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Consumer Welfare Measures:
Some Comparative Results

Dale Heien

Consumer’s surplus has played an important role
in evaluating agricultural price support programs
as well as in other applications. Gardner and Wal-
lace provide examples of the use of consumer’s
surplus in theoretical models, while numerous em-
pirical studies (for example, Anderson, Sedjo and
Wiseman, Johnson and Norton) have used the con-
cept to measure welfare costs. Since its introduc-
tion by Dupuit and Marshall, the interpretation of
consumer’s surplus has been subject to change and
controversy. In an important paper, Willig dem-
onstrated that consumer’s surplus is bounded by
compensating variation (C) and equivalent varia-
tion (E) and derived rules of thumb showing how
closely consumer’s surplus approximates these ap-
propriate welfare measures. These rules are com-
pact and readily understandable to researchers doing
applied welfare analysis.

The derivation of these rules is based on the
assumption of a constant income elasticity. Willig
developed another set of bounds for the more re-
alistic case of nonconstant income elasticity. How-
ever, these latter bounds are not as readily
understandable and are considerably wider than the
former set. For example, if over the region under
consideration the income elasticity varies from .9
to 1.1 and consumer surplus (A) is 20% of income,

then for the wider bounds formula, is be-

tween .09 and .110. The error bounds with the
compact formula are much smaller, .009 to .011,
although they presumably might be inaccurate be-
cause the income elasticity was not constant.

The purpose of this paper is to empirically in-
vestigate how well the more compact formula ap-
proximates the actual errors which arise from the
use of the consumer’s surplus. This investigation
is conducted for several alternative demand models
including the Linear Expenditure System, the Al-
most Ideal Demand System, and linear and log-
linear single equation models. The parameters of
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these systems are varied so that a wide range of
economic behavior in terms of price and income
elasticities is covered. Since it is possible to com-
pute economic welfare measures such as compen-
sating and equivalent variation from these systems,
it is also possible to compare how well consumer
surplus approximates these true measures. Since
Paasche and Laspeyres variations are often consid-
ered useful approximations (bounds) to C and E
variation, the error in these measures is investi-
gated. The impact of errors in consumer’s surplus
on the computation of deadweight loss is also in-
vestigated.

I. Welfare Measures from Complete Demand
Systems

The cornerstone of consumer welfare measurement
is the expenditure function,

(1 m = m(p, ),

where m is the (minimum) expenditure needed to
achieve utility level w under price vector p. For
utility level w° (utility achieve at p° and m®) con-
sider the welfare measure for a single price change
(say pi to pi),
pi
2 C= r h; (p, n°) dp,
= m(p’, p°) — m°,
where h;(p,°) is the Hicksian or compensated de-
mand function for q;.
Equation (2), is the money metric of the welfare

loss from p} to pj, or compensated variation. Sim-
ilarly,

pi
G E= ], b pdp = m @', p)
— m(p°, p')
is equivalent variation.

The two definitions, (2) and (3), are similar to
consumer’s surplus in that they integrate a demand
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function. However, consumer’s surplus as it has
come to be known over the years, is given by

pi
“ A= 5 dr m°) dp,,
where q,(p, m°) is the Marshallian demand func-
tion.
Willig has shown that
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where ML and S are, respectively, the largest and
smallest values of the expenditure elasticity in the
region under consideration. As a precondition these
formulae require that
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These bounds were derived under the assumption
of a constant income elasticity of demand (Willig,
pp- 392-3). However, only complete demand sys-
tems arising from homothetic utility functions have
constant expenditure elasticities’. Furthermore, these
constant elasticities must equal unity, so (5) and
(6) hold only approximately. The numerical results
reported here examine how accurate that approxi-
mation is.

To assess the accuracy of the compact bounds,
two widely used demand systems, the Linear
Expenditure System (LES) and the Almost Ideal
Demand System (AIDS) were employed.2 The
methodology employed to assess the approxima-
tion is as follows. For each demand system, both
composed of two goods, a set of parameters was
chosen which satisfies the regularity conditions.
These regularity conditions are described by var-
ious restrictions on parameters of the utility func-
tion that guarantee positive but downward sloping
marginal utilities, homogeneity, symmetry, etc. By

! For a treatment of constant, nonunitary price and income elasticities
in an incomplete demand system see LaFrance.

2 For an example of the former system, see Pollak and Wales, and of
the latter see Deaton and Muellbauer.

Consumer Welfare Measures 103

varying the values of the parameters in each sys-
tem, it was possible to vary the own-price elasticity
from very inelastic ( —.1) to highly elastic (—5.0).
It was possible to vary the cross price effects from
substitutes to complements and to make these ef-
fects weak or strong. It was also possible to sub-
stantially vary the budget share and expenditure
elasticity of each good. Hence, a fairly wide range
of consumer behavior was represented by these
demand systems.

Under constant tastes Laspeyres and Paasche
variations are upper and lower limits on compen-
sating and equivalent variation, respectively. The
analysis measures how well these sums approxi-
mate compensating and equivalent variation. These
measures are given by

(10) L = q7(pi — pY)
and
an P = q; (p1 — pD)-

Hausman showed that even small errors, intro-
duced by using consumer’s surplus to measure
compensating variation, could result in large errors
in measuring the deadweight loss. For each case
considered, the deadweight loss is computed using
compensated variation and consumer’s surplus. The
ratio of these two deadweight losses is presented
in the Tables.

The Linear Expenditure System

For the LES, maximization of the utility function

(12) p= _lj1 (@ — Wi S = 1.0,

yields the demand functions,

3
(13) g=v+op ' (m- 21 PYy):
£
i=1,...3.

Assuming the price of the first good changes, con-
sumer’s surplus for the LES is

(14)  Apgs = [vi(l —ay)p; +aylnp, X

(m— 22 pyY)lee-
£

The results for the Linear Expenditure System
are given in Table 1. The compact bounds condi-
tion held in 14 of the 16 cases. In the two cases
where they did not hold, the bounds were very
close together (.0002 to .0003) and the discrep-
ancies were extremely small (.0001). Hence, it was
found that the compact error bounds held, or came
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extremely close to holding, in all cases. Another
finding was that the measurement error is propor-
tionate to the percentage price increase. For ex-
ample, there are various combinations of own-price
elasticities, expenditure elasticities, budget shares,
and cross price effects. However, when prices in-
crease 10% the consumer’s surplus errors in mea-
suring compensating and equivalent variation are
almost always 1.4%. With elasticities and budget
shares similar to those used for the 10% increase,
but with a price increase five times greater, the
errors are roughly five times as great, or around
6.5%. Hence, reasonably large errors can arise from
the use of consumer’s surplus as a measure of either
compensating or equivalent variation. This error is
in proportion to the price increase and does not
appear to be strongly influenced by the own price
elasticity, budget share, income elasticity or in-
come level.

Most surprising of all was the extent to which
the Laspeyres and Paasche sums failed to approx-
imate compensating and equivalent variation. Based
on Table 1 these sums cannot be regarded as re-
liable measures of consumer welfare. The errors
in these sums are roughly four times as great as
those found in consumer surplus and average 23%
for the 50% price increase case. The errors for both
the Paasche and Laspeyres are clearly greatest for
goods with highly elastic demand and are greater
for the Laspeyres.

This result for the Paasche and Laspeyres might
seem to contradict the results of Cory et al. Their
results showed that for small quantity changes, 10%
or less, L and P will be within 5% of consumer’s
surplus. For many cases with either small price
changes or low elasticities such will be the case.
However, for others, such as the tax equivalence
proposal that would double the price of alcoholic
beverages, the percent change in quantity will not
be small. It is not that the bounds established by
Cory et al. are violated, they just increase as price
increases. They cite the example that for 10% change
in quantity, L and P will be within 5% of A. How-
ever, for a 50% change in quantity, L and P will
be within 20% of A. Also their bounds require a
linear demand curve, which is not used here. Given
these problems, the use consumer’s surplus is pref-
erable.

The errors in the deadweight loss measurement
are very large, confirming Hausman’s finding. It
is particularly disturbing that the errors are not a
function of the amount of the price change. The
average deadweight loss error for the 10% price
increase case was 38%. For the 50% price increase
case the error was 42%. The errors are largest for
inelastic demands and/or goods with large budget
shares.
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The Almost Ideal Demand System

The second set of computations used the Almost
Ideal Demand System (AIDS) of Deaton and
Muellbauer. The expenditure function for the AIDS
model is

(15) InP + B(p) - w,
where P and B(p) are price indexes given by

Inm =

n

(16) InP =g+ 2 a,lnp
i=1
1 n n
+ - 4.1 N | .
2j=1i=1 YU np; in R
and
n B‘
(17 B(®) = Bo m pi-
i=1

The demand equations for this system are (in budget
share form)

(18) w = o + 2, ¥ In p;
=

m
+ B; 1n<—>,i =1,...n,
P

where w; = p;iqi/m.
Hence, consumer’s surplus is given by

(19)  Aamps = [m°In py(a; + 22715' In p;
=
1
+ B Inm® + 5 In p))
1 n
~ By m®In p; (Ea, Inp, + Zzajlnpj
=
1 1 -
+ =¥ (In Pl)2 +z Z v;i(ln Pj)2
6 2i=2
1 n
+ —2 ¥y In py In p;
252 n n
+ 2 2 vij In p; In pj]gé‘
i=2 j=2

The results for price increases of 10 and 50% are
given Table 2.

The results for the AIDS system were somewhat
similar to the LES. For the AIDS system, the in-
come elasticity is more variable as a result of own
price change than for the LES. This tends to pro-
duce a wider bound. Although, there were more
violations of the bounds conditions than in the LES
case, the size of these violations was not large. As
before, the size of the price increase influenced the
amount of error, although the variability is greater
than for the LES. Again, the Paasche and Las-
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peyres sums exhibit large errors and are quite vari-
able. The errors in the deadweight loss measures
are not as great or as variable as in the LES case,
but nonetheless are sufficiently large to cause ap-
prehension concerning their use. Also, the errors
appear largest for inelastic demand.

I1. Welfare Measures from Single Equation
Demand Relations.

The welfare measures in Section I were based on
complete systems of demand equations. Knowl-
edge of the complete system was necessary to com-
pute the Hicksian demand functions and the
appropriate utility levels required for C and E.
However, in many situations it is not feasible to
estimate a complete demand system. When demand
analysis is required, researchers frequently employ
single equation models.

By far the most popular single equation demand
models are the linear and log-linear functional forms.
Hausman has presented an interesting technique for
recovering the indirect utility and expenditure func-
tions for these demand relations.® The derivation
used in this paper and the actual computations per-
tain to a two good world. It is possible to work
out the approximate measures for a many good case
following the method found in LaFrance. The pro-
cedure uses the integrability conditions in con-
junction with Roy’s identity to obtain the indirect
utility function for a given utility level. This func-
tion is then used to obtain a local expenditure func-
tion. Hausman worked out the compensating
variation case for linear and log linear demand re-
lations. Compensating variation for the linear case
(C) is

1 o o (+]
200 C. = 5e”(pi - p) [q3(p1, mo)

+ 2 - 2 (it mo) + )
8 8 ql pl, mg 8 s
where

21 q; = op; + dm + vyz.

Compensating variation for the log-linear case (Cyy)
is

a-w .,
m>cu=%¢£@mwmma
— p3qs (0%, mg)] + met' VH T — my,
where
(23) q; = e”pim".

? For an alternative method of computing these measures, see Vartia.
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Using analogous procedures, equivalent variation
for the linear demand curve (E;) is

1
m)a=gm@mw+§

1 . , o
- gea(p? PV [qu(pt, mo) + '8'],
while for log-linear relations Ey_ is
(I-m)
25 —_ — o 7 ! ,
(25) EiL =mp [(1+a)m" {p1qi(p1, mo)

1
- piajps, mo)} + mo"' V.

Results of the computations for the log-linear and
linear cases are given in Tables 3 and 4 respec-
tively.

Inspection of Tables 3 and 4 reveals results sim-
ilar to Tables 1 and 2. For the log-linear case, the
bounds collapse to a point since the income elas-
ticity does not vary. Nonetheless, as the reader can

C—-A A—E
and

observe, the computations are

quite close to this bound and are reasonably small.
For identical income levels, price elasticity, and
income elasticity the measurement errors are again
proportionate to the amount of the price increase,
This is obscured by the effect of changing the in-
come elasticity, which for the double-log model is
equivalent to changing the income level. Again,
the Paasche and Laspeyres measures prove to be
poor estimators of equivalent and compensation
variation. For the log-linear case, the deadweight
loss errors were greater for the 10% price increase
case.

For the linear case (which is the example from
C-A A-E

A

within the bounds for all cases. Hence, again con-
sumer’s surplus is a good approximation. This is
most striking for the linear case, as the bounds are
extremely close in many cases. The Paasche and
Laspeyres sums performed poorly. The deadweight
loss measures were in substantial error, but varied
little by amount of price increase.

Hausman) in Table 4, both and are

111. Conclusions

The purpose of this paper has been to determine
the accuracy of various measures associated with
consumer welfare—especially consumer’s surplus.
In order to accomplish that objective, four demand
models, two complete systems and two single
equation models, were utilized. The complete sys-
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tems were the Linear Expenditure System (LES)
and the Almost Ideal Demand System (AIDS). The
two single equation models were the linear and
double log functional forms. Various a priori val-
ues were assigned to the parameters of these models
so that a variety of own-price, cross-price, and
income elasticities resulted. Income levels were
varied as was the amount of the price change. Hence,
the methodology employed is similar to a Monte-
Carlo experiment and generality cannot be claimed
for the results. However, over a wide range of own-
price, of expenditure elasticities and of budget shares
several patterns did emerge which were common
to all models. For the two complete systems, it was
a straightforward matter to compute the appropriate
welfare measures of compensating and equivalent
variation. For the two single equation models, nei-
ther of which possess an explicit utility function,
compensating and equivalent variation were com-
puted utilizing the technique of Hausman.

In a previous paper, Willig established limits for
the error involved in using consumer’s surplus to
approximate compensating or equivalent variation.
The error bounds formulae are compact and readily
understandable. However, they are based on the
notion of a constant income elasticity of demand.
Since constant income elasticity can result only
from a homothetic utility function, the formulae
must be considered as approximations for more
general demand systems. Although in several cases
the bounds were exceeded, the discrepancies were
quite small. Hence, on the basis of the demand
systems analyzed here, it is possible to conclude
that the compact error bounds established by Willig
are reliable bounds for the discrepancy between
either compensating or equivalent variation and
consumer’s surplus. This is important because these
formulae provide tighter bounds than the more gen-
eral formulae and are more readily understandable.

A second, and related question is, how well does
consumer’s surplus approximate compensating and
equivalent variation? The answer appears to be,
reasonably well. The average absolute percentage

error over all cases for was 1.22% for price

changes of 10%. Similar financial were found for
the error between equivalent variation and consum-
er’s surplus.

An interesting result was the large errors found
in the Laspeyres and Paasche approximations to
compensating and equivalent variation. The aver-
age error for the former was 4.8% and 5.0% for
the latter for 10% price changes. Equally important
was the variation in the errors, with some as high
as 11%. The errors for the 50% price change were
much higher, averaging 24.1%. This is in contrast
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to the study by Braithwait which showed that there
was little bias in the Laspeyres index (1.5 percent
over 15 years) vis-a-vis the true cost of living index
computed with several alternative demand systems.
The Braithwait study used actual price changes over
a time period in which relative prices changed very
little. This tends to obscure the effect of using a
Laspeyres index. The most inaccurate measure-
ment was the ratio of the deadweight loss computed
with compensating variation relative to the dead-
weight loss computed with consumer’s surplus.
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