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because points on the prod.uct:i.on surface can be reached only by successively 

":reet'ling in" incremental, feed inputs over time)/ :1.w 9,uestion.s related to 

irtime n a.re immediately :rsd.sed: (l) How d.oes the "rate 11 of :feeding through 

requisite to understanding of the Secondo 

F:i.gu_~ l :tllustra-tes the "zate of f'eeding" p!'<iblem. Line O.~. is the 

p:r:oduction func-'Gion if the co1:r :ts "full fed" on :ration 1 .. Y )?'olnt .~ :'t!il reached 

e.t the end oi' an entire lactat:ton (say,, 10 months),, .At a lower f'eeding 1-ate 

(eog,. 9 8~ t\tll•:fed) on ra.tion 11 the produc·tion function is OB1 with point 11. 
reaclled at the end o:f the 10..-month lscte.tiono OB:t lies b~..low OA_i 0 •at the lower 

:reeding rate a larger percentage of the :f'eed is used for body mintenanceo 

* The author a.cknoirledges the hel.pf'ul 0011mants of Harold Oo Ca"(te:r~ William 
G" B:r."Own, &"ld Magnar Ronning on en ea:::1ier d.t'af'to 

±/ In ·this rege.:rd..i, livestock functions have 'been oont.T.aSted •with fertilizer 
fu..Y.tctions 1f.aere almost a.YJ.y feasible input level can be appl:.tea. :i.nst:antanoously.,, 
See Bl"O'•:.i"'l13 WUliam Go and George l:L, Ar,sco·l.to "A Me·thod for Dealing l<.'":Lth Time 
in Dete:nntning 0-ptimum Factor Inputs.., 11 ~~~!1~~9 Volo XL, Moo 
3t Auguste 1958, pp,, 666 ... 673., 

g/ We ignore the si-ticky question of' •determining a. "MJ. feed., u For a. 
discussion of' feeding problems in dairy cow e:lq)e:tirr;.1ants.!l. see: Jacobson., N cLo, 
"P.robl,ems :in Designi11g Feeding h-perlmants From a Nutrit:tonal Standpoin'h" in 

!1!"t,rit=!,£;1l,,al_,!:ld !]£2,~ cts of~~ ut:q.i~.e:~n.~-~ Ed1.ted by 
Hoglund, C .. R., 3 Glenl'l J..,. J, ~ison.9 Charles A11 Lass:!.ter &"ld Lon D., illi&A.-dEJ 
pp., ao6 .. 2J.2o 
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with points c1 and D1 reached, :respectively, at the end of the lactation period,. 

Within a static framel.10rk0 functions ODi, oc1 and o:a1 could be immediately­

e1iw..ina.ted as technologically inferior to function 0~ (04\ provides greatest · 

output for given feed input)., In the static context, optimum input of ration 1 

._ _ . ·. d (Production fu.nc-1.;ion OAi) · 
_ would be determined in the usual wey by . setting . · . d R:J. · 

Price R.J. o However., this "optimum" input l.lJEW lie a.t some point (e .. go 1 c) 
= Price Milk 

.. 
. I 

corresponding to less than a. full lacta.tion°..,obvioualy an unrealistic solutiono 

Heaccy- argues, therefore, that a production function s.uch as DiA:t. is the reJ.eva.nt 

function for feeding decisions o'J/ The question here is: · !! the cow is :fed for 

the ~ 10-month lactation, which :feeding rate is optimum? The relevant . 

. _ • . d (production function Di'\) Price ~ 
en terion here is: d ; ~ · · = Price milk 0 

Limitations a.rise,.hovever~ in extending this argument to s production 

surfac~ for the entire lactation (Figo 2) where "clloiee of ration" as ~11 as 

' 
"feeding rate'' is concemed.. The isocline (Figo 2) denotes the least-cost 

feeding path for a particular Iha.y-coneentmte price ratioo The isocline is 

not interpreted as the least-cost feeding path for a particular cow over its -
lactation,; that is, the isocline does~- mean, "f'eed ration n4 for f'irst9 

49 000/! milk0 then Sldtch to a J.ower concentrate ration (R3) f'or the next 

41 000#9 then svitch again (~) for the final 4,000// milk.," Instead, the 

. isocline· shows that !! 49 O<.:J0/1 of milk is desired over the entire lactation, R4 

is th~ cheapest :feeding method.;.,!! l21 ooo/f of' milk is desired ·R3 is. the cheapest 

0 - ~ - ~ -·- - - - - ~ ~ - ~. - - - -· - - - - ~ ~ - - - Q - ~ - - - -- - - - --

.. 'JI. H~, Eo Oo},) "Problems in Designing Dairy Feeding Experiments for 
Economi~ Anal.ysis,11 n in Hoglunda eto al.o 8 editors, OPo cito, PP• 19~-2050 
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feeding method .. _ Thus., a surface derived for an entire lactation is limited 

to answering · questions of "oPtimum. ration" and "feeding l.evel" only under . 

a s~e- ~ti~n feeding -pl~- for the' en~ire lactation.. Heattr, et. al.~ handl.ed 

this probl.em. by including t:Lme (m:>nth of lactation) as a "shifter" in the 

production function., thereby a.llo1dng specification of a series ~-f :mnthly 

production functions~ Conventional profit mrodroizing criteria coul.d then be 

applied to the· monthly functions to solve · for optimmlJ. monthly ration and rate 

of feedings 

Often., however, experiments are not de~igned ideally for economic analysiso 

In ~ cases., dairy eleperiments employ only ":f'uU fed"_ rations, thus providing 

only an estimate of the "stc:>mach l~e" (F.tgure 2)o The economic question here 

is: Whicll feed CQm'bination along the 11stomach line" mmdmi~es profit? As 

-_ pointed o.ut by &-own and Arscott,il this point my or g ~t lie on the 

conventional isocl:J:ne.§/ In such experlments a series of monthly "stomach 

lines" could be estimated and the·_ optimum. "full.fed" rations determined month­

by-mnth for the entire lactations 'l'he necessity of a "complete" production 

surface _appears to -be sometimes overexaggerated. In most practieal.. feeding 

situations cow are hand-fed a particular level -of concentrate., then f'ed hay 

free-choice to reac,h the "stauach 1ineo" In such cases., · an accurate estimate 
) . 

of' the "stoma.ch line" (a slice through the surface) ~ be more important than 

a canplete sur:face with isoquants, isoclines, _etc. 

--------------------------- ---·- ----------
_ ~ - Heattr, Eo o • ., John A. Schnittker., No Lo Jacobson and Solomon Bloom. 
Milk Production Functions -Ora.in substitution Rates and Economic imum. 

-Da:19 Cow Bationso Iowa .Agr. Jexp. Stas Bul.o • ., October., 19 o 

·- i/ Brown _ and Arscott., op. cit. 
. . . . . . ' 

- §/ In f's.at~ :tf' the ecoll0m.1c "optimum" derived :tn conventional manner :f'rom 
the entire s~ace lies at some infeasible point_ ·"outside" the stcmach 1:Lne 
(e.g • ., point F), the ''true" economic optimum UN lie off the isocline. 



a.dequ.s:'ce, cJcc:017t 1.fuere iictl!:t:ryuveTn eff'e,::?ts e:nsi;;c As pointed ou-t by li'r:i.ck 

and Mfg.hell :1/ 
"One of' the problems asoo ciated w:i:th these morri.;hly pl'Oduction surfaces 

is the:t they suggest that. prod.uc-tion in any month oi' lac-te;tion is inde'pendent 
of production in preceding stages,, ,. " "It wou.1d be inte:eesting and veJ.uable to 
determine just hov m1..1ch. independence eXists between feed:L.--:g levels and 
sucessive prodmrt:i.on rates as the months of lacta:tion progress .. '° 

Dairy feeding e:::qJe;r:tm.ents are e:i:ther (1) continuous trials or (2) cha.11ge= 

over trifil.s,,§/ In a continuous triru. each animal r~.J'.ns on -the sam.e experimental 

over trials aze often used becau.se they permit oom.:r;e,rison o;i:' more treatments 

trials have been. criticized because carry...over effects ~ precl.ude proper 

estimation of' treatment differences and their e1"l"Ors., In p:ra.ctice, however, 

dai:cymen cl.o no~y chsnge rations, first; increasing and then reducing the 

percentage of ooncentmte as la.cte:l;ion progresses o Thus, c~JOVer ef-.feC'&S 

from changing rations, if present, need to be estimat;ed and incorporated :i.nto 

the economic analysis., The che.nge-over design allows a tooasure of cow performance 

·when rations ch.ange.,, therefore may be useful in estimating carryover effects., 

Figure 3 shows the treatment sequences for the first two 28 ... aey periods of 

a cllange ... over trial at california. designed to test four ha.y:concentrate pelleted 

rations,,2/ The symbols Rij (i, J=l,.,oo'4) refer to the l"B.tion sequences fed 
~·,.· 

~ ~ ~ - ~ ~ - - ~ ~ ~ - ~ - ~ ~ ~ -~~ - ~ - ~ ~ 
w ~ .. - - - - - .. - ... - - ., 

J/ P'ti.ck3 Go Eo and Ro~d}u Mi~ell., _"Adequacy of Dairy Feeding :tnp,J.t .. 
Ou~put Research De.ta. From ·i.i.t!.e 'ti J.ewpo:i.n·t; of ·c;ue Eoooomist .. n Y.n Hoglund_, et,. al. 0 » 
editorsp :2R.!• ci:,a 1 PPo 107 ... 115,. . 

§/ Lucas, Ho Lo, Jr., UExperimental Designs and Analyses for Feeding Efficiency 
Trials ld.th Dairy Cattle .. 0 In Hogluud, et .. alo., editors, op .. cit .. , ppo 177 .. 1910 

2/ Pelleting is ignored in the following discussion; hay and conce11trate 
are assumed to be conventional. separable inputs. For :more detail. on the 
particular experimerrt see: Magnar Ronning.!) 0 Effect of Varying Alfalfa. Hay­
Concentrate Ratios in a Pe.Ueted Rat:i.on :for Dairy Cotmo II Journal of Dai;y__~!?J.~ 
Volo 43t No., 6, 19602 Po 816 .. 
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perfcrr"'iJ1e.nce 'by ie--cwa cl':i.anging from each r-at:ton :.1-n perio& l to the other three 

mt.ions in pei"iod 2e~:E,;/ 

~~!!~:.91L.2!..~~:t~~~~~.E..~!£..ER:?1~l~~~~en_! 
The e<;o110m:tc feeding problem is ilh.wt~ated in Equ.at:ton. (1).!l where 

eo~cerrtrate9 H ~ hay, 
ll . 

Pc. i Ci ... I PH H1 ~ K 
i""l i "" 

K ~ fixed costs (alJ. 

rio1u'eed inputs are ass;-umed :fixed :for ·the t:i..m.e period) ar.r.d :t cl.en.otes the time 
!' 

method of determining economic rations in the first -t;1tro pe:r.'iods '111th carryover 

presei.""lt_. !!O'(fevei~.!l the general metliod cou..ld be x'efined by additional variables 

witp. resultant l.ow butter:f'at oonte11t from OOw"S ~n high concentrate rations, 

suggests that the ana..lys:f.s here should be considered only illustrative., 

The eJqJerioont t.sias conducted only a:'<ii 11f'ull.,.f'eedingn of ·each mtiono Thusj 

:i.r1Stead o:f' estimating en entire monthly '~surface., " the 0 stomacl1 line" is 

estimated directly., The four equations estimated :for the first t-m:> periods are: 

(2) ~ = 10,.1488 + "7398 c1 ... ..1354 cf 
(3) lI:i_ = 9.,21,-50 ... 1,.2202 c1 

(!i-) 1~ = 8.,9767 + ,.,9157 c2 ..... 1324 ~ + ,,2235 c1 ..... o639 ~ 
(5) ~ s: 804884 .... 4255 c2 

Equation (2) me.a.au.res the response o:f milk :tn period l to concentrate fed along 

the 91stomach lineo" Equation (3) mesaures °['.;,he amount of hey 1--equired to' ,;fill 

Y2/ The design might be improved for measuring carryover effects by including 
additional cow fed 01.1 the ~ ration throughout the ·trial,. In this t:rls..19 8 
additional 001,m would have been requi1~ea in ooilition to the 24 used .. 



I"-rofit for the t""lHO pertods is d.efined in (6)., By su.bstituti11g Equ.ations 

(6) 11' = p~ Ml + plf.?. M2 ... Pal cl - pc2 c2 .... PH1 ~ .,. PH2 112 ,_ K 

(2).-(5) in profit equation (6), this equation c&1 be ool.ved :i.n terms of c19 

c2 and the p:riceso Thus, assuming Price Set 1 (Table 1) the profit equztion 

can be :re"ffltten as (7).. Tald.Dg the po.rtial d.erivati'ves of (7) with respect 

(1) tr~ !!-7.,5387 + 2 .. 9955 S, .... 51:.16 Ci + L301.0 c2 "" ,,5296 c:o 
to· C:J_ and c2, setting them equal to zero and solving s:i.nrultaneously provides 

op-'c;im:um values of °i = 276/1, c2 ri: 123#,, Substitut:ton ·o:r these val:ues in (3) 

and (5) provide 11:t = '1J7# and~= 797,fj., Hotmver., if :'i.ndepe:ndence bet,,reen 

periods is assumed (ieeo1 Equation 4 repJ.aced. by :f.i? = 9ol51!8 + .. 8127 c2 ;,. 

.,126,6 c:), the optim:tml feed quantities at the same prices differ as follo1trs: 

cl = 165#, c2 -= 88#» R_i_ = 723/l and ~ "" 8ll#o 

O'ptimum rations for other sets of' p1~ices usi11g -the "carryover" mod.el are 

illustrated. in Ta.ble l,. As e:icoected under cb.auging feed price ratios9 the 

optim!J.m ra.-tion shifts toward the :relatively cheaper ingredient (comps.re Price 

Sets 19 29 33 Table 1),. Also optimum feed inputs in period l depend on prices 
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in period 2 and vice versa.. For example, if the milk price in period 2 is 
. ~~~ 

optimulu in both periods 1 and 2 (~ Pl•ice Sets l and 4$ Table l)o This 

f'eatu.,:e has obvious application were seasonal milk ( or feed) pr-lee variation 

is expected. .. 

Te.1:iJ.e 1., Optimum teed combinations in period.a l and 2 at va...""'ious price 
relationships1 as estimated from the "ca.rr-.fOVer" modelo 

concentrate and he, in do 
PM_i_., p~ = P~, P~ = PM_i_" P~ s 

PC!_i_' PC2 = $3 PCi., Pc~= $4 Pc, Pc = $2 
Optimum J. 2 

feed -PH_i' P~ s $]..,50 Plf:J., P¾ rs $1 Pll:t, p82 = $2 
quanti-
ties Price Set l {Price Set 2) (E"¥'ice Set 3 (Price Set 4) 

C!J. 2:'16/} 128# 42';,f} 3r:J.,,J/: 

~ '1311 16&/J: 4c6/} ?521 
Ce. 128,/: 8#. 231:/1: 167# 

~ .. (91:/J 84,I 1W 17&/J: 

~ above example illustrates the necessity in incorporating carryover 

ettect_s ...... mere important-~into economic analysis.. M:>re quantitative work is 

needed to determine t.he exact 11$ture and importance of carryover in feeding 

dairy cow end other oo:tma1s .. i111e above ~is indicates that the change-over 

trial ~ provide one app:roach 1n ''hooking together" mon:thly functions to r 

deter.mine· economic optima for several. periods simul ta.."leously e Several interest ... 

ing quest:i.ons are .raised by the analysis: 
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per:tod 2 pI'Oba.bly d,~1;;er.i,rh! on the level a;s; t,rcyl1 ag ciombi11ation of feed.a :i.n. 
.... ~:.z~~ ..,~.,,,., .... ,w-.,;~~:,.,,.-. ... ~ 

coul.d l.ead to oonrP,lex re.1.ationshi];lS .. 

These and othe1· q:iiestiona neec'l -'Go ·oe examined« It 1s re ... emphas:tzed that 

Methods of ana'l.ysis .si.milar 'to those ou·!i.lined ebove are an:tic:tpated .. 
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M:1.lk 
(in pom1ds) 

Ration l\ ( s,11 hay), in pounds 

Figure. l., Ey:pothetical feed-milk relationships (sing.le re.tion)o 

Hey 
(in pounds) 

~Ri 

~ s1 l2aOOOI milk isoquant 
C.1 
8,000/f milk isoquant 

4,000/I milk isoqutmt 
0 Concentrate (in pounds) 

Figure 2., Hypothetical i'eed~ relat:i.onship (production surlace),, 

Concentrate 

Figure 3. Diagram of treatment; sei;i_-uences :f'or first t1ro periods of change-over 
trial.. - -


