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. ABSTRACT 

Adapting Portfolio Theory for Asset Indivisibility: 
A Conceptual Framework_ 

Lindon J. tobison and Peter J. Barry _ 

Portfolio theory is-used to explore the kinds of risk-return effects 

induced by investment_s in indivisible assets. It is shown that risk-return 

economies require higher levels of return and risk as the size of the fixed 

investment increases and portfolio choices can be limited using Baumol's 

EL criterion. 
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ADAPTING PORTFOL;IOTHEORY FOR ASSET INDIVISIBILITY: 

A CONCEPTUAL FRAMEWORK 

A firm.'s acquisition and use of durable assets are o:ften influenced 

. by high clegrees of asset indivisibility. Equipment, machinery:, building 
. . . . 

and land all ·tend to be available for sale only in discr.ete size units. 

Most operating inputs exhibit greater di.vi.sibiJi;ty althougn ;e:v.en hired 

. labor is often · chara~terized by increasing reliance on ·anntial contracts:'> 

that give it a quality of indivisibility. Asset use. is generally charac~ 

terized by greater divisibility although.specialization and timing in use 

may als.o induce discrete character.istics. 

The indivisibility feature _poses numerous kinds of effects. on pro_; 

ducing firms and, in turn, introduces substantial challenges in modeling 

the· firm to properly ~eflect its decision e·nv:iron~~nt. . First,·· discontinui­

ties in the supply function for indivisible .assets indicate that large price 

changes may be required to warrant resource reallocations. Second, problems. 

of generating sufficient cash and/or credit to meet financing terms for 

purchasing the indivisible asset (S) may influence the rate of investment. 

and lead to discontinuous ,changes in farm size (Barry). These indivisibilities 

can cause serious problems in matching resources with different productive . . . 

capacities. Managerial capacity in particular must be matched with the mana-
. .. . . . . . . ·. 

gerial requiren1ents of investments in new technology or _increases i:n size · 
. . . 

of business. \ Lags in managerial adjustment can severely j e·opardize the · 

operating efficiency .ofthe firm at the very time when levered growth has 

reduced its liquidity and exposed its equity to adverse fluctuations in 
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asset prices. Finally the adjustment in capital structure and production 

organization that commonly accompanies investment in indivisible assets 

can alter substantially the degree of risk faced by the firm. 

In this paper we utilize portfolio theory t<? explore the kinds of 

risk-return effects induced by investment in indivisible assets. We 

distinguish between the portfolio· effects of (1) indivis.ibility in asset 

acquisition and use and (2) indivisibility in asset acquisition and divisi­

bility in use. We first illustrate the effects of asset indivisibility 

on the set of EV efficient portfolios facing the firm. Then we identify 

the effects on the range of portfolio choices using EV efficiency criteria, 

including Baumol's expected gain ... lower confidence limit criterion. 

Asset Indivisibility and EV Efficient Frontiers 

We begin by using Tobin's separation property to illustrate the deriva­

tion of EV efficient frontiers for a three asset model with two risky assets 

(x1 ,x2) and one safe asset (x3). Let the firm be constrained by initial 

wealth W0 and let the safe asset yield a rate of return (r3 _1). Further 
I 

2 2 let expected returns and variances on x1 and x2 be (ri''"l,ri-1) and (cr1 ,cr2 ) 

respectively with covariance cr12 . 

Assume initially that all asset choices are completely divisible in 

acquisition and use. The firm I s expected. we.al th (W) is defineq as 

W = r 1x1 + r 2x2 + r 3x3 and the variance of expected wealth is 

2 2 2 2 2 
o = o x + cr x + 2012x1x2· 

1 1 2 2 
The initial wealth constraint is intro-

duced by substituting for x3 = W0 x2 in the expected wealth equation~ 

J 
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Solving for x2 in terms of x1 for a given level of expected wealth 

and variance yields equations (1) and (2) 

(1) X = 
2 

(2) 

2 
When Wand a are held constant, equations (1) and (2) describe iso-

wealth and isovariance lines--loci-of alternative combinations _of x1 and 
. 2 

x2 yielding the same values of Wand 
2 

CJ • Changes in Wand a· provide a 

set of such insovalue lines which in the case of isovariance are reflected 

as a series of concentric ellipses. The concentric ellipses are repre-

sented by curve segments a ,a , •.•• in Figure 1 while the set of isowealth !.----. 1 2 · 

lines is reflected by lines w1 , w2·, ..•• · Line DC limits investments in the 

risky assets to W0 • 

The derivation of an E-V efficiency frontier seeks the asset combina-
./ 

-tion (portfolio) that provides minimum variance for alternative levels of 

expected returns or wealth. Variance minimization is indicated by tangency 
.1 

points between successively.hi~her isovariance and·isowealth curves. The 

path of minimum variance poirits is fol.lowed until the constrai,nt set (W0 ) 

· -•·. is reached whereupon the optimal asset combination adjusts to follow the con-

.· straint set. as still higher levels of weal th are sought. This path begins 

along expansion path AB. At point B a11 ·· resou.rces are invested in the 

risky assets and expected wealth can increase.only by moving.along line 
. ( . 

· segments BD or BC depending on relative expected rates of return on x1 and . 
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x2 . In either case portfolio variance in.creases as well. If r 2 is 

greater than r 1, then the optimal expansion path is represented by ABD 

which when plotted in -EV spac.e yields efficiency frontier ABD in Figure 2. 

v Assume next th.at x1 is a fixed, indivisible asset that is not initially 

included as a portfolio choice. The optimal expansion path then consists 

of line .segment AD on the vertical axis of Figure 1. In constrast to .the · 

case above, larger variances are required along the vertical axis to achieve 

the same level of expected weal th; however, the beginning and terminal 
' . : 

portfolios are identical.. In EV space the efficiency frontier for ~xpan-

sion path_AQ lies. interior to ·that· of ABD .·and is therefore a less desirable 

set of portfolios. 

Now assume that a risky asset is. indivisible in acquisition and divisible 
.. . : .,_.. . 

in use .. This.as~~ption means that once the asset is acquired it maybe 

used in any amount up to its full capacity. If the· required acquisition of 

the indivisible asset is F, then the initial wealth constraint can be modi­

fied to reflect this fixity by substituting ,for x1 in the initial wealth 

constraint F. • Similarly, if the variable use of F is_)C1 and the difference 

between F a,nd x1 is unused resources U, then to the expected wealth equation 

we add U to reflect the fact that expected wealth equals investments and 
. . 

expected returns in assets x1 , x2 and x3 plus unused resourc.es. Thus expected 

wealth is W = r 1 x1 + r 2 x 2 + r 3 x3 + U and the initial wealth constraint 

is WO - F + x2 + X3• 

To find the isowealth equation interms of x1 and x2 , we·solve for x3 

in the initial wealth_ eq_uation (x3. = W - F ._ x ) , set U = F ·~ x and ·then o ·. 2 . l · .· 
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substitute for x3 and U in the expecte'd wealth equation. The resulting 

isowealth equation after collecting terms is: 

(3) x = (W - r W - F(l - r ) - (r - l)x )/(r - r ) 
2 3o 3 1 1 2 3 

The EV efficient expansion path is modified to account for these new 

asset characteristics. The expansion path begins at point A as befor,e. 

However, since the slope in (3) is steeper in a negative direction than 

before (in equation (1)) the expansion path contains a larger proportion 

of x1 relative to x2 than in the case where both assets were divisible. 

Once the limit on the use of x is reached at point H, further increases 
1 

in expected wealth and variance are obtained by expanding the use of x 
2 

until point G on the constraint set is reached. The expansion path .then 

continues along the constraint set as before from point G to D, increasing 

use of x and decreasing use of x.1.1 until D is reached. In EV space the 
.. 2 

efficiency frontier corresponding to path AHGD in Figure 1 is represented 

by the dotted EV frontier AHGD in Figure 2. Only at points E and Gare 

solutions obtained under an assumption of indivisibility in asset acquisi-
/ 

tion that is identical to the complete divisibility case outlined earlier. 

At other points the new (dotted) efficiency frontier lies interior to the 

original frontier and terminates at D' and A' respectively. The reason for 

the interior location and the differences in expected wealth between 

portfolios A and A' and D and D' is attributed to the earnings sacrificed 

on unused resources. 

Finally, assume that asset x1 is indivisible in both acquisition and 

us.e at level F. This assumption means that acquisition of x1 requires its 

full utilization. The EV efficient expansion path now becomes line segment 
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FG in Figure 1 and is represented in EV space by dashed line FHEG. The 

portion of this efficiency frontier below point H lies interior to that 

of the preceding .case while the efficiency frontiers are identical from 

H to G. However, portfolios beyond point G cannot .be attained once x1 

is acquired due to the requirement that it be fully utilized. Again, only 

at points E and G are solutions obtained und.er an assumption of indivisi­

bility in asset acquisition and use that are id.entical to the solutions 

for complete divisibility outlined earlier. 

The analysis to this point clearly indicates that indivisibility in 

asset acquisition and use can significantly modify the risk-return character­

istics of al tern a ti ve portfolios comprising a producer's choice set. The 

degree of modification depends on the degree of indivisibility and on wheather 

it affects both asset acquisition and use. The greater the degree of indi­

visibility, the greater the fixed costs associated with assets that may be 

idle in use. The modification of variance depends on the relative variances 

of divisible and indivisible assets and on their correlation. 

These features reflect a phenomenon that can.be termed economies of 

size in risk. If we define economies of size in risk as the EV frontier ob­

tained when all assets variable in use and in acquisition, then economies 

of size in risk with portfolios including fixed ass.ets can be obtained in 

only a limited number of asset combinations. In our example, only at points 

E and G in Figure L However, increases in the size of fixed assets (i.e., 

F to F').permit a shift in the points of economies of size in Yisk (E_ and G 

to E' and G') accompanied by increases in expected wealth and variances of the 

portfolios.. Thus the larger the level of expected wealth and variance that 

are needed to achieve economies of size in risk. 
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The particular configuration .of expansion_paths in Figure 1 and 

efficiency frontiers in Figure 2 rest oii an assumption that x2 _ provides 

higher ,rate of expected returns than x1 , For analtern.ative assumption 

that (r1<_r2) the analysis would be modified only slightly and can be 

traced through the two diagrams without much difficulty.· 

Asset Indivi~t;l,,il;i::fl_ ~n.d Optimal Portfolio Choices 

Figure 3 contains reproductions of two of the efficiency frontiers 

derived in Figure 2--curves AD and A'HEGD' represente_d by curves AA' and 

Blli respectively •. Hence, in Figure 3 curve AA' reflects an EV efficient 

set that does not contain investment_ in aii indivisible asset while curve 

BB' reflects an EV efficient set that does exhibit investment in an indi­

visible asset. The two curves 1.ntersect in a manner that produces a. 

bubble or scallop as reflected by segmen,t CB" B'" D. This configuration , 
- -·--- -·,. ·-·· - ·- --···--·- ---- --- -

of efficiency fr~mtiers is likely faced by a decision_ maker :considering the 
- ·- ·-··- -·-· - ----· - -- - ·-·- ... ._ ·----·-· :_ ·.-··-- ---····-"--: 

inclusion of a fixed asset. What are the effects of _____ configuration of 

efficiency frontiers on the range of op:timal portfolio chokes?_: ---~-=~::~~~:-~-

_ Opt~mal portfolio choice depends upon the decision maker's valuation 

in utility terms of the risk (variance), expected wealth and other relevant 

characteristics of the_ portfolios COil!prising the choice set~ To simplify 

the utility~maximizing choice, several efficiency criteria have been developed 

to order portfolio choices into efficient and inefficient sets. We.have 

already utilized the mean-variance (EV) efficiency criterion to restrict 
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the utility· maximizing choice to those portfolios providing minimum 

variance for various levels of expected wealth--the EV efficient set. 

EV efficiency requires either that the ordinal utility function be 

quadratic or that the density function of risky choices be normal. In 

terms of EV efficiency, the efficient portfolio choices in Figure 3 will 

always be from the lower boundary of the two frontiers--bounda:r:yA' C B" 

B"' DA--since it provides minimum variance for alternative levels of ex-

pected returns. 

Baumol's E-L criterion can be used to further restrict the EV effi­

cient set and to explore the influences of investment in indivisibie assets 

on the ranges of portfolio choices. Baumol's criterion for reducing the 

set of efficient portfolios is based on deriving the lower conficence limits 

·· (L) for alternative portfolios and is expressed as 

(4) L = W - ka 

where W = expected weal th, a = standard deviation of weal th and k = a 
,, 

constant determining the probability of E exceeding L. Hence, the proba­

bility of wealth exceeding the lower confidence limit (L) is the same for 

each portfolio. Portfolios are considered to be inefficient by the EL 

criterion if another portfdio (s) exists with a greater expected value and 

a greater than or equal lower confidence limit. Therefore, the efficient 

EL set will include all portfolios to the right of the maximum point of an 

L function (Figure 4). The maximum of the L function is found by specifying 

the relationship among members of the EV efficient set as 

(5) a = £ (W) 
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Substituting equation (SY into equation (4) and differentiating with· 

respect to E, yields the solution f' (W} = 1/k, .a portfolio in .the E-V 

set which maximizes the L function. · The decision maker would then restrict 

his choice to those portfolfos lying on the portion of the EV frontier .with 

s.lope greater than 1/k. 

The decision maker's preferred portfplio' on t.he .EY fr(mt.ier i:s. .. foµnd 

by maximizing his expected utility function. The expected U:tili1;y function 

identifies a preferred trade-off (A.) bet.ween increases in variauce and 

expected wealth on the EV frontier. A tangent line with. slope A which 

identifies the. preferred portfo'tio can be written as: 

I 

\ 

If .the initial utility maximizing solution has slope_ i\.., then the k value 

which defines an L function for that particular EV -fr.oritie~ is, :foun<l by 

multiplying (6) by 1/A (a linear transformation which dqes not affect the 

orderability of the equation) and factoring 0 2• The result is 

(7) U(W, 0 2) = W :-: Ca/A) (a) = W - ka 

where k = a/'A. 

The maxims (LJ of the Baumol EL sets corresponding to EV sets M' and 

BB'· ih Figure 3. are equal if the ka value associated with EV set AA' and kb 

value associated with EV set BB' are equal to aa/'). and crb/x. respectively, 

. where a a and abare. standard deviations associated with two EV efficient port­

folios having the same slope (e.g., A" and-B" in Figure 3). However, in 

order for portfolios A" and B" with similar slopes to have the same L value 

\ must exceed ka since k = a/A and cra< ob•. Thus, if the probability of 
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returns exceeding Lis equated for the two EV sets either by reducing kb 

or increasing ka,, the L value associated with B" will exceed the L value 

- associated with A" and portfolio B" will .exceed the L value associated with 

A" and portfolio B" will dominate A". Hence, the indivisible asset· will be 

adapted. A smilar deduction can. also be made if the original portfolio lies 

in the range A"G--the portfolios including the indivisible asset will be 

dominant. 

If the original, divisible solution were below point A", the L values 

associates with EV set A"A' would exceed the L values for EV set GB"D at 

points of equal slope (1,.). And; equating the k values implied by A at points 

along A''A' indicates that_ these portions of A"A' cannot be excluded as inef­

ficient by Baumol's EI:. criterion. 

A similar analysis can be made if the original, divisible portfolio 

lies on the AD portion of EV set AA'. Portfolios in the range A"' A w.ill 

always dominate portfolios in the range Bll'D since equating k values at 

points of equal slope implies that L values associated with the A"'A portion 

of EV set AA' Will exceed the L values associated with the B'"D portion of 

EV set BB 1 • And, since the expected weal th of portfolios in A"' A always 

exceed the corresponding expected wealth of portfolios in B'"D, Baumol's 

criterion is satisfied. Dominance conditions for the DA"' portion of EV 

set AA' are indeterminant since it neither dominates nor is dominated by the 

B"'B" portion of EV frontier BB". However, for large. fixed assets or in 

the·case where expansion follows the ABC path in Figure 1, the portion of 

. the EV frontier lying above point D is truncated. And for non EL efficient 
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portfolios, adapting the indivisible asset increases variance and expected 

wealth. 

Concluding Comments 

The conceptual framework developed in this paper is· designed· to. facili- . 

tate analysis of investments in indivisible assets under conditions of un­

certainty. The theoretical results indicate how asket indivisibility can 

modify the set of portfolio choices confronting the decision maker and 

influence his expected utility maximizing choice. These results support 

the need for empirical methods which incorporate asset indivisibility as 

needed to produce results that more meaningfully explain decision behavior. 
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