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- ABSTRACT

Adapting Portfolio Theory for Asset Ind1v151b111ty
A Conceptual Framework

Lindon J.[Eébison and Peter J. Barry

Portfolio thébry is-used to explore the kinds of risk-return effects
induced by investménts in indivisible assets. It is shown that risk-return
ecénomies require higher levels of return and risk as the size of the fixed
investment-incfeases and portfolio choices can be limited using Baumol's

\

EL criterion.

9 .

/7 M %/J A/i = df P g )/th/m/ /ﬁ/
R / z/aw//;wg —Zv/ Rty
;Z;L@ﬁqﬁ -7 £ Te



Adapting Portfolio Theory for Asset Indivisibility:
A Conceptual Framework*

Lindon J. Robison and Peter J. Barry

*The views expressed in this paper are those of the authors and do not
necessarily reflect those of the U.S. Department of Agriculture.

Lindon J. Robison is an Agricultural Economist with the Economic Research

Service, USDA and Peter J. Barry is an Associate Professor of Agricultural
Economics at Texas AGM University.



i

e et i e i

'ADAPTING PORTFOLIO THEORY FOR ASSET INDIVISIBILITY
A CONCEPTUAL FRAMEWORK k - ' '

A firm's acquisition and use of durable assets are often influenced
Equlpment machlnery, bu11d1ng

by high degrees of asset indiv1s1b111ty
and land all tend to be avallable for sale only An d1screte slze unlts.

Most operat1ng inputs exhlblt greater d1v151b111ty although even h1red

labor is often characterlzed by 1ncrea51ng re11ance on annual contracts
Asset use 1s generally charac-

that glve it a quallty of 1nd1v151b111ty.
terized by greater d1v151b111ty although;specializatidn and tlmlng in use

e discrete characteristics.

may also induce di
1nd1v151b111ty feature poses,numerous kinds of effects on pro-

© The indivisibi
duc1ng firms and, 1n turn, introduces substantlal challenges 1n modeling
the f1rm to properly reflect its de0151on env1ronment. Flrst, dlscontlnul-
ties in the supply function for 1nd1v151b1euassets 1nd1cate that large pr1ce
changes may be required to warrant resource reallecatlons. ‘Seeond, problems

of generatlng sufficient cash and/er credit to meet f1nanc1ng terms for

purcha51ng the 1nd1V151b1e asset (s) may 1nf1uence the rate of 1nvestment
These 1nd1V151b111t1es

and lead to dlscontlnuous thanges in farm size (Barry)
can cause serieus problems in matching resourceehwith d1fferent productlve
capacities; Managerlal capacrty in particular mustvbe matched»with the mana-
gerial reuulremehts ef infestments in»hew‘technology or 1ncreasestin sizer
of busiuess; ~Lags 1n‘manager1al adjustment-ean'severely_jebpardize the‘
operating eff1c1encyhef‘the»firm at the very‘tlme when levered growth has‘

reduced its liquidity and exposed its equity to adverse fluctuations in
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asset prices. Finally the adjustment in capital structure and production
organization that commonly accompanies investment in indivisible assets
can alter substantially the degree of risk faced by the firm, |

In this paper we utilize portfolio theory to explore the kinds of
risk-return effects induced by investment in. indivisible asseté. We
distinguish between the portfolio'effeéts of (1j indivisibility in. asset
acquisition and use and (2) indivisibility in asset acﬁuisition ahd divisi-
bilit} in use. We first illustrate the effects of asset indivisibility
on the set of EV efficient portfolios facing the firm. Then we identify
the effects on the range of portfolio choices using EV efficiency criteria,

including Baumol's expected gain-lower confidence limit criterion.

Asset Indivisibility and EV Efficient Frontiers

We begin by using Tobin's separation property to illustrate the deriva-
tion of EV efficient frontiers for a three asset model with two risky assets
(xl,xz)‘and one safe asset (xz). Let the firm be constrained by initial

wealth W  and let the safe asset yield a rate of return (r;_;). Further
s .
let expected returns and variances on Xi and X, be (r1=1,r2-1) and (012,022)

respectively with covariance 91,

AsSumebinitially that all asset choices are completely divisible in
acquisition and use. The firm's expected wealth (W) is defined as
W=r.x;, + ryX, + r;x, and the variance of expected wealth is
o 171 2 33 7 R a
2 2

of =0 Xy ¥ oy Xyt 2050 %

duced’by substituting'for'xs = wo' - X - X, iﬁ the expected weélthvéquation,

The initial wealth constraint is intro-
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Solving for X, in terms of x1 for a given level of expected wealth
and variance yields equations (1) and (2)

w - rswo) - (r1 - fs)x

(l) X =
2 (r -1
2 3)
J 2 2 2(2 2 2)
. - + - +
(2) . - xl 012 g xl 012 02 O‘ 0‘1 xl
2 o 2 - B
2

2 : , _
When W and ¢ are held constant, equations (1) and (2) describe iso-

wealth and isovariance lines--loci of alternative combinations of xl and

: 2 ‘ ' . 2
X2 yielding the same values of W and 0 . Changes in W and o provide a
set of such insovalue lines which in the case of isovariance are reflected

as a series of concentric ellipses. The concentric ellipses are repre-

sented by curve segments o_,o_,... in Figure 1while the set of isowealth —

1°°2
lines is reflected by lines wl,w ee Line DC .1limits investments in the

2
risky assets tb Wo.

The derivation of an E-V efficiency fféntier seeks the asset combina-
fion (portfolio) that provides minimum variance for alternative levels of
expected returns or wealth. Variance minimization is indicated by tangency
points between successively higﬂer'isovariahce and isowealth curves. The
path of minimum varian;e points is foliowed unfil tﬁe constraint set (Wg)

: ié reached whereupon the optimal asset combination adjusts to follow the con-
_étraint‘set.as still higher levels of wéalth are sought. This path begins
along expansion path AB. At point B all resources are invested in the
risky assets and expected wealth can ipcrease only by moving aldng.liné

- (O | |
segments BD or BC depending on relative expected rates of return on X and
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X, In either case portfolio variance increases as wel}. 1f T, is
greater than T then the optimal expansion path is represented by ABD
which when plotted'inuEV épace‘yields efficiency frontier ABD in Figure 2.

v Assume next that x. is a fixed, indivisible asset that is not initially

1
includgd as a portfolio choice. The optimal expansion path then consisté
6f line segment‘AD on the vertical axis Qf_Figure 1. In constraSt to,the 
case above? larger Variances‘are required along the vertical axis to aéhieve
the same level of expected.wealth; however, the beginning and terminal
portfolios»are identical. In EV space the efficiehcy frontier for expan-
sion pathAD lies interior to that'of ABD and is therefore a less desirabie
" set of portfolios.

.NOW'assume that a risky asset is indivisible in acquisition and divisible
in use. vThis(assumpfion means that once the'asset is acquired it may be
used in any amount up to its fuli capacity. If:the‘required acquisition of
the indi;isible asset is E,’then the initial wealth constraint can be modi-
fied to reflect this fikity by substituting)fér.x1 in the initial‘Wealﬁh
constraint F. Similarly, if the variable use of F is Xy and the difference
between F_andbx1 is unused resources U, then to the expected wealth equation
we add U to reflect the fact that expected wealth equals investments and
~expected returns in assets Xy 5 X, and Xg plus unused resources. Thus expected
wealth’is W= Ty X, +tT, X, TgXgt U and the initial weélfh constraint
;s Wo = F +‘x2 * Xg. |

To find the isowealth equation in terms of Xy and Xy s we'SOive for Xq

in the initial wealth equation (x; =W, - F -x, ), set U=F - x;and then

§ ;
g e S
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substitute for x; and U in the expected wealth equation. The resulting

isowealth equation after collecting terms is:

(3)» x, =@-r W -FQ-r)-(@ - x )/(r2 -7,

The EV efficient expansion path is modified to account for these new
asset characteristics. The expansion path beginsvat point A as before.
However, since the slope‘in (3) is steeper in a negative direction than
before (in equation (1)) the expansion path contains a larger proportion
of Xy relative to X, than in-thg’case where both assets were'divisible..
Once the limit on the use of x1 is reached at point H, furthervincreasés
in expected wealth and variance are obtained by expandihg'the use of x2
until point G on the constraint set'ié reached. The expansion path then
continues along the constréint set as before from point G to D, increasing
use of'xz apd decreasing use of xl until D is rgached. In EV space the
efficiency frontier corresponding to path AHGD in Figuré'l is represented
by the dotted EV frontier AHGD in Figure 2. Only at points E and G are
solutions obtained under an assumption of indivisibility‘in asset acquisi--

p :

tion that is identical to the complete divisibility case outlined earlier.

At other points the new (dotted) efficiency frontier lies interior to the

original frontier and terminates at D' and A' respectively. -The reason for

the interior location and the differences in expected wealth betweenv'

.portfblios A and A' and D and D' is attributed to the earnings sacrificed

n

on unused resources.
‘Finally, assume that asset x1 is indivisible in both acquisition and

use at level F. This assumption means that acquisition of xl requires its

full utilization. The EV efficient expansion path nowvbecomés line segment
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FG in Flgure 1 and is‘represented in EV space bytdashed line FHEG. -The
portion of this efflciency‘frontier.belewhpoint H lies interier to that

of the preced1ng case while the eff1c1ency frontlers are 1dent1ca1 from'
- H to G. However, portfollos beyond p01nt G cannot be attalned ‘once xl
is acquired due to'the'requ1rement_that 1t'be fully utilized. -Again, only
at points E and G are solutions obtained underxan assumption of indivisi-
bility in aeset acquisition and use that are identical to the_solutiOns
4for‘complete divisibility outlined earlier.

Theﬁanalysis to this point clearly indicates that indivisibility in

- asset acquisition and uee can significantly modify the risk-retUrn character- -

vistice'of alternativelportfolios_comprising a producer'e choice set. The
g degree.of medification depends'cn the degree of inditisibility and»on‘wheather
it affects both asset acquisition and use. The greater the,degree,of indi-
v151b111ty, the greater the fixed costs assoc1ated with assets that may be
1d1e in use. The mod1f1cat10n of variance depends on the relatlve variances
' of d1V151b1e and 1nd1v151b1e assets and on the1r correlatlon.

These features reflect a phenomenon that can be termed econom1es of

size in rlsk If we define economles Of»Slze 1n»r15k.asvthe EV frontler ob-"
tained when all assets varlable in use and in acqu151t1on, then economies

of size in rlsk W1th portfollos 1nc1ud1ng flxed assets can be obta1ned in
only a limited number-of.asset:comblnatlonsr In our example, only at p01nts

. . . ‘.

E and G in Figure 1. However, increases: 1n the size of flxed assets (1 e.,

F to F'). permlt a shlft 1n the points of economles of>51ze 1n rlsk (E. and G
to E! and G') accompan1ed by increases in expected wealth and variances of the
’portfollos.‘ Thus the larger the level of expected wealth and varlance that

‘vare needed to achleve economles of size in risk.
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The particular configurationvof expansion‘paths in Figure 1 and
efficiehey frontiers in Figure 2 rest}onfan assumption that xz_provides
higher rate of expected returns than xl.’ For an«alterhetive assumption
that (r1<'r2) the analfsis-would be modified ohly'slightly'and can be

.traced through the two diagrams without much‘difficulty.

: Asset Indivisibility and Optimal Portfolio Choices.

i'Figure Srcontains reproductions of twotof the efficiency frontiers ’
derived,in Figure 2-—curves,AD and A'HEGDf~representedrby’curves AA' and
BB' respectively . Hence, in Flgure 3 curve AA’ reflects an EV € flc‘ ent
set that does not contain investment in an 1nd1v151b1e asset wh1le curve
BB' reflects an EV efficlent set that does exhiblt 1nvestment in an indi-

v1s1ble‘asset. The two curves intersect in a manner that produces a

- bubble or scallop as reflected'by segment CB" B'" D, " This configuration -

of efficiency frontiers 1s 11kely faced by a de0151on maker con51der1nq the .

inc1u51on of a fixed-asset.' What areuthe effects of,wrw”configuratlonrof

' effioieney:froﬁtiers on the range of_optimal portfd1i67éﬁ¢i¢es?wfm;_*:j*j?

Optimal portfolio ch01ce depends upoh the dec151on maker 's valuation
1n‘ut111ty terms of the risk (variance), expected wealth and other relevant
f,‘eharacteristlcs of the portfollos comprising the ch01ce set. To 51mp11fy
hthe ut111ty max1mlzing ch01ce, several efficiency crlterla have been developed

to order portfolio choiees.intO‘effic1ent and 1neff1c1ent,sets. We have

already utilized the mean-variance (EV) efficiency criterion to restrict
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the utility maximizing choice to those portfelios providingjminimum
veriance'forvvariOUS levels of expected wealth--the EV efficient set.

EV. eff'iciency‘ requires either that the ordinal utiiity functioh be
quadraticeor that the density:function>of risky choices be normal.:hlh
terms of EV efficiency, the efficient portfciio cheicee in-FigurehS will
alweys be from the lower bcundary‘of the two frontiers——boundaryaA’fC_B"
B DA--since it provides minimum,Variance for alternative levels of ex- V
pected‘ieturne. | |

Baumol's-E-L‘criterion can be used to fﬁrther restrict the EV effi-
cient set end'to exélore the infiuences of investment in ihdiyisihie assets -
on the ranges‘of portfoliO'choices; Baumol's‘criterion for reducing the
set of efflclent portfollos is based on deriving the lower conflcence limits
;(L) for alternatlve portfollos and is expressed as

(4) L=W- ko
- where W = expected wealth, o= standard deV1at10n of wealth and k
constahtldetermlnlng the probablllty of E exceeding L.i Hence, the proba-‘
bility of wealth exceeding the 10Wer ccnfidence 1imitv(L).is the same for
N eech pbrtfolio. Poftfolios afe'censidered‘tO‘be inefficieht'by-the EL.
vcfiterion if another portfdio (s)‘exists with a‘greater,expected value and
abgreatet than’of eQualklower confidenCe limit; Therefore; the efficient
EL set will inciude all portfolios to the right of the maximum point of ah
L function.(Figure 4). The maximum of the L functlon is found by spec1fy1ng

the relatlonshlp among members of the EV eff1c1ent set as

NOFERICH
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Substltutlng equatlon (5) into equation (4) and dlfferentlatlng Wlth
respect to E, yields the solutlon f? W) = 1/k, a portfollo in the E-V
vsetvwhich»marimizes the L funetien. The decision maker would then restrict
his choice to those portfollos lying on the portlon of the EV frontler W1th
vslope:greater than l/k,

The decisidn’ﬁaker's preferred portfelioron theiEV'frohtier'iswfound
hy maximizing his expecfed utility‘functloh The expected utlllty function
1dent1fles a preferred trade-off (1) between increases in varlance and
“expected wealth on the EV_frontier. A tangent line withvslope l’whichp*
lidentlfies thevpreferred portfollo canbbe written as:
6) UMW, o2) =W -o2 . o
d”If the initial ut111ty max1m121ng solution has slope A, then the k Value
~which defines an L functlon fqr that partlcular-EV-lroneler lswfaundaby
multiplying (6) by'l/X'(a linear transtrmation which deeS‘not affect the
orderablllty of the equation) and factorlng 02- vTheiresult,is

- U(W,cyZ) = W= (g/k) () =W - ko
where k = g/ 2, |

The maxims (L) of the Baumol EL sets correspondlng to EV sets AAY and
~BB'' in Flgure 3 are equal if the k value aSSOC1ated w1th EV set AAY and kb
~value assoclated wlth EV set,BB' are equal t0' oa/x and qb/x respecplvely,
'_where oaand cbare standardvdeviations associated_with two EV efficient port-
folios-haviﬁg the same%Slope (e g;, A" and’ﬁ" in'FigureIS)" Howeﬁer,.ih »
border for portfollos A" and B" with similar slopes to. have the same L Value

kb must exceed k since k = g/x and 0% Oy Thus, if the probablllty of
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returns exceeding L is equated for the two EV sets either by redueingukb

or increasing ka;, the L value associated with B" will exceed the_L value.

~

~associated with A" and portfolio B" will‘exéeed the L.Value_associated with -

A" and pqrtfoiio B" will dominate At Hence, the iﬁdiviéiblevesset‘will be
adapted."A emilar~deduc£ionvcan.also be made if theeoriginal portfelio lies
inethefrange A'"'C--the portfolies_including the indiﬁisible'aeset will be |
domihant. . | - | |

If the original, divisible.solufion'were below point A", the L:values

associates with EV set A"A' would exceed the vaalueS»forTEV_set>CB"D at

points of equal slope (A). And, equating the k values implied by A at points

aiong A"A' indicates thatjthese,portions'of‘A“A' cannot'be=exe1uded as inef;
~ficient by Baumol's EL criterion.

A 31m11ar analy51s can be made 1f the or1g1na1 d1v151b1e portfollo
 lies on the AD,portlon,Qf EV set AA'. Portfolios in the range A”‘A will
aiWayS.domihate portfolios in the range B"WDvsince equating k values at
‘poinfs of'equal'slope implies that’L valuee associated with the A"'A-portion
of EV set AA' will eXCeed fhe L'values aseociated with the B'"Deportion of |
EV sef BB'. And, since the expected wealth of portfollos in A"'A always

exceed the correspondlng expected wealth of portfolios in B'"D Baumol'

crlterlon,lswsatlsfled Domlnance condltlons for the DA”' portion of EV

set AA! are indeterminantes1nce it neither domlnates nor 1s~dom1nated by the :

B'"'B" portion of EV frontier BB". However, for large fixed assets or in
the case where expansion follows the ABC path in Figure 1, the portioﬁ of

_the EV frbntierblyiﬁg above point D is truncated, ~And for non EL'effiCient

i
R XN
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portfolios, adapting the indivisible asset increases variance and expected

wealth._;:

Concluding Comments

* The conceptual'framewofk developed in this paper is designed to facili-

tété analysis of investménts in indivisible assets under conditions of‘un-
geftainty. The-theoretiCal results'indicéte how aéget indivisibility can
mo&ify‘the set of pértfolio choices confronting the decision maker and -
infiuence‘his:expectéd.utility maximizing chpice. These results support
‘the'nged for empirical methods which inéorporéte éséet indivisibility'aé-

needed to produce results that more mganingfully expléin decision behavior.
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EV Efficient Sets
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- Figure 3.  Baumol's EL Criterion Applied to EV Sets
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