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ABSTRACT

The‘elémentary algebfa and geometry of the intimate relationship be-
tween the produétion function and'cosﬁ curves, and between the asSoéiated'
inpﬁt-and 6utputvoptimality conditiéns,vis developed for the single— and
two—variable facﬁof case. The presentation is intended to‘supplement a

major deficiency of most textbook treatments.
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PRODUCTION FUNCTION, COST OF PRODUCTION AND'ASSOCIATED
OPTIMALITY LINKAGES: A TEXT BOOK SUPPLEMENT#.

Bruce R. Beattie and Wade L. Griffin*#

One of the‘most important concepts of production economics, viz, the
llnkage of costs of productlon (expressed in terms of output) to the pro-
ductlon function 1s poorly treated in most 1ntermed1ate level mlcro-theory
and_productlon.econqm;cs textsf‘ In several texts the linkage is so0 sketchy
it is cf_iimited pedagcgical value (e. g., Fergusoh‘ Heady; Henderson'and'
Quandt; Leftwich) (The best avallable treatments are prov1ded by Doll,
ARhodes and West and Buse and Bromley, both of whlch are 1ntroductory texts. )
,Consequently many students~not only do not understand thls llnkage and the
resulting consistency of the input profit—maximizinglconditions and the eut—
put profitemaxiﬁizing condttions, but‘they also beceﬁe cocfused as to the
meacing of and-teletionshiﬁ between marginel rexenue and marginal value pro-
'ecctivity and between mergiﬁal cost end,marginal factor cost. | |

It is the-purpose‘of this paper to lay out in geOmetric aqd elementary:
mathematical terms the connection between these cohcepts for the singleA
product case. We'procede firstvwith the mathematical end‘geometric develoc-
ﬁent in terms of a-single variableffactor. The enalysis is then‘extended,
to ‘the two;factor case using a Cobb-Douglas exemple. We‘make no pretense
here'of origihality of cqncept._’It is'rether our purpcse to ccntribute a
VccnSistent and cleerly developed framework that will be useful to prcdﬁc—

tion economics teachers and students.

*The authors wish to express appreciation to Ronald Lacewell and
Richard Shumway for their comments and criticisms. - '

%%Bruce R. Beattie is associate professor and Wade L. Griffin is assis-
‘tant professor Department of Agricultural Economics, Texas Agrlcultural
: Experlment Station, Texas A&M University.
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thation
this'pufpose.the following notation is introduced:
pfbduct.(output) | |
broduct’price

ith factor (input)

- price of ith factor
total physical product

‘mérginal physicalvprqductivity of the igh‘faétor

total Valué product
average Value’prodﬁctivity of the ith factor
marginal-véiue'produétivity of the iEE factor

cost expressed in terms of factors and factor prices, i.e.,

C=3r.X,

TC =
AC =
MC =

TR =

A A |
1 .

-marginal factor cost,of‘the ith factor

cost expressed in terms of oufputl
avéragg cost ‘ 

marginai'cbst

totai ré&enﬁe

marginél féVénue_

profit (may.bé‘expreésed either in terms of inputs, dutput, or
béth'when4conétrained by the production funcfion)' -

1, 2

Single Factor Case

This section is organized into three parts. First, the elementary .

algébra of getting from the factof side (production function) to the

1Throughout'th'e paper fixed costs are ignored for simplicity.
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output side (cost-cu;ves) is developed. 'This‘is followed by a geometric
'interpfetation ana'a diséﬂssién.of additional felevant linkages such as
optiﬁality conditioﬁs; etc.. The section éoncludes with.a discussion of
the mechanigs'of how toiméét effectivglyvﬁresent the material to students.

For simplicity, perfect competition in all product and factor markets is

assumed.

Algegra
N For the Siﬁgle.factor-Case‘the algebré of dériﬁing the cost function
frqmuthe production function is simple and diﬁed§. ‘Giveh the produdtion
fun;tion."b | |
D Y= £
'aﬁd'fheVCOSt,equatidn
. (2)" C =X '
it‘follows immediateiy that cqsﬁs may Be ekpressed as aifunétion_of the
product by solving the productiOn function for‘X in terﬁs of Y.(takiné
an invefse),-.
(3) X =g(¥)
and substifdﬁing iﬁto;thé cost equafion."Thuég we obtain
@ TCc=C=ra®
A éiﬁplé algeﬁfaié'example:is p:ovidéd"by ;hé power‘producinnrfunction,
(la) Y = 2x°
»Taking the inverse we'obtaiﬁ
o 9 N
‘(3.,3),.)_“:{5' s o S -

Assuming an’ input price of 4, cost in terms of-product is

| | ,
(4a) 10 = 4=
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By plotting la.end 4a the student c¢an verify for himself the "mirror—'
image" phenomenoﬁ so often referred fo but not often cemmUnicated‘inlqur ‘
teeching; |
| Geomeﬁfz‘

The geometry of this.basic 1ihkage“is presented in Figure 1. 'In |
panel a is the produceion‘functioni(correspOndiﬁg toeeq. l);‘beneafh it
(panel.B) ie the cost equation.(eq.'2).A'in panel a' is e 45° 1iﬁe perf
mitting the'trapsletion of‘eutput'from the vertical to ﬁﬁevhdrizontal
axie; beneéfh it (panel b') -is ‘the fesulting cost—product relationship‘i
(eq.- 4) obtained by "ciosing the circle" and connectinglfhe locﬁs of
intersection pointS.v From this‘kind of visual pfesentation the student
cen immediately see the correspondence of inflection, ray4lihe tangency
and maximum output points between the predection.functioq and the total
cost eurvejjthese pointe are noted bybthe eonnecting linee in Figure.l.
Also the imélication of.a three~stage preduction function for the shape
of cost cﬁrves is.made'cleer, including theboften omitted Stage IiI‘as
noted by Tengri.

By adding TVP fo'paﬁei b and TR to paﬁel b' (Figure 2), the consist-
ency of bﬁtimal 1e§els of Y, ¥, an& X,'f, ie'seen when viewed from eitﬁer
~ the factor‘or product sides (see'dashed‘lines on panels a, a;;‘b an& b');,
.Theeetudenfemay Verify'that the horizontal distance to i'in panei b’ equels
the vertical distance in panel a. The additioﬂ of panels c, c','d,vd}, e
ehd e"permitAtheecompletion of the visual linkege in terms of the factor
.m;rgineliconditions Qith the prodﬁct marginal conditions.; Panels a, a},'_
e and_e' are tbe geOmetrie.eduivalents df.the ﬁathematical inversee whicﬁ

permitted the‘"cdmpletien of the_circle";in the algebraic section.
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Figure 1. [Linkage betweén-productionffunction and ¢ost—output-relationship.
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Figure 2. Linkége'between production function and cost—output relationship
with extensions to marginal conditions.



Following the lineé in Figure 2, the cdrrespondence of brnak—even
pointé (first and fifth vertical lines),~infiection and mnximum and minimum
matginal points (second vertical line), ray—line tangency and maximum and
minimum average points (third vertical line), profitvmaximization point
(fourth vertinallline) and maximum physical prqduct (sixth vertical line)
is shown. As in tné case of ontimal Y, -the student mny verify that‘F'in
panels b and b' equals 7 in pénéls d and d'.

Figures 1 and 2.aré also useful inbdemonstrating the impact of
improved‘technology (shifting TPP), changing factor price (change in
slope of C) and changes in fixed cost (shifting intercept of C) on the
firm's supply function (marginal cost gurve) and optimun‘factor and prod-
uct 1evels;v Exercisesbof this type, using Figures 1 and 2 as well as
equations (1) through (4), are extremely valuable in getting across.

these fundamental'relationshipé. Forrthis purpose we suggest duplicating
and distributing several copies of the figures and asking the students to

- ‘trace through several postulated changes in these parameters.

Suggested Presentation Format

‘We have found the following format to be a logical and useful way
tovpresent the essence of Figures 1 and 2. First; the theory is fully
developed_in terms of optimization from the factor side (left side of.
bFigureVZ,véxclusive of panel e). In this connection we have found the
addition of panel d to add significantly to student’s understanding of
panels b and c; (Dol1, Rhodes.and West do thié in their text.)

Tne_next'step_is then to.go to Figure 1 and develop this idea slowly
and in detail. .This has to be one of the most-important»(albeit most often

neglected) relationships in the theory of the firm.



-We procede then to product optimization ideas and concepts of

!

panels b".c and d' of Flgure 2 following from panel b' of" Figure 1. 2
Finally the additional 11nkages (beyond those shown in Figure l) are
developed by adding panels e and e', thereby ' closing<the circle."

If we would take time in our cdrriCula to thoroughly ingrain odr
studenté with the ideas and linkages demonstrated»in Figures 1 and 2,
we:beliéve that it would Vastly impfove their professionalism and‘
competence. These vertical and hotizontél linkages are so fundamental

that the scarcity of these developments in production economics and

micro-theory texts is a serious deficiency.

Two Factor Case

Tho éxtensioo of codcepts of the previous section to multifactor
cases Can‘be coovenidntly and rigorously"accomﬁlished only by using
mathematicé. The three dimensional natute of the two faotor case
» préclodes (at least for these authors) the geometric approach.

Although the mathfdgatics of derivingvcosts as a function of product
from the underlying production function is not complicéted, it is sﬁffi—
oientiy messy that it poses some difficulty for students. Certainly sdch
: sketch& treatments as that‘prodided by Henderson and Quandt do not accom-
plish much by way of devoloping fundamental understanding and iﬁsight.

", ..system of three equations in four variables

To simply say that a
can be reduced to a single equation in which cost is stated as an explicit

function of the level of output..." (p. 71)3 is probably only of value

2Concepts of product supply can, of course, be 1ncorporated into the
presentation at this point by adding emphasis (darkening) the relevant por-
tion of MC. Factor demand can be incorporated 31mllarly in panel c.

31n all fairness it should be noted that Henderson and Quandt by virtue
of this statement at least draw attention to the 1mportant relationship
between the factor and product sides. :
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to £hosg who al;egdy understand the concept.

In this section we give first a'geﬁeral stafement of the derivatibn
' and‘thenvp?ovide an exgmple usingAthe'generalized Cobb-Douglas form,
keeping‘in mind thatuopr ijéctive is to make explicit the tfansformation,
from the bfpduction_function or factor side to the cost-produCt relation-
sﬂips;- The information ﬁeeded in.additioﬁ to thé_p?odu;tion fuﬁction .
. and cost equatioﬁ of the éingle input case is that provided’by’the expan-
" sion pé;hQ it is the expansion.path-that defines for us a relationship
between X, and X,

1 2

exclusive of other variables (i.e., Y).
Thus, knowing the production function‘

(5) Y= f(Xl,

and the expaﬁsion path

XZ)

(g)f i R
B MTP2 r,

inverses of the production function in terms of Xl

as a function of Y

only and X, as a function Y only may be obtained as follows. . First,

2

(6) may be éxpressed altérnatively as

"(6a) X2 = g‘Xl) and as

(6b) X

1 h(XZ)

Substituting (6a) into.(S) and taking the inverse we-obtain:

(7 X = k@)
Similarly substituting (6b) into. (5) and‘taking the inverse, we obtain
(8) X, = £()
Plugging (7) and (8) into the cost-input relationship, it is converted
to a cost—output'rélaﬁionship{ i;e.,_

(?) C =_rle.+br2X2 = rlk(Y)’+ rZZ(Y) = TC
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As in the single factor case the power (Cobb-Douglas) production

function provides a convenient algebraic example.4 Given

N ™

(10) Y = AX] X

the expansion path is‘simply

aX I
2 1

(11) — ==
' Ble r2

which implies

Brl
(11a) X2 = a;—‘Xl and
2
. ar
am x =gt

l .
(12) X, =|—0b | 0¥ and
1 Brl 8 :
A(otr )
2
1
: _ Y oat+B
13) x, = s
M)

‘Finally the cost function is obtained by substituting (12) and

(13) dinto the cost equation, (9), yielding |

1 1 L
- +E o8 o+B
(14) TC = r, | —0u |%B . - B gy *
1 Brl 8 2 urz o
AC——) : A=)
ar Br
2 , 1

ThlS is so because the Cobb-Douglas expansion path is llnear given
constant factor prices.
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: - : 2
where K = —t 1 + 1
e e a2y oE
(A1 PP (A"
ar, : , S PTy
" Conclusion

_* There are two most impérfant insights in the devélopment’Of_the,
théOry‘of‘the firm thét Cannqt.Bé overemphaéiZed in'oﬁrvteaching; First,
students before-reéching the Ph.D. level should iearn'that costé of‘
production are intimateiy‘related to an&, in fact, are_derived‘from
the prdduction function. Sécond;Ithey’shouldkknow that when considering
the théory_of thé.firm from the ﬁroduét_side, impliéitvin the cst funé_
tion is the expanéion ﬁath. That is?bwhen one draws a cost curve it
is éSsuﬁed that the costéprodu¢£ points are based on the preéumption of
'least—cost combinéfibh of the se&eral factors involved. |

‘If thesé two ideas and the facfor4 and;product—sidé linkégeé were
given greatér attention in ou: teaChing; professoré ﬁoﬁld surelf’be less
frustrated ihan they often are.in StﬁdentS"‘responses to such fuﬁda—'
mental queétions aé: ‘What happens“tb the:supply of wheat when the

"price of fertilizer is increased?
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