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Resource Allocation and Asset Pricing

The modern theories of the financial firm and the firm making physical production de-

cisions are, for the most part, distinct. Cochrane (2001) discusses the rationale for treating

production and finance separately. Where finance theory typically takes production and

resource allocation decisions as given and focuses on asset price determination, much of

microeconomics and macroeconomics does the opposite by taking asset prices as given and

focusing on resource allocation decisions. In an Arrow—Debreu state-contingent model, the

resulting ‘fixed-output’ and ‘fixed-asset’ price models may be interpreted, respectively, as

fixed-proportions and linear approximations to a general technology, which coincide at a

given equilibrium point. These approximations work well in characterizing an equilibrium,

but less well in a comparative-static setting. Cochrane (2001, p. 43) cautions that:

We routinely think of betas and factor risk prices ... as determining expected

returns. But the whole consumption process, discount factor and factor risk

premia change when the production technology changes. Similarly, we are on

thin ice if we say anything about the effects of policy interventions, new markets

and so on.

A closely related point may be expressed in terms of arbitrage arguments. The view

that financial and production decisions may be treated separately requires the assumption

either that firms ignore arbitrage opportunities between financial and production operations,

or that no such arbitrage opportunities exist. The first assumption is inconsistent with

standard assumptions about the objectives of the firm and its shareholders, while the second

is inconsistent with the basic presumption that financial markets are created to manage the

risks associated with production and consumption.

It is particularly noteworthy that the no-arbitrage problem solved by Ross (1976, 1987)

is mathematically equivalent to the cost-minimization problem for a firm facing a linear

multiple-output technology. Because the ‘technology’ used to produce asset payouts in a

two-period model is linear, it exhibits constant returns to scale generally and linearity over

the cone defined by the span of the asset market. Thus, the law of one price and the existence

of positive state-claim prices can be recognized in modern production-theoretic terms as
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mathematical reflections of the constant-returns-to-scale cost structure of this ‘technology’.

The natural conclusion seems to be that the no-arbitrage problem and the firm’s resource

allocation problem are essentially equivalent. Hence, it should be useful, and relatively easy,

to re-unite the analysis of the production and financial decisions of the firm under a common

paradigm of minimizing the cost of assembling a derivative financial asset by combining

financial and production operations. If this can be done, the resulting cost structure could

be used to address many of the comparative-static issues raised by Cochrane (2001).

This paper attempts to initiate that reunification. It is most closely related in spirit and

method of analysis to Prisman (1986) and Ross (1987) on the finance side and to Chambers

and Quiggin (2000) on the production side. The latter, in particular, adapts a long line

of contributions in axiomatic production analysis, including Shephard (1970), McFadden

(1978), Diewert (1982), and Färe (1988), to the Arrow—Debreu state-space representation of

stochastic technologies. The arguments in this paper are thus largely reworkings, or perhaps

better, convex combinations of arguments familiar from both these literatures.

In what follows, we first introduce some notation and concepts used throughout the

paper. Then we turn to the specification of a stochastic technology in Arrow—Debreu state-

space terms and a frictionless financial market structure. The financial market and the

firm’s state-space technology are then used to deduce what we call a derivative-cost function,

which represents the minimal cost to the firm of assembling a financial asset, or ‘derivative’,

through real and financial operations. The derivative-cost function is shown to be convex in

the derivative asset, and its basic properties are then derived and formally proved.

We then turn to an analysis of virtual state-claim prices, virtual risk-free rates, and

virtual asset prices for the firm in terms of the subdifferentials of the derivative-cost func-

tion and its associated directional derivatives. It is shown that cost minimizing production

decisions can always be interpreted in terms of virtual profit maximization, and that, as a

consequence, virtual state-claim prices, and thus virtual asset prices, can be deduced directly

from the physical Arrow—Debreu production technology. This reinforces Cochrane’s (1991)

observation that there exists a production-based approach to asset pricing, which is com-

pletely analogous to the more familiar consumption-based approach. The main difference is

that our pricing rules are in terms of a cost function for a more general technical specification
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than that permitted by Cochrane (1991), and, therefore, should be applicable to a greater

range of actual problems.

The tools developed for the virtual pricing of state-claims are then used to examine the

existence of no-arbitrage pricing of state claims. We show that these no-arbitrage prices of

state-claims and assets are our virtual pricing rules. We then make some observations on

comparative statics and offer some concluding comments.

1 Notation and Basic Concepts

Denote the unit vector by 1 ∈ <S+. Define ei as the i-th row of the S × S identity matrix

ei = (0, ..., 1, 0, ..., 0) .

Form,m0 ∈ <S, the notationm ·m0 denotes the componentwise product of the two vectors,

that is,m ·m0 = (m1m
0
1, ...,msm

0
s) , while the notation

m
m0 denotes the componentwise ratios

of the two vectors, that is, m
m0 =

³
m1

m
0
1

, ...., mS

m
0
S

´
. The notation mm0 for two conformable

vectors denotes the usual inner product. For a linear subspace, H, denote its orthogonal

complement by H⊥. Denote the relative interior of a convex set A ⊆ <S by riA, and the
convex hull of a set A by coA.

For a convex function1 f : <S → <, its subdifferential at m is the closed, convex set:

∂f (m) =
©
k ∈<S : f (m) + k (m0−m) ≤ f (m0) for all m0ª . (1)

The elements of ∂f (m) are referred to as subgradients. The one-sided directional derivative

of f in the direction of n is defined by

f 0 (m;n) = lim
λ→0+

½
f (m+ λn)− f (m)

λ

¾
.

For f convex, f 0 (m;n) is positively linearly homogeneous and convex in n. Moreover,

f 0 (m;n) ≥ −f 0 (m;−n) .
1Apart from our notion of smoothness in a particular direction, these results on convex functions are all

drawn directly from Rockafellar (1970).
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When f 0 (m;n) = −f 0 (m;−n), we say that f is smooth in the direction of n at m. When
f is smooth in all directions at m, it is differentiable. Moreover, if f is differentiable at m,

∂f (m) is a singleton and corresponds to the usual gradient, which we denote by ∇f (m) =
[f1 (m) , ..., fs (m)] where subscripts denote partial derivatives. If ∂f (m) is a singleton, f is

differentiable at m. By basic results, for f convex and finite at m:

f 0 (m;n) = sup
k
{kn : k ∈∂f (m)} . (2)

The convex conjugate of f is denoted

f∗ (k) = sup
m
{km−f (m)} .

If f is proper and closed,2 then f∗ is proper and closed and

f (m) = sup
k
{km−f∗ (k)} , (3)

and, on the relative interior of their domains,

k ∈ ∂f (m)⇔m ∈ ∂f∗ (k) . (4)

2 State-Contingent Technologies, Asset Structures, and

the Derivative Cost Function

We model a price-taking firm facing a stochastic environment in a two-period setting. The

current period, 0, is certain, but the future period, 1, is uncertain. Uncertainty is resolved

by ‘Nature’ making a choice from Ω = {1, 2, ..., S} . Each element of Ω is referred to as a

state of nature, and subsets of Ω are events. The firm’s stochastic production technology

is represented by a single-product, state-contingent input correspondence.3 To make this

explicit, let x ∈ <N+ be a vector of inputs committed prior to the resolution of uncertainty
(period 0), and let z ∈ <S+ be a vector of ex ante or state-contingent outputs also chosen in

2f is proper if f (x) <∞ for at least one x, and f (x) > −∞ for all x. A proper convex function is closed

if it is lower-semicontinuous.
3For a generalization to the multiple-output case, see Chambers and Quiggin (2000, Chapter 4). Our

results extend straightforwardly to that case.
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period 0. If state s ∈ Ω is realized (picked by ‘Nature’), and the producer has chosen the ex

ante input-output combination (x, z), then the realized or ex post output in period 1 is zs.

The firm’s technology is characterized by a continuous input correspondence, X : <S+ →
<N+ , which maps state-contingent output vectors into input sets that are capable of producing
that state-contingent output vector.4 It is defined

X (z) = {x ∈ <N+ : x can produce z}.

Intuitively, X (z) is associated with everything on or above the isoquant for the state-

contingent output vector z. At points it will be convenient to consider an alternative repre-

sentation, which we refer to as the state-contingent output set,

Z (x) =
©
z ∈ <S+ : x ∈X (z)

ª
.

Intuitively, Z (x) can be thought of as all state-contingent outputs on or below a state-

contingent product transformation curve. We impose the following properties on X (z):

X.1 X(0MxS) = <N+ (no fixed costs), and 0 /∈ X (z) for z ≥ 0 and z 6= 0 (no free lunch);
X.2 z0≤ z⇒ X (z) ⊆ X(z0);
X.3 x0≥ x ∈ X (z)⇒ x0 ∈ X (z);
X.4 λX (z) + (1− λ)X(z0) ⊆ X(λz+ (1− λ)z0) 0 ≤ λ ≤ 1; and
X.5 X is continuous.

The first part of X.1 says that doing nothing is always feasible, while the second part of

X.1 says that realizing a positive output in any state of nature requires the commitment of

some inputs. X.2 says that if an input combination can produce a particular mix of state-

contingent outputs then it can always be used to produce a smaller mix of state-contingent

outputs. X.3 implies that inputs have non-negative marginal productivity. X.4 ensures that

the cost function developed below is convex in state-contingent outputs.

Period 0 prices of inputs are denoted by w ∈<N++ and are non-stochastic. Output price
is stochastic, and we denote by p ∈<S++ the vector of state-contingent output prices corre-
sponding to the vector of state-contingent outputs. Producers take these state-contingent

4In general, different firms need not have the same technology, so that, if there are N firms, the technology

for firm n will be represented by a correspondence Xn. Since we mainly discuss the decisions of a single firm,

we will normally suppress the index n.
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output prices and the prices of all inputs as given. The state-contingent revenue vector,

denoted p · z ∈ <S+, has typical elements of the form pszs.

Financial markets are frictionless, and the ex ante financial security payoffs are given by

the S × J non-negative matrix A. The assumption that financial markets are frictionless
can be easily modified by subsuming the financial frictions within the production technology

with little change in the analysis that follows. The vector of state-contingent payoffs on the

jth financial asset is denoted Aj ∈ <S+. Denote the span of the matrix A by M . The prices

of the financial securities are given by v ∈<J+. The firm’s portfolio vector is denoted h ∈ <J .
Dual to the input correspondence is the cost function, c : <N++ ×<S+ → <+, defined as

c(w, z) = minx{wx : x ∈ X (z)} w ∈ <N++

if there exists an x ∈ X (z) and ∞ otherwise. Mathematically, c(w, z) is equivalent to the

multi-product cost function familiar from non-stochastic production theory (Färe 1988). Let

x(w, z) ∈ argminx{wx : x ∈ X (z)}.

If the input correspondence satisfies properties X, c(w, z) satisfies (Chambers and Quiggin,

2000):

C.1. c(w, z) is positively linearly homogeneous, non-decreasing, concave, and continuous

on <N++;
C.2. If x(w, z) is unique, c is differentiable in w and x(w, z) = ∇wc(w, z). If ∇wc(w, z)

exists, then x(w, z) is unique, and x(w, z) = ∇wc(w, z) (Shephard’s Lemma);
C.3. c(w, z) ≥ 0, c(w, 0S) = 0, and c(w, z) > 0 for z ≥ 0, z 6= 0;
C.4. zo ≥ z⇒ c(w, zo) ≥ c(w, z); and
C.5 c (w, z) is convex on <S+ and continuous on the interior of the region where it is finite.
For q ∈ <S+, the convex conjugate of c,

c∗ (w,q) = sup
z
{qz−c (w, z)} ,

can be interpreted as a profit-function for the ‘price’ vector q. Let z0 ∈ arg sup {qz−c ( w, z)} ,
then

qz0 − c (w, z0) ≥ qz−c (w, z) ,
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for all z, and hence q ∈ ∂c (w, z0). By (4), we then obtain z0 ∈ ∂c∗ (w,q) , which restates

Hotelling’s lemma in terms of subdifferentials.

2.1 The derivative-cost function

Define the derivative-cost function C : <S+ → <, by

C (y) = min
h,z
{c (w, z) + vh : Ah+ p · z ≥ y} (5)

if there exists Ah+ p · z ≥ y and ∞ otherwise. C (y) , thus, represents the minimal cost

(maximal buying price) to the firm of constructing the derivative financial asset, y, either

through operations in financial markets or through its production operations.

There are alternative, but equivalent, ways to define C, which allow for different intuitive

interpretations and, which may prove analytically useful in differing contexts.5 Earlier studies

on arbitrage prices (for example, Garmann and Ohlson, 1981; Prisman, 1986; and Ross,

1987) have investigated the properties of ‘minimal investment functions’ defined by the

linear program

ci (y) = min {vh : Ah ≥ y} ,

if {h : Ah ≥ y} is nonempty and ∞ otherwise.

These minimal investment functions are equivalent to multiple-output cost functions for a

linear production technology, well understood from the theory of production correspondences

and duality.6 In addition to satisfying homogeneity and concavity properties in v, they are

positively linearly homogeneous and convex in y. And for y ∈M, they are linear. Thus,
they naturally form the basis for the linear pricing of assets defined on M. Prisman (1986),

Ross (1987), Dermody and Prisman (1988), Dermody and Rockafellar (1991) and others

have developed generalizations of ci to cover financial frictions in the forms of transactions

costs, taxes, bid—ask spreads etc. Clark (1993) has shown how to extend pricing derived

from such linear asset valuations beyond the asset span.
5Chambers and Quiggin (2002) use the alternative specification of the derivative-cost function to deter-

mine necessary and sufficient conditions for the ‘separation’ of financial and physical production decisions.
6The main difference is that the ‘inputs’, h, can be either positive or negative because of the ability to

go short in frictionless markets.

7



One can thus redefine the derivative-cost function as

C (y) = min
r,z

©
c (w, z) + ci (r) : r+ p · z ≥ yª .

As this formulation indicates, the derivative cost problem can be split into a production

problem and a financing problem. For example, a firm could have a production division

charged with assembling p · z at minimal cost and a separate financial division charged with
assembling r at minimal cost. The role of central management would then be to allocate

r and p · z to minimize overall cost by eliminating any arbitrage opportunities between its
production and financial divisions.7

This observation illustrates a general point. The developments in this paper, the develop-

ments in Prisman (1986), Ross (1987), Dermody and Rockafellar (1991) and many others are

all special cases of a more general income production problem where vectors of inputs/assets

(which allow short selling) are used/purchased to assemble derivative assets using a gener-

alized state-contingent production technology. One can generalize axioms X to permit the

possibility of short selling and then, by replacing z there by y, axiomatically derive a cost

function for that technology along the general lines demonstrated by Chambers and Quiggin

(2000).

3 Properties of the Derivative-Cost Function

At points in the following discussion, it will be useful to assume that no y ∈ <S+ can have a
cost that is arbitrarily negative. Formally, the role of this assumption is to ensure that C (y)

is a proper convex function, which allows us to invoke standard results on subdifferentials

and conjugate duality for convex functions (Rockafellar, 1970).

Assumption 1 C (y) > −∞, y ∈ <S+.

We list some basic properties of C. (Proofs not included in the text are in an appendix.)8

7We are indebted to Dan Primont for this interpretation.
8C is a cost function, and thus it possesses standard properties in terms of the input prices (v,h). These

can be gleaned from any good microeconomics text, and thus in the interest of notational economy and

parsimony, we do not discuss them here. But at points in the development, we use these properties when

needed.
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Theorem 1 C satisfies:

1. C (y) is a nondecreasing, convex function that is continuous on the interior of the re-

gion where it is finite. If z0 ≥ z, z0 6= z⇒c (w, z0) > c (w, z) , then y0 ≥ y,y0 6= y⇒C (y0) >
C (y).

2. If C is subdifferentiable at y ∈ri<S+, ∂C (y) ⊂ <S+. If C is strictly monotonic and C

is subdifferentiable at y ∈<S++, ∂C (y) ⊂ <S++.
3. Under Assumption 1, if C (y) is finite for any y ∈ ri<S+, then C is subdifferentiable

at y, and

C 0 (y; z) = sup {qz : q ∈ ∂C (y)}

is finite for every z.

4. C (0) ≤ 0.
5. C (y+δAj) = C (y) + δvj δ ∈ <.

Theorem 1.1 ensures that we can invoke standard methods from convex analysis in ana-

lyzing C. Theorem 1.2 gives consequences of monotonicity for subdifferentials of C. Property

3 shows that C will be subdifferentiable at all points in the relative interior of the positive

orthant. Thus, for any strictly positive derivative asset that can be constructed at finite cost,

C is always subdifferentiable implying that there exist well defined supporting hyperplanes

for the graph of C. As usual, these supporting hyperplanes have the natural interpretation

as the firm’s virtual prices (supporting state-claim prices) for the state contingent incomes

(state claims). Property 3 also relates the subdifferentials to the directional derivative of

the cost function. Later developments will show that this representation, in conjunction

with property 5, is key in determining virtual state-claim prices for assets which are not

marketed. The fourth part of the theorem simply exploits the absence of fixed costs for the

production technology to show that the firm would never pay a strictly positive price for a

non-stochastic zero payoff in each state of Nature. It also demonstrates that the firm can

never make a negative profit in its construction of the 0 asset, presuming of course that the

latter is priced at zero. As we see below, a strict inequality here is equivalent to the presence

of an arbitrage opportunity, and thus ruling out such a strict inequality forms a fundamental

part of the argument in establishing the presence of no-arbitrage prices.
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Theorem 1.5 shows that translating the derivative asset by some multiple of an existing

financial asset just changes the derivative cost by the same multiple of the price of the asset.

This a prerequisite for the derivative asset to have been assembled efficiently. Suppose, for

example, that C
¡
y+ δAj

¢
> C (y) + δvj. The firm could assemble y at a cost of C (y),

and then purchase of δ units of Aj, giving the firm claim to y+ δAj, but at a cost less than

the minimal cost of constructing y+δAj. This contradicts the definition of the minimal cost

function. On the other hand suppose that C
¡
y + δAj

¢
< C (y) + δvj. Then, by a parallel

argument, it follows that the firm can assemble y + δAj at a cost of C
¡
y + δAj

¢
, sell δAj

and realize a return of y and a profit on the operation, which is again a contradiction.

We have the following immediate consequence of Theorem 1:

Corollary 2 C 0
¡
y;Aj

¢
= vj, j = 1, ...,

Given objective probabilities, π, expression (2) and Corollary 2 together imply

vj = sup
q

n
π
q

π
Aj : q ∈∂C (y)

o
,

so that q
π
has a natural interpretation in terms of state-price densities and the pricing kernel.

3.1 Virtual State-Claim Prices

Our next theorem provides a conjugate representation of C that relates the firm’s virtual

state-claim prices to the asset structure and to c (w, z). To motivate this result, notice that

the convex conjugate of C,

C∗ (q) = sup
y
{qy−C (y)} ,

can be interpreted as the firm’s virtual profit function for the state-claim prices q. Intuitively,

it seems clear that this virtual profit function is unboundedly large if there exist any arbitrage

opportunities in financial markets at state-claim prices q, that is, if qA 6= v.When there are
no such opportunities, the firm’s virtual profit is given by the maximal virtual profit realized

10



from the production of z. More formally, for q ∈ <S+
C∗ (q) = sup

y
{qy−C (y)}

= sup
y

½
qy−min

h,z
{c (w, z) + vh : Ah+ p · z ≥ y}

¾
= sup

y,h,z
{qy− c (w, z)− vh : Ah+ p · z ≥ y}

= sup
h,z
{q (Ah+ p · z)−c (w, z)− vh}

=

 ∞ qA 6= v
c∗ (w,q · p) qA = v

.

For any q∗ ∈ arg sup {qy−C∗ (q)} ,

q∗y− C∗ (q∗) ≥ qy−C∗ (q) ,

so that y ∈ ∂C∗ (q∗) and by (4), q∗ ∈ ∂C (y) .

We conclude by conjugacy.

Theorem 3 Under Assumption 1 for y ∈ri<S+, C (y) = supq {qy−c∗ (w,q · p) : qA = v} .

If q ∈ ∂C (y) , then two conditions must hold. First, these virtual state-claim prices

must allow no virtual profit from financial operations. Because the asset structure effec-

tively exhibits constant returns to scale between the firm’s position in financial markets and

payouts, virtual profit is either zero or infinitely large. Virtual profit being infinitely large,

of course, corresponds to the cost of constructing the derivative asset being driven to −∞.
Second, the firm’s cost minimizing choice of z in creating the derivative asset, y , must also

maximize virtual profit in terms of the virtual state-claim prices. By this last observation,

if q ∈ ∂C (y) , then q · p ∈ ∂c (w, z) at any z which solves the derivative-cost problem.

3.2 Virtual Risk-Free Rates and Virtual Asset Prices

Suppose that A contains a riskless asset, offered for a price of 1 with a riskless rate of return

r. By Corollary 2

C 0 (y; (1 + r)1) = 1 = sup {(1 + r)q1 : q ∈ ∂C (y)}
= (1 + r) sup {q1 : q ∈ ∂C (y)}
= (1 + r)C 0 ( y;1) .
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The marginal cost of a sure increase in y of (1 + r) dollars is one dollar. Because the firm can

always realize such a sure increase in y by purchasing one unit of the safe asset, this condition

is necessary for the firm to have exhausted all its arbitrage opportunities in constructing the

derivative asset. Theorem 3 implies in this instance that for all q ∈ ∂C (y) , (1 + r)q can be

interpreted as a vector of risk-neutral probabilites.

On the other hand, even when the riskless asset is not actively traded, the firm’s marginal

cost of a sure increase in y of t > 0 dollars is C 0 (y;t1) = tC 0 ( y;1) , where we have used the

linear homogeneity of the directional derivative. This leads us to define the firm’s virtual

risk-free rate

r+ (y) =
1

C 0 (y;1)
− 1,

as the risk-free rate which yields the firm no opportunity for profitable arbitrage between

production operations and purchasing one unit of the riskless asset if it were traded. Sym-

metrically, when the riskless asset is not traded, the risk-free rate which yields the firm no

opportunity for arbitrage if one unit of the riskless asset were constructed and sold would be

r− (y) =
−1

C 0 (y;−1) − 1

=
1

inf {q1 : q ∈ ∂C (y)} − 1.

By the properties of directional derivatives r+ (y) ≥ r− (y) . If the riskless asset is traded
with a rate of r, then by Corollary 2 r+ (y) = r = r− (y) .

More generally, directional derivatives offer means for computing virtual asset prices,

whether the assets are traded or not. By Corollary 2 when Aj is traded

C 0
¡
y;Aj

¢
= sup

©
qAj : q ∈ ∂C (y)

ª
= vj.

If Aj were not actively traded, then C 0
¡
y;Aj

¢
corresponds to the maximal price the firm

should be willing to pay to acquire one unit of it. Thus, it represents an appropriate virtual

price of the firm for this asset.

These virtual asset prices inherit several very attractive properties of directional deriv-

atives. First, they are linearly homogeneous, indicating that simply rescaling the units in
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which returns for assets are denominated rescales virtual prices in a proportional fashion.

Second, they are convex, which, when coupled with linear homogeneity, implies that they

are subadditive, that is,

C 0 (y;yo + y∗) ≤ C 0 (y;yo) + C 0 (y0;y∗) .

Subadditive, linear homogeneous functions are usually referred to as sublinear.

When an asset is not actively traded, there is no reason to expect that the virtual price

that the firm would be willing to pay to add one unit of it to its portfolio is equivalent to

the minimal price that the firm would be willing to accept in divesting itself of one unit of

the asset. This minimally acceptable virtual price for yo is

inf {qyo: q ∈ ∂C (y)} ,

which under the conditions of Theorem 1 corresponds to −C 0 (y;−yo) . To distinguish
−C 0 (y;−yo) from C 0 (y;yo) , we refer to the former as the virtual selling price. By the basic
properties of directional derivatives for convex functions, −C 0 (y;−yo) is linearly homoge-
neous and concave, and therefore superadditive, in yo with −C 0 (y;−yo) ≤ C 0 (y;yo) .When
these virtual prices coincide, as they would in the presence of a marketed asset, C 0 (y;yo) is

smooth in the direction of yo.

4 Arbitrage

An important use of minimum investment functionals, ci, has been in the theory of linear

valuation operators for financial assets under different market structures. In the simplest

case, where there are no market frictions, ci (y) is linear on M (Prisman, 1986; Ross, 1987;

Clark, 1993) and sublinear elsewhere. This linearity, in turn, guarantees the existence of

nonnegative, state-claim prices, corresponding to the subdifferential of ci (y) at the origin.

When convex market frictions are introduced, ci (y) becomes nonlinear but remains convex.

However, to ensure the absence of arbitrage, there must exist a sublinear (positively homo-

geneous and subadditive) valuation providing a lower bound for ci (y). Thus, the absence of

arbitrage in the presence of frictions also requires the existence of non-negative state-claim
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prices (Prisman, 1986; Ross, 1987; Dermody and Prisman, 1988; Dermody and Rockafel-

lar, 1991; Clark, 1993; Jouini and Kallal, 1995 (a,b); Jouini, Kallal, and Napp, 2001). In

this section, we extend these results to firms facing frictionless financial markets but convex

state-contingent production structures.

We say that a strong production—financial arbitrage exists at (h, z) if there is an (h0, z0)

such that

vh0 + c (w, z0) < vh+c (w, z) , Ah0 + p · z0 ≥ Ah+ p · z,

or, in words, a strictly cheaper portfolio and production plan yielding at least the same

income in each state of Nature as (h, z). If the firm’s objective function is nondecreasing in

state claims, the existence of a strong production—financial arbitrage at (h, z) is inconsistent

with (h, z) occurring in equilibrium. This local notion of an arbitrage encompasses, as a

special case, the more traditional notion of a strong financial arbitrage, which is the existence

of an h∗ such that

vh∗< 0,Ah∗ ≥ 0,

by setting z0 = z and taking h∗ = h0−h. It also incorporates, as a special case, the notion of a
strong production arbitrage at z, which is the existence of a strictly cheaper state-contingent

output vector, which yields no lower return in any state of Nature,

c (w, z0) < c (w, z) , p · z0 ≥ p · z.

Hence, if no strong production—financial arbitrage exists, then no strong financial arbi-

trage exists and no strong production arbitrage exists. Moreover, if (z,h) is cost minimizing

for y, the absence of a strong production—financial arbitrage requires that there exist no

strong arbitrage at y in the form of a strictly cheaper y0 with returns as large in each state

of Nature,

C (y0) < C (y) , y0 ≥ y.

The monotonicity property of C from Theorem 1 ensures that a strong arbitrage of this form

can never exist at any y. Firms constructing their derivative assets at minimal cost, that is

rational firms, automatically eliminate such strong production—financial arbitrages. Hence,

applying the no-arbitrage condition to such points brings no further information than that

already embedded in C (y) .
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The absence of a strong production—financial arbitrage at (v,h) guarantees the existence

of nonnegative state-claim prices.

Theorem 4 If there is no strong production—financial arbitrage at (z,h) , there exists a

q ∈ <S+ such that

qA = v

(q · p) z− c (w, z) ≥ (q · p) z0 − c (w, z0) , p · z0 ≥ p · z.

These no-arbitrage prices ensure that virtual profit in financial markets is zero, and that

virtual marginal profit associated with moving from z to z0 is nonpositive. Hence, for any

rational y constructed at minimal cost, Theorem 4 implies that state-claim prices, q, exist

and satisfy

q · y− C (y) ≥ q · y0 − C (y0) , y0 ≥ y.

Because elements of ∂C (y) satisfy this inequality for all y, they are state-claim prices con-

sistent with the absence of a strong production—financial arbitrage. Thus, the no-arbitrage

risk free rate

r+ (y) =
1

C 0 (y;1)
− 1,

and the no-arbitrage price of the asset yo, C 0 (y;yo) , can be taken as the virtual risk-free rate

and virtual asset price at y. These no-arbitrage asset prices are sublinear by the properties

of directional derivatives. The no-arbitrage selling price of the asset is now −C 0 (y;−yo) .
When yo is in the span of the market, by previous results C 0 (y;yo) = −C 0 (y;−yo) implying
that the no-arbitrage pricing operator is smooth in the direction of the asset structure.

One result of particular interest emerges from considering the case (h, z) = 0. An imme-

diate consequence of the absence of an arbitrage there is that there exists no y ≥ 0 such that
C (y) < 0. This observation shows that Assumption 1 must be satisfied, and in conjunction

with Theorem 1 proves that the decisionmaker cannot realize a strictly positive profit from

constructing the zero asset and selling it for a price of zero.

Theorem 5 The absence of a strong production—financial arbitrage at (h, z) = 0 implies

C (0) = 0.
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A production—financial arbitrage exists for the firm at (h, z) if there exists an (h0, z0) such

that

vh0 + c (w, z0) ≤ vh+c (w, z) , Ah0 + p · z0 ≥ Ah+ p · z

with at least one strict inequality. Such an arbitrage is inconsistent with equilibrium if the

decisionmaker preferences are strictly increasing in y.

This notion of an arbitrage can be used to generate no-arbitrage state-claim prices, and it

is a relatively easy extension of Theorem 4 to demonstrate that these prices must be strictly

positive. These state-claim prices then yield no-arbitrage virtual asset prices and risk-free

rates just as above. We leave the details of this to the reader, and turn our attention instead

to the implications of the absence of a production—financial arbitrage for C (y) . If (h, z) is

cost minimizing, then the absence of a production financial arbitrage requires that there is

no y0 ≥ y, y0 6= y, such that C (y0) ≤ C (y) . This implies:

Theorem 6 If (z,h) is cost minimizing for y, and there is no production—financial arbitrage

at (z,h) , then C (y) is strictly increasing at y.

Intuitively, of course, the strict monotonicity of C (y) guaranteed by this theorem is just

a restatement of the familiar result that the absence of such an arbitrage guarantees the

existence of strictly positive no-arbitrage prices (Theorem 1.2).

Example 7 This example illustrates the difference between a strong production—financial

arbitrage and a production—financial arbitrage, and the different implications they have for

asset pricing and monotonicity of C (y). Consider the cost structure

c (w, z) = ĉ (w)max

½
z1
ε1
,
z2
ε2

¾
,

and suppose that output price is nonstochastic and normalized, for convenience, to one.

Figure 1 illustrates an isocost curve for this cost structure. As illustrated, this cost structure

does not permit substitution between state-contingent output. For any z such that

z2 >
ε2
ε1
z1,

z0 = z2
³
ε1
ε2
, 1
´
represents a production arbitrage but not a strong production arbitrage. Be-

cause c (w, z0) = c (w, z) , C (y) is only weakly monotonic, and the supporting state-claim
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prices are given by ∂c (w, z) = ĉ(w)
ε2
e2, which is nonnegative but not strictly positive. At

z0, there exists no production arbitrage and the supporting state-claim prices are given by

∂c (w, z0) = ĉ (w) co
n
e1
ε1
, ..., eS

εS

o
, which contains strictly positive elements.

It is well-known that the existence of a linear valuation implies that the valuation can

be expressed as an expectation for a particular martingale (Harrison and Kreps, 1979; Cox,

Ingersoll, and Ross, 1985). Clark (1993) has demonstrated the formal linkages between linear

valuations derived from the absence of arbitrage and the subjective probability theory of de

Finetti (1937). A similar connection exists here:

Corollary 8 There are no production—financial arbitrage opportunities at y if and only if

there exists an expectations operator E such that

C (y) ≥ ¡1 + r+ (y)¢Ey, y ∈<S+
with ¡

1 + r+ (y)
¢
EAj = vj, j = 1, ..., J, .

We close this section with an observation that extends a point made much earlier by

Cochrane (1991). It is obvious from the preceding developments that a production-based,

or perhaps more accurately, a cost-based approach to asset pricing exists, and that such

an approach allows assets to be priced in terms of the physical technology in the same

fashion that the consumption-based approach allows one to price assets using the preferences

of a representative agent. Lacking sound information on the distribution of preferences

over the population, tractability of preferences for the representative agent in asset pricing

applications, even in the presence of complete markets, requires the assumption of common

homothetic or practically common quasi-homothetic preference structures (Gorman, 1953;

Milne, 1995). When markets are not complete, the existence of a representative agent cannot

be taken for granted.

By the above, no-arbitrage asset prices can be deduced from the virtual prices studied

earlier. However, Theorem 3 demonstrates that these virtual prices form a supporting hyper-

plane for the graph of both C (y) and of c (w, z) . This is a reflection of the familiar envelope
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theorem for differentiable technologies. Hence, the vector of marginal costs for the state-

contingent outputs offers a set of no-arbitrage prices, which can be calculated directly from

the physical production technology. As physical technologies are, in principle, estimable,

these estimates can be used to price out assets in the same fashion that representative agent

models are used to price out assets.

When a representative agent approach is available, an obvious question is whether there

is an advantage to a cost-based approach. At least two points come to mind. First, unlike

preferences, physical technologies can be observed directly instead of indirectly through the

impact on asset demands and market behavior. This suggests that there will be stronger

procedures for estimating these technologies than consumer preferences. And second, it

seems a weaker assumption to believe that all firms and individuals have access to the same

financial market structure and the same technology than to assume that all individuals have

the same homothetic, or almost the same quasi-homothetic, preference structure. Both of

these restrictions on preferences require severe restrictions on the representative individual’s

preference map. The main argument in favor of these restrictions is convenience and not

systematic empirical support. Thus, as observed earlier by Cochrane (1991), the procedures

developed here, in principle, allow one to sidestep some of the issues associated with using

the consumption-based approach to asset pricing.

5 Some observations on comparative statics

As we noted much earlier in a footnote, in addition to y, C is functionally dependent on

(w,v,p,A) . Moreover, C is also obviously dependent upon the state of the technology in

the current period when production decisions are taken. Now let us return to a quotation

from Cochrane (2001) that we offered in the introduction to this paper.

We routinely think of betas and factor risk prices ... as determining expected

returns. But the whole consumption process, discount factor and factor risk

premia change when the production technology changes. Similarly, we are on

thin ice if we say anything about the effects of policy interventions, new markets

and so on.
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From the preceding developments, it is now obvious that these parameters of C, which

we have largely suppressed so far, have an important role in addressing the problem being

raised by Cochrane (2001). Moreover, it is also apparent that C inherits the property,

characteristic of all dual representations of technology, of affording a means of efficient and

simple comparative-static analysis. In this section, we illustrate how the representation

that we have developed can be used to make concrete statements about the effects of such

developments on virtual asset prices and virtual risk-free rates.

For the sake of economy of notation, we assume that we are interested in a single para-

meter of C, which we denote as t, and refer to as an index of the technology in the current

period. Thus, we can think of what follows as the simple comparative statics of technical

change for asset pricing. We refer to an increase in t as technical change. However, we

emphasize that the principles and arguments used are perfectly general. We will close the

section by noting how similar arguments can be adapted for the introduction of new assets.

Let’s first address the issue of whether virtual state-claim prices can be independent of

t, and, thus, invariant to technical change in the physical production technology. Denoting

the subdifferential of C (y;t) in y by ∂C (y;t) , we have

∂C (y;t) = {q : q (y0−y) ≤ C (y0;t)− C (y;t) , all y0} ,

from which we conclude that the virtual state-claim prices for the firm can be independent

of t if and only if

C (y;t) = Ĉ (y) +m (t) .

This observation and the definition of C yield:

Theorem 9 If the state-contingent production technology satisfies,

c (w, z,t) = ĉ (w, z) +m (w,t)

with m (w,t) positively linearly homogeneous and concave in w, then

∂C (y;t) = ∂Ĉ (y)

for all t, and the no-arbitrage asset prices and risk-free rates are independent of the state of

the technology.
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The technology in Theorem 9 corresponds to one consisting of the sum of two state-

contingent input sets, one which can be thought of as a fixed-cost component that depends

upon t. The other component, which depends upon z but not t, can be interpreted as variable

cost. Notice that this technology is only sensible if we relax X.1 to permit the existence of

fixed costs associated with the state of the technology.

Now suppose that the technology index t describes movements in the technology applica-

ble to the economy as a whole, and that these movements lead to an uniform increase in the

payoffs of all assets as well as to a proportional reduction in the firm’s production costs of

the form

A (t) =
A

m (t)
,

c (w, z,t) = m (t) c (w, z) ,

with m(t) > 0 monotonically decreasing in t. We have

C (y;t) = min
h,z

½
m (t) c (w, z) + vh :

A

m (t)
h+ p · z ≥ y

¾
= min

h,z

½
m (t) c (w, z) + vh : A

h

m (t)
+p · z ≥ y

¾
= min

h,z

½
m (t) c (w, z) +m (t)v

h

m (t)
: A

h

m (t)
+p · z ≥ y

¾
= m (t) min

h/m,z

½
c (w, z) + v

h

m
: A

h

m
+p · z ≥ y

¾
= m (t)C (y) .

The converse follows by duality and so,

Theorem 10 C (y;t) = m (t)C (y) if and only if, one can write

A (t) =
A

m (t)
,

c (w, z,t) = m (t) c (w, z) .

For this specification, virtual prices are independent of the state of the technology. It

follows immediately that relative no-arbitrage prices will also be independent of t. More

generally, by basic separability results, relative virtual prices are independent of t if and only

if C (y;t) = Ĉ (c̄ (y) , t) . This latter restriction requires that the joint technology, defined by
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the asset structure and c (w, z) , exhibit output-Hicks-neutral technical change (Chambers

and Färe, 1994).

Now consider the effect of technical change on the no-arbitrage pricing rules that we have

derived above. For simplicity, we restrict attention to the case C (0;t) . The no-arbitrage

prices are the virtual state-claim prices associated with

∂C (0;t) = {q : qy ≤ C (y;t) , all y} ,

from which we conclude:

Theorem 11 If t0 > t⇒ c (w, z,t0) ≤ c (w, z,t) , then C 0 (0;t;yo) is nonincreasing in t and
the no-arbitrage risk-free rate, r+ (0) , is nondecreasing in t.

These theorems are trivial consequences of our specification of the derivative-cost func-

tion, but despite their triviality they answer potentially important questions in the literature

on asset pricing. And when this recognition is combined with our earlier observations on the

ability to infer asset pricing directly from c (w, z,t) , these results can be made empirically

meaningful using traditional econometric methods of analysis.

It is equally trivial to deduce similar results for the entire range of the remaining para-

meters (w,v,p,A) of C. For example, it is easy to demonstrate that C is nonincreasing in

both w and v. Hence, it follows immediately by parallel arguments that the no-arbitrage

asset prices are nonincreasing in both w and v. Notice, moreover, that the introduction of

a new financial asset, as opposed to the introduction of a physical technology as discussed

above, can be interpreted as a comparative-static change of the form of moving from an S×J
dimensional matrix A containing as one of its columns the null vector to one containing no

null vectors. For simplicity, let that correspond to the Jth column. Then innovating the new

financial asset Aj decreases all no-arbitrage prices and increases the no-arbitrage risk-free

rate if, in an obvious notation, C
¡
y;Aj

¢ ≤ C (y;0) . But this is trivially true because the
range of feasible choices has grown. Similarly, it is trivially true that the introduction of

a new physical technology with zero fixed costs always decreases the no-arbitrage prices of

assets.
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6 Concluding Comments

The primary purpose of this paper has been to demonstrate that a state-contingent model of

production under uncertainty can be integrated with the standard finance-theoretic model

of asset pricing, giving rise to significant extensions of basic arbitrage arguments. A number

of observations, made in passing, could potentially be developed further.

First, the model provides a natural framework for treating frictions, transactions costs and

taxes. Rather than distinguishing, as we have here, between a financial sector characterized

by a conical span M, and consuming no real resources, and a more general state-contingent

production technology, it would be possible, and appropriate, to treat both non-financial

and financial firms as being jointly engaged in real economic activity, consuming resources

and producing state-contingent outputs.

Second, as Cochrane (2001) observes, the limitations of the endowment-economy as-

sumption commonly used in finance theory are most evident in relation to comparative

static analysis. For example, despite the central role of claims about technological change in

recent discussions of the behavior of financial markets, there has been little formal analysis

of the impact on asset prices of changes in the technology of production. Changes in the

actual manner in which the physical technology is employed arise from a variety of sources

including technical change and evolving market conditions. Moreover, as has been empha-

sized above, the manner in which a technology is employed depends upon both financial and

resource markets. Although we have only superficially addressed these issues here, C (y)

affords a natural and well-understood means for examining such issues. C (y) is mathemat-

ically equivalent to a cost function for a multiple-product production technology. Just as

c (w, z) has characteristics that make it particularly suitable for comparative-static analysis,

so does C (y) . In particular, C (y) can be shown to be nondecreasing, positively linearly

homogeneous, and concave in (w,v) while also satisfying a version of Shephard’s lemma in

(w,v) . We have demonstrated that asset pricing can be conducted solely in terms of the

directional derivatives of C (y) . Each of these properties can be used to examine the effect of

exogenous changes in technology (via technical change), marketed asset prices, input prices,

and state-contingent output prices on the no-arbitrage prices derived above specifically, and
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more generally on the no-arbitrage equilibrium itself.

The presentation of financial and nonfinancial technology in terms of underlying produc-

tion sets provides a natural way of modelling both financial and technological innovation.

In particular, it is possible to distinguish between exogenous technological change, modelled

as an induced shift in c (w, z), and induced technical change, modelled as a shift in the

production-finance vector in response to changing factor or state-claim prices. The ability

to do this for a no-arbitrage equilibrium is a first and necessary analytic step in doing the

same in a truly general-equilibrium setting. Moreover, the approach advanced in this paper

promotes the further integration of the theories of the financial and productive firms rather

than their continued segregation into specialized subdisciplines.

Third, asset pricing rules can always be recaptured from both C (y) and c (w, z). Thus,

once procedures for estimating non-stochastic production structures are extended to the

estimation of cost functions for state-contingent technologies, estimated cost structures can

be used to price derivative assets.
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8 Appendix: Proofs

Proof of Theorem 1: Continuity follows by the theorem of the maximum (Berge, 1963).

Let (h0, z0) be optimal for y0 ≥ y, then C nondecreasing follows because (h0, z0) is feasible

for y. Let y0 ≥ y,y0 6= y. There must exist a z ≤ z0, z 6= z0 such that h0A+ p · z ≥ y, but
for which c (w, z) + vh0 < C (y0) if c is strictly increasing. To demonstrate convexity, let

(h0, z0) and (h00, z00) be optimal for y0 and y00, respectively. By the linearity of the constraint

sets (λh0 + (1− λ)h00,λz0 + (1− λ) z00) is feasible for λy0 + (1− λ)y00. By C.5,

c (w,λz0 + (1− λ) z00) + v (λh0 + (1− λ)h00) ≤ λ [c (w, z0) + vh0] + (1− λ) [c (w, z00) + vh00] .

Taking the minimum of the left-hand side yields convexity. This establishes 1.

To establish 2, consider q ∈ ∂C (y) . By definition,

C (y)− C (z) ≤ q (y− z) .

Let y = z+δej for δ > 0 but suitably small. Weak monotonicity guarantees that qj ≥ 0, and
strong monotonicity guarantees a strict inequality.

To establish 3, suppose that C (y) is finite at y, then by Assumption 1, it is a proper

convex function. Theorem 23.4 of Rockafellar (1970) then yields the result.

C (0) ≤ 0 follows by C.3 and the definition of the cost function because h = 0, z = 0 is
feasible for y = 0.

To establish 5,

C
¡
y + δAj

¢
= min

h,z

©
c (w, z) + vh : Ah+ p · z ≥ y+ δAj

ª
= min

h,z

n
c (w, z) + v−jh−j + vj (hj − δ) : A−jh−j + (hj − δ)Aj+p · z ≥ y

o
+ vjδ

= C (y) + δvj.

Proof of Theorem 3: Under Assumption 1 and by Theorem 1, C (y) is a proper and

closed function with the convex conjugate identified in the text. By conjugacy, then

C (y) = sup
q

½
qy− sup

z
{q (p · z) −c (w, z)} : qA = v

¾
.

Proof of Theorem 4: Apply Theorem 22.3 of Rockafellar (1970) to the condition that

Ah0 + p · z0≥ Ah+ p · z⇒ vh0 + c (w, z0)≥ vh+ c (w, z) .

26



z2

Arbitrage but not Strong Arbitrage

'zz2

z1

2

12
ε

εz

Figure 1: Strong Arbitrage and Arbitrage


