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A MULTIPLE-RISK OPTIMAL HEDGING MODEL: AN EXAMPLE
Gboroton F. Sarassoro and Raymond M. Leuthold”®
Introduction

The liberalization of trade among countries, the increased mobility of
capital, and the introduction of a flexible exchange rate regime have created an
integrated world economy where domestic public policies have global impacts and
disturbances in one country quickly transmit to others. Multinational firms and
export agencies take advantage of a greater pool of investment opportunities and
larger markets respectively. However, they also face greater economic risks
resulting from variability in price, exchange rate and/or interest rate. They
are also exposed to political risk.

Several theories have attempted to explain and predict exchange and interest
rate differentials across countries. The Purchasing Power Parity (PPP) theorem
states that a change in the exchange rate differentials between two countries is
met with a corresponding change in price differentials, resulting in no revenue
loss or gain to importers or exporters. Similarly, international economic theory
links interest and exchange rates through the Interest Rate Parity (IRP) theorem.
The Covered Interest Rate Parity (CIP) hypothesis states that for countries which
allow free movement of capital, the interest rate differential will equal the
differential between the spot and forward exchange rates. The Uncovered Interest
Rate Parity (UIP) hypothesis attempts to explain the behavior of speculators.
Some argue that when the CIP holds, speculators will take open positiomns in the
forward exchange markets as long as expected and spot exchange rates offer them
an expected profit. Empirical evidence refutes the UIP and the PPP hypotheses;
only the CIP seems to hold true for major currencies (Officer and Willet, 1970;
Otani and Tiwari, 1981; Solnik, 1978; Isard, 1987). The implication of this
empirical evidence is that contrary to traditional international economic theory,
multinational firms and international traders faced with price, currency and/or
interest rate risks are justified in taking steps to manage them.

The objective of this paper is to develop a risk management strategy for
export agencies exposed to price, currency and interest rate risks. In many
cases, these agencies export commodities whose prices are quoted in a foreign
currency and fluctuate widely due to changes in supply and demand conditions. 1In
addition, these agencies may have to invest their excess liquidity in financial
markets where interest rates are variable.

Specifically, this paper utilizes portfolio theory to demonstrate how
traders can use the futures market to manage multiple risks simultaneously.
First, we derive a general portfolio model for optimal futures market hedging
within the context of the quantity, price, interest and exchange rate risks faced
by Cote D'Ivoire in their exporting of cocoa and coffee. Second, we present the
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estimating procedure and optimal commodity and financial futures positions for
the Cote D’'Ivoire export agency, Caisse. Finally, we discuss the implications of
this research. The approach developed here is appropriate to many international
trading situations.

Theoretical Background and Model

Markowitz (1952) portfolio theory as applied by Johnson (1960) and Stein
(1961) is the basis for our risk management model. Several authors have used the
Johnson-Stein model to show the empirical employment of the futures markets in
managing price risk (Peck, 1975), price and quantity risks (Rolfo, 1980),
exchange rate risk (Soenen, 1979) and interest rate risk (Franckle, 1980).
Recently, Thompson and Bond (1987) examined the management of price and exchange
rate risks simultaneously. This study builds on these previous studies in
developing a hedging model.

Using the mean-variance framework, it is assumed that the objective of
Caisse is to maximize expected revenue subject to a certain level of risk where
risk is measured by the variance of revenue.

The objective function to be maximized can be formalized as:
@ = Ec(Ye41) - 8 VARL(Yyp) (D

where,
Yi41 is the revenue in period t+1,
Er is the expectation operator,
VAR, is the variance operator, and,
6§ is the risk aversion parameter (§>0).

The revenue in t+l is a function of the actions undertaken by Caisse before
harvest (t-1) and at harvest (t) both in the cash and the futures markets. At
harvest, Caisse through private exporters buys quantities Qce ,and Q. of cocoa
and coffee at fixed domestic prices (CFA francs) Pccd and P..~ respectively.
These quantities are sold in the world markets (in dollars) at prices P,. and P_,
respectively. The proceeds are then invested at a one-period rate of interest r.
The total revenue of the cash cocoa and coffee activities (after converting
dollars to CFA francs by exchange rate X) are designated as Ree and Reg
respectively.

Before harvest Caisse sells quantity H.. and H., of cocoa and coffee forward
in the futures markets at price fcct'1 and fcet- , respectively. At harvest,
Caisse buys back these quantities at price fcct and fcet respectively. 1In local
currency, the return from these activities in the cocoa and coffee futures
markets are R..% and Rcef, respectively.

Before harvest, Caisse buys quantity C of foreign currency futures at price
Xft'l to be sold back at time t+l at Xft+1. The return from this action is Rcf.

Before harvest Caisse buys quantity I of interest rate futures contracts
paying a rate rft’l to be sold back at harvest (t) at rate rft. The return from
this investment is R, .
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In the risk management context the unknowns to be solved for by Caisse are
the levels of the commodity hedges, H,, and H..,, the amount of currency hedge, C
and the level of interest rate hedge, I.

3

The net income generated by Caisse is:

K is a (6X1) vector of ones and futures positioms, K'=[1 1 H.. H.e C I],

R is a (6X1) vector of cash and futures returns, R’'=[R.. R, Rccf Rcef RCf
f] with the returns defined as:

Ree = [(I+ro)PeceXes1 - Pccd]Qcc'
Ree = [(I+re)PeetXesl - Pced]ch’
Rccf = (fcc:t—1 " fcct)Xt’

Rcef = (fcet-l - fcct)xt:

Rcf = (Xft‘l - Xft+1),

er - (rft'l - reb).

The objective function (1) becomes:
Q =K' E(R) - § [K'RR'K].

The above objective function is concave, consequently the maximum is

obtained when the first derivatives with respect to the decision variables H..,

Hoe, C, and I are equal to zero. That is:
da(a)
---- =E(Ry) - 6§ W'K=20 (3
dKl

where, Ki = [Hee Hee € I1, R'1=[Recf Reef R.E R.E] and VW' is the following (4X6)
matrix: '

vV, = [COV(1,))], with 1 - Reof, Reef, R.E, R.E and § = R Ree Reof Reef R.E and
R f.

Premultiplying equation (3) by the following (4X4) matrix Z,

var-lr, 5) o 0 0

0 var-1(r. E) o 0

z=10 0 var-lr.,f) o
0 0 0 var-1(r, %)
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1/6 ZE(Ry) - ZVV'K = 0 (4)
or,
1/6 S - PK =0

where P = ZVV' is a (4X6) matrix whose elements are of the form
COV(Rl,R )Y/VAR(R:), or simple regression coefficients, and,
S = ZE(Rl) is a %AXI) vector of ratios of expected return to variance.
In order to isolate the four unknown elements of K (i.e., Hoe, Hee, C and
I), matrices P and K are written in the following partioned forms:
P = (Z9124)
and,
K’ =(1 1 | Hge Hee C I)
where,
Ig = [alJ] with i=3,6 j=1,2
and,
24 [aiJ} with i=3,6 j=3,6.

Define ajj as the coefficients of simple regressions. Letting i=j=1,6 refer
to Rees Rees Rccf, Rcef, Re £ ang Ry, £ respectively, ajj is the coefficient of the
simple regression of i om j.

Equation (4) can now be expressed as:
1/6 8 - Zplyp -Z4K1 = 0 (5)
where I’ = [1 1].

Since the COV(Rj,Rj)/VAR(Rj) = 1, the matrix I, has ones on its principal
diagonal. Consequently, it can be written as:

S, =Tt 4 I (6)

where I is the identity matrix and 241 is the same matrix as X, except it has
zeros on its first diagonal instead of ones. Substituting (6) into (5) the
solution of the hedging problem becomes:

Ky = 1/6 S - oIy - B41K; (7)
or
Ki* = 5,711/8 s - 5p19). (8)

Appendix 1 gives the detailed expression of the optimal hedges. As indicated in
previous hedging literature (Rolfo, 1980; Anderson and Danthine, 1980), the
optimal futures positions Kl* includes a speculative 1/624‘1 S and a hedge
component 24'12212 For a highly risk averse decision maker (§ goes to
infinity) or risky futures markets (S approaches zero) the oitlmal hedge
coincides with the risk minimization strategy and Kl = -2, "ZpIs.

We can use equation (8) to estimate the optimal hedges H.., H.o, C and I for
selected values of the risk parameter § in the interval from 107 - for very low
risk aversion to 10° for very high risk aversion.



300

The hedging strategy developed here will be evaluated by comparing it to the
no hedge strategy. Since é is assumed fixed in equation (1), the ratio of the
expected income to the variance can be used to compare the two strategies. For
large values of the risk aversion parameter, §, the hedging effectiveness
coefficient e = 1 - VAR(Y})/VAR(Y,;) can be used to compare the hedging and no
hedging strategies. VAR(Y},) and VAR(Y,,) are the variances of the revenue
associated with the hedged and the unhedged portfolios respectively.

Empirical Findings

Cocoa and coffee are harvested in Cote D’'Ivoire continuously from October up
to September of the following year with the bulk of the harvest occurring from
December to March. In this paper, the cocoa and coffee seasons are divided into
the following four periods: October-December, January-March, April-June and July-
September.

The optimal hedging strategy proposed here assumes that just before each
period (in September, December, March and June), Caisse takes a position in the
cocoa, coffee, currency and interest rate futures markets to be reversed at the
end of the period (December, March, June and September) when the cash commodities
are sold in the spot markets and the proceeds are invested.2 The contracts used
for each quarter are December, March, June and September. However, since there
are no cocoa and coffee futures contracts in June, the July futures contract is
used instead for those two commodities. Also, there is no futures market for the
CFA franc, and the French franc, to which the CFA franc is tied (1FF = .02 CFA
franc), has no active futures market. Consequently, an alternative futures
currency, the British pound, is used to cross hedge the CFA franc, The return
from the futures currency market Rcf becomes Rfc - (BPC'l - BPt+1)Qt+1 where BP
is the British pound futures price in U.S. dollars and Q is the British
pound/U.S. dollar exchange rate. This adjustment allows the optimal hedge C to
be interpreted as CFA francs.

The basic data needed to calculate the commodity and financial optimal
hedges are the monthly average futures prices for those months futures contracts
bought and sold and the total quantities of cocoa and coffee exported by Cote
D'Ivoire during the quarter. The proceeds are invested in 3-month U.S. T-bills.
Also needed are cocoa and coffee cash prices for the months of December, March,
June and September. Finally, the domestic prices for cocoa and coffee are fixed
for each year. The analysis of this paper covers the period from 1976 to 1986.

Expectations about futures returns in the commodity and financial futures
markets are needed to estimate the optimal hedges. Most hedgers presumably are
also profit seekers (Working, 1953) who make use of all the available information
in forecasting futures returns. One convenient way to take into account all the

lLarge values of S correspond to the situation when the speculative
component is zero and the optimal hedge is the same as risk minimization.

2 The currency position is held for two quarters. Consequently, Caisse
reverses its initial currency positions taken in September, December, March and
June at the end of March, June, September and December respectively.



available information is to use time series techniques (Bond, et al., 1985) which

by design assures that the forecast residuals are white noise (i.e., expected
value is zero). Consider the following expectation models:

R ™ = Ec(Ry®) + Uy
Rjt+1 - Et(Rjt+1) + Vt+1

where U and V are white noise residual terms (i.e; E(U) = 0 and E(V)=0). The
variance of Ry and Rj are:

VAR¢(Ry) = VAR((V)
respectively.

The covariance between Rj; and R; is:

J
COV¢(Rq,Ry) = COV(U,V).

Thus, the parameters of equation (8) which are of the form COV(R;,R;)/VAR(R;) can
be estimated by the coefficient of the regression U on V since COV( i,Rj)/VAR(Rj)
= COV(U,V)/VAR(V).

In this paper due to the limited number of observations, an expectation
model based on a time series technique may not lead to white noise residuals.
Consequently, it is assumed that the best forecasts of the future returns are the
average of past returns. The parameters of the hedge component in equation (8)
are estimated by simple regression on returns instead of forecast errors.

Table 1 gives the ratios of the futures returns to their respective
variances for the four periods being studied. All but one ratio are less than
absolute one, and in most cases these ratios are very close to zero, suggesting
that little speculative opportunity exists.

Actual estimation of the optimal hedge for values of § varying from
1072 to 10° show that the optimal hedges do not vary significantly.
Consequently, only the results corresponding to the risk minimization strategy
(6§ = 1072) are reported. The hedging model can therefore be evaluated using the
hedging efficiency criteria (e = 1 - Var(Yy)/Var(Yy)).

Table 2 reports the optimal cocoa, coffee, currency and interest rate hedge
ratios and the proportion of total risk eliminated by the hedging strategy.
Normally, Caisse would sell cocoa and coffee futures and buy currency and
interest rate futures. These normal positions are represented by positive signs
in table 2 while opposite positions are noted with negative signs. The hedging
ratios range from buying futures contracts larger than the cash position
(currency in September-March), to very small futures positions (cocoa in
September-December), to buying more futures contracts than the size of the cash
position when selling contracts is the normal position (coffee in March-June).
Most importantly, the hedging effectiveness column indicates that the commodity
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Table 1 The Ratios of the Expected Futures Returns to Variances for
the Cocoa, Coffee, Currency and Interest Rate Futures
Markets

Periods Cocoa Coffee Currency? Interest Rate

September-

December 1.9x10°% -2.94x10-® -.00036" -0.007

December-

March -16x10°7  2.0x10°7  -1.97 -0.28

March-

June -1.25x10°7  1.53x10°7 0.65 0.75

June-

September 1x10°-6 -11x10"7 -0.39 -0.004

8 The currency hedges span two periods, not one (see text).

Table 2 Optimal Commodity and Financial Hedge Ratios, and Hedging
Effectiveness (in percent)

Periods| Cocoa Coffee Currency? Interest| Hedging

| Rate | Effectiveness
September- -5 190 339 46 60
December
December- 17 =40 -147 -92 27
March
March- 6 -314 -15 51 89
June
June - 50 22 8 8 42
September

8 The currency hedges span two periods, not one (see text).
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and financial futures markets are useful risk management tools since Caisse can
reduce between 27 and 89 percent of the risk associated with cocoa and coffee
export revenue. These represent substantial reduction in risks.

Several observations can be drawn from the above results. First, across the
four quarters the average risk reduction is 54 percent, which is noteworthy. The
results also obtained in this analysis suggest that contrary to traditional
hedging theory, taking futures positions greater than the cash position may be
consistent with optimal hedging decisions. Sometimes these results show the
futures position to be on the same side, rather than the opposite side, of the
cash position. Gemmill (1980) found previously that long positions in cocoa
futures were consistent with risk minimization. Similarly, Rolfo (1980) found
for low risk averse producers that a long position in cocoa futures was optimal.
However, both of those studies involved single commodity hedges.

Second, there is considerable variability in the hedge positions from
quarter to quarter. This means a government agency needs to be flexible in
establishing futures positions and be willing to alter them in subsequent
quarters. This need for flexibility may suggest why many stabilization schemes
fail where countries are locked into specific scenarios for a whole year.

Third, some of the results of this paper may be difficult to implement
because political leaders in many developing countries believe that participation
in futures markets is speculation. Therefore, it may be difficult to convince
the decision makers at Caisse to take futures positions at all, let alone futures
positions which are greater than the cash positions. Consequently, upper and
lower bounds corresponding to the expected cash position and zero respectively,
can be put on the different hedges. For example, when the hedge is found to be
negative, set it equal to zero. Similarly, a futures position greater than the
corresponding expected cash position is set to that expected cash position.
Experimentation with this constrained risk minimization strategy reduced the
hedging effectiveness for all four periods on average from 54 percent to 21
percent, making these results less appealing. These results are also nonoptimal.

Fourth, data limitations affect the results. We were constrained to
quarterly data, but certainly Caisse makes decisions more frequently.
Presumably, Caisse has additional data for analysis that would conform more
closely with their decision horizons.

Conclusion

This paper demonstrates how a marketing agency faced with multiple
international risks (quantity, price, exchange rate and interest rate) may use
commodity and financial futures markets as management tools. In particular, this
paper develops an optimal hedging model, and applies it to Cote D’Ivoire cocoa
and coffee exports.

When the average of past returns is used as an expectation model, the cocoa,
coffee, British pound and 3-month U.S. T-bill futures markets offer little
speculative opportunity. However, when the objective of the decision maker is to
minimize risk, the cocoa, coffee, exchange rate and interest rate futures markets
provide substantial risk reduction opportunity. In particular, it was found that
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the government export agency of Cote D'Ivoire may reduce from 27 to 89 percent of
the risk it faces in marketing cocoa and coffee.

Finally, it was found that on occasions risk minimization would require
futures positions greater than the expected cash positions. Such policy may be
politically difficult to implement in most developing countries. However, this
study demonstrates the potential for substantial risk reduction when managing

multiple risks simultaneously.



305

REFERENCES

Anderson, R. W. and J. P. Danthine. "Hedging and Joint Production:
Theory and Illustration." Journal of Finance. 35(1980):487-498.

Bond, G. E., Thompson, S. R. and J. M. Geldard. Basis Risk and Hedging
Strategies for Australian Wheat Exports. Australian Journal of
Agricultural Economics. 29(1985):199-209.

Franckle, C. T. "The Hedging Performance of the New Futures Market:
Comment." Journal of Finance. 35(1980):1273-1279.

Gemmill, G. "Optimal Hedging on Futures Markets for
Commodity-Exporting Nations." Mimeographed, City University,
1980.

Isard, P. "Lessons from Empirical Models of Exchange Rates."
IMF Staff Paper. 34(1987):1-28.

Johnson, L. L. "The Theory of Hedging and Speculation in Commodity
Futures." Review of Economic Studies. 27(1960):139-151.

Markowitz, H. "Portfolio Selection."™ Journal of Finance.
7(1952):77-91.

Officer, L. H. and T. D. Willet. "The Covered-Arbitrage Schedule:
A Critical Survey of Recent Developments.” Journal of Money,
Credit, and Banking. 2(1970):247-257.

Otani, I. and S. Tiwari. "Capital Controls and Interest Rate Parity:

The Japanese Experience." International Monetary Fund Staff
Papers. 28(1981):793-815. Reprinted in International Financial

Management. D. R. Lessard ed. John Wiley & Sons (1985):197-210.

Peck, A. E. "Hedging and Income Stability: Concepts, Implications

and Example." American Journal of Agricultural Economics.
57(1975):410-419.

Rolfo, J. "Optimal Hedging under Price and Quantity Uncertainty:
The Case of a Gocoa Producer." Journal of Political Economy.
88(1980):100-116.

Soenen, L. A. "Efficient Market Implications for Foreign Exchange
Exposure Management." De Econmomist. 127(1979):330-339.

Solnik, B. ™"International Parity Conditions and Exchange Rate."
Journal of Banking and Finance. 2(1978). Reprinted in

International Financial Management. D. R. Lessard ed.
John Wiley & Sons (1985):174-184.




306

Stein, J. "The Simultaneous Determination of Spot and Futures
Prices," American Economic Review. 51(1961):1012-1025.

Thompson, S. R. and G. E. Bond. "Offshore Commodity Hedging Under
Floating Exchange Rates." American Journal of Agricultural
Economics. 69(1987):46-55.

Working, H. "Futures Trading and Hedging." American Economic Review.
48(1953):314-343. '



307

APPENDIX 1

Derivation of the Optimal Hedges

The objective function to be maximized is:

E(Y) - 1/2 §VAR(Y) Al
where, ;
Y = Ree + Ree + Hee Rfcc + Hee Rfce
6 is the risk parameter coefficient,
E(.) is the expectation operator and,

VAR(.) is the variance operator.
The detailed expression of the variance of Y is:

+crf, + T RE.

VAR(Y) = VAR(R.c) + VAR(Rge) + Hoo? VARRE ) + H 2 varRRE ) + c2
vaR(RE) + 12 varR(RE,) + 2(COV(R.¢,Ree) + Hoe COV(Rgo REL.) + Hoo
COV(R.,RE o) + € COV(R..,REL) + T COV(R..,RE,) + H.. COV(R,.,RE L) +

Hee COV(Ree,REc) + € COV(R.e,REL) + T COV(R,o,RE,) + HoHeo

ce?

cov(rf, . ,RE ) + H.. ¢ cov(rRf . ,RE)) + H_, T covRE, ,RE.) + H,, C

cov(RE..,RE,) + B, I cov(rf ., RE) + ¢ 1 covrE, RE)).

ce’

The concavity of the objective function assures that the maximum
is obtained at the point where the first derivatives of Al with respect
to the decision variables H H C and I are equal to zero. These
first derivatives are:

ce? ce>

d E(U(Y))
--------- = E(RE_.) - 6 [H.. VAR(RE ) + COV(R..,RE o) +
dH
COV(Rce,REce) + Hoe COV(RE, . ,RE ) + ¢ cov(rRE,.,RE)
+ 1 cov(rE_ ,RE ) ]=0 A2
d E(U(Y))
--------- = ERE.) - 6 [H. VARRE. ) + cov(r..,RE L) +
d Hee
COV(R.q,RE o) + H,, COVRE,,,RE ) + ¢ covrE, RE.,)
+ 1 cov(rRE_,RE_ )1=0 A3
d E(U(Y))
--------- = ERE.) - 6 [c varRE) + cov(r..,RE) +
dac

COV(Rge,REL) + Hoo cOV(RE, ,RE) + H.o cOVRE . ,RE))

+ 1 cov(RE_,RrE )]0 FYA
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d E(U(Y))
--------- - E(Rf)) - 5 [1 varrE)) + cov(r..,RE,) +
o COV(Ree,RE) + Hoo cOVRE,,RE.) + H,, covrE,, RE))
+ ¢ cov(rRE_ R )]=0 A5
respectively.
Dividing equations A2, A3, A4 and A5 through by VAR(RfCC),
vAR(RE ), VAR(RE.) and VAR(RE,), respectively, and solving for H.,,

H.e, C and I give the following equations:

ERE. ) cov(Rf, . ,R.e) cCOV(RE..,R..) cov(rRf, . ,RE )
Heg = -----mmzes o mmomommmmeoe o i - Hee ==---z------
£ £ £ £
26 vaAR(RE ) var@RE,.) var(RE ) var(RE )
cov(rE, . ,RE,) cov(rf. . ,RE))
I o N e ] cecceemeeaana
var(RE ) vaR(RE, )
ERE, ) cov(rRf . ,R.o) Cov(RE . ,R..)  covrE, RE.)
Hog = s=vs=-wces = sesessscesns = mocmeesoeoos - Hgg -meemommoe-
£ £y - £ £
26 varR(RE )  varrE,,) var(rE ) var(RE )
cov(rf . ,rRE,) cov(rf, . ,rE)
wC mmmmmmm e e T cmmmmmmmmaa-
var(RE, ) var(rRE )
ErE,) cov(Rf,,R..)  cov(rRE_,R..) cov(rf_ ,rE_ )
Com mmmmmmmen o emesolll o eelilillllD Hog =--rmmmmmmn-
26 var(RE,) var(RE,) VAR(RE,) var(RE,)
COV(R*,,R*..) cov(rf, ,rf,)
Hog -=-=-=ozmnnn- S S
var(RE.) var(RE.)
ERE)) cov(RE_ R ) cov(RE_ R ) cov(rf R )
e - Hgg ---e-mmemme-
26 VAR(RE)) var(rf)) var(RE)) var(rf))
cov(rRE,,RE ) cov(rf, rE)
“Hog ====-==zm=mn- e € mmemmmom——ena
var(RE,) var(RE))
or,
Hee = 1/6 81 - a31 - a3y - a34 Hee - a35 C - azg I

176 Sy - as1 - a4 - a43 Hee - a45 C - age I,



309

€ =1/6 83 - as1 - asy - as3 Hee - asy Hee - ase 1 and,

I-1/6 54 - agy - agy - ag3 Hee - g4 Hee - 365 €,

where:
Sl == E(Rfcc)/VAR(Rfcc)r

Sy = E(RE o) /VARRE ),

eRE,) /var(rE,),

w1
w
I

E(RE,) /vAR(RE,) and,

wn
=~
I

1/6 S1, a3] a3g, a3y, azs and azg correspond in order with the elements
in equation A2,

1/6 89, an1, a4, a43, ays and a,g correspond in order with the
elements in equation A3,

1/6 S3, asy, asy, as3, asy and agg correspond in order with the
elements in equations A4 and,

1/6 S4, ag1, ag2. a3, agy and ags correspond in order with the
elements in equation AS5. ,

In matrix form the_ above equations can be written as:
Ky = 1/6 § - Zp I, + 3,1 Ky,
where,
K1" = [Hee Hee C© 11,

S' = [S1 So S3 S4l,
231 a3p]
2y = lag1 a42|,
asy asp
261 362
1
I, =
1
and,

-

0 a3, azs asg]
St = a3 0 ays ayel-

as3 asy 0 asg

a3 ags ags O



