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ABSTRACT

~;tDifferentia1 equations were uSed to’ derive seasonal prlce

-patterns for Koj:an r1ce under two behaV1ora1 assumptions ("market

Th's'"were a competltlve prlce r1“*

'equal to storage cost

s:Key vords. ;g, sonality, intertemporal equilibrlum*‘prlcing, storage,t“}‘

.dif erential equations, calculus:of‘varia on'hfi
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yMathematics'offseasonal]Price'f

- Behavior*

flLloyd D. Teigen+

Patterns °f seaSOnal price and storage behavior result from the::f° :
_behav1oral conduct 1n a subsector. The purpose of this paper is to

.demonstrate the effects of ‘two alternative behav1oral assumptlons on .

: price and storage behavior and to elucidate the mathematics of the
.solution procedure so that others may use this method to analyzevfbﬁ‘d E
.intertemporal behaV1or in other markets.» The empirical ana1y31s studies -

'?the market for r1ce 1n Korea u51ng data which was available,to'me in Seoul.

gvStatement,ofltheﬂProblémd,h”

A storable commodity 1s subJect to seasonal pattern of production

and relatively Stable demand throughout the year.v The cost of 1n—hl"f“:ﬂ:

E ventory and the value of the 1nventory What are the seasonal price

,jand inventory patterns implied by alternatlve klnds of

*A Research on whlch thls paper is bascd was’ 1n1t1a11y supported d*’
~- by AID grants and contracts to Michigan’ State Univer31ty. “U.S.
. Department of Agriculture ‘provided time and- support for ‘the wr1t1ng
of the paper. - This statement represents solely ‘the author s views
and -not those of the any supporting agency. : B :

;+.”Agr1cu1tural Bconomist, National Economic Analy31s Div151on, ERS ff fﬁ
formerly Research Associate and Assistant Professor of Agricultural
1'Lconom1cs, Michigan State University. : SRR :




1Lmarket Conduct (alternative behavioral assumptions)’ Specifically, 1f1354"'ﬂ
"f:storage 1s determined so as to maximize the value of productlon plus 'fjgfj
lu,latorage profits, how does the seasonal price pattern differ from that vrﬁ’*‘“"‘

'lfwhen the:competitive prices are. allowed to riSe just enough to cover

*the variable costs of st:oragé7

lhf_lig.c_i_el

'vl_iBehavioral Assumptlons

“ : Storage Profit_Level

Maximiziqg:Assumption. Private storage levels are managed so as to ?i;ffffﬁ

o maximize the value of production plus tne storage return in the private

"sector.,,_ffi_@‘jf,t}ffjf

Competitive Market Assumptlon Market prices rlse by the amount of

‘the average variable cost of storage [4 12]

1» Structural Equations

| Private Storage Level

P

s - S®)ﬂ5%ﬂﬂ+cw)—Mﬁ)®

' Inventory Cost' N
IC(t) r P(t) S(t) 4k S(t)

'Demand Equationli}

P(t) = a~b (D(t) + G(t))

AN P ¢ (y)) —~1c<y)1 dy

b.,Farm Harvest Rate ,l:l o
' -4:

“(t) = (1—L)n 256 ¢
. »v.y, 6 J»le-nt'
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’ Gevernment Sales Rate

B @(t) . RP <pic>:iii“”

Variables and Patameters

: Variables at time "t" o

ﬂ

fD(t) PriVate sales rate to consumers . .o MT/Month '

LA

$(t) = Private storage level - «ﬂT ;

'»,’.Ic(t){e iﬁVéntGiyvCOSt raee;1<-v»- S wOn/Mongh”
’vif,ﬂ(fif%.AFﬁﬁﬁhlated profit level = . . me;‘VQon,T;»f“"-

Hatvest rate .. . MI/Month

it

e
';4,_”c(t>

Parameters o

'deetnmenthaleS»rate. Sl o T ~,ifiE/M0nth'"

ir a;‘Int:el.*(:.a‘st rate o :,' . :f”‘e'fififoTPercent/Month |
' ak'¥~Warehousing costs’ o e,1,}7.ee 1“*746§73(w°n/uw>/Month

ia ? Price intercept " i:‘,:i _1;7, fi ' 875000?;wép.

'b Q'Prlce slope ;1 ; »e | ;n’v'vi ‘:ii‘ 1. 8753ewee‘_j ee
"jo  Level of farn harvest ']14344000?e951§%;;"
. L ; Pre;ceﬁsumgtlon loss rate _ii : '-'_iﬁzééffeféént;‘v

| WOrld price, c. 1 £. Korea | ' »itssoo;bbetfé;fnfff |
| Exchange rate B ; f‘j _‘>_.”- vl‘ fj:eHiébﬁftbnfpé:*u}SL7boiiar |
N-PT = Government price target YJV:J}:; B 1635055gbn'?efiéoﬂkilog£émsﬁ

¢R2 = Government purchase reqponse parameter 20 25 (MT/Month)/(Won/MT)

| *Won'per'metric?ton, Durlng most of 1974 ‘the official exchange rate was

apyroximately 400 won per dollar. ‘on’ December 7, 1974 “the won was devalued
to. 480 per dollar. vSources. [5, 9 1o 111 o SRR




Solution to the M&déi*fha;

Thc derivation and solution of the differcntial equa ion orjthe

model assuming maximization of value of production plus storage proflt

iis de cribcd below.» The equutjon in the competitlve case 1s obtalned

by assumptlon, rather than deerdLiOH, but its manner of solution

‘.parallels-the maxlmlzlng case.

’fMaximizlng Nodel

This model seeks to determlnc the storage and prlce equatlons T

'which max1mize productlon valuc plus storage returns..5:~ o

tax [le t P(y) A - P SO - rP(y)S(y) - ;] dy

'>The Calculus of Vatiations [6] states that the Euler Equatlon

2 f(x' ¥ Y> a2 ,f-(x,y,x yoag o A
By Tax Ty

is a necessary condition to maximize aﬁ'iutegrallof“fﬁe,forix:.[y E{CRRDLES

ffirSt;.ﬁefmust’verify'that the objective,functiouoisﬁinaeedﬂof“ e
the form }l f(t. s, s8') de ——where tis t1me and s(x) 1s storage as ;

a function of time.3 To do this, prlce levels ( P ) need»to be related to pr1—'l'

“

vate storagehle elsv( s ), rates of change of storage e 5 ) andvex_ﬁ.

'ogenous functions,of time, like harvest ( H ) Th ,quatlon, 'T;Lﬁ'Lf-"

- private storage 1dent1ty and government behavior equation 1mp1y that

‘price is given by’ ' ',a,ilg‘,;."

P ma43bRPPT - b - ~‘5(H”4¥s‘
= 1 + 2‘b kP 1+2b R .

99¢atﬁ§9;a?’é*‘ 1';¢1 (ﬁ."'Sﬁ)-” FFoegth%§ia$§éi":"

lonal 1s £(t




Thus the Euler equation defines the followingvdiffeteatial-equation

§% =y Cl H-2c¢c B - re =- k
Lo i 1 0

which is a nonhomogeneous, second order differentlal equation wifh

constant’ coefficlents. The solution to thlS equation is the sum of a particula

»solution'to the-nonhomogeneous eqaationiplus the generalasolutlonvto e |

the homogeueouéfpart of the equaiion. | | |
‘fvThe’genéfaivsalctibn to ﬁhe hoﬁoggnéous part af»ﬁhe equationv

(s" =10 ) is S(t) = Sb + Sl t. For 8% = - r c0 + k a partlcular ‘

solution of the nonhomogeneous equation is S(t) = = 1/2(r cb + k) tzo‘

" To solve S" = c (r H - 2H'), we derive H' (t) from the definitlon"

of H(t) and apply the variatlon of parameters [8, p.- 72] solutlon -

' method,, For thls problem, the equatlon 1s i | o

_s";c H _g__L (r &3 ';,6t? +8t) e"‘t

FUnder the variation of parameters method, a plau51b1e function is

Specified, dlfferentiated and substltuted into the equatlon to equate B

coefficicnts term by term. | _ B |

S(l:)w== (a’;+ a t+a t2 + a t3) e —At'impiiég}tgaf

Y0 1 2 3. . Con | N

g s"(t} .=v;‘[i(_:2.va2: - 8a +16 %)_‘4- (6 a - 16 2 v-bi—?.G a)t |

: ‘f:;; : - 2. 3, . -4t
4 (=24 + 16 t® + 16 a_ t~
»g{ 4a, +16 az) ag ]e



116, al - 163++6a3 ==0 |

1mp1§¢s, 2, = ClHo (r+ 2)

Tg11/2(rc ,+ k) t + clﬂog

system. In this paper the solution 1s 111ustratedﬁ

faKs : .

)) S(I?) implles> ‘_"

) LSO + clgofffZ) ‘so_ :12 Sl 72(r,soyu k)_fmg

(= 6(rvc0 + K) + Ciﬂ-ﬁ(r+2)/‘

L '-." l

-:since';he‘lésfféé:g is }eggvtgan_lo 10

e Y
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; 0)»equal to the carryover, we'obtai

"35”80 + e H (r+2) %. Carryover *”h?'orf

;$0:'~ :.,¢1¥O(ng)v: _ Carryover
cally determined

tve and the multiple

local.optima of the storage functlon frustrate dlrJCEisolﬁtionléffhefJaw'w“

ijmethOd I use equates S0 with - clHO(r+2) and scans the storage function SO

= over the range [0 12) to determine the minimum. :This minlmum (a neg

f-tive number)*is then subtracted from-the stor_ CH functlon to result 1n ::,

15negativity property.!J

e 4 gt e

,;;>Competitive Mc

The difﬁhrential equation for the com‘ t1t1ve m del state

price tise of. ts'the average cost of storage;

alculated carryover s sllghtly more t an one-half

o (r+2). In the competltive case whlch follows,
"'"the rryover is much ‘less than' the. absolute value of . the Igebraic expression L
which prec ds it in whe definitlon of S5 % : : '

1/ The numerical‘
the absolute.value o




f'ay; muwun,erpa);_g’

'-‘g_Thiswcan be solved as 1s, but since the initial conditlons are on,

'rvﬂnstorage levels, express1ng and solv1ng the equation for storage, ratherf%é«

,.,&desirable. i

. 'fSI"_"‘ 5 S' a H' - r H + (r o + k)/c

’”‘°0 aﬁﬂ cl afe the same as above.*

Precisely the same mathematical processes are followed in this

< »ff;case as were used for the maximizing version of the model.‘ So, the

fflreade;imay verify that ‘the solution here is ' T
> oy Mg Ty g
% CEJ**i;BJ £ Ho e ara vat ey
T ey FRE L R
rey oo

.fnihé?initia;féénditions $(0) a¥5(12)*défermidé'thésé:valhésrfotj S

12r ERTEAE
Hge ?43)9/j(¢1?:fr51>
The two-step process which calculates the minimum working carryover 11l{,

o is also used in the competitive version of the model Af:?'*"i

Empirical Results‘

Thh numeri; l results for four runs of the model are presented in

'l;Thble 1. These correspond to two levels of government intervention each




;:under the competitiVe and maximiying version of the model.; RRE

The intrayear patterns of storage, ptice and consumption levels
:Aiare presented in Figuresl through 4

;Thejdifferencesvbetween the alternativeﬁbehavioralﬁassnmptions,*‘57

: are»striking. Adequate private storage occurs when prices rise to

offset the cost of storage. However, when producers maXImlze the value'

. of- produotion plus storage profits V1rtually no private storage (other

7n: than;npdene stocks) results—-contrary to prior expectations under_g5

{‘{:this hypothesis.k,;ffffhcc, o

The lack of private storage demand under the maximizlng assump-'r

:,tion causes large quantlties of graln to flow directly 1nto consumption;h'""

"'depressing prices and farm income.j The effect on. aggregate consumption.ﬁ:

expenditure 1s minimal although the effects on the,tlme paths of prlces

and consumptiOn are dramatlc.

The private and government sector cash flows determine the credlt-f“u

,requirements of each and the profit at the end of th‘“year.v A quirk in'a’fﬁlf
_the accounting in this model charges the full cost of the carryover
against the private sector. Forthisreason the yearend{balance of‘thel

private sector is negative.

Some Aspects of Control

The purpose of public intervention in any market is to change the Vj_;?13
_performance in that ~market, whether measured by price levels, prlce

”»:patterns, income, marketing costs, or. whatever. Qnecmeans_of,effectingfi‘i"




&; R 10
these desi;ed'changes’is the rulé governing public'pdnchase and
‘$§Otaée7behnviof, In-{hi§'paper a“rulé»in which'pnblicbpureheses
Were ptoportional to pricaé was analyzed. n L |

Table 1 showed that the greater the governmental response speed
the less the resulting variation in market prlces. ;In the‘max1m;21ng |
model, a 25 peroent increase in the speed of governmentiiesponse re- -
ducedvche’range7of'priee variation from 57. 5Ato 41, 4 oercent ofbthe
minimum ptice The effect under the competitlve assumptlon is s:.mllar3
but less dramatic (23 0 to 22. 9 percent) |

,Control nechanisms»can be proportional to:nhe eontroiled vafiable
(dn‘this:Caaei}orice),‘o:oportional to the the change in (derivative of)
that Qariable,zor’pEOportional to the integrelAOf'the differenee be-- -
tween the congrolied Variable and its targetEd tinedPEth. | | |

As shown here, proportional rules are only partlally effectlve in -
stabilizing prices at the tdrgetLed levels. Addlng an 1ntegral con—
troller which in this case would be proportional to storage levels,
would achleve the targeted prlces at the expense of 1ncre351ng the
seasonal price oscillation (possibly to an explosive extent) To coun-—
"teract the added oscillation, a derivative control mecnanlsm must also
be added. [2, p. 278 paraphrased]. A general governmental pnrchase ,
rule can thus be formulated and paremeterized from:these tyoes of con- d
trollers to echieve whatever price, consumption,:o:'etonagebpatterns

are desired. ‘;e



T R | S

‘Other stot%ge:‘ﬁolicies could bevderived by a__sst_miiﬁg; t‘h_att the pfice 3
‘rivs‘e in the market»i.»s zero, or some other percentage, ’avlncl- the storage
pattern necessary to achieve it analytically derived ffém the mode1} 
In,tﬁese situ;tiQné'it would be ﬁccéssary_to deal with;tétaliétOrage,

‘rather tﬁanvpriv5f¢75nd government separately.
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' Effects of Alternative Bchavioral_ASSumétidﬁs‘ 7 , o

onvstqtage and Price Réspbnse';/

~ Competitive | MaximiéevVéluevﬁ 
: Market Behavior of Production Plus’, ,
Unit . Assumption - _ Storage Returns - -

A"Goﬁ. Pdrphése Resﬁbnéé"
. Perameter . 2/ 20 25 200 25
. Target Price Won/80kg 16350 16350 - 16350 16350 -
Imports  1000°MI 446.0  447.1 445.8  446.9
‘Import Timing months = 10.9 1.1 9.4 . 9.3

‘Foreign Exchange  $. mil. 223.0  223.55  222.9 = 223.45

Max. Gov. Imventory 1000 MT 1062.° 1377  1296.° 1286

| Max. Pvt. Inventory 1000 MI  2559. 2852 106.1 . 87.16

. Carryover 1000 Mr  1197. 1777 © 97.54 71.83
”Gov;’Sfor; Credit f"5

Reqt. 3/ U Bil.Wen 2177 2823 2§5;5 j:  ‘ii§;°_f

Pt Stor. Credtt B
CReqt. 3 Bil.von 267.0 . 2041 10.53 e

‘Y'TotalfSth; Crédipfxi | - . T DR

continued onfﬁéxt‘page--




-2-
' Competifive R Maximizé Value
Market Behavior of Production Plus
“Units - Assumption Storage Returns »
Consumer Expenditu?e | Bil. Won . 881.7 880;6  - 880.5 . 880.2
éov?LStéfage,COScs ~ Bil. Won 27.39  36.16 22,56 22.37
Pvt. Stofége Costs , Bil.VWon 36.36 658;6‘>;‘ 3.067.':2.540
Gov. Storage Profit 3/  Bil. Won 9.397 8.609 4'>_58,7Sv ‘38167
Pvt. Storage Profit " Bil. Won -51.11 ;75.76‘k' ;9.42§.';6.335
Value of Producfion . Bil. wén 639.8 636.7 .  539.3 570.8
Max. Cons. Raié. : .1GOOMT/M0. - 367.7 ’ 367.9' 394.2 '38637
Min. Coas. Raﬁe;i'ﬂ 1000MT/Mo. 345.0  345.2 352.5 35325 7:"7
Min. Price Level Won/80kg 14840 ‘14820. j 108?07 12000 .
' Max. Price Léyeiv ' Won/80kg . 18260 18220 7»17129’ '16970_ 

1/ Assumes déménd elasticity ig 0.4 a£ the.point P = 20000 w°ﬁlsokg?ahd
Q= 333333MTiMO.“ Price (in Won/MT) = 875d00. - 1.875 (D—+ G.

zjb For egeryaiCOO Won/MT'the market price‘i;_less than fhe targét pf?ce
' that:the govgrﬁmédt buys (thié parameter times iOOO)bmétric_tons of grain
Lper month. | | ) | | | |

3/ Excludes the cost of storing imports.
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