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L INTRODUCTION

The problem of dec151on maklng under uncertainty has, for obv1ous reasons,'

&:pattracted 1ncreased attention from agrlcultural economlsts in’ recent years.» The»iji
. dec181on problem fac1ng the flrm when the planning horlzoneis one,period long
fhas been discussed exten31vely and from a variety of perspectives [3 5 6 7 and SRR

ﬁl3]rp The problem of multiperiod planning under uncertainty has also been Bt

‘

.f;discussed by ‘a number of authors [2 8 and 12] The aforementloned studies
.have advanced 51gnificantlv our 1n51ghts 1nto dec1sion making underhuncertainty.ff"
}Yet,‘from:the‘perspeetiveuofgan 1ndividual‘for:whomhthejultimate.purpOSeiof:
peconomic artivity isbconsumption;'either1for“oneaelf£0rvone?sidescendants;?and.

‘riwho thinks 1t'1s rational to maximize’expected utilitv mhen operating under

"puncertainty, the current llterature 1s def1c1eut 1n two important respects. jlf ‘ffm‘

: plThe first is that 1t is not clear that the obJective functions employed are

hgpurpose of the present paper 1s to present a model whlch remedies the defi-:

'con31stent w1th the above view on the purpose of economic act1v1ty., The sec0nd 1;fﬁ’
‘ b»defic1ency in the current llterature 1s that the models do not take proper

: account of thevfact“that the“firm1or itsnownerfls a financlal«entity. The -

s

c1enc1es mentioned above and 1n additlon, to indicate ‘how the optimal deciSion

”;rules can’ be computed in such a model

e e e . . . P

The remalnder of the. paper is organlzed as follows.,vInrthe'next sectiOn,o’

a: model 1s presented which con51ders 51multaneously dec131ons regarding con-v~7"'

";sumptlon,;finance, roduction,and 1nvestment or. capltal accumulatlon for the

g e

risk averseiowneriofiaiiirm whichwgperates 1n an. env1ronment in which there 1s

EESE{Egiggzﬁgegarding prices and outpu 'The thirdTSection formulates the :l_3fﬂ

dec131on problem facing the entrepreneur and 1nd1cates how it can be solved

h \

o

aThejfinal~section>of the paperbcontains some COncluding"COmmentsf 1;ff7"




II. THE MODEL'

We consider an entrepreneur who‘bwnsve firm. His wealth eonsists of liquid
weelth and the capital inpetsﬂof ehe firm;"Theeentrepreneﬁr'wishes’fo plan
the‘allecation efvhis wealth'ever'a finifejplanning_horizon of T+1:time‘§er10ds.
DegisionsAafe‘medebat‘the”stére ef eech of‘thezfirstti periods{? ~iEfg§fL

wealtﬁ can be allocated to consumption expenditures, a riskless single—period

oot

asset the holdlngs of which may be p081t1ve or negative,3 ahd both singie}period
1npets and  capital 1nputs forvthe f;rm s production activities. Tﬁe firmfe
,Cgpigai inputs can be allocetea among M production_actiﬁities.;‘Caﬁital inﬁutsvv'
cehnqt be sold duting the planning horizon;"They can be dispesed of fot seivage
“at the eed of the horizon. | |
The mode1>used in the>§resent paper‘Consists pfvthe‘foliowing relations:

: i) a utility function, ii) a.feveﬁue genefating.equation, iii)-felatiohs
erepreSenting the.technologieal possibilities, and‘iﬁ) a budgét»eqﬁatien.; The
ultimate pﬁrpose»of the entrepreneer's economic-activity_is coﬁsuhftion.
Alternative dec1s1on strategies are eveluated.accordlng to thelrieffect on the
de31rab111ty of a stream of comsumpﬁlon expenaitures yl,yz, ;. .,yT and termlnal

”&ealth k lf

The de51rab111ty of such a stream is measured by a utlllty functlon
1 - . o c1s D ’ . ' L
Equations are numbered within sections. When referring to an equation

in a different section we use both the equation number and the section number.

For example, when referrlng to Equation 4) of Section II in a dlscus51on in
Section III, we use equatlon I1.4." :

2 . v . . Loq
No decisions are made in period T + 1.

3Borrow1ng takes the form of negatlve holdlngs of the riskless asset in
the present model.

4Termlnal wealth can be v1ewed as ‘that which is left over in order to.
facilitate consumptlon arter the end of the planning horizon. '



_of the form

B 6k == et et - el

,_where p, a posltlve fraction, 1s a known subjective dlscount factor. The,;“
utllity function 1n l) is the dlscounted sum of single period utllity functions .

'V'Lof the form o

D ) =

~hxa function which displays constant absolute risk aversion._ Pratt s indexv'

7f‘of absolute risk ‘aversion is -¢"/¢ whlch 1s y for the functlon in 2) [11]

v;Thus, y in. l) is an 1ndex of absolute risk aversion. A person whose utllity
i{function dlsplays constant absolute risk aversion is”one for whom the odds{jy”
‘i at. which he is w1lling to accept a bet of a glven absolute amount remaln f; vy
B unchanged as his wealth varles [l, pp. 33 -357." The utillty function in 2)
dlsplays increa31ng relatlve rlsk aver31on.v A person having such a utility
5}function will require‘more favorable odds as hls wealth increasesbif he 1s;::5
vto be induced to continue to accept a bet the amountgof whichils a.constantifi"

’proportion of his wealth [1, pp. 34 35] The recent paper byeﬂammong“hroadensl .

h the scope’ of application of the above utility function by showing that it';v;ﬁ":vf

'-can under certain condltions be used to reflect properly the attltudes towardS"‘ﬁ)

.» rlsk of people Who do not necessarily display constant absolute risk aversion.
m- L

The revenue or wealth generating relation gives 11quid wealth at the _5hf'

- start of next perlod as a function of dec1sions taken in the current perlod

'and random events that take place at the end of the current period Liquid

=]
mmimsimn

lwealth at time t+l k is the sum of revenues from investment in the

—_— F"‘l ’

'riskless asset in period t and revenues from the production activities in peri— fi:

- Od t:-, That ,iS s 'V



M Ty = bpvp Fopgap + P2

‘:sand s=1 2,...;8 i We define the matrlx 6 dlag{d

) . k. -‘bnv +:P;q L ﬁ; tt=;l,2;;;,T;1;e}iw3;f::' ‘

t+J. ,.»-'»t;t,. T

'.'f7uhereh fb 1 is the rate of return ‘on the riskless asset 1n period t, fﬁi

S . : /fwe@/e‘{ . SRR D O
: VIAIS the amount expended on the rlskless asset at t1me t,.‘v_i-;f_q*

1fp is the vector of output prices in period t, x;fg}y

5 qt is the vector of output levels in period t.,ia:vf’*ff*?

F: At the end of the planning horlzon, i. e” at time T+1 liquid wealth

‘includes also the revenues from the sale of used capital inputs. Thus, he_‘”"

»h”revenueugenerating-relationship'for-time’T+l»is'h.ffi‘»

"I'+l_ °t T+l

S

o “whereis P is the vector of salvage prices for capital inputs at time T+l

”ZT+1 is’ the vector of stocks of capital inputs at time T+1.}-'f‘

The firm has s capital 1nputs which can deprec1ate.‘ The rate of depre-iﬁih”

'hclation for capltal 1nput 8 1s constant and equal to 1 6. where 0 < 6 _< lh“

»8 ,...,6 } Then, the S

_1£1rm s stocks of cap1ta1 &npy@s at time t is

D Zt= G(Zt_1+ Ly 0 ot= 2,3, ,T+l S

S

: whete”“ Z is the vector of stocks of capital inputs at time t

: - \fjifs the vector of purchases of new capital 1nputs at time t.f_lf:,:; -

15The vector of capital 1nputs available for production in period t 1s

Cz+ lt, that is, the stock of old capital at the start of the period R

'v’.plus the newly acquired capital 3

5Two assumptions 1mplicit 4in this formulatlon are that newly acquired

.kcapital inputs. are immedlately available for production and that depreciatedig e
~capital and new capital are perfect substitutes. ,Both of these assumptions o
‘can be modified without much difficulty. T N A
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There are M production actlvitles whlch the flrm can operate. Each

_of these act1v1t1es may requlre both 51ng1e perlod 1nputs and capital 1nputs.pff.

';Productlon takes one tlme perlod to accompllsh The capltal 1nput require~”*'

,ments and the 1mp11ed productlon p0551b111t1es are summarlzed 1n the follow1ngf}w;'

'1hequa11t1es.°

& A E <z o+I e,

where A is: the technologynmtrlx,the J—th column of whlch is the capltal '

1nput requlrements vector for the J-th act1v1ty in perlod £ ,vJ.jfxzi“

qt‘ls the vector of act1v1ty 1evels 1n perlod t. f'w
It is’ assumed that act1v1t1es can be operated at non—negatlve 1evels only._

The output vector in perlod t is equal to the actlvity vector plus a’e‘c;;

random'ggctor,e* That 1s,v'

e Comemg

| 2 _ §t>+>£ ‘  o | t'_= 1’2“. ,‘,,“I'A.’ o

e»The cost of acqulrlng the 31ng1e perlod 1nputs to. operate the J—th productlonlffj_‘ o

‘act1v1ty at the unlt level 1n perlod t 1s denoted by cJt; The 51ngle perlod

»xlnputs requlred to operate the J—th activity at a p031t1ve level A in perlod tA f~” o

‘w1ll cost AcJt We,define::'\

'vj : 1‘ :=2> . o '
8)_ e ‘(Flt 2t""’ CMt)

In each of the flrst T tlme perlods, the entrepreneur allocates his :.fﬂ""”

BES

‘wealthtbetween‘consumption § the riskless asset Vt’ 31ngle period 1nputs, Lch

-and capital inputs. Thus, the budget equatlon for time t 1s:
‘?)_y’ ky =¥, # Yt,+_ctQt,fty£EEf P ’,F- 1?2’,._f? :

- where Wt:is the“vector'of acquiSition prices of capitaliatvtime“t;v["



fOf’the“decision variables, only"theuleVel of expenditure'onvthe“riSRless

asset, s can- be non—p051tlve. SR

t
For the subsequent discussion, it ls convenlent to comblne the budget |
' equat1on and the revenue generat1ng relatlon to. obtaln the dlfference equatlon‘hff
,uhlch goverhs‘the development of llquld wealth over trme.v When the budget
'»-equatlon 1s solved for holdlngs of the. rlskless asset &t and the value of vt

’ substltuted into the approprlate revenue generat1ng relatlon, one obtains },

the follow1ng,d1fference.reletlons:_

1)k = b lemyy) + (B btct)tq bttht R I e Rl S

Ca

by ) + (p-bc.)' +
Dplgyy) *+ (Ppmbpep) "dp = bTwTIT 2 ZT+1'
The first equation is obtained from‘equations 3 and 9, while the'seeond}isl{
‘obtained‘from’equatibnsb4 and 95,-We define
~which is the vector of revenues minus the costs of single period_inputs per o
. unit Of activity.

The 1ncorporation of the budget relations into the revenue generatlng
v’relations has elimlnated hold1ngs of the rlskless asset vt from exp11c1t
’con51deration as a dec131on variable. - Its optlmal values can be obtalned from

-the budget equatlon 1f one knows the optlmal values of the other dec1510n N

varlables.»

- III._tTHE DECISION PROBLEM

In order to formulate the dec151on problem fac1ng the entrepreneur,v
dt is necessary to- spec1fy the 1nformat10n avallable to hlm. ~The acqulsltion'

prlcesiof.inputs, the rates of return‘on the rlskless asset, the’technology_

The assumption that future acqu131t10n prices of 1nputs are known can be L
relaxed with little difficulty. : :



~matficee,'and'depreeietion:rates‘are kneun uith certainty. PThe.unceftain’*r~
quantitites‘are the revenues fron the production activ1t1es, the end—of-
. :horlzon salvage prices of canltal 1nputs, and output levels. jThe dec15;oﬁ:5"
’:maker is,assumed‘te’have~bellefs regarding the uneertaln quentitiee'end it is
'_further aéeumed.tnat tneee beliefs can be eXpreseed‘in{tnevfofmiuf pfobanilityjf’.
distributidns,, | | | | |
.The_rendom:duantities invthelmenel are notmallyvdistributedqr The

-revenue~vectorfin'period t, T ;has mean vector utvand'variance—covariance

t’

matrix Q wrltten compactly as T . N(u ) Similarly, fbfrthe_Vector of
salvage prices'of capital'inputs, P;~'N(EP,$). ‘Theroutput vector 9, has mean .
vector qt and. variance—covarlance matrix O s q - N(- G) The output‘and

price vectors-are both 1ndependent of each other and serlally 1ndependent.7 ‘v()

The decision problem facing the entrepreneur at the beglnnlng of the~»*'u5ﬁb
':planning.horizon iss given hls stocks'of 1iquid wealth and physical cap1tal
and given his beliefs, choose the sequonce of dec1sion rules for i) con-fi
\,sumption:expenditu:es, ii).capital acquisitions; and‘iii) actlvity vectore 7
lﬁhien maximize'expeeted-utility. eGiVen the definitions in,thelPreviousblryf"

'section‘the decisipnvproblem can be etated'fermally ast,-;

12) ‘maximize E[= Yoo exp{-yy, } - p‘exp{—YkT+l}l
(yt,qt It) >0 =1 ; : U

t=1,2,...,T

subject'to:
(klle) is glven‘,

kt+l._ bt(kt yt) + mq, btwt e vatrl?Z,...,l 1v

7'All variance matrices are assumed toate_positive definite."¢Thus,-exact
linear relationships between random variables are excluded. e



5,c'5T+1‘" b, (kT yT)<+ anT bTWTIT + P! zT 1,1~5W ’
- < Z'.t +’It “ ot =~1._,'2,...‘,'_T>

L t8E L)
N(ut,ﬂt)

|
q

9 - NG

- As is well known, dec131on problems of the above type are amenable to-

analys1s by means of stochastic dynamic programing.v In»general -however,:,

- the method does not lead to a computational procedure which can be executed B

_fon ex1st1ng.equ1pment at non—prohlbitive cost.‘ The 1mportant point about the

- above model is- that when the dynamic programming argument is applled in a ‘f*

'modifled way, 1t.1s found that the»optlmal strategles in the decision problem ,l“‘
:‘mn 12) can ‘be found by a comblnation of quadratlc programmlng and algebra.tf’_fu
The modifled way in Wthh the dynamlc programming method is applied is

A»as,follows. ,A sequence of,non—negative vectorsuof purchases of‘capltal vy,

-

inputs_and a sequence of’feasible activity veCtorsareChosen. ‘Then, treating’..;

these as given, the-dynamic programming method»is applied to'obtain condition- o

w'ally optlmal consumptlon strategies and to obtain the function which gives’l:"

the expected utility of such a conditlonally optlmal program.‘ The expected

>7ut111ty of a condltlonally_optimal program.ls found to be_monotonically“

’ related to a function quadratic in the capital 1nput purchases and act1v1ty

T e

levels.v Then, the optimal production and investment dec1sions can be obtained e

- ®



by maximlzlng said quadratlc function subject to the technology constralnts
f‘The condltionally optimal consumption strategies are then evaluated at the

i optimal values of the production and . investment varlables.- |

[WIf'thefinitial liquideealth is kl andvthe initial vector of capital.
"finputsfis'217and’if we choosera.given'set of capital input'purchases U
1,~ 2, ,..,,IT and a given .set of fea51ble act1v1ty vectors ql, q2 DR qT’

then when the dynamlc programming procedure is applled the follow1ng results'

-~ are obtalned [9] The condltlonally optlmal consumptlon strategy in perlod t

P, : L . R

is
S13) - oy, =hk -3 log m B t=1,2,...,T
- while the expected;utilitybof such a conditionally optimal_program_is :

T S S B
B TplkyaZysg ey Ip) = oy (s gy IRy T exp - Yh k) 5

v-whete_,l g 1quj;(ql,q2,-f-{qT);

T Gy,

. We pOStpone for a moment giving the precise expression for the quantities .

> h:;and E,ﬁwhere't'= 1,2,.;},T in terms of Quantitiesalread}”defined.i The -
.important‘point;to;note_at this stage is that in otdetvto find thefoptimai
féctiVity'levels’and‘capital input purchases,’the funotion'dT in 145 is |
 naxiﬁized.yith reSPeet”to al,az,...,qT, 1’ 2 . ,iTvsuhject torthe ab??OP#iéte_'
“:constraints. But max1mlzlng J is equivalent to maximizing -m (Z1 iai iIT)' /
;;Futhermore, since the uncertain quantltles in the model are normally distrib-

’uted3-the quantity m1 in 14) can be written



10

(z I)}

15) 1°1%°1°T

Py (ZyoyaqoyTy) = Ry expl-vhy Q)

. where R a .
; 1 qu’lIT)' Now,

is-a positive constant and Ql is quadratic in (

maximizing Qllis equivalent to maximizing —El.
Given the foregoing, the optimal production and investment decisions

can be found by solving the following quadratic programming problem.

L16) maximize Q. ( y.
. . = 0 1

o 215197017
192177 = °

‘subject to:
(kl,Zl) given

< +
Bl 2+ L

z

2 §(Zt + It) | t=1,2,...,T.

The quantityvht depends only on the rate of return on the riskless asset

and is defined,recursively by thelformulae, hT+i =1 ahd
. ‘- . _ _l
17) h. =b h_,,(1+b

t ot t+l t=1f2"'f’T'

t t+1)
Thus,vht which is the marginal propensity to consume is a positive'fraction.
In view of 15) and 17), giving expressions for Ql and Rl is equivalent to

giving one for m In order to simplify the exposition, three cases will be s

17
discussed,'namely,'i)kpfice uncertainty, ii) production uncertainty, and .
i1ii) price and production uncertainty.

~ When there is price uncertainty together with technological certainty,

q, = q

¢ e the quadratic function Ql in 15) is shown in [9, pp. 31-33] to be8

8The expréssion given in [9] is-for‘thl._ 



T

18) Q2 I = ) vt[rt':qt- zyht+1q Q. L4 —btWtIt]
L , t=1
Tr{EPZ Lo 4z 1
, T+1 2"°141 Zppl
e . , . ,
where r = I b, and
R IR S

In the present case, the quantity RT is

ft o
I (l—hj)

19) R (pb, yITt 7 o t=1,2,..05T =

I
=

t=1

The quadratic objective‘function in 18) is the present value of a sequence
of terms. The term for period t is the expected net cash intake by the

firm in perlod t, U q —bttht less a multiple of the variance of :evenues;

qt tqt’ where the multlple is one'half’the product of the coefficient

of risk aver31oﬁ Y and the quantlty h l l,,ﬁhich is.é poéitive fraction
and is a functlonuof future rates of return 6n‘the riskless asset. If
-there were no cépltal 1npu£ acqulSltlon and if hT+l =1, then‘tﬁe term for
perlod t is -of the same form as that in Freund [3} and in Scott and Baker
[13] The terﬁ'for t1me T+1 is the expected,scrap value of the stock of
capital ihpuﬁs at the end of thevhorizon less (1/2)y times the variance of
the scfép value. If thé decision maker is risk neﬁtrai, ﬁhat is; v=0, thén'
the ijectivebfunction ih 18)»becomeéﬂthe present vaiue of exﬁected net |

- revenues plus the present value of the capitél stock atvthé end of the horizon.
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N Under cohditiohs of price certaintyvand‘prOduetioh,ohcertainty,:the‘h
expreeSion_for’lein‘lé)vis | “ % n
. e v S T o _ R
B A L B 2 ;ert["éqc_f'E'Yht+1 e bttht] * ‘TP Zpe1
,”?he'eipressionvfor[R%'is'the eemebas in 19). The obJectlve funetlon‘ln.ZO)
is lineareih'both'the activity and the cepital investment | 1evels.: This is a
| femiliar certainty:equivalent>resu1thwhich:Stems'from‘spéeification in‘7),
thet the output Qeetor.is equal'to the activity reetorhplus a randoﬁ.vector.
When there is both price. and productlon uncertalnty it is necessary,
‘in order to‘obtaln the‘follow1ng result, that the matrlx 9 -1 Y2hz+lﬂt'be

positive»definite_for t=l,2,...,T. Then, the functlon Ql in 16) is shown :

- in [10] to be

A gy Ty tzlrt[uttht, bVl 73 hc+1q LI
-1 yh WB O u ] +r [EP Z, lyz :z
2 t+l tt t‘t » T+l 2 +l T+l
'wherevB. = (é—l - Y2h2 'Qv)—le_l. 'Invthe‘preeeht ease thehexpression for
. t Ut t+l''t t e BRI S ? A
R_1is
T
R o O (1-h,) - : DL
o T 2 2 -1/2,j=1 3 L
22) Ro= ((ob )II Y "hp 19,0, | S o T PO

9It is important’ to note, however, that whlle uncertalnty does not affect
the optimal activity level it does affect both borrowing and comsumptlon in this‘
case. - . Sl
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The functlon Ql in 21) is a quadratlc functlon of the actlvity vectors

: and of the expected revenue vectors. The quantitles appearlng 1n the expres—
“sion do not‘lend'themselves to a straight forward,lnterpretation as was’the

'_caSe when_there was only'one source of'uncertainty It is, however, true that

when the varlance-covarlance matrlx for output in perlod t, Oﬁ, is null for

:1‘trl 2;?..,T then the expre531on for Ql in 21) reduces to that 1n 18).
vSlm1larly, 1f the covarlance matrix of prlces is null in all cases, then the C
: expre331on for Qllln 21) reduces to that for the productlon uncertalnty case
‘1n,20). Before runnlng the quadratlc programming problem when there is both

: prlce and productlon uncertalnty, it is necessary to check that the matrices

-1 2.2

0. "-y"h Qt’ t=l,2,.;.,T are postive definite. This can be done by means '

t 41"

of a standard program for computing characteristic roots, all of which

should be positiye.

An expression for ﬁf, 1=2,3,...,T, can be obtained easily. In the

expressions in 15), 18), 20), and32l)l if the subscript one is replaced by

T everywhére then one‘obtains the formula for ET; =2 3,...,T._:

The optimal consumption strategy is obtained by evaluating the condl—

' tlonally optimal strategy in 13) ‘at the optlmal productlon and 1nvestment

levels obtalned from solv1ng the_max1mizat10n problem in lQ).l_One obtains,

using 15,

= hl[kl f“Ql(Z

* * - =
i 1%)] YlpgR

a%
1’19717 1

where an asterisk indicates the optimal values. - The optimal amount to lend,

which can be‘negative, is by the budget'equation.lo

lOExpressions for the optimal decision rules for.consumptlon and »
lending ‘in period t are obtained by replacing the subscript one by the
subseript t everywhere in 23) and 24). : .
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There are a nnmher of‘features of" the-foreg01ng“results that are. o
rworthy‘of note., The optimallproduction and investment decisions are inde-
ﬁpendent of wealth.‘ This result is -a direct conseouence of assuming that the -
‘dec1s1on maker displays constant absnlute rlsk aver31on.b lhe'dec181on.;m
nakervsrrate ofvtime preference 5 as reflected in p; does not affect the‘
'lproductlon and 1nvestment declSlons.llvddl, - lmlf'frf:f*';f7f T ;jglit;‘ifln‘

| When the obJectlve functlon Q in 16)(is evaluated ‘at the optimal

dec131ons for production and 1nvestment (qu l ) it. gives the dec131onbji'
‘maker s~personal,valuation‘of’the firm This quantity Q (Z1 1qT l T)llb

' also the dec131on maker s valuatlon of hls non—llquid wealth as can be - seen' o

':from the consumption function ‘in. 23) The effect of varlous factors on
_the decis1on maker s valuatlon of his flrm can be seen most clearly in the_ V
‘price uncertalnty case. ,From 18) it follows that‘an increase in expectedv_ x

o R ‘ ST . ol e L B o
_.revenue,'a reduction in the rate of return on the riskless asset, a reduction'

'1n risk aver51on, a. reduction in 1nput prices, and a reduction in the variance,-”"

'of revenues will each result in an 1ncrease in thelind1v1dual s valuatlon
of - flrm.ﬁv . ; . , B v . .

- The optimal consumption pollcy in 23) is linear 1n wealth whlch is the"”v
sum of liquld and non—llquid wealth The marglnal pronenSLty to consume 15'5' e
a positive‘fraction_and 1S'a,funct10n of the‘rates ofireturngon_the riskless_
:,,aésetf,dfvi , . R .-

The amount of lending, i.e._negative'borrowing; is determined by the

B llThiscontrasts‘ withfthe“assertion in'{lZ; p{h452]; R

[N
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decision makervin the-present model. The oﬁtimal amount of borrowing, which
takes the form of negative holdings of the riskless asset, decreases with

current 1iqu1d wealth and 1ncreases with the value of the flrm.v The risk

; averseness of the:decision maker ensures that the amount borrowed_ls finite

" when price'uncertainty is present. When there-isuonly productiOn uncertainty

then borrow1ng is flnite when the productlon and 1nvestment levels are f1n1te. '

: The assumptlon that ‘there 13 a rlskless asset in the model is cruclal to the .

derivation of the results. It is possible, however, to 1ntroduce addltlonalb

financial assets into the model without much difficulty.

CONCLUDING COMMENTS
Much of theﬁinformationbneededito‘implement the present model is
the same as thatprovided in the existing models. bThe_twovimportantoexceptions';

1

are the SubjeCtive discount factor p and the coefficient of risk aversion Y.

For individuals whose time preferences and attitude towards risk are cor- -

rectly represented by the utility_function in 1),iboth p and y can be cal-
culated with llttle dlffluulty.» The subjective discount factor can‘Be
calculated by flndlng out ‘the amount by which current consumptlon would
have to be increased 1n order to compensate’for a reductlon,by $l oflcon-
sumntion in the nentyferiod wnen both current and next period consumption L
are equal initially. The COefficient.of risk averslon-y.can be estimated”

by finding the individual's certaintybequivalent for the 50—50}gamble‘between

-k°-A and k°+A‘and then solving~the following equation‘for i

2 expl{-v(k°-0)} + 3 expl-y(*+A)} = expl-ye}
where ¢ is the certainty equivalent and A is a finitednumber of dollars

of consumption expenditure.



s

model.

2 R ‘.‘1 _ = 16‘:,

Even»if the decision maker does ﬁotbdisplay constant absolute risk aversion,:
Hammond has‘shown in a‘recent paper [4] that it is still possible.under some

c1rcumstances to use the constant absolute rlsk aver51on type util1ty function

to represent adequately the dec131on maker s attltude toward risk About

‘all that can’ be said at this stage is that not much is known’about the extent
‘to whlch:this approximatlou will prove useful in praCtlcef nHowever,'the '
situation'seems promising.enough to meritbthorough investlgation.‘

There‘are a number of modlflcatlons and extensions of the model Wthh
can be introduced w1thout destroylng the desirablebproperty that the optlmallp

productlon and investment dec151ons can be obtalned by a quadratlc programmlng

rOutine. Future prices of inputs can be t;gated as uncertain._ Capital'

inputs which have a productive lifetime which is less than the length of the ,

planning'horiZOn can be‘introduced into the model. Storage of output can'be ,

allowed for. ‘Finally, if prices-are allo&ed to befserially dependent,'the optimal -

productlon ‘and investment strategles can still be. obtalned by quadratlc

tprogrammlng, although the problem is much more compllcated than in the present
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