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ABSTRACT

Additive and multiplicative modeis are used to analyze the trend, cycll-~
cal, seasonal, and irregulaxy compeonents of water consumption .’&ime saries dal#.
Evaluvation of these components opens up important opportunities fer improving
on exigting water mapagemanl practices and for boltter evaluating alternative

policy measuraes.



Cinportant ?reﬁegtiﬁité for furthsy lmprovements in plamning and managsment of
water resources. The significance of this statement has recently come into
clear foous with the findiﬁgs of Lobb (1%75) with regard to the high costs of
extracapacily typlically found in water supply systems to meat pesk load demandas.

Recently complsted studies of water consumption patterns and trends in tha

Honolulu Board of Water Supply (BWS) service avess serve a3 a useful staviing

point to apply mwﬁ@mm‘statisticalltachniquea for improving the analysis of wa-

ter consuwnption data (Oh and Yamauchi 1%74; Moncur 1375). This in turn can be
h

very halpful in mahking short~ and long-yun projections for watexr supply requirxe-
~ments, and also in generating timely information for such policy-related matters

2

as pricing, repayment, cost distribuition, and the like,

The undexrliying statistical principles involved are applicable to watexr con-
sunption data and involve procedures for identification and pestulation of sta-
tistical nodels, estimation of parameterxs, and diagnostic checks as to the ade-

guacy of the resulits.

General Model ’

Typically. the straightforward display of aggregate time meries data shows
a rising pattern £or geasonal fluctuations which vary over time {(Fig. 1}). In
~genaral, the behavior of guch time sexies data refleciz the corbined effects of
many complex factoxs which influence the trend, cyclical, seasonal, and irregu-

lax components of the serxiez. EHven if the undexlying factors are not fully
understood, these separate components ¢an be hypothesized to exist aftey careful
exanmination of the data. Thus, without any further spscification ¢f the nature
of the relationships that may be involved, a gensral form of the model can be

raprasentad asg f@il@waé
Of = £(7.C,8,1) ; ,

Wherea:

ﬁ? = gverage daily water
consumption in month
m and time interval ¢
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trend coppooent



¢ = gyelical component
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Trend (T} reprasents 21l those factors that influvence the general long run
tendency of the geries. If there ave factors that cause the zeries to move in
relatively long and uneven swings, much like the gradual ﬁxranwiaﬁs and nontrace
tions in the business cvele and/or long-run climatic patterns, such Ffactors can
be captured by the cyclical (£} component. FPFor conveniencs in long-run fore-
casting, both the trend and cyclical components {IC) can be measured jeintly
with a low-order polynominal in &, the itime inteyxval.

The ssasonal (£) cowponent xepresenis those factors which influence the

seriss to fluctunate in a more or less regular patterng within the year. Such
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Juctuations are primarily the vesult of major shifts in the weather
pattern from sumsmer to winter, This @eascnal'gampanent for water consumption
data can be efficlently msasured by a dummy varisble technigue which assigns
gither a 1 or O to each time intarval depending upoen whethex or not that inter-
~val falls on a particulay month of the year, i.s., January to Decembar.

The dxregular (I} component is esgsentially the resideal or whatever varia-

»

wht is not explained systematically by the pre-

“‘J’

tions in the time series data t

vigus ¥, £, and 8§ componants Such irvregularit i 25 may oocur as a result of a
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wide variety of such as unusual weather conditions, unexpestad water
leakages, measurement and/ox specification errors, etc.

This ganeral formulation can be further specified in @iiher additive or
multiplicative terms depending upon the nature of the relationships betwsen ths
various components. If the many underlying factors are independent in thelr

o, . -

inflinencas on the separvate components, then an additive funstion is appropriata,
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gé = ?t & Ct S F Ty

On the other hand, if these mulitliple influences are interdependant with
each other, then a multiplicative function is nore appropriate:

Qg =T, 0 Cp * Sp v Iy

@

Tn aither case, in order to statistical 1y analyes the ebserved data, thase
modaels raguire further specifications i

n oparational AT .

Seveval possibilities exist foxr the iﬁentificatlon of @wpliﬁit mathematical

forms. - Tha simplest is of couvse the stralight am&xtlwe model which doss not
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requirae any data transformations in its applleation. More complex multiplica-

tive models can also he specifled in either nonexponential or exponantial forms, .

“The nonesponential foxm, howevay, presants an oper nal problen.  Dungy vas
? .
riahles {1, G} are usaful for me g menthiy {or seasonal effects) and thelr

log transformations would result in 0 and =® values, wespectively. For prac-

raight additive {(eg. 1} and the exponen~
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tially multiplicative {(eg. 2) models are explored.

b . i3 :
A=} sl

2. Exponentiallv Multipllcativa Model:

0% = eupl=y + 2 tﬁ + Z By X K¢3
t R R

Where:

Q? = average dally water consuwmptlen (din 10,000 gals/day)

= month of vear

= January (bases month)
» Felrruary

March

= Bpvil

]

W e oy
o

11 = Decenber o
time interval {month) with December 19460 sz base

% =
1-12 = January-December 196]
13-24 = January-Decembey 1962
- . 1B0-187 = January-July 1875
N R :
=g + L w; & = polynomial representing combined twend and cyclical
' d=1 components, i.s., IC
= = regrasslion ceefficients
. = time intervals {(months}
11
L By ¥ = expression of dummy V&rlﬂbl&ﬂ ropresenting saa%anal
m=1 {8) components

ﬁ = pagression ccefficients
= 1.0 dummy varizbles for month of y@ar with
January as basgse wonth

U@ = prroxr Lerm xepfeqenblng irragular {I) component,
assumed to be W {0, © 2y
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The dummy varizbles expression for seasonality effects makes it possible

to simultansounsly estimate and study the water gonsumption bhehavioral patterns

B <

for the different months of the year over the 14 yeavs of

-

Ex)

iy

That is, for

s by
January: @, = =g + L owy e 4 eg
: i=1
1 5 ; 1
February: £, = =g 4+ 5 =, % + By Xy + &
" . kA s T4 t
Zs=]
13 b ; - 11
December: Qu = g + L «, ¢+ By X)) + ey
- I=1

In matrix form, these two operational models appear as follows with the
only differsnce belng the transformed log consumption walues in the multipiica-

Y

tive model.



’ 0= X8 + U {sdditive}
m = XB + U {exponentially multiplicative)
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DISCUSSICN OF RESULTS

The stepwise regression method waz applied to the 187 ﬁ%ta points, each
repraesenting average dailly water consumption for the period covering January
1261 to July 1275. In the analvsis, the seasonal (5} variabieé-waze foreed
into the eguations while the combined trend and cyclical {7C) varisbles were
allowed to enter into the eguation according to P-levels {4.00, 3.30) or tolere
ance insufficient for further stenping.

The estinated results ave summarized in Tablez 1 and 2 for the ndditivs

and mthipliﬁ tive models, respectively. High %2 {0.95 and ©.98) and corres-.
ponding P-xatios {277 and 307) in both instances indicate very good model idene
tifications. Although the sliight improvement {actually less than 12} in tha

multiplicative model might suggest that the major effects on the combined 7C
and § components are for the most part independent of each other, a clozer
examination of the results indicate strong evidence of ismportant multiplicative
ffects that should not be overlooked. In bhoth models, the wcefficiaznts ave
computed from data over the entire seriess. The overall mean foxr the series,
however, is scmewhere close to the middle of the pericd of 187 intervals. Near
this viginity, both medels ave fairly close to each oﬁhax. However, differ-
ences begin to show up as the estimates move away in both directions from the
overall mean (Fig. 1). In earliex years, the estimated seasonal fluctuations
of the multiplicative model tends to be less than those of the additive model.
Moving in the pther direction, toward the later years, the différenc&s are in
opposite relation to each other as compared to the earlier years, i.e., the
meltiplicative model estimates of seasonal fluctuations tend to be greater than
those for the additive model. In essence, the difference in estimates between
the two models is axplained as follows. In the a&ditivg model, the 7C and &
components are independent of each other and, therefore, these components ars
simply added togethexr to arrxive at the estimated results. In the nultiplica-
tive model, however, the ¥C and § components are interrelated functionally and,
therefore, the estimated xesults are arrived at through more complex multipli-
‘cative computations involving log transformations, '
This is better ssen in Pigure 2 which plots the observed time series and

component parts for both the additive and multiplicative medels. BARlthough at
first glance there appears te be little or no difference between these plots,

in fact theve arve important interpretive differences. In the additive modsl,

the values ave exnressed in terms of 10,000 gal/month, wheress in the moltiplle

N e Va2
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cative model, the results are in log
to simply add component parts in the
model antilogs must be comvuuad from

Alzo closer inspection of the di

values, - Therefore, while it is pozsible
additive model, in the multiplicative
the gummed log components,

ffaraent gomponents reveal interesting

results. The levels of lrxregulerities {I) in the twe models tend to move in
opposite directions as ineoreasas. in the additive model, irregularitiss tend
to increass with time, wherszas in the multiplicative model the irregularitiss

b

tend to decresse with time. This is consistent with the opposlite time relatsad

tendencies of the two modslz.,

The combined TC components in both cases exhibit steadily rising trends.
Thase aaQear to be similar in properties but in fachk there are differsnnes.
Although shown here on noncomparable scales, these curves can ba compared with

reference to the standavdized r

ﬁ)

abl
gression ccefficients reporh ed in Tables 1
and 2. In the additive model, the first oxder coefficient =; of the polynomial
in t ig absent. %hiz, in afifect, refischts the definite curvalinear trend.
When TC is est&mated by the multiplicative model, =; iz included and is equaa
to 0.348 in stamuardlzed Form {Table 2). This not only tends toward flatteain
the curve when plotied 53 the log scale but also captures ancther factor which
influences the level of the TC component. Without this facter, the TC level
would tend to be lewer throughovnt a2 good portiom of the peviasd

Also, in both models a gradual tapering effect begins to show up in the
lster intexvals. This resulls from the negative standardized cosfficlerts fovx
*3. The effect is mora pronounced in the multiplicative model. From Tables 1
and 2, the standardized ué i8 «D.210 E£ox the multiglicative nodel as cowpared

to =0,176 for the additive medsl.

ia 23 ST 4 gin b the TC ¢ e s NNt . LT DU Wi CHRAT [
tion ave computed using bolh the TC and 8 components It turas oubt that a

ccmhinatinn of curvalineaxr TC and uniform S patbern will result in nommiform

seasonal, ilu,uy tions in water consumption. The vnifsmm 8 component meraly
o . . = mams % a2

raeflects the regression estimates for the elsven wont41v coefflcients Py

{Februayy Lo Decerber}. %hese estimates are computed using January of each

veay as & base month. Thus, there %s ne seascnal goefficient for Jamuary and
the consumption level for this month is accounted for only by the TC level.
Since TC has a xising trend, each 12th intervel beginning with the first inter-

val, results in a higher base month. Therefore, even Lf only ons eleven-aronth
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attern of B, iz repeated in successive years, th2 rising base months applied
m s ¥ §ai 8

w3

to this constant patterncf B, will tend toward larger seasonzl fluchuations.

Also the curvalinear properties of TC contyvibube Turther to the nonuniform

2 difference betwsen the two modsls is tha additive and mul-
tiplicative manner in which thess componants are applied in estimating the
Qevel of water consumption. In the multiplicatiwve modezl; chenges in the levels

cf the TC and S components reflect more complex interactive factors which

jointly afifect the aggregata level of water congumption.

The implications of this study extend to koth short- and long-run consid-

erxations. For long-run forecasting and capital investments planning purposes,
both modals begin with suffi cientl ly high 7% values to be potentially useful.

Howaver, in any Zorecasting model, errors tend to increase with distance into

the future, and in the case of our two models, the multiplicative model appears
imporzant advantags. Brrers in foture intervals tend to be smallex

- with the multiplicative model, '

thess time

’ﬂ

Further refinements and an zeries ﬁmponent

&
()

S
m
ko]
0
riy

saxticnlarly useful for underxstanding the nature of s@asona’ pesk demands and

rethods for reducing overinvestments in excess capacitiea. If disaggregated
data is usad in tha ;egre ion azalv is, the results reflegted in the TC and S
compenents can be usaefully emploved to making improvements in “high—low" checks

which ave condncted rouhinely by local water supply ageancles.
of the irvegular component (I) offers impoxritant opportuni-

i
tiss for better understanding the patterns of watex consumption. This residual

component is now assumed free of trend, cyclical, and seasonal influences. A
variety of time series techniguas can ba used to analvze these yesiduals. For

i
instance, adaptive forecast functions can be devaloped and 2 pli d to this com-
£o

ponent fox the purpose of improving on short-run, e,g., guartexly, forascasts
of water consumption and revenuve recalpis (Farzen 1974; kin 1258; Box and
. 4

Jenkinzs 1270} .

Understanding of the behavior of the various time series components of

water consumption data is essential for more effactive analysis of economin

incentive effects of altarpative policy measures and closer integration of

‘water supply and Jdemand management.
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