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ABSTRACT 

, __ 

Different:La1 e0quations w1~re used to derive seasona1. price 

patterns for l<.oreantice tinder two behavioral assuniptiorts(0 market 

conduct''). These were a: competitive price t'ise· equal to storage cost 

and the joint ma:;cimizatfon of crop value plus'storage profit. C~mpared 

with the competitive model, maximizatiott virtua1ly eliminates private 

storage and produces w>idef price fluctuations-'.! 

. --~. s 

. . 

'Key words: sea~onality, intertemporal equilibrium, pricing, storage, 

.differential equations, cal,cul~E; of .var!ations. 
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Mathematics of Seasonal Price 

Behavior'" 

__ Lloyd D. Teigen+ 

Patterns of seasonal ptice and storage behavior result from the 

behavioral conduct in a subsector. the putr,ose of this paper is to 

demonst:ra,te the effects of two alternative behavioral -assumptions on _ 

price and storage behavior arid to elucidate the mathematics of the 

solution procedure so that others may use this method to analyze 

ihtettempotal behavior ln,other markets. The empirical analysis .studies 

, the market for rice in Korea using data which was available to me. in Seoul. 

Statement of the Problem 

A storab_le commodity :ls subject to seasonal pattern of production 

and relatively stable demand throughout the year. The cost of -- in­

ventory and the va_ lue of the inve· nt-or·y- . Wha·t ar - t-h, - - ·1· · e - e seasona price 

and inventory patterfif3 implied by alternative kinds of 

* -Rese~~ch on which thi~ paper is based was initially supported 
by AID grants and contracts to Michigan State Vniversity. U.S •. _ 
Department of Agriculture provided time and support fo:r the writing 
of the paper. This statement represents solely the author's views 
and not those of the any supporting agency. 

+ Agrict,iltural Economist, National Ec(>nomic Analysis Division, ERS 
formerly R.es_earc:h Associate and Assistant ~rofessor of Agricultural · 

.- Economics_, Michigan State University. 
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.tn~rkct conduct (alternative behavioral assumptions}? 

storage is determined so as to maximize the value of 

storage. profits, how doe,s the seasonal price pattern differ 

. when the c:ontpeHtiv:e prices are allowed to rise just. enough 

the variable costs of Storage? 

the Model 

Behavioral Assumpt.ions 

Maxim:izirtgAs5:.µmption: Priva.te storage 1evels ate managed so as to , ·. 

maximize the value of production plus, the· storage return in the priv~te 

sector. 

the average variable 

,Structural Equations 

Private Storage Level 

Assumption: Market 

S(t) = S(O) + fo t(lt(y) + G(y) - D(y)) 

Inventory ·~ost: 

lC(t) = r P(t) S(t) + k S(t) 

Demand Equation 

P(t) • a-:b {D(t) + G(t}) 

Storage Profit,),evel 

,r(t) ., ,r(O);:+fo t [P(y) 

Farm Harvest.Rate 
,.. .·<_._> ·-/"_c_:_<-:":_:-~.:->~- . 

H'(t) ·. • (l~L)H 256 
;. • ·>·•·· ·\ 0 T 

3 -4t: 
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Goverrt~ent Sales R.ate 

G( t) = RP- (P{t) -- IT) 
::--- ·\.::; -~-::,-.' . ii.·~,~ · .. }(' , . 

Varfables'candParariieters 
- . . . 

. Variables· .at: .. time, ~'t'! •. 
- -· .. ·. "'·: " . 

. t,(t). s: -_ PticE: -_ -
. . 

' 

'1 

-~' ·, ... • 
· .. • 

-t~1e fc~".Io,,~!( 

·:,;, . . : . 
; . ... 

. _· ·.-... ~- . 

.· .. 

. . . . . . 
d.tf ;,\.~r-fitt.l 

\. . ·~ .. . ··i. 
. . . . . . 

::D(t). = Priv~t.Ei sales-rate to cor;isumers Mr'/Month•----
· S( t). == Ptivat¢. stora:·ge -level. 

, tC(t). ,.. tnventory · cost_ rate 
. -:. . '.' . ' 

:·_.,: ;~~-~),:7' AfcWnulat:ed profit ·level--

H(t) = 1I~t~est rate 
<::.·· 

·G(t) == Gc,ye~ment sales i:ate 
... f ', ' :,•. 

. :,~araliiet;rs-. 
: : ... 

. . . . 

.t -= Inte:rest .'rate 

-k ""• Warehoti~ing costs . . . ,.. .. .. 

a • Price intercept --

b-= Price slope 

·Ho . .;.·:Leve; of f;rm harvest 

L •Pre..;c.onsumption. loss rate 
.- . ·- ' . . . " 

World .:p£:ic~; c. :1.f.. Korea 

-. -- .---_ ·•-- Exchapge rate 
.·. ··. ';•_· .. 

PT -=: Gcnrernment price, target 
·· ... ·· . - .··· 

MT 

won/1-fonth< 

:wort .. · 

· ·MT/Month 

- _. __ . :.Mr/Month· · 
,.;· 

- . . . . 

i,s: : :J?ercent/}fonth -

· 460 : (Won/MT)/Month: 

· . . 875006·· Won . 

· 1.875. Won 
... •. :·:,··::, .. _.: 

4344000 -MT/y-e,ar .· 
.. . 

:22 :.-Percent -- . 

:$500.00 'PerMT 

.£.i•· .. 

·.- ... · •. ····;. 

400' _·Rm ·pe'r U.S. Dollar 

l635Cf : l\bn per 80 'kilogr~JDS 

.iu, -- Go'v~rnmf!nt purchase response parameter 29, 25 '.<°Mr/Mon~ll)-l(Won/MTt· ' 

*Won per metttlac·Jon. During most o{ 1974 the offie-ial exchang~ ~ate was • 

appro~imateii 4Cl0 won per dollar •. - On· December. 7~ i974; · the won was devaluecf 

to 480 p~r d~{u:t . Sources: [5, 9, 10, 11). ·· 

-·-
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Solution to the Model 

The derivation and solution of the diff~i-entfal :e~t1~t;1~11·:·idr 

l!JOdel assumi11g :maximi.zation of value of productic,n plJ~ stofage:'profit:~/; 

·-·•ts descri,bed beioti/. The eqoatJon in the comp~titive, case'i,s/o~t:airiea(;':< 

by 8SSU111J>tion; 'tathct than derivation, but 

parail~ls the maxi~izing case • 

. Maximizing ?-todel .· 
. ' ' . 

. This mQdefseeks to detertnine the storage artd. prfe'e _equatlorui< 
: : ·. ··: ··-

which ma:kimrne t>toduction value plus storage returns~ 
.. . -·~, . . .. 

ttax J,:~2 . f i>(;y) lt(y) ..;. '.P (y) s • (Y) ~ rP(y) S(yl .. kS(;V)] d:y 
··. ~ . . . 

_;_•:; 
. : . :··· ·- • . 

. 'l'he Calcu'.lu~ tif Variations [6] states that :tbe,EuiE!r:Equ~tf~~, 

is a ri~ces~ilt"y;>condition to tnaximize ail tntegtal ~f the form . . .. · ,. -.. •' . 

_· b _··•.-_···•- ..... -.... ·· __ . 

__ --k•-··•-- f~-x~:Y•1')dx:. 

First• w~; mi.ist verify ·th~t th.e objettive. ,func~:i~n .,ts iriil~ed, of .· 

the form i ! (Si, •. • ') dt ~-wh<irO ti. t!Ji,e ;,nd 1c,., . is ~•oi;,sk .... 
a functi,on ?i time. To do this; price le~els (_ pj ;need ~9 be-,related t~ pri;_ · 

• __ : •• _. ,~- ~: "; • ,. 1. ' 

vate storage Jey~ls ( s J, rates of change of stot'.a.ge\f S~ }·_anf:ex-
~ ..... ~ .. ·r;-

O genQUS' ftin~t'ion;fof time, -like' harves~ :·r li f. ''. 1;li~:/a~JiJi.'~~4~t;ioh,, . 
. ·. . 

private stor:fge:J.d~nt;Lty a~d govcfrnmeni 'i;~h.ivior e~iiat:ion· impl;t:th~t. 
• • •. • •. 1·•.· •. - . , 

:Pl't~•-_--1~ ... siv~n hr< -· . . . . .• . 

P , • a +- 2 b RP PT -
-1+2bRP 

b · _ · . · (11 ~:. $_') ./:. or· in simplei:< 
l + 2· b RP · · ·_ · ,:< · . 

• _.i •• • ••• , 

;·•,..;. .. . . . . .... . 

tlonai 1s ~:(~~ iJ;?·~•J ~- cc0 '.•- -~i CH·.; s.~jj pif •s:.•->.;_:c¥::·sti· 
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Thus the Euler equation defines the following differential equation 

s'° iii r c .. 1t - 2 c n • 
l 1 

. . . 

r c - k 
0 

which is a 11onhomogeneous;. second order differential equation with· 

( 

cons.tant coefficients. The solution to this equation'. is the sum of a pa.rticula 

solution to the notthoniogeneous equation pl.us the general solution tQ 

the homogeneous part of the equation. 
. . 

· ··The general solution to the homogeneous part of the equation 

(S" = 0 ) ,is S(t) = s. + s. t. 
· .. · · · ·. O 1 

For S" = - r c + :k, a particular 
0 . 

s~lutidn of the'rlonhomog~neous equation·is S(t) = ~- l/2(r c ' + k) 
. · . 0 

2 
t • 

'i'o solve-S'i = c1 (r H - 2 H' )., we derive H' (t). from the definition 

of H(t) ~nd apply the variatio; of parameters [8, p~ 72] solution 

method. For tl"lis_problem,_ the equation i~ 

S" = c ~ (4' 4 (r t 3 . 
I. • 1 •.o .;.1, . -

3! 
. . . 

Under the variation of parameters method, a piausible function is 

specified_, difft-'rentiated and substituted into the equation.., to equate 
. . . . . 

coefflcients. t¢ri:n by term. 

S(t) -~ (a ·+ ·a t + a2 t 2 + a3 t 3) e - 4t implies that 
,Q. 1 

S"(t) = [(2a2 - 8 a1 + 16 ~c? + .(6 a.3 - 16 a 2 + ~6 a1) t 

+ c::.,24 + 16 a > t 2 + 16 tl1 e --4t 
a3 · 2 8 3 
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Equating the coefficients of the difforentlal equation term by terln, 

16 a3 .., c H ......fil4 (r+8) 
1, 0,, · .3! 

16 a· - 24a · = (4)~;:c· :,lit. 
2 13 · · ,[ · 1 0 

So this part of·.·tfie particulat solution l.S; 

. . '.;.4t 2 '3 . 
. S~t), = ~1ttde· · ... ,l(r + 2) + '. (,3r + 8),~. +. ( 4r + 16) t + (8~ + 64) t /3} 

, . ·,~ . ~ ' ' _.,_ -. ' -

Thus ,the equilihl:'iµf!l storage level is given by th,e Slllll. of ,the general 
~ \ ', ' ' J '.' ' ' ,,: ~ ··1 

solution and ~ri'th particular solution to the dif ferent::i.;f equ~tion: 

+ 

. . . . 3 ' 
·(4t+l6) t 2 .+ (8r+64) t /3]~ 

The constants S. and S, depend upon the initial conditions of the 
. :(.},:< I .·· .·.· .. , • .. 

system. In this paper the soluti9n is illustrated with equal carry.;.in 

and carry~out l:~vels, which are as small as possible consistent with 

positive inventory. 

Specifing that carry-in and carry-out levels are equal lets us 

d~termine s1 • ,S(O) = S(l2) implies 
·•,,·. '. 

S .+ c ll (t.++2) == S0 •:+· 12.,~1- - 72(r c0 • + .. · k) +,c:1H0e -4B. (5221 r + 3.926_8) 
. 0 l O . . 

i /-"Ot" S1·=- 6(r,co}+ K) -t ci~o";(r+2J/l2.·. 

since the last term is less tha~ 10-:-lO 



Setting S(O) equal to the carryover,. we obtain 

s0. "" ·- c H .. (r+2) + Carryover · .. 1. 0 ... 
\ 

The miri:linum necessary carryover must be numerically dete:rtllined 

because. the •nonlinearities of the storage derivative atid the iil.ultip,l.~ 

local otitiwt of the storage function ftustr~te dfd!ci solution. The 

method I use equates S with - c H (r+2) ~nd scans.th.i: storage function 
·. · .. · .• . 0 1 0 · .. · ·. 

over.the range [O, 12) to ·determine the minimum. ·This minimum (a nega-

tive number) is then subtr'acted frorn t;he storage funttion to result in . " 
the desired nori.,-negativityproperty. l/ 

The equiiibr'~um ptice path is calculated from the harvest and 

sto~ag~>derivative equations and is 

P(t) = c0. + c1s1 - f1 (rc0+kf t -- rc1 2il0~ ~4 (i+4~+8t2+32t:3/3). 

Competitive Model 

( 2 . 
-(2c1· + C ) 

. 1 

The differential equat:i~ri for the competitiv~ hlod~l states that the 

price rise offs~ts the average cost of storage: 

- I .. 

1/ The numerically calculated c~rryover is slighil; more-.· than ~~e~hal~ 
the absolute value of C.Ho (r+2). In the competitiv~ case which fo:llow,s, 

·t~rryover.is m4ch,1ess than the absolute value.o:t: 0the Igebraic expression 
which ~ds it in the. definition of S0 • • •, . · · . 

7 

., . ~ : 



+ k 

can be so].ved as is, but since the initi~l 
~ •' ., •' ,:; ' ' - • '·:," ,•.: :;, ' • • . e 

f,;tbrage nive,l~J. ~xpressirig ·. and solving the 

than'. p.rlc~ fs .d@~\rable .. ·. 

S" - r gt =H• ... r H + (.r c0 + k)/ci 

c:0 attd . tt. ate thl saine as above .. 
'-1 ...... ·. . .. 

PrE?ti,sely .... the·sklll~. mathematical 

for t:he. maximizing·.ve;sion 
' ' . . ... 

reade't." ,lll~f.'VC't".fff ·• th.i1t the ·solution ·here· is 

Sl• 

The.two-,step<process which calculates 
.. ,,·· . ·, 

isals~ usediri ~he competitive version of 

Emplrfcal Resuit:s 

Thl\ nwnet:i.¢~l result's for four · runs 'oJ 
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under the competitive and tna:d111izing version of the model. 

The intrayearpatterns of storage, price.and conS1.llllJ)tion levels 

are ptesented in tigu~s 1 through 4. 

the differences between the alternative behavioral assumptions 

are striking. Adettuate private storage occurs when prices rise to 

offset the cost of storage. llt>wever, when producers maximize the value 

of production plus storage profits vir,tually no private storage (other 

than pip.cl.ine sto6ks) results--contrary to prior expectations under 

this hypothesis. 
,.. . ,. -~·- . 

The"lack of private storage demand unq.er the ma.xiJnizingassump­

tion cau~es large quantities of grain to.flow directly into consumption, 

depres~ing.ptices and farm income. The effect on aggregate consumption 

expenditure is minimal although the effects on the time paths of prices 

and consumption .ire dramatic. 

The private and government sector cash flows determine the credit 

requirements of .~ach and .the profi_t at the end of the year. A quirk in 

.the accounting iri this model charges the full cost of the carryover 

against the private sector. For this reason the yearend balance of .the 

private sector is negative., 
·• 

Some Aspect's of Control 

The purpose of pubiic.interventionin any market is to change the 

. performance .in tha.t. market, _whet;h~.r measu~edb~ pt:ice levels, price 

· patterns. income, nµ1rketing costs,. or what:ever •. ,One means of. effecting 
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10 

these desi.red changes is the rule governing public purchase and 

~torage behavior. In this paper a rule in which public purchases 

were proportional to prices was analyzed .. 

Table 1 showed that ~he greater the governmental response speed, 

the less.the resulting variation in market prices. In the maximizing 

model, a 25 percent increase in the speed of government response re­

duced ~h~ range of price variation from 57.5 to 41.4 percent of the 

minimum price. The effect under the competitive assumption is similar, 

but less dratnatic (23.0 to 22.9 percent). 

Control' mechanisms can be proportional to the controlleq. variable 

(in this case, price), proportional to the the change in (derivative of) 

that variable, or pi:oportional to the integral of the difference be­

tween the controlled variable and its targeted time path. 

As shownhere, proportional rules are only partially effective in 

stabilizing prices at the targetted levels. Adding an integral con­

troller. which in this case would be proportional to storage levels, 

would achieve the targeted prices at the expense of increasing the 

seasonal price .oscillation (possibly to an explosive extent). To coun­

teract the added oscillation, a derivative control mechanism must also 
' ' 

be added. [2, p. 278 paraphraseft~. A general governmental purchase 

rule.can thus be formulated and parameterized from these types of con­

trollers to achieve whatever price, consumption, or storage patterns 

are desired. 
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Other storage policies could be derived by assuming that the price 

rise in the market is zero, or some other percentage, and the storage 

pattern necessary to achieve it analytically derived front the model. 

In thei:;e situations it would be necessary to deal with total storage, 

rather than :private and goverrunent separately. 

• .. 
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Effects 

l ,, 
•' ;• 

,, 

onStorage and Price Response 1/ 

Competitive 
Market Behavior 

Unit· Assumptiot1 

Gov. Purchase Respc,nSe 

Parameter 

Target Ptice 

ltnports 

. I11;1potf Timing 

Fore:ign E:icc:hange 

Max$ Gov. 

Max. Pvt. 

Carryover 

'Gov. Stor. 

Reqt. 3/ 

Pvt. Stor. 

Inventory 

Inventory 

Reqt. 3/ 

TotalStor. 

Reqt. ·3/ 

1:l 20 

16350 

446.0 

IO. 9 

$. miL. 223 .o 

. 1000 itt 1062. 

·1000 MT . 2559. 

1197. 

Bil. Won 217. 7 

Bil. Won 267 .0 

Bil. Won 374 .0 

continued on next page--

25 

16350 

447H 

11.1 · 

223.55 

1377 

2852 

1777 

282.3 

214.1 

346.0 

Ma.ximizeViilue 
of Prodtictie>rt Plus 

St.orage Returns 

i9LS 297.3 



-2-

_.· Units 

Consuiuct Expenditure Bil. Won 

Gov •. Storage Costs Bil. Won 

Pvt. Storage costs·· .. Bil. Won 

Gov. Storage Profit 11 Bil. Won 

-
Pvt.· Storage Profit Bil. Won 

·•· 

Value cif Production Bil. Won 
• 

Max. Cons. Rate lOOOMr/Mo. 

Min'. Coi;is. Rate l000Mr/Mo. 

Min. Price Level•· · Wori/80kg 

Max.. Price level Won/80kg 

.. 

' I 

/. ' .. 

Competitive 
Market Behavio.r 

. Assum2tion 
\ 

881.7 880.,6 ·. 
.. 

27.39 36.16 · 
.. 

36.36 638.6 • 

9.397 8.609 

-51.11 -,.75.76 

639.8 636.7 .. 

367.7 367.9 
. . 

345.0 345.2 

14840 14820 

i8260 18220 

Maximize Value 
of :Production Plus 

Storage Returns 

880.5 .· · .. 880.2 

22.56 22.37 

3.067 2~540 

58.75 38.67 

-9.424 ' .;..6.335· 

539.3 570.8 

394 .2' .. 386-.7 

.. 352 • .5 353.5 
. 

10870 12000 

.17120 16970 

' ' . 

!/ As.sumes demand elasticity is 0.4 at the point P = 20000 won/80kg and 
. ·. ·- . . 

Q "" 333333MT/Mo •• · Price (in Won/MT) = 875000~ - 1.875 .(D + G). 
e I . ' . 

\ . ' . . .. 

2/ For every• 1000 Won/MT the market price ''.fS less· than the target price 
- . • ••••• GI 

. . .. 

that the goverhm~n'.t buys (this parameter ,.times 1000) metric tons of grain 

.. ,per month. 

3/ Excludes the cost of storing imports. 

. .. 
: ····;_• 
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