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% The Numbers and Capacity Effect of a Profitable Industry Under Competitive
Conditions
by

Donald W. Boyd
Montana State University
Bozeman, Montana
The theoretical number of firms that will exist in a given industry
under the assumption of perfect competition may or may not be determinate,

depending upon what further assumptions are made vegarding long-run

average costs. L/
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Figure 1. Figure 2.

For Figure 1, all that can be said is that there must be a very
large number of preoducing firms to satisfy the perfect competition assump-
tion. However, if in Figure 2, the industry minimizes long-run average
costs, the optimum output is Qg. Then if the output of the optimum size
firm is known, say q,, the optimum number of firms for the industry is

7o = 38, so that ™M= £ (Q).

do

But suppcse th® assumption of perfect ease of entry is relaxed so
that the number of firms will depend not only upon industry output but

also upon the pool of capital available to the industry. Then for the

analysis that follows, M= £ (X, Q).
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Let a definite pezriod of time be specified during which capital is
committed as a factor of production and let the actual amount invested, I,
be less than or equal to the available pool of capital, K. If I< K, then
K-I will be invested ocutside the industry at the market rate, r. I is

related to ¢ through the industry's production function, {see Figure 3.)

Industry production function

Xo = all other factors held
constant.

|
1
]
1
]
I/x%, .
Figure 3.
If » is equal to the return to capital pér unit of industry out-

put, then the total return on K iz equal to
R=(K-I)r + Q 7 {eqn 1)

or K=(I+-§)-€*§-)Q (eqn 2)

and may be identified as a "return line".%
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Figure %.

IfFQ=0, then I =0 and K = ;a Ko for specified Ro and rg.
If I = K, then Q:_R_g p OO
w

¥ = (eqn 3)

ol

# )
¥, in a sense may be thought of as profit, although strictly speaking,
long run "profits" just cover factor costs.
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Thus, if the industry vestricts output, ¥ rises or if output is inecreased,

% decreases.
T
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Figure 5.

Such an analysis lacks completeness and the actual phenomena camn
better be described in terms of a "numbers effect" and a "capacity effect"
in much the same way as the effects of a price change for the consumer
can be described in terms of an income effect and a substitution effect.>2;£

From equation 2, the slope of the return line is -pz. ¥ = 1, with |
equality holding only if the premiums above the bare co:t o: money (e.g.
risk) are equal. Any point on or below the return line iIs a po;;ntial
combination with respect te cutput vs., invested capital. But for a given
number of firms,.”? , there will be a preferred combination, P, providéd

that ¥ 2 v so0 that all points on or below the return line will be excluded,

except P. If, in Figure 6§, it is assumed that the industry would produce

return line

Figure 6.
Qp with less investment preferred to wmore (I & Ip) together with the

companion assumpition that for the given-level of investment iy, more

output is preferred to less (Q nyp), then an additional region above the
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line is excluded. 3/ Allowing the above, a smooth curve can be drawn
through P, representing the actual combinations of capital and cutput
for the given number of firms.®* Thus,7, = £ (K,Q) is an "isofirm line".

For + o = given number of firms, the total differential is equal
to zero:

dn, = £4dK + f5 dQ = 0 or

dQs £ » (eqn “)
® B

Movement along the isofirm line represents ocutput expansion or contraction,

i.e., a capacity change. K

Pim 7-

From equation 1, R = (K~I)» + Q¥v. In Figure 7, 7, r are constanuts.
The other relationships to be noted are:
(Kl - Il) > (KQ - Io)

Q > Q

#It is convenient to assume that for each firm Q) % Q2 T esceeazqh p
at least to good approximation.



Rl = (Ky-Iplr + Qp w

0$serving the inequalities, it follows that Ry > R,, and since the

(o 3d

capital requirement and cutput level at Py is greater tham at P_, conclu-

o
sively thens{1> 7I,. As one proceeds outward from the origin, lines
representing a constant punber of firms are crossed having the ordering

Mg <My <Ny, etc.

From the standpoint of a return conatraint, what is the maximum
number of firms that would comprise the industry? The question has been
answered graphically in Figure 6 in that once R, and P have been specified,

Ny = Ky, Q,). However, the problem is one of constrained maximization
for which the Lagrangian multiplier technique is applicable.

Form the Lagrangian Punction,

V= £(K;Q) + [ Ro -~ {(K~-I)r - Qu] and cbtain the first partial derivatives,
treating K, Q, and A as the independent variables:

5V
K
&
$Q
v
[3N

f3 ~Ar =0 (eqn 5)

£y -Aw =0 {eqn 6)

]

Ry = (K-I)v - Qu = O (egn 7)

In addition, the relevant bordered Hessian determinant must be positive:

fll f12 - P
A= | Ty fop -
" | T - % 0

&
<
%

(eqn 8)

P T

A maximum is obtained if equations 5, €, 7 and 8 hold.

The marginal number of firms =-§§_=‘A or from equations 5 and 6
"SR
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fq. = » = inverse return ratio.
T% r

From squation %, d0 = - (eqn 93
ax awr
Thus the maximum number of firms is determined by the points of
tangency betwsen A
K

isotivm lines

Pim 8.

the return lines and the isofirm lines. IFf the points are connected by
a smooth curve, the “"gradient line®, GL, iz obtalned, i.e., the projection
{rom the third dimension,m, of the line of stespest ascent. Any point on

this line represents an efficiency standard for the industry.

R~>

Figure 9.
Re (XK-I)r + Q= {eqn 1}
To accommodate the next phase, equation 1 can be simplified by the help
of Figure 9. For ezample, an autput Q; corresponding to sn industry
investment of I = K, ~ K3 leaves KeK; for cutside investment. Thus, the

return can be rewritten :
R=Kpr ¢ Qs KL K, (eqn 10}
Rewrite the Lagranglan function,



- F =
Ve f{X0Q) ¢+ \N[{R~ Ke - Q7]

V= fy ~Ap =0 {eqn 11)
I3

SV = £, «AT = 0 . {ean 12)

2R-Ke W= 0 (eqn 13)

2 3l

Write the total diffsrentizla:
flldk + £10dQ - A = Adr
£23dK + £30dQ - ®dA = A dw

-rdk - wdQ = ~dR % Kdr + Qdw (eqn 14)

In order to solve this system of three equations for the three un-~
_knovwns, dK, 4Q, and dA, the terms on the right must be regarded as
constants. Denote the system determinate by 4 and solve for dQ using

the cofactor rule and expanding by column 2:

' £1q 2 dr -p

f21 )\d“ﬂ' -y

dQ = | -r ~-dR+Kdr+Qd¥ O
A

dQ = Abyop dr A8y, A% 4 g3y (~dR + Xdr + Qd7)  {eqn 15)

A
Divide both sides by dm, assuming that r and R de not change, i.e.,
dr = dR = 0.

8Q = Nb,, T Q 4y (ean 18)
N o ’
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This partial derivative is the rate of change of output *ith respect to
L

I
changes in profit, all other things being equsl. "Ceteris paribus", the

rate of change with respect to total return is

gg - f%g (eqn 17}

Finally, consider the effect of setting f (X,Q} =m, = constant

sc that the total differential yislds

£f)dK + £, 40 = 0 {eqn 18}
From equations 11 and 12 f,= 7 £, so that equation 18 becomes
: r
& &K + x £ dQ =0 or

r

dK+ ¥ dQ =0
r

r dK + dQ = 0 (eqn 19)

Substitute eqn. 19 into equation 1b:
-dR % Kdr + Qd#7 = 0O {eqn 20)
Substitute equatiann 20 together with y = constant (dr = 0) inte

equation 15:

o
(R0, a2 (ean 213

Equation 17 and 21 in 16 yields

$Q 3(‘5_9_) - Q{89 (eqn 22)
Sn anu~5 dR/ py% = constant .
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The first term on the right hand side is the "capacity effect",
or the vate at which cutput capacity changes when industry‘brofig changes
and the number of firme remains unchanged. The second term on the right
is the "numbers effect” which states the industry's reaction with respect
¢o change in output when the return varies, but with constant rates of
return. The sum of the two terms gives the total effect on the output
of the industry as profit changes. 4/

Suppose that a sizable return to capital, say uy, exists:
(1) The existing firms will expand their output.
(2) =, is viewed as a substantial reward for the capital

requirements of entry and consequentiy there is an increase in

the total number of firms.

Both 1 and 2 are factors that tend to reduce industry "profit".
The sign of the capacity effect is negative as was veasoned graphicalily
in Figure 5, but can now be verified. By equation 21 the capacity effect
is:

(é;‘?-) =X By

8F iz, [S—

By equation 8, A > 0.

A = marginal number of Firms with respect to R and is positive.
] B
sy F -

2% | e
e |

$Q
Thus (§¥>n=”% = - %% »? #nd is negative.
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The numbers effect is ~Q (§93
SR/ Ty = congtant

From equation 10, R = Kr + Q®% :

SR = ¥, By previous assumption, ¥ r * 0.

Q
Thus (SQ) > 0 and the sign of the numbers effect is
Sﬁ r, %= Comstant

negative when ®» 0., (The sign would be reversed if < 0}.

Figure 10.

The concepts are illustrated in Figure 10. The overall change
from A to B may be broken down into two parts, A to C, and C to B.
The original preferred combination is A at w= Ty After the existing
firms expand their output, the resulting combination is C, at a reduced
level ¥;, The movement along the lsofirm line from A to C corresponds
to the capacity effect. The prospects of L2 induced an increase in the
number of firms. Movement from C to B along the gradient line corresponds
to the numbers effect. Thé movement from A to B is thus accounted for

by the capacity affect and the numbers effect.
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The same reascning can be applied in veverse: To better the

position of the industry, marginal firms are squeezed out, movement

from B to C. The remaining firms restrict output, moving from C to A.

The net result, movement from B to A, iz an inerease in7r.%

%Certainly other graphical representations are possible with different
assumptions but demonstration of the numbers and capacity effect iz all
that ig sought here.
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The discussion of figurc 6 is an application of consumer behavior
theory taken from Welfare Economice zlaess notes, J. R. Davidson,
professor.

The development of equation 22 is an application of consumer behavior
theory elosely paralleling Henderscn sad Quandt, Microeconcmic Theory,
Chapter 2.
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