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THE LONG RUN RELATIONSHIP BEIWEEN AVERAGE AND MARGINAL COST.

Anwarul Hoque and Adesoji Adelaja*

With the advent of duality theory, it became apparent that the
production function need not be estimated in order to analyze the
characteristics of production. The application of duality theory became
widespread as many studies utilized the translog cost function approach in
analyzing factor substitution and derived demand for inputs (Binswanger,
1974a), the nature of technological change (Binswanger, 1974b), returns to
scale (Ball and Chambers), agricultural policy (Antle and Aitah) and, more
recently, the implication of size in production (Hoque, Adelaja and
Ganguly) .

The cost function approach is particularly attractive for many
reasons. First, it is easy to apply since all that is needed to fit thé

cost function is data on input prices and factor shares. Second, it

allows greater flexibility with respect to homotheticity, homogeneity and

returns to scale in the specification of the dual cost function. Third,
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the cost function can be used to analyze factor substitution, factor
demand, returns to scale and technological progress without explicit
specification of the production function.

Of particular importance is the use of the cost function approach in
the analysis returns to scale. Following Hanoch, most previous studies
generally used the elasticity of scale measures obtained as the reciprocal
of the elastiéity of total cost estimated from the<cost function, for
analyzing returns to scale (Ball and Chambers). However, there is an
élternative approach to obtain returns to scale which seems to be more
straight forward and more powerful than tlhe élasticity\of scale approach.

This involves the use of the elasticity of total cost itself.

In addition to measures of returns to scale, the elasticity of total

cost can provide measures of thé long run average and marginalycosts of
production.  Since the translog cost function is usually a long run total
cost function, estimates of the long run average and marginal cost can be
obtained via the elasticity of total cost obtained from the translog cost
fﬁnction. These estimates reflect production along the expansion péth and
thus are uéeful in the analysis of production efficiency and éupply.

In this paper, the long run average and marginal costs of production
are estiméted from the translog cost function by applying the provisions
of long run cost theory. In addition to the elasticity of toﬁal cost; the
elasticities of average cost is also derived directly from the translog
cost function and used to describe the nature of returns to scale. | The
suitability of the approach is further examined by subjecting it to an
empirical test with data from a group of dairy farms from selected

Northeastern states;
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Assuming that the aggregate production function can be expressed as

) Q=g&; , ),

where Xis are the inputs used in the production of output Q and t is a
time variablé used as a proxy for technical change, the reduced form of

its dual cost function can be expressed as (Diewert)

where C is the total cost of production and the P.s are the prices of
respective inputs.  To satisfy the requirements of duality, the cost
function must be positive and hon-decreasing in Q, linearly homogeneous,
concave and continuous in input prices for all positive rates of output.
It must also be twice differentiable with respect to input prices.

The generalized translog expansion of the cost function in (2) can be
expressed as
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Linear homogeneity of the cost function in prices requires that
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Besides, the symmetry condition (Bij = Bji) must also be imposed.
Since ¢Shephard's Lemma implies that the cost minimization input

demand (xi) is equal to the derivative of the cost function with respect

to input price (dC/dPi), the cost shares of input i (Si) .can be

expressed as
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From the translog cost function in (3), the cost shares can be obtained as

d1n € ' + In Q +
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Ptoduction along the expansion path can be studied by examining the
elasticity of total cost (Ecbi whieh is equal to the ratio of marginal
to average cost when long run cost minimization is assumed (Ferguson).

This relationship is‘expressed as follows:

"dlnC dc.qQ C
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where C' and C are the long run marginal and aVerage cost of production,
respectively. Iﬁ should be noted that when EkQ =1, the total cost and
output grow at the same rate and, therefore, the marginal cost is equal to
the avefage cost. This implies constant returns to scale. However, when' ;
EOQ > 1, the total cost is‘growing faster than output and therefore,
marginal cost is greater than the average cost. This suggests decreasing
returns to scale. But when EGQ< 1, there is increasing vreturns to
scale. Moreover, the relationship in equation (6) is not affected by

input price changes in the long run (Ferguson).

Assuming that the cost function (3) is a long run total oost




function, the elasticity of total cost can be obtained as

c' | |
(D '5=%+%ﬁW+ﬁhh%+Wﬁ'

It can be seen from (7) that the ratio of marginal to average'cost can be

obtained from coefficients of the cost function.

The elasticity of average cost (E%b) is also obtained as

dCT Q d(€/Q Q Q.dc-Cc.dQ Q Q
' = 7 --‘-e.—c-:-

dq T dq (©/Q Q 'aq
Q.dc-Cc.dQ dC Q

—— -1

(8) EEQ =

C.dQ Tdq
=By - b

Equation 8 shows that the elasticiEy of average cost is one less than the
elasticity of total cost which is obtained from equation (7). When EOQ >
1, ECD > 0, the average cost is increasing, marginal cost must,
therefore, be greater than average cost. 1In this region, outpﬁt is
expanded only at a higher unit cost and so, diseconomies of scale result.
‘When ECQ < 1, Eftf 0, the average cost is decreasing, marginal cost is

lower than average cost and there is increasing returns to scale.

However, when EOQ =1, Eﬁb = 0, the average cost function is constant

and marginal cost is increasing, resulting in constant returns to scale.
These can be seen in Figure 1. Thus, the nature of returns to scale can
be obtained either from the elasticity of average cost or from the
elasticity of total cost, both of which can be estimated by the use of the

translog cost function.




Figure 1. The Long Run Average and Marginal Cost Curves
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While equations (7) and (8) can be used to derive the elasticity of
total 'vcost, elasticity of average cost and the ratio between average and
marginal cost along f.he expansion path, these equations do not prbvidef the
actual values‘ of average .and marginal cost.  This problem can be
circumvented by generatirig annual unit costs of production using the
following equations. |
Since |
dinC 4dC dQ

dlnQ C Q

(9) ECQ =

and
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the growth in average cost can be given by
dC dQ
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where Et is the growth in average cost in year t.

The average cost in any one year is equal to the average cost in the




previous year plus the growth in average cost. That is to say that

(12) Ty =T, +Tp) =T + @ Q/ Qd ©). Ggp)-

Because

dQ -Q
a3 _ % £

Qdt Qt

the following is true.
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Assuming that production in any one year is consistent with expansion path
behavior, we can generate a series of average cost for all the other years
via equation (14).  The approach described above provide us with an
analytical tool with which to observe not only the relationship between
the marginal and average cost, but also approximations of the actual
values of average cost. Therefore it allows us to make more conclusive
observations on production costs.

Since some of the parameters needed to determine the elasticity of
total cbst can not be obtained by esfimating only the cost share equations
alone, the cost function in (3) and the share equations in (5) must be
estimated simultaneously. In order to estimate the equations in (3) and
(5), error terms are added to them which are assumed to be independent and
normally distributed with mean zero and non-singular variance-covariance
matrix.

Furthermore, following Barten, since the share equations sum to
unity, one equation can be dropped from the system of equations in (5) if

a maximum likelihood technique that would provide independent estimates,




irrespective of which equation is dropped, is applied, Kmenta and

Gilbert, and Ruble argued that estimates from the iterative Zellner's
procedure are equivalent to maximum likelihood estimates. Furthermore,
Berndt and Christensen suggest that the iterative Zellnér's procedure is
equivalent tb the iterative threeVStage Least Squares (I3SLS) procedure.
On that basis, we dropped one of the equations in the system in (5),
imposed the symmetry-homogeneity restrictions, and estimated the
coefficients using I3SLS procedure contained in the SAS computer package.
The estimated coefficients were then used to calculate EﬁQ as in

equation 8.

The Data

The model was applied to dairy farm data furnished by the ELFAC
system for the 1967 to 1981 period. ELFAC is a farm record keeping
program organized by the University of Vermont which operates through
farmers' voluntary participation in a number of Northeastern states of
which West Virginia, Connecticut, New Hampshire, Vermont and Maine are
prominent. The total number of farms included in the program in the early
years were 217, which increased to 303 in 1981. Each year, ELFAC
publishes a report providing costs and return data for dairy farms in each
state. Thus, the yearly activity of the average farm in each state was
taken to represent an observation point. When the statéwise time series
data obtained from ELFAC were pooled, they provided enough observations to
fulfil the degrees of freedom requirement for estimating the large number ‘

of coefficients contained in the translog cost function.
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Only data on output, input cost shares and input prices are required

for fitting- the cost function and the cost share equations. Output was
measured in pounds of milk produced as presented by the ELFAC reporté and
the production inputs were classified under seven categories; labor
(Xl), feed (X,), utility (X3), fuel oil (X,), machinery (Xg)
capital (X¢), and miséellaneOUS inputs (X;). Input shares were
calculated from the ELFAC data on production expenses on each input. In
order to make all dairy production costs variable to reflect the long run,
investment in land, capital, machinery and buildings were depreciated at
the rate of 9 percent per year. The depreciation was added to the
operating capital expenses so that it reflected the annual fldw of
investment inputs.

Input prices were obtained as follows. Farm lébor wage rates, prices
of gasoline, and prices of electricity were used as proxies for Pl' P,
and Pj, They were obtained from the Agxiggl;g;gl___s;atis;igsL
{0.S.D.A.). The prices of feed, prices of machinery and implements,
interest on indebtedness of farm real estate and prices of farm and other

supplies were obtained in index form from the Agricultural Price Summaries

of the U.S. Crop Reporting Board. They were used as proxies for Pé,
PS,’P6 and P7, respectively.

A word of caution must, however, be given regarding the
interpretation of the results. Since ELFAC data came from a group of
dairy farms who neither were randomly selected nor large enough in size,
the results should not be taken as being fully representative of the dairy
industry. The data has been used primarily for model testing purpose and

the results therefore should be seen in that light only.




Empirical Results

The estimated coefficients of the translog cost function, the
corresponding standard errors and the R? valﬁe‘of the function are
presented in Table 1. The estimated cost function was found to be
monotonic“and concave in input prices and therefore it is considered well
behévedl. The estimated coefficients shown in Table 1 were used to
calculate the elasticities. of totallcost and the elasticities of average
cost presented in Table 2. Tabie 3 shows thé long run average cost
obtained by the use of equation (14) and the corresponding marginal costs.

The estimated elasticity of total cost (Eqy) for the sample
declined over the years from 1.0420 in 1968 to about 0.9908 in 1981.
Similarly, the elasticity of average cost (EGQ) fell from 0.0420 to
-0.0092 over the same period. Since our estimates of the elasticity of
total cost were very close to unity and those of the elasticity of average
cost were very close to zero, we conclude that there existed constant
returns to scale in dairy farming through most of the period of our study.
This means that by definition, the farms‘bave achieved the most cost
efficient capacity. Since the range of average farm output over which the
elasticity of average cost is close to zero is very wide, it appears that

the envelop curve is reiatively flat over a wide range.

The observed constancy in returns to scale also has implications for

the long run marginal cost. Theoretically, in the neighborhood where the
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long run average cost is constant, the long run marginal cost must be

equal to it. By using the approximation technique depicted in equation

(14), we can obsefve not only the shape of the envelop curve and thus
returns to scale, but also approximations of actual ﬁalues of the long run
- average and marginal costs. These values represent the potential cost of
production for the efficient farms and are useful in observing production
efficiency. In obtaining these values it Qas assumed that the cost per
unit in 1968 fell along the envelop curve sincé most economic indicators
suggest that it was a rather stable year in terms of prices and
production. According to our esﬁimates, the average cost and thé marginal
cost estimated by equation (14) were equal, as expected, at about 6 cents
per pound between 1968 and 1981.

. Since evidence from the industry suggests that many farmers
experienced production costs well above the 6 cents per pound observed
through the total cost elasticity, for comparative purposes, we calculated
a series of annual average cost directly from the data by dividing the
total cost for the éverage farm in each year by the output for that year.
The values of average cost we obtained by using this method are quite
different from those obtained through egquation (14). This method suggests
an average cost which increased from 5.76 cents per pound in 1968 to 14.93
cents per pound by 1981. Furthermore, the largest increases in these
measures of average cost occured in 1973 and 1979, the years of the o0il
embargo and the o0il price deregulation, respectively.

The difference in the estimates of average cost obtained by equation

(14) and the unit cost obtained directly from the data perhaps needs to be

explained.  While on the one hand, equation (14) yields estimates of
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average cost along the expansion path, the average cost obtained from the |
data are actually a series of short run average cost measures. These:
' costs are much higher because they reflect the economic enviromment of
dairy production. In the short run, farmers' production decisions are
affected by industry factors such as changes in input and output prices.,
inflation, weather and all other factors beyond the influence of farmers.
These factors result in much higher production cost than is suggested by
the costs obtained by equation (14). The large increases in unit cost
following the o0il embargo of 1973 and oil;price deregulation in 1979
illustrate this point. - On the other hand, the average costs obtained
through equation (14) reflect production at or near the optimal level of
capacity utilization. Such cost structure does not account for short run>

factors which affect day to day production decisions.

Summary and Conclusijons.

The elasticity of scale derived from translog cost function estimates

of production technology has been widely used to study returns to scale.
The elasticity of total cost, which is an alternative way to measure
returns to scale provides additional information about the shape of the
envelop curve as well as estimates of the long run average cost and the
long run marginal cost. Because these additional information are useful
in the analysis of production efficiency, the elésticity of total cost
concept appears to be more useful and more ihformative in production
analysis. When used in the analysis of returns to Scale inAa sample of

dairy farms from the Northeast, constant réturns to scale was observed.
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However, our estimates of short run average cost are considerably higher

than those Tor the long run average cost. The differenceé are attributed

to external factors which affect dairy production in the short run but do

not affect production structure along the expansion path.

FOOTNOTES

lMonotonicity is tested for by fitting the cost share equations with
estimates to check if they are positive at each annual observation.
Concavity of the cost function is satisfied if the Hessian matrix based on
the parameter estimates is negative semidefinite.
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Table 1. Estimated Coefficients of the Translog Cost Function
» Standard
Parameter Estimate - Error Parameter Estimate

ag - 1.5825 1.6900 Bsy, -0. 0044
a1 -0.2707 0.0391 By -0.0280
ag 0.1420 0.0379 -0.0238
' . 0046 0.0074 -0.0019

.0111 0174

a3
a, 0382 0

0506 0.0279 0082
6381 0.0604 0289
3972 - 0125
0393

.1228

.0162
.0119
.0339

O O O O o o o o

.0146

.0036 0.0818

O O O O O O o o o o o

.0330 4335
. 0485

.1729

-0.5679
0.0486
1143 0.0220
.0165 -0.0037
.0049 -.0047
.0255 -0.0114
.0766 -0.0430

1311 -0.0078

0.
0.
0.
0.
0.

0.
0.
0.
0.
0.
0.
0.
0.
0.

.0005 0.0882




Table 1. Estimated Coefficients of the Translog Cost Func':tion‘
Standard
Parameter Estimate Error Parameter Estimate

-0.0061  0.0027 By 0.0118
0.0059  0.0015 Hyg 0.0006
0.0042  0.0005 Hy, ~0.0192
0.0027  0.0008 Hpg -0.0030

5
R'= 0.9872




Table 2. Estimated Elasticities of Total and Average Cost.

Year ECQ ECQ

1968

1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981




Table 3. Output Average and Marginal Cost Along the Expansion Path,
and Calculated.Ayerage Cost of the Average Farm.
Estimated Production Cost Production Cost as
Along the Expansion Path Calculated from Data
: Output Average Cost Marginal Cost Average Cost % Increases
(Million Pounds) (¢ per Pound) (¢ per Pound) (¢ per Pound) in avg. cost

.688 ' 5.760 .254 5.760 -—
.786

.769 .012 .059
. 789

.807

.778
.838

.009 .340
. 044 6.627
.969

.884 .819

.874 .816 .283
.883
.919

.963

.819 .384
.662

442

.823
.828
.948 .824
.829
.829

.829

(O, T, G, B, B, B DY, I ) B A T © N © A N © ) T A N @ )

5
5
5
5
5
5
5
5
5
5
5
5
5

.830




