The data for the experiments are generated by drawing random samples
from six populations of (x,u) pairs and converting realizations of (x,u)
into observations of {y,x) via the eguation y = at+bx+u with a=-1 and
b=i. In each population, ®x and u are statistically independent and x is
distributed Bernoulli with Prix=01 = Prix=11 =.5. The populations are
differentiated by their distributions for u. In particular, the shape

of u may be




A.normal

B.variance-contaminated normal: the mixtures O.9=M{0,1/7)+0.1%N(0,7)
C.t with three degree=s of freedom

D.bimodal symmetric mixture of two normals: O0.5#N(-3,1) + G.5%N{3,1)
E.Beta(2,2]

F.iog normal, being the distribution of exp(z} for =~N{0,1).

For purposes of comparability, it is desirable that the various
distributions have common scale, in some accepted sense. UWhere
necessar?, we rescale the above distributions so that they all have
standard deviation equal to one. In order to identify the intercept
parrameter, we need to center the various distributions at a conmon
point. Where necessary, we shift the rescaled distributions sc that
they all have mean equal to zero.

Fseudo—random numberé from each of the six distributions are obtained
by taking appropriate functions of standard normal pseudo-random
numbers. To generate normal numbers, we apply the polar method. We use
the multiplicative congruential method and a shuffling tabls to generate
the underlying uniform random numbers. These methods are described in
Fnuth{196%). Computer programs for generating the random numbers may be
ogbtained from the first author.

In this paper, we report results for the fixed sample size N=50.
Given a sample of observations on {(y,x), we compute the least
sguaresi{LS) and least absoclute deviations{LAD} estimates. for b. In the
probliem under study, the LS estimate is simply the difference between
the means of v in the subsamples where x=0 and x=1. The LAD estimate is
the analogous difference between subsample medians. Using the LS
estimate as the starting point, we compute various AML estimates based
on alternative estimated score functions. We also compute the LLE
estimate based on the true score function. For each estimator, we
report monte carlo estimates of the root mean square error (RMSE) and the
interguartile range{IGR).

The score function estimates used in our AML computations have the

form proposed by Bickel {1282). Let {(a_,b

N ﬁ) be the LS estimate for {(a.,b}

3
and let

u = v - a, — b =
E13 ] n i Mn



n=l,...HN be the asscciated residuals. Let 4 be the standard normal
density and let s be a positive smoothing parameter selected by the
statistician. Each value of s defines a normal kernel estimate of the

density function of v, namely

To interpret this, observe that f is the density function of the sum of
two independent random variables, one having the empirical distribution
of the residual=s and the other being N{J3,s2). Thus, s is the standard
deviation of the normal noise added to smooth the discrets distribution
of the residuals.

Let t1,t2,t3 be positive trimming parameters selected by the
statistician. Each triple (t1,t2,t3) defines a score functicn estimate
based on f, namely

i df fu) - 1 df {ul

gfu) = i au if fut < &1, f{u} *» 2, and Lo—-v —--—-—= < tI.

giu) = O otherwise.

That is, the trimming parameters set the score to zero 1§ the residual
is too large, the density estimate too small, or the trial score too
large. Note that if the true density function is known a priori to ba
be symmetric, an anti-symmetric version of g can be formed. In our
experiments, the symmetry assumption is not imposed.

We compute the AML estimates in the manner proposed by Bickel except
that we do not split the sample. This technical device was used by
Bickel to simplify certain proofs. MNot unexpectedly, experiments
reported in Manski (1984) indicated that in practice, &ML estimation
works much better when the samplie is not spiit.

Our alternative AML estimates differ in the manner that the
parameters {(s,tl1,t2,t3) are chosen. A set of estimates is obtained by
fixing these parameters at predetermined values. In particular, we
produce estimates for all cells in a two dimensional design selected
atter a round of preliminary experiments. In this design, the smoothing

parameter takes the values



s = 0.01, 0.053, .10, 0.28, ©0.50, G¢G.753, 1.00, 1.50, 2.00.

The three trimming parameters are covaried as follows
ftti=t, tZ=exp{-t=2/2), t3=t1, t = 3I,4,8.

Based on the preliminary experiments, we concluded that little would be
learned by independently varying the three trimming parameters. The
linkeage assumed above is such that when the estimated density £ is
normal, all three of the parameters ti1, t2, and t3 are effective at the
same values of u.

One further score function estimate is cobtained using a data-based
method for selecting the smoothing parameter. The data—-based method
evaluvated here is a bootstrap procedure(BAML). The sample distribution
of ® is taken as the population distribution, the L5 estimates of a and
b are taken as the true values, and the sample distribution of LS
residuals is taken as the population distribution of u. The bootstrap
idea is to determine the optimal amount of smoothing and trimming for
AML estimation on this artificial population and then to apply the
aptimum values to the original problem

Ore might reasonably guestion whether a bootstrap approach makes
sense here. After all, if the distribution of u really were that of the
L5 residuals, this distribution would not have a Lebesgue density as
assumed in adaptive estimation theory. It is therefore not a priori
clear that optimal smoothing and trimming for the bootstrap population
should be close to optimal for the true population. Mevertheless, we
decided to proceed based on the intuitive appeal of the bootstrap and
its apparent success in other contexts.

To locate the bootstrap optimum in practice, we perform monte carlo
AML experiments on the bootstrap population. For this purpose, an
experiment consists of fifty independent trials, a rather small number
dictated by computational concerns. We define the optimum values of the
smoothing and trimming parameters to be those vielding minimum mean
square error in the AML estimate for b across the fifty trials. The
results reported here fix the trimmming parameters and use the bootstrap
only to optimize the smoothing parameter. This simplification seemed
warranted because our experiments with preselected smoothing and
trimming parameters indicate that it is always best to trim only rarelvy.

Given this and given that the computation of the bootstrap estimates is



very burdensome, we decided to fix the trimming parameters by setting
t=28 and toc make a line search for the best smoothing parameter.

As programmed, the line search svaluates thes mean sguare errors of
the AFML bootstrap estimates on a grid of s values in the interval
[0.01,3.00]1 and finds a trial optimum. This is then compared to the MSE
at a predicted optimum s vaiue obtained by fitting a quadratic function

to the grid. The better of these two points is used. -

S.FINDINGS

Table 1 presents the tentative resulis of the experiments. We say
tentative because the reported statistics are based on a limited number
of trials. For all estimators except BAML, the reported RMSEs and IGRs
are based on 1000 independent trials. For the BAML estimator. we have
thus far only performed S00 trials. The reasons are computationsal. For
a sample of size M=50, computation of a single AML estimate reguires a
littie over one CFU second on the DEC-20 computer on which these
experiments were performed. Computation of a single BAML estimate
involving fifty &ML estimations on the bootstrap population takes about
1.2 minutes. To complete 500 BAML trials on all of the siu
distributions required about sixty CPU hours.

We have not made a formal assessment of the sampling error of the
reported RMSEs and IBRs. Various informal calculations suggest that the
numbers in Table 1 may deviate from the actual RMSEs and I8R= by as much
as 0.02. For this reason, we report results only to the second decimal
place and exercise some caution in drawing conclusions from them.

Keeping the above in mind, examination of Table 1 reveals the

following apparent patterns.



TAELE 1:

EXPERIMENTAL EVIDEMNMCE ON AML ESTIMATION OF A SHIFT IN LOCATION

A.NORMAL DISTRIBUTION

ROOT MEAN-SBUARE ERROR

INTERQUARTILE RANGE

AML H =3 t=4 t=8 =3 t=4 t=8
s=0.01 | 5.44 2.88 0.44 0.42- 1 S5 0.58-1.41 0.75-1.24
s=0.05 | 0.41 0.33 0.29 0.75-1.27 0.78-1.23 0.82-1.19
=0.10 | 0.36 0.32 0.30 0.76— 1 25 0.79-1.22 0.81-1.22
s=0.25 | 0.35 0.33 0.335 0.78-1.24 0.77-1.24 0.77-1.24
s=0.530 | 0.32 0.32 0.32 0.80-1.21 0.80-1.21 0.80-1.21
s=0.75 | 0.30 0.30 0.30 0.81-1.21 0.81-1.21 0.81-1.21
s=1.00 { 0.30 0.29 0.29 0.80-1.20 0.81-1.20 0.81-1.20
s=1.50 | 0.32 0.29 .29 0.80-1.20 0.81-1.20 0.81-1.20
s=2.00 | 0.36 0.28 0.28 0.78-1.20 0.82-1.20 0.82-1.20
BAML 0.29 0.81-1.19
LS 0.28 0.82-1.20
LAD 0.37 0.75-1.25
LLE 0.28 0.82-1.20
B.VARIANCE CONTAMINATED
NORMAL DISTRIBUTION
AML i t=3 t=4 t=8 =3 t=4 t=8
s=0.01 { >10 ?.51 0.33 0.50-1.35 0.62-1.40 Q.77-1.20
=0.05 | 0.36 0.31 0.26 0.76—-1.23 0.80-1.19 0.84-1.16
s=0.10 { 0.27 0.22 0.18 0.83-1.16 0.87-1.13 0.82-1.11
s=0.25 | 0.23 0.18 Q.17 0.83-1.16 0.88-1.12 0.89-1.12
s=0.50 | 0.41 0.41 Q.40 0.73-1.32 0.74-1.31 0.74-1.31
s=0.75 1 0.72 .70 0.69 0.59-1.52 0.60-1.51 0.460-1.50
s5=1.00 | 1.0& 0.98 0.94 0.45-1.72 0.53-1.39 0.55-1.359
5=1.50 | 2Z.16 1.57 1.16 0.12-2.29 0.62-1.55 0.74-1.38
s=2.00 | 3.82 2.64 1.17 -0.93-3.15 0.596-1.78 0.83-1.21
BAML 0.19 0.89-1.12
LS 0.28 0.82-1.17
LAD 0.13 0.91-1.09
LLE 0.16 0.90-1.09



TABLE 1 (continued)

C.t DISTRIBUTION WITH 3 D.O.F.

ROOT MEAN-SRUARE ERROR

INTERQUARTILE RANGE

AML I t=3 t=4 1:=8 =3 t=4 t=8
s=0.01 | 1.39 ©.88 Q. 40 0.45-1.58 0.60-1.43 0.78-1.21
s=0.03 | 0.40 Q.35 .29 0.74-1.26 0.79-1.21 0.82-1.179
=0.10 | 0.32 Q.30 0.27 0.79-1.20 0.81-1.18 0.83-1.17
s=0.25 1§ 0.25 0.24 0.24 0.83-1.18 0.84-1.16 0.84-1.16
s=0.530 | 0.24 0.24 0.24 0.85-1.16 0.85-1.16 0.85-1.16
s=0.7% | 0.28 .27 0.27 0.83-1.17 0.83-1.16 0.83-1.16
s=1.00 | 0.35 0.32 0.31 0.80-1.21 0.82-1.19 0.82-1.18
s=1.50 | 0.463 0.51 0.42 0.73-1.29 0.80-1.20 0.81-1.17
=2.00 | 1.06 .83 0.36 0.68-1.35 0.78-1.21 0.82-1.17
BAML 0.27 0.83-1.17
LS 0.28 0.82-1.17
LAD 0.23 0.84-1.16
LLE 0.21 0.85-1.14
D.BIMODAL SYMMETRIC MIXTURE
0OF NORMAL DISTRIBUTIONS
AML i =3 t= t=8 =3 t=4 t=8
s5=0.01 | 5.%1 5.78 0.35 0.48-1.50 0.64-1.42 0.77-1.22
s=0.05 | 0.39 0.32 0.27 0.75-1.25 0.80-1.22 0.82-1.18
=0.10 | 0.27 0.22 0.19 0.84-1.15 0.86-1.13 0.88-1.10
s=0.25 | 0.23 Q.19 0.18 0.83-1.16 0.87-1.12 0.87-1.12
=0.30 | 0.57 0.57 0.57 0.53-1.46 0.53-1.45 0.53-1.45
s=0.75 | 0.60 0.860 Q.40 0.57-1.42 0.57-1.42 0.57-1.42
s=1.00 | 0.18 0.18 0.18 0.89-1.10 0.89-1.10 0.89-1.10
s=1.50 | 0.26 Q.26 0.26 0.83-1.16 0.83-1.16 0.83-1.16
s=2.00 { 0.28 0.28 0.28 0.80-1.19 0.80-1.19 0.80-1.19
BAML 0.561 0.51-1.50
LS 0.29 0.79-1.19
LAD 0.85 0.39-1.35
LLE 0.16 0.90-1.09



TABLE 1 {(continued)

E.BETA{Z,2) DISTRIBUTION

ROOT MEAN-SQUARE ERROR

INTERGUARTILE RANGE

AML i =3 t=4 t=8 t=3 t=4 t=8
=0.01 | 2.33 1.67 0.39 0.38-1.33 0.60-1.41 0.77-1.24
s=0.05 | 0.41 0.34 Q.30 0.72-1.26 Q0.77-1.24 0.79-1.19
s5=0.10 | 0.36 0.33 0.31 0.74-1.24 0.78-1.21 0.79-1.20
s=0.25 | 0.36 0.33 0.33 0.76-1.23 0.78-1.23 0.78-1.24
s=0.50 | 0.29 0.29 0.29 0.81-1.19 0.81-1.19 0.81-1.19
s=0.73 | 0.28 0.28 0.28 0.82-1.18 0.82-1.18 0.82-1.18
s=1.00 | 0.28 0.28 0.28 0.81-1.19 0.82-1.19 0.81-1.19
s=1.50 | 0.28 0.28 0.28 0.80-1.19 0.80-1.19 0.80-1.19
s=2.00 | 0.29 0.29 0.29 0.80-1.20 0.80-1.20 0.80-1.20
BAML 0.30 0.85-1.22

LS 0.29 0.80-1.20
LAD 0.42 0.70-1.31
LLE Q.29 0.82-1.18

F.LOG-NORMAL DISTRIBUTION

AML i =3 t=4 t=8 =3 t=4 t=8
s=0.01 | >10 >10 0.34 0.44-1.54 0.59-1.39 0.64-1.38
s=0.05 1 0.38 0.31 0.27 0.77-1.24 0.80-1.17 0.78-1.23
s=0.10 | 0.31 0.26 0.21 0.83-1.19 0.87-1.14 0.85-1.15
s=0.23 | 0.24 0.22 0.22 0.84-1.16 0.86-1.16 0.82-1.20
5=0.50 | 0.36 0.35 0.35 Q.77-1.25 0.78-1.25 0.72-1.29
s=0.73 | 0.350 0.48 . 0.47 0.71-1.32 0.72-1.28 0.70-1.30
s=1.00 | 0.66 0.61 .59 0.66-1.37 0.74-1.28 0.75-1.25
s=1.50 | 1.21 1.02 0.846 0.52-1.46% 0.82-1.22 0.79-1.21
s=2.00 | 2.08 1.70 1.18 0.19-2.18 0.83-1.22 0.80-1.19
BAML 0.17 0.89-1.10
LS 0.28 0.83-1.17
LAD 0.18 0.291-1.11
LLE 0.28 0.82-1.146
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Comparability of RMSE and IGOR results

The RMSE and IGR results are very comparable, in the sense that they
almost always yield the same rankings of the various estimators. The
one exception is in distribution F. There the RMSE and I0OR results for

AML estimation have somewhat different patterns as one varies s and t.

Effect of trimming con AML estimates

Holding s fixed, the performance of the AML estimate almost alwavs
igproves as cone decreases the extent of trimming by increasing t from
t=3 to t=B. The one exception is in the IR results for distribution F.
There the best performance occurs when t=4. Experiments not reported
here show that as one reduces t below t=3, the performance of AML
ecstimates deteriorates further. As t rises above t=8 to t;lé,
performance tends to remain unchanged. As t rises beyond t=16 or so,
the almost total absence of trimming begins to admit rare, cutlying
estimated score values and performance begins to deteriorate. Not
unexpectedly, these rare events affect the RMSEs much more than the
IDR=.

Effect of smoothing on AML estimates

Holding t fixed, the performance of AML generally improves as one
ircreasses the extent of smoothing by increasing s from s=0.01 to s=0.10.
Irn all cases, the RMSE and I&8FR reach a local minimum somewhere in the
region between s=0.03 and s=0.350. The lcocation and depth of this
minimum, however, vary substantially across distributions. In other
respects, the performance of AML as a function of s depends critically
on the distribution generating the disturbances. Under distributions
B,C, and F, the RMSE function is unimodal as a function of s. Under
distributicons A and E, the local minimum noted above has a small local
maximum to its right. @As s rises beyond this, the global minimum RMSE
is attained and the RMSE function becomes flat as & function of s. Under
distribution D. there are two isolated gicbal minima separated by a

steep local peak.
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Ferformance of EBAML relative to &ML with preselected s énd t

Under distributions A,B,C, E, and F, the BAML estimate appears to
perform as well as the best AML estimate with preselected s and t
paraméters. The only case in which the BAML has inferior performance is
that of distribution D. This exception may have a simple explanation.
Inspection of Table 1.D shows that fixing t at t=8, the RMSE of the AML
is globally minimized when s is near s=0.25 or s=1.00 and that these
minima are separated by a steep peak with local maximum in the vicinity
of s=0.75. It is possible that in its attempt to optimize s, the EBAML
estimator finds the local maximum. Corroborating evidence is that the
reported RMSE for the BAML estimate is almost identicalAtu that at the

local maxximum.

Ferformance of BAML relative to LS

Under distribution A, the BAML estimator performs about as well as
its LS starting point. This is as good as can be expected =ince LS is
cptimal under this distribution. In the other cases, LS5 is suboptimal
and we would hope that BAML would cutperform it. Iin fact, RBRAML
substantially outperforms LS under distributions B and F. It performs
no better under distributions C and E. As noted above, psrformance
under distribution D is inferior. Note, however, that in this case the
best AML with preselected s and t performs much better than L5. This
leaves open the possibility that BAML can cutperform LS here if the
algorithm used to optimize s is refined.

Additional information on the behavior of the BAML estimate relative
to LS is given in Table Z. This table reports the percentage of trials
in which the step taken by the BAML method from its LS starting point is
in the correct direction. The table also reports the percentage of
times the BAML step under and over shoots the target value b. Table 2
corroborates the finding that the BAML estimator improves markedly on LS
under distributions B and F but not otherwise. Observe the rather
strange pattern found for distribution D. The BAML step is generally in

the correct direction but is almost always too lairrge.
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TAELE Z: DIRECTION AND MAGMITUDE OF THE BAML STEF
FROM THE LS STARTING FOINT{(FPercentage of Trials)

Distribution

A B C D E F

Correct Direction S0 g0 &é& 89 &1 g1
Undershoots 41 =92 49 4 44 49
Overshoots (1) 4 i8 G i1 4 19
Overshoots (2) S 10 7 74 8 13

Wrong Direction S0 20 34 i1 39 .19

NOTE:Overshoots{1) is an overshoot that is smaller in magnitude :han the
distance between b and the LS estimate. Oversheootsi{Z) is an
overshpoot larger than this distance. Thus, the BAML estima:e is
closer to b than is the LS estimate if the step either undei-shoots
or overshoots{(i).

Ferformance of BAML relative to LAD

In these experiments, the BAML estimator ocutperforms LAD more often
than not. In particular, the BAML estimator performs substantially
better than LAD under distributions 4,0, and E and about as well under
distribution F. The LAD estimator appears to perform sliightly hetter
than BAML under distributicons B and C.

Ferformance of BAML relative to LLE

In adaptive estimation theory, the LLE sstimate is the ide=al which
AL estimates seek to emulate. It is of obvious interest toc see how
closely they match this ideal. For distributions A,H, T, and D,
computation of the LLE estimate is straightforward. Distributions E and
F have bounded support. In these casess, the LS residuals sometimes fall
outside the permissible range for the disturbances. When this occurs,
we set the score sgual to zero. |

We find that under distributions A,B, and E the BAML estimator
performs almost if not as well as the relevant LLE estimator. The gap
between the two is more noticeable under distribution C but is stiil
small. Given what has been said earlier, it is not suwrprising that LLE
does substantially better than BAML under distribution D. HNote,
however, that in this case, the AML estimator with best preselected s

and t performs almost as well as LLE. Under distribution F, the BAML
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method performs much better than does LLE. We can offer no persuasive
explanation for this. It may be associated with our treatment of

outlyving residuals in LLE estimation.

4. CONCLUSION

Should the AML method be used in practice? It would be teo much to
expect the experiments reporited here to provide a clear indication. Our
findings do, however, suggest some tentative conclusions. In

particular,

i).It is occasionally asserted that AML estimation must perform poorly
in small and moderate sized samples because satisfactory nonparametric
estimation of score functions requires very large samples. This view,
we believe, can be rejected firmlv.

ii}.We feesl that application of AML estimation with a preselected
smoothing parameter should be avoided. The performance of AML estimates
has been shown to be rather sensitive to one’'s choice of smoothing
parameter. Moreover., behavior of these estimates as a function of the
smoothing parameter is not uniform with respect to the distribution
generating the disturbances. To preselect the smoothing parameter with
any confidence, one apparently needs good prior information about the
distribution generating the disturbances and possibly about other
characteristics of the estimation problem. Such knowledge, of course,
assumes away the problem to which adaptive estimation has been proposed

as a solution.

iii).We fee=l that bootstrap selection of the smoothing and trimming
parameters warrants further study. We are encowaged by the apparent
ability of the BAML estimator to mimic the performance of both the LLE
estimate and the &ML estimate with the best preselected smoothing and

trimming parameters. We think it reasonable to coniscture that the
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version of BAML implemented here can be improved: 'Recall that our

algorithm optimizes only over the smoothing parameter, uses only fifty

trials on the bootstrap population, and employs a crude linear éaafch

procedure.

3 #
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