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ABSTRACT 

We say that a player is certain of an event A if he gives A probability 1. There is
common certainty (CC) of A if the event A occurred, each player is certain of A, each
player is certain that every other player is certain of A and so forth. It is shown that in a
generic perfect information game the set of outcomes that are consistent with common
certainty of rationality (CCR) at the beginning of the game coincides with the set of
outcomes that survive one deletion of weakly dominated strategies and then iterative
deletion of strongly dominated strategies. Thus, the backward induction outcome is not
the only outcome that is consistent with CCR. In particular, cooperation in Rosenthal's
[1981] centepede game, and fighting in Selten's [1978] chain—store game are consistent with
CCR at the beginning of the game. Intuitively, the problem with the backward induction
argument, an argument which seems to follow from CCR, is that it assumes that players
reason according to a certain logic even at vertices which are inconsistent with that logic
(i.e. vertices that would not have been reached had the players followed the backward
induction logic). Next, it is shown that if, in addition to CCR, there is CC that each
player gives a positive probability to the true strategies and beliefs of the other players,
and if there is CC of the support of the beliefs of each player, then the outcome of the game
is a Nash equilibrium outcome. The paper concludes with an extension of the model which
allows for the possibility of mistakes in the implementation of the strategies (as opposed to
mistakes in the reasoning of the players). It is shown that if, in addition to CCR, there is
CC that there is a small probability of a mistake at every vertex, then the players choose
the backward induction strategies.



I. INTRODUCTION

Let G be a finite n—person extensive—form game with perfect information. Our
first interest is in a characterization of the set of outcomes that are consistent with
common certainty of rationality (CCR) at the beginning of the game. Rationality means
that when a player faces a decision under uncertainty, such as choosing an action when
there is uncertainty about the strategies of the other players, he picks an action which
maximizes his expected utility with respect to his subjective probability over the events of
which he is uncertain. CCR means that each player is rational, each player gives
probability 1 to the event that all the others are rational, each player gives probability 1 to
the event where all the other players give probability 1 to the event that everyone is
rational, and so forth.

The difference between assuming CCR and assuming an equilibrium solution is that
in an equilibrium theory the assumption is that each player chooses a best response to the
profile of strategies that is played by the other players. There are many situations in
which it would be difficult to assume that a player has a correct expectation about the
strategies of the other plays. In particular, it is easy to construct simple examples in which
there is a mismatch between what player I does and what player II believes player I does,
and yet each one of them is rational and furthermore there is CCR.

In a simultaneous—move game the set of outcomes that is consistent with CCR is
the set of rationalizable outcomes (Bernheixn (1984) and Pearce (1984).) If we assume that
the beliefs of a player about what the others players are going to do can be correlated, as I

assume here then the set of outcomes which is consistent with CCR is the set of outcomes

that survive iterative deletion of strongly dominated strategies. The difference between a

dynamic game and a simultaneous game is that in a dynamic game the beliefs of a player

can change as the game progresses. In particular, player i might find out during the game
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that player j is playing a strategy to which player i gave initially a zero probability. In
such a case, we assume that player i picks a new belief which is consistent with the history
of the game.' According to the definition of rationality discussed earlier, a strategy is
rational only if it is a best response to the beliefs in each vertex. One approach to
incorporating rationality in extensive—form games would be to use an iterative procedure,
analogous to iterated deletion of strongly dominated strategies. Pearce (1984) defined
rationalizability for extensive—form games in this way. For perfect information games,
rationalizability coincides with backward induction. We now demonstrate by means of a
simple example that although it seems that there is a compelling argument that shows that
backward induction follows from CCR, this argument is actually problematic. The
discussion of the example is intuitive and its basic points have already been recognized (see
Reny (1988) and Gul (1989).) The purpose of the discussion is to provide some further
motivation to the problem that I consider and to give an intuition for the results.

Consider the game that is discribed in figure 1. (The game is a four—stage version
of the famous centepede game that was studied by Rosenthal (1981).)

x0 x1 x2

—1
2

Figure 1 

II
x3
 5, 3

I As we will see, even when each player gives a positive probability to the profile ofstrategies that is actually played by the other players, the fact that player i will change hisbeliefs if player j deviates to a strategy to which player i gives a zero probability isimportant.
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If player II is rational, then clearly he should play bottom at x3.

Therefore, player I plays bottom at x2 if the following conditions hold:

1. Player I is rational;

2. Player I believes (at x2) that player II is rational.

Therefore, Player II plays bottom at x1 if the following is satisfied:

1. Player II is rational;

2. Player II believes (at x1) that: (i) Player I is rational; (ii) Player I believes (at x2)

that player II is rational.

Continuing in this manner one additional step we obtain that player I plays bottom

at x0 (which 
is the backward induction outcome). The only assumptions that were made

in this derivation were of the type: Player i believes that player j believes.., that player k

is rational. So it seems that CCR implies the backward induction outcome. But, now,

assume that in contrast to the above conclusion player I plays right at the beginning.

What should player II do? The backward induction logic suggests that player II should

play bottom because if player II plays right player I is expected to play bottom. But is it

obvious that player I will play bottom at x2? Player I plays bottom at x2 if he thinks

according to the backward induction logic, but if he thinks according to that logic why did

he play to xl? We will try to argue now that it is not at all clear how player II should

interpret a move by player I to xl. Consider the following three possible theories about

player L2

2There are many other possible theories but those listed above are sufficient to make the

point.
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1. Player I is not rational, with probability 0.5 he plays right and with probability 0.5

bottom.

2. Player I is rational, but he believes that player II is not rational and that player II

plays with probability 0.5 right and with probability 0.5 bottom.

3. Player I is rational and believes that player II is rational. However, player I

believes that at x1 player II will adopt theory 1 as an explanation for player I's

behavior.

It is easy to check that if player II believes in the first or second theory he should in

fact play right in xl. (For example, if player II believes in theory 1 then his expected

utility from playing right is 0.5.1 + 0.5.4 = 2.5. This is greater than his utility from

playing bottom).The third theory is the only one among the three which is consistent with

the backward induction prescription. Note that all these theories contain a chain of beliefs

that end with the proposition that one of the players is not rational. This is not a

coincidence. Reny (1988) has shown that it is impossible to have CCR at the vertex xl. I

take the point of view that once CCR collapses it is difficult to make the case that one

theory is clearly more plausible than the others. If it is not clear how to interpret a move

of player I to xl, then it is not clear what player II should do, and therefore it might be

reasonable for player I to move to x1 (for example, if he believes that player II will believe

in theory 1). As we will see, a move to x1 is in fact consistent with CCR at xo. Thus, it

is possible for a game to begin with CCR and terminate without it.

This discussion emphasizes the need for a formal model in which the implications of

assumptions such as CCR can be examined in a rigorous way. I propose a model which

extends to dynamic games the decision—theoretic approach that was taken in the work of
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Aumman(1976 and 1978), Brandenburger and Dekel (1987), Tan and Werlang (1988), and

Aumman and Brandeburger (1991).3This model gives a complete description of the beliefs

of each player at each state of the world and at each vertex in the game tree. Thus, in a

given state we can talk about what player i believes at a vertex x about player j's beliefs at

a vertex y about what player k plays at a vertex w.

Our first result, theorem 1, is a characterization of the set of outcomes that are

consistent with CCR at the beginning of the game. It is shown that in a generic perfect

information game this set coincides with the set of outcomes that survives one round of

deletion of weakly dominated strategies and then iterative deletion of strongly dominated

strategies. So, for example, in the game that is described in figure 1 only the outcomes

corresponding to the payoffs (2,4) and (5,3) are not consistent with CCR at the beginning

of the game. Thus, the backward induction outcome (which is also the only Nash

equilibrium outcome in this game) is not the only outcome that is consistent with CCR.

Next we ask, is there a natural strengthening of the CCR assumption that will imply the

backward induction outcome or a Nash equilibrium outcome? Of course, we are interested

in assumptions that are, in a sense, weaker than the equilibrium assumption that a player

knows the strategies of the other players. Theorem 2 shows that if in addition to CCR

there is, first, CC that each player gives a positive probability to the true profile of

strategies and beliefs of the other players, and second, CC of the support of the beliefs of

each player, then the outcome of the game is a Nash equilibrium outcome. (However, the

profile of strategies that is played is not necessarily a Nash equilibrium, since the strategies

may differ from a Nash equilibrium off the equilibrium path). These assumptions have a

3 Brandenburger (1991) provides an excellent survey of the decision—theoretic approach to
the analysis of normal—form games.
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natural interpretation if we hypothesize that a player does not give a zero probability to an

event unless there is compelling evidence, or reason, to exclude it. Under this hypothesis

the first assumption is that a player does not receive compelling evidence that an event did

not occur when it actually did. The second assumption is that each player is aware of

compelling evidence that another player receives. These assumptions are weaker than the

standard equilibrium assumptions in the sense that we do not assume that each player

knows precisely the strategies or beliefs of the other players.4 In fact in a generic

normal—form game these assumptions do not restrict the set of outcomes any further than

assuming only CCR.

The question now is whether there exists an attractive set of assumptions that

selects the backward induction outcome. I was unable to find such a set in a model where

players make no mistakes. In section 5 I consider an extension of the model which allows

for the possibility of mistakes in the implementation of the strategies (as opposed to

mistakes in the reasoning of the players). It is shown, (theorem 3), that if in addition to

CCR there is CC, at the beginning of the game, that at every vertex there is a "small"

probability for mistakes then the players choose the backward induction strategies. This

result follows because a move to a vertex which is inconsistent with CCR in a world

without mistakes, is now attributed to a mistake in the implementation of the strategy.

Therefore CCR is maintained at every vertex and the backward induction process is valid.

The observation that mistakes can have an important impact on the outcome of a game is

due, of course, to Selten (1975). Selten studied mistakes in the context of an equilibrium

theory and developed the notion of perfect equilibrium. Borgers (1991) introduces mistakes

4 We say that our assumptions are weaker only in a sense because we have to assume
common certainty and not just certainty.
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into a rationalizability theory. Borgers considers general extensive—form games, he

examines different assumptions on the mistakes and proposes several solution notions. The

goal in the current study is to present a formal framework in which a proposition such as

theorem 3 can be stated and proved in a rigorous way.

Let D(G) denote the set of outcomes that survive one round of deletion of weakly

dominated strategies and then iterative deletion of strongly dominated strategies. There

are three other papers in which D(G) is obtained as a solution set. Borgers (1990) and

Brandenburger (1990) consider games in the normal form. Borgers derives D(G) by

assuming that there is approximate common knowledge of rationality and that each player

assigns a strictly positive probability to all the strategies of the other players.

Brandenburger shows that Borger's derivation can be replicated by assuming common

knowledge of rationality with lexicographic beliefs. Dekel and Fudenburg (1990) consider

extensive form games and derive D(G) as the result of iteration of weakly dominated

strategies when each player has a "small" uncertainty on the payoffs of the others. In the

current study it is assumed that the payoffs are common knowledge, but I do not assume

iteration of weakly dominated strategies. Such an iteration suffers from the problems that

were described in our discussion of the centepede game. These problems are also discussed

in Batigalli (1990), Bicierri (1988), Binmore (1987), Gilboa (1989), Gul (1989) and Reny

(1988). Some of these papers contain characterizations of backward induction. However,

these characterizations rely on strong assumptions on the players' beliefs in vertices that

are inconsistent with CCR. In the main part of the current study sections 2-4, we are

interested in characterizations of solution sets which do not put any restrictions on the

beliefs of players at vertices which are inconsistent with CCR.
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To summarize, the paper provides a decision—theoretic model for the analysis of

extensive—form games.5 For perfect information games this paper has two types of results:

First, the set of outcomes that are consistent with CCR is characterized, and second, we

examine what additional assumptions are needed to obtain traditional solution notions such

as Nash equilibrium and backward induction. The paper is organized as follows: Section 2

describes the model. In Section 3 we characterize the set of outcomes that are consistent

with CCR. Section 4 obtains a characterization of Nash equilibrium outcomes and in

Section 5 the backward induction outcome is derived in an extension of the model which

allows for mistakes.

2. THE MODEL

Let G be an n—person extensive—form game with perfect information. We use the

following notation:

N {1,...,n} — the set of players

X — the set of vertices in the game tree

Xl — the set of vertices where player i moves

x0 
— the initial vertex

5 The model that is proposed refers only to perfect—information games. However, it can be
easily extended to general extensive—form games.
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1:X\{x0} X — the precedence function, 1(x) is the predecessor

of x. (The function 1 defines the edges in the game tree.)

— the set of terminal vertices

Z -I ER — the utility function for player i

Si — the set of pure strategies for player i. (A strategy

si for player i is a function si: Xi --t X such that Asi(x)) = x)

S s 71=1! S. — the set of profiles of strategiesj 

Throughout we will restrict attention to games in which all the payoffs are different,

i.e. Vi EN and Vz, w E Z s.t. z w, u(z) ui(w). This class of games is generic.

A vertex y is a successor of a vertex x if Ay) = x. A path p is a sequence of

vertices 
l'.." m 

such that x,1 is a successor of x1. A profile of strategies s E S

determines a path p(s) from xo to a terminal vertex z(s),(z(s) will also be denoted as

z(p), where p = p(s).) A profile s is consistent with a vertex x, if x is on p(s). A

profile s is consistent with a path p if s is consistent with every vertex on p. si E

Si(SA E SA) is consistent with x E X (with a path p) if there exists s_n_i E (si E Si)

such that (si, s_i) ((si , s_i)) is consistent with x (with p). We let Si(x) (S_i(x))

denote the set of strategies for player i (the set of profile of strategies for the other

players) that are consistent with x. X(s) denotes the set of vertices that are consistent

with Si' The height of a vertex x, h(x), is defined as follows: h(x) = 0 for x E Z,

h(0)) = h(x) + 1. The height of a game G, h(G), is the height of its initial vertex.
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Let G(x) denote the subgame of G that is obtained by taking x as the initial

vertex. We let vi(x) denote the maxmin payoff for player i in the game G(x)

v(. x) maxmin us[z(s. s .)].1 .s•ES.(x) s 1 
ES(x)

- —1

It is well known that in a perfect information game the maxmin and minmax in pure

strategies are equal so that

v.(x) = minmax utz(s.• s .)].1

•s— sES •(x)s.€ (x) 1 1' —1
1 —1

Also, we can choose s E S 1(x) such that s is the minmax strategy in every subgame.

The situation that we want to analyze is an interaction with asymmetric

information. Following the standard approach of modelling such interactions we let T

denote the set of possible states of the world. A state t E T specifies all the relevant

aspects of the interaction of which at least one of the players is uncertain. The assumption

is that the set T is common knowledge among the players. In our model each player is

uncertain of the strategies and beliefs of the other players. Thus, a state t E T is an

n—tuple t = (ti,...,tn) where ti specifies the strategy and the beliefs of player i on the

true state of the world. ti will be called the type of player i. In a dynamic game the

beliefs of a player will typically change as the game progresses. So a type ti specifies a

pair (si, pi) where si E Si and pi: X -9 A(T). In the sequel we will identify ti with the

pair (si, Ai) which it specifies. Define:
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Ti Iti I 3t E T s.t. t

T. is the set of possible types of player i. We can assume w.l.o.g. that T = II .1. T.. To1 I
avoid tedious technicalities I will assume that T is finite.6 We assume that each player

knows his own type but has no prior information about the type of another player. We can

therefore now write pi as pi : X A(T_i) where T_i = IljiiTi. We let s(t) (s(t))

denote the profile of strategies (the strategy for player i) that is played in the state t.

state t is consistent with a vertex x if x is consistent with s(t). We say that t_i E

is consistent with x E X if there exists a type ti E Ti such that (ti, t_i) is consistent

with x. Define:

T...4(x) t E T_i is consistent with x}.

We say that a type ti = (si, AO is Bayesian rational if:

1. For every x E X, p,i(x) gives probability 1 to profiles that are consistent with x.

(Formally, pi(x)[T_i(x)} = 1).

2. Beliefs are updated according to Bayes Law whenever that is possible. Formally,

suppose x, y E X and x preceeds y. Let A c T_i be a set. If

> 0 then

iii(x) [A n T_4(y)]
= (x) tr_i WI •

6Although I have not proven it I am confident that with the appropriate definitions this
assumption is innocuous.
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3. The strategy si is a best response to the beliefs pi, i.e. for every x E X Si

maximizes the expected utility of player i in the subgame G(x) w.r.t. the beliefs

A strategy si E Si is rational if there exists a rational type ti E Ti such that si =

S(t).

We now turn to a formal definition of common certainty — CC — of an event A C T

at a state t at a vertex x. First, we need some additional notation.
•••••••

Let T C T be a set of states, Ti {ti I 3 t' E T s.t. t; = ti}.

pi(t_i I ti, x) denotes the probability that type ti of player i gives to the profile

E T.4, at the vertex x. We let pi(ti I ti, x) denote the probability that ti gives, at

the vertex x, for player j being of type tj.

Define Tm(t,x) m

T°(t,x) {t}

... as follows:

For m> 1

Tm(t,x) fti I for some i E N t; E TT4(t,x) and t,x) > 0)

T1(t,x) is the minimal event of which every player is certain at (t,x), T2(t,x) is the

minimal event E such that each player is certain, at (t,x), that every other player is

certain of E at x, and so forth.
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Define CC(t,x) Um' Tm(t,x).

Let A c T. We say that there is CC of A at (t,x) (or, A is CC at (t,x)) if

CC(t,x) ç A.

Remark:

When the state t or the vertex x are obvious they might not be mentioned. So we might

simply write "there is CC of A", or "ti is certain of A". Usually we will refer to beliefs at

the initial vertex. If the vertex is not mentioned it is the initial vertex.

The example below demonstrates how the informal discussion in the introduction

can be mapped into the formal model.

Example 1 

Consider the game that is described in figure 1. Table i,i = 1,2, describes the set

of possible types, Ti, of player i. The left column describes the strategy of the given type

and the other columns describe the beliefs on the type of the other player. So, for example,
1 1type ti of player I believes at xo that with probability 0.7 the type of player II is t2

and with probability 0.3 his type is t22. A complete description would include a

specification of the beliefs in each vertex. But for our purposes it is sufficient to specify the

beliefs of player I at xo and the beliefs of player II at xo and x1.7

7 Since player I moves at xo his beliefs at x1 are the same as his beliefs in xo.
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Type of Player I Strategy Beliefs at xo
X0 X2

t1 R B (0.7, 0.3)

t2 B B (0.9,0.1)
1

t3 R R (1,0)
1

t41 
R B (1,0)

Type of Player II Strategy Beliefs
X1 X3 x x1

1t2
B B (1,0,0,0) (1,0,0,0)

2t2
R B (0,1,0,0) (0,0,0.5,0.5))

It is easy to verify that types t and t2i for player I and types t12 and t22 for

player II are rational. For example, the expected utility of type t from playing the

strategy (R,B) w.r.t. his beliefs is (-1) • 0.7 + 3 • 0.3 = 0.2. This is greater than his

1 1
utility from playing B at the first stage. Consider the state t = (ti, t2). We have

t12.), (tip t22), (t2i, t121.), (t2i, • t 22,CC(t,x0) = )1 So there is CCR at (t, x0). However, at

x1 type t2 believes that player I is irrational and that with probability 0.5 he will play R

and with probability 0.5 B. So it is possible to have CCR at the beginning of the game and

not have it at a subsequent stage. Note that in this example type t22 believes, at xl, in

theory 1, (page 4), and type tI2' is similar to the type that is described in theory 3.
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3. COMMON CERTAINTY OF RATIONALITY

We have seen that CCR does not (necessarily) imply the backward induction

outcome. In this section we show that the set of outcomes that are consistent with CCR at

the beginning of the game coincides with the set of outcomes that survives one deletion of

weakly dominated strategies and then iterative deletion of strongly dominated strategies.

The formal description is as follows.

Let G be a game. Define:

CCR(G) {z(s): There exists a world T and a state t E T such that s is played in t and

there is CCR at (t,x0)};

CCR(G) is the set of outcomes that are consistent with CCR at the beginning of the game.

A strategy E Si is strongly dominated if for every T E

rgmax
s•ES •

A strategy E Si is weakly dominated if for every T E A(SA) with full support

a(i.e. V E r(s) > 0) -s-• rgmax
S• E S.

We let Wr(G) denote the set of profiles of strategies s E S that survive one

round of deletion of weakly dominated strategies and then iterative deletion of

strongly dominated strategies. Formally, define:

WS'
0 

G.( = {S. I S. E S., S. is not weakly dominated in G}

For n > 1
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n n-1 GWS. (G) =Sis. I s. E WS. ( ) S.1 is not strongly dominated in the subgame of G1 1 1 

where each player j is restricted to strategies in WSn—
i
l(G)}.

WST(G) nnw.oWS(G) .

WSW(G) F. WST(G) .

We let D(G) denote the set of outcomes that can be obtained by profiles of strategies in

Wr(G). So D(G) F.- {z(S) I S E Wr(G)}.

THEOREM 1: CCR(G) = D(G).

The first part in the proof of the theorem shows that the set of outcomes that are

consistent with the players' rationality coincides with the set of outcomes that survive one

deletion of weakly dominated strategies. This part of the proof is established in Lemmas

1.1 and 1.2 below.

DEFINITION: Let Si' 5 E S. The strategy s is equivalent to the strategy si if for every

E z(Si, SA) = Z(Si, SA).

LEMMA 1.1: If E is not weakly dominated then there exists S E S such that s; is

equivalent to Si and si is rational.

SLEMMA 1.2: If i rational, then s. is not weakly dominated.
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The proofs of the lemmas are given in the appendix.8

PROOF OF THEOREM 1: We will show that CCR(G) c D(G) and that D(G) C CCR(G).

Assume, first, that z E CCR(G). There exists a world T and a type I E T such that

z = z(s(1)) and there is CCR at (t, x0). We will show by induction that if ti E

[CC(i,x0)]i then s(t) E WS(G) for every k = 0,1,... . For K = 0 the claim follows

from lemma 1.2 and because t. is rational. Assume now that for every j E N and every

ti E S(ti) E WS11(G). It follows from the definition of CC(i",x0) that if ti E

[CC(I,x0)]i then ti is certain that the type of player j, j = 1,...,n, belongs to [CC(f,x0)].i.

The induction hypothesis implies that ti is certain that every player j is playing a

strategy in WSII(G). It follows from the definition of WSlic+1(G) and the rationality of

ti that s1(t1) E WSlic+1(G). We conclude that for every t E CC(f,x0), S(t) E Wr(G). In

particular, s(t) E WSW(G) and therefore z(DE D(G).

We have shown that CCR(G) ç D(G). We now prove that D(G) ç CCR(G). Let

Si E ST(G) such that Si is rational. There exists a probability distribution pi: E

such that si is a best response to Al. It follows from lemma 1.1 that we can

1choose pi so that its support contains only profiles s_i which are rational (i.e. every

strategy in s_i is rational). Since si is rational there exists also a system of beliefs

2 2 xp.: X .4 A(T .) such that for every x € X s. is a best response to .( ) in the game

G(x). We associate with si a type t(s) =(si, pi) where : X A(T_i) is defined so

that the following is satisfied: If x is consistent with some s_i in the support of /4 then

ti+i(si+i),...,tn(sn)] is the probability distribution in

8 After a first draft of the paper was completed I learned that Battigalli (1990) has a
different proof of lemma 1.2.
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that is associated (via the correspondence si <—> ti(si)), with the conditional probability

of i4 given that the play of the game has reached the vertex x (the probability of other

profiles of types is zero). Otherwise pi(x) = i(x). It is easy to check that t1(s) is a

rational type. Now, let z E D(G). It follows from Lemma 1 that there exists a profile s =

(sr.. .,$) such that s E Wr(G), Si is rational for every i, and z = z(s). Consider the

state t = (ti(si),...,tn(sn)). It is easy to verify that there is CCR at (1-,x0) and, of

course, the outcome at t is z.

The two examples below demonstrate the theorem.

Example 2: Figure 2.2. describes the normal—form of the game that is described in figure

2.1. In this game the strategy is weakly dominated, and in the subgame that is left after

the deletion of t R is strongly dominated. So by theorem 1 CCR(G) = {z2}.

It is easy to show that in a general two—stage game the only outcome that is

consistent with CCR is the backward induction outcome. This follows because rationality

implies that a player who moves in the second stage will choose the backward induction

strategy, and since the player who moves in the first stage believes at the beginning that all

the players are rational.

Example 3: Figure 3.2 describes the (reduced) normal—form of the game that is described

in figure 3.1. In this game iterative deletion ends after the first stage, the only strategy

that is deleted is RR. Thus, by theorem 1 CCR(G) = {z1,z2,z3}. The outcome z3

belongs to CCR(G) because at x1 player II may believe that player I is not rational and

will play R at x2, while in fact, player I is rational and plays B at x2. z2 E CCR(G)
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because player I may believe that player II has the beliefs that were described above, while

in fact, player II is not fooled by the move of player I.

4. NASH EQUILIBRIUM 

In this section we show that players will play a Nash equilibrium path at a state t E

T if there is CC at (f,x0) of the following three events:

1. All the players are rational.

2. Each player gives a positive probability to the true state of the world.

3. The support of the beliefs of each player is the support of his beliefs at the actual

state t.

Formally, we define these events as follows:

A1 ft I Vi E N ti is rational}

A2 FE ft I Vi E N, ti, x0) > 0}

A3(1) F.- ft IVi E N I ti,x0) > 0 iff ui(t/..4 J t, x0) > 0).

THEOREM 2: If there is CC of A1, A2, and A3(t) at (f,x0) then:

1. The path p(s(t)) is CC at (f,x0).

2. The path p(sCO) is a Nash equilibrium path.

The proof of the theorem is given at the end of the section. First, we discuss briefly

the interpretation and the relative strength of our assumptions. Then we show, by means
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of examples, that these assumptions are indeed needed to obtain the result.

The simplest characterization of Nash equilibrium is as follows: If players are

rational and if each one of them knows the strategies that will be played by the others,

then the profile of strategies constitutes a Nash equilibrium. Roughly9 speaking, our

characterization substitutes the assumption that a player knows the strategies of the

others, by the assumption that a player gives a positive probability to the profile of

strategies of the others, and that a player knows the support of the beliefs of any other

player. In addition, we assume that the content of these assumptions is CC.

A natural way of interpreting our assumptions is as follows: Assume that a player

does not give a zero probability to an event unless there is compelling evidence that the

event did not occur. The assumption that a player gives a positive probability to the true

state means that a player will not receive compelling evidence that a state did not occur

when it actually did. The assumption that a player knows the support of the beliefs of

another player means that the former player observes any compelling evidence that the

latter receives. (The emphasis is on compelling. A player might receive many other

signals which affect his belief without changing its support. We do not assume that such

signals are observed). We note that in a generic normal—form game the set of outcomes

that are consistent with CCR is equal to the set of outcomes that are consistent with CCR,

and CC of A2 and A3(i) (where t is the actual state). So for a typical normal—form

game, the assumptions that are made in theorem 2, do not restrict the outcome of the game

to a set that is smaller than the set of outcomes that are consistent with CCR.

9 "Roughly", because our assumption refers not to strategies but to types.



21

We now show that we cannot drop anyone of our assumptions and still obtain the

result. The tables below refer to the game in figure 1.10

Type of Player I Strategy Beliefs at xo
xo x2

(0.1, 0.9)

t21 (0.9, 0.1)

t31

Type of Player II Strategy
x1 x3

Beliefs
xo

(0,1,0) (1,0,0)

t2
2

1 (0,0,1)

Consider the state t = t21). cc(t,x0) = {(0021)(t1,02), (0021), (Op t)}. 22 So

there is CC of A1 and A3(t), at xo yet player I plays R. Note that A2 is not CC at

(t,x0) (t A2 because t21 gives a probability zero to the true type of player I). It is not

difficult to show that in this game player I will play B at the first move whenever the

following two conditions are satisfied:

10 The beliefs of type t3i are irrelevant.
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1. There is CCR at xo•
2. Player I gives (at x0) a probability 1 to the event that player II gives (at x0) a

positive probability to the actual move of player I.

Note that the second condition is implied by CC of A2. It can be shown that in a

general centepede game (i.e. a centepede game of any length) CCR and CC of A2 imply

that player I plays B at the first move. (B in the first move is the only Nash equilibrium

path in this game). The next example shows that, in general, CCR and CC of A2 do not

imply a play along a Nash equilibrium path. The tables below refer to the game that is

described in figure 4.11

Type of
Player I

Strategy Beliefs
x2 x3 x x2 x3

t1 (0.5,0,0.5,0,0) (1,0,0,0,0) (0,0,0,1,0)

t21 R R R (0,0.5,0.5,0,0) (0,0,0,0,1) (0,1,0 0 0)

11 Only the relevant beliefs have been specified.
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Type of Strategy
PlayerII X X4 x5 xo and xl x4

Beliefs

t12 L L (1,0) (1,0) (0,1)

t2 M L2 (0,1) (1,0) (0,1)

t32 (0.5,0.5) (1,0) (0,1)

t42 M R L 0.111
MOM

t52

Consider the state t = 4).

1 1 1 3. ,•2 .2. ,•2 •3.It is easy to see that CC(t,x0) = {(ti,t2), (ti,t2), kti,t2), kti,t2)} and therefore

cc(t,x0) c. A1 n A2. Thus, at (t, x0) there is CC of A1 and A2. However, p(s(t)) is
not a Nash equilibrium path (player I would benefit from deviating and playing L at the
beginning). Note that at (t, x0), player II does not know the support of the beliefs of
player I, player II believes that with probability 0.5 player I will be surprised by the move
L and with probability 0.5 he will be surprised by the move M.

Before presenting the formal proof of theorem 2 we give a sketch of the main steps

in the argument. Lemma 2.1 provides a simple characterization of Nash equilibrium paths.

This characterization implies that if each player is rational and certain of the true path,

then the path is a Nash equilibrium path. Lemma 2.2, (which is the main lemma), shows

that if the provisions in the theorem are satisfied, then the set CC(I,x0) has a certain

simple structure. This structure implies that the path p(s(1)) is CC at (f,x0).
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Specifically, this structure implies the following property: Let x1,y1,...,ym E X be

vertices that are consistent with CC(f,x0) such that yi,...,ym are successors of x. Let

i(x) denote the player that moves at x. If for every j = 1,...,m, there is CC of the path

that will be played given that yi has been reached, then there is CC that at x that i(x)

will move to the vertex yk, k E {1,...,m}, that corresponds to the path that maximizes the

utility of player i. It follows that m = 1, i.e., there is only one successor of x that is

consistent with CC(I,x0). So for t E CC(f,x0) such that x is consistent with t p(s(t))

is CC at (t,x). A simple induction on the height of the vertices implies that p(s(D) is

CC at (f,x0).

We now turn to the formal proof:

LEMMA 2.1: A path j is a Nash equilibrium path iff for every i E N and every x E

on the path vi(x) ui(z(ii)).

PROOF: Let s =(si,...,sn) be a Nash equilibrium such that p(s) = j5. Assume by

contradiction that there exists a vertex x E X
i 
on the path such that

v.00 > 11(za))*• Player i will improve his payoff if he deviates to a1 )

strategy si which plays like si until x is reached and then plays the

maxmin strategy in G(x). This contradicts our assumption that s is a

Nash equilibrium. Assume now that vi(x) < ui(z(ii)) for every i and

every x E Xi on the path. Define s = (si,...,sn) so that players follow the

path as long as possible. If a player deviates from then the others

minmax him. Since the maxmin, vi( ), equals the minmax, it is easy to

see that s is a Nash equilibrium and p(s)
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LEMMA 2.2: Let I E T. If A2 and A3(t) are CC at (t, x0) then there exists sets Ti

C Ti, i = 1,...,n, such that

CC(T, x0) = 1111=1 Ti

and for every ti E Ti and E Rio'ni pi(t_i I tpxo) > 0.

The proof of the lemma is based on the following lemmatas, which assume

the provisions of the lemma.

De... T1 {.k I tk C JL k, kti(tk I ti,x0) > 0}•

LEMMATA 2.2.1: For every i,j, k E {1,...,n}, k # i,j, TIc =

1' IPROOF: We will show that Tk ç Tk. Let tk E Tk, there exists t E CC(f,x0) such

that tk = tk' ti = ti and iii(t_ilti,x0) > 0. Since there is CC of A2

A.(t It.x > 0. Since A3(t) is CC p.(t x > 0. This means thatJ —J 0 J —J
---. —tk E TkJ' In a similar way we can show that Tk - i C T1ci. It follows that Tik

= Tjk'

LEMMATA 2.2.2: For every tA E ni T, i = 1,...,n, > 0.

n —1PROOF: Assume w.l.o.g. that i = 1. Let E 
11j=2

 Ti. Define Ak {t' t1 =

and ti = 2 < k}. Let m be the maximal number k such

that player 1 gives a positive probability to the event Ak, at (t, x0). We
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wish to show that m = n. Assume by contradiction that m < n. There

exists t E Am such that I ti,x0) > 0. Let h = m+1. Since A2 is

CC. pih(t_h i th,x0) > 0. Since A3(t) is CC the beliefs of th and Th

have the same support, therefore p,h(t_h I Th,x0) > 0. Now again, because

A2 is CC, p1((T2,...,Th, th+i,...,tn) I t1,x0) > 0. So we have obtained a

contradiction to the assumption that m < n. The lemmata follows.

PROOF of the LEMMA: Define T. s T1 for i 1 and T1 = T. ' The lemmetas imply thati 1 

for every i E N, and every t E Iljti Ti > 0. Conversely, if p,i(t_i >
111.1.0,

0 then t E ri 
 
T. Let t. E T. Define B(ti) ft_i tli(t_i ti,X0) > 0}. Since A3(1..) J.

is CC B(ti) =hhiTj for every ti E Ti. A simple induction shows that Tin(f,x0) =

for m > 2. It follows that CC(t,x0) = =1 Ti.

PROOF OF THE THEOREM: First we note that if the players are rational and if each

player is certain at (f,x0) that the outcome of the game will be the path

p(s(-0), then the condition in lemma 2.1 is satisfied. This follows because:

1. Along the path p(s(D) players maintain their initial belief.

2. At a vertex x E X. player i can guarantee a payoff of vi(x) (and

therefore will not follow a path which gives him less than that).

We conclude that the second part of the theorem follows from the first part.

We now prove the first part. By lemma 2.2 there exists sets Ti, Ti c Ti,
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i = 1,...,n, such that CC(1-,x0) = HL1T and for every ti E Ti and t_i
.1..1•10

E T pi(t..4 I ti,x0) > 0. It follows that for every t E CC(f,x0) and x E

p(s(t)) CC(t,x) = 111i1=1 Ti(x) where

Ti(x) F. {ti I ti E Ti and ti is consistent with x}.

Let t E CC(I,x0) and let p(s(t) = xo(t), xi(t),...,x(t)m(t), (xo(t) = x0).

Define:

h(t) minfk I there is CC at (t,xk(t)) that the path is p(s(t))).

q(-0 max{h(t) I t E Ce(e,x0)).

We want to show that h(t) = 0. Assume by contradiction that h(t) > 0,

it follows that q(i) > 0. Define b q(t) — 1. Let t E CC(i-,x0) be a state

such that at (t,xb(t)) there is no CC of the path p(s(t)). Assume that

xb(t) = xi where xi E X. Let x be a successor of xi that is consistent

with some t E CC(f,x0). It follows from the choice of xi that we can

associate with x a path px such that px is CC at (t ,x). Since

CC(ti,x) = 113=1 Ti(x) it follows that every ti E Ti(x), j = 1,...,n, is

consistent with px. Since T(x) 
T . = .(x.) for every j i there is CC atJ j

(t,xi) that player i can play in a way that will lead to the outcome z(px).

Define:

B 1 x

x is a successor of X! and

x is consistent with Ce(f,x0) .
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Since there is CCR at (t,xi) it follows that there is CC at (t,xi) that

s(x1) = argmax A(z(p3c)). This implies that B has a single element. It
xE B

follows that p(s(t)) is CC at (t,xj). Thus we have obtained a

contradiction to the assumption that q(i) > 0. It follows that p(s(D) is

CC at (i.,x0).

The assumptions in theorem 2 do not, in general, imply the backward

induction outcome. To see this, consider the game G that is described in figure 5.12 The

backward induction path is (x0,x1,x3,z1). However, the path (x0,x2,x4,z2), which is a

Nash equilibrium path can be the outcome of the game in a state t which satisfies the

assumptions in theorem 2. Specifically, at (t,x0) player II is certain that player I will

play to x2. If player I plays to xl, player II believes that I is irrational and that at x3

I will play R, therefore at x1 II plays R. The full description is given in the following

tables.

Type of Strategy
Player I x0 x

3 x4
Beliefs

t1 11

t21

12 Reny (1988) considers a similar example.
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Type of Strategy
Player II x1 x2

Beliefs
x1 x2

t12 (1,0) (0,1) (1,0)

1 1At the state t = (ti,t2) the path (x0,x2,x4,z2) is played, and it is easy to verify

that there is CC of Al' A2 and A3(t).

As of yet I was unable to find an interesting characterization of backward induction

in a model without mistakes. In the next section we introduce the possibility of mistakes

in the implementation of the strategies and show how this possibility can select the

backward induction outcome.

5. BACKWARD INDUCTION

In this section we extend the model and introduce the possibility of mistakes in the

implementation of the strategies. It is shown that if, at the beginning of the game there is

CCR and CC that there is a "small" probability for a mistake, then the players choose the

backward induction strategies. The reason for this is simple: A move to a vertex which is

not consistent with CCR, in a world without mistakes, can now be attributed to a mistake

in the implementation of the strategy, and therefore if there is CCR at the beginning there

is CCR at every vertex and then the backward induction argument is valid.

We now turn to a formal description. A state of the world should specify the

mistakes that occur. So a state of the world specifies a function co: S x X .4 X, where

w(s,x) is a successor of x. The function go determines what will occur at the vertex x

when the profile that is played is s. We assume that at a given state the move that will
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occur at a vertex x depends only on the move that player i(x) planned to play.13

Formally, yo(s,x) = (s' ,x) whenever 5i(x) = si(x)(x). Thus, the set of states of the

world is T x (I), where T = 7rn. T is the set of profiles of types of the players and 4)1=1 i
is a set of functions from S x X to X such that each function satisfies the property that

has been specified above. A type ti E Ti for player i specifies a pair (si, pi) where si E

Si is a strategy for player i and pi: X x 4)) is a system of beliefs. A profile of

strategies s and a function rio determin an outcome z E Z in an obvious way. We let

co(s) denote this outcome. The definitions of rationality and CC are obvious modifications

of the definition in section 2. So, for example, the first requirement in the definition of

rationality is that at a vertex x the player gives a positive probability only to states (t,(p)

in which x can be reached. To define CC of an event A C Tx4) at a state w = (t,w) at

a vertex x we define ffil(w,x) in a way that is similar to the definition of Tin(t,x). So

{w},

Oni(WiX) f(ti,v1 I for some i E N ti E —1(w,x) and iti((tii,v1Iti,x) > 0},

CC(w,x) 
cl) nnl(W1X))m=0

and then A is CC at (w,x) if CC(w,x) ç A.

We now define the events that are related to our assumptions on beliefs about

mistakes. Let pi(A I ti,x) denote the probability that type ti gives at the vertex x to

the event ACTx 4). Define:

Ax s {(t,co) I (p((si, s_4(t_4)), x) = s(x) for si E Si where i = i(x)}

Dz f(t,co) I w(s(t)) = z)

13 As will become clear in the sequel the model does allow beliefs in which a specific mistakeis correlated with the whole profile of strategies and not only with a move at thecorresponding vertex.
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B(E) {(t,co) Ipi(Ay I ti, x) 1—e for every j E N, x E X, and

y that is a vertex in the game G(x)}

D ft,w) I pi(Dz I ti,x0) > 0 for every j E N and z E Z}.

D is the event where, at the beginning of the game, each player gives a positive

probability for every outcome (such a belief will follow, for example, from a belief that

every mistake can occur with a positive probability.) B(e) is the event where for every

vertex x, each player believes that the probability for a mistake at any given vertex in the

sequel is at most e.

THEOREM 3: There exists an such that for every 0 < < I the

following is satisfied: If D, B(e) are CC at ((t,Tp),x0) and if there is CCR at

((t,ip),x0) then s(i) is the profile of backward induction strategies.

Thus, to obtain the backward induction outcome we (only) have to assume CCR

and CC that every player believes that every mistake is possible, but occurs with a small

probability. Our assumptions allow (while Selten (1975) did not), the belief of player i

about a mistake by player j to be correlated with his beliefs about the profile of strategies

that is played. In particular, the belief of player i can correlate between the mistakes of

player j. Therefore player i can believe, for example, that if player j has made one mistake

he is more likely to make another one.

The proof of the theorem requires the following lemma.

•
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LEMMA 3.1: Let w = (t,). If D is CC at (w,x0) and A is some other

event that is CC at (w,x0) then A is CC at (w,x) for every x.

PROOF: We will prove that CC(w,x) c CC(w,x0) by showing that for every m fen(w,x) C

nin(w,x0). We have e(w,x) = C1°(w,x0) = w. Now, assume by induction that the claim

is true for m-1 and let (t' ,co') E Qin(w,x). There exists a player i such that iii((t'i,(P)

,x) > 0 and ti E f/m-1(w,x). By the induction hypothesis ti E nin—l(w,x0) and since

D is CC at (w xo gives a positive probability at xo to the event where the vertex x

is reached. Since t'• updates his beliefs according to Bayes' law we have .(t (P)
pti((t_i,(p)I ti, x) > 0} c {(t_i,co) I p,i((t_i,01 ti, x0} > 0) and therefore (ti,co) E

f/m(w x ).' o

Remark: Let w' E Cqw,x0). It is easy to see that CC(w1,x0) ç cc(w,x0).
It follows that the provisions of the lemma are satisfied at w' as well and therefore

CC(w',x) C CC(w',x0) for every x.

We now turn to the proof of the theorem. Let:

R max max I u(z) u(w) I
i EN z , wEZ

r mi n min I u;(z) — •111(w) I
i EN z wEZ

z w

Let k denote the height of the game. Define to be the number which satisfies

the following equation [1—(1--i)k} • R = (1--)kr. We will show by induction on h(x),

(the height of the vertex x), that for every x and every (t,co) E CCW,Tp),x0)) si(ti)
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prescribes the backward induction move at x. So let (t,co) E CC((f,7o),x0), let x be a

vertex of height m and assume that the claim is true for vertices of a lower height. Let i

= i(x). Since D is CC at (t,yo) it follows from lemma 3.1 and from the induction

hypothesis that at x ti gives a probability 1 to the event where the other players play the

backward induction strategies in G(x). Since (t,w) E B(E), ti believes at x that the

probability for a mistake at any vector y in G(x) is at most e. It follows that if i plays

the backward induction strategy at G(x) then his expected payoff (w.r.t. his beliefs), is

bounded below by (1—e)m • u(z) + [1 — (1—e)n] • r1(x) where z is the backward

induction outcome in GOO and where r(x) is the lowest payoff for player i in thei 
subgame G(x). Similarly if i plays to a vertex x' which is not consistent with

backward induction, then his payoff is bounded from above by (1-6)m • ui(z') + [1 —

1( 
R(x) 

 R(x) where z' is the backward induction outcome in G(x') and . x is theRi(
maximal payoff for player i in G(x). Since ui(z') < u(z) r, c< and m <k it

follows that the expected payoff of type ti is maximized if he plays the backward

induction move.
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APPENDIX

PROOF OF LEMMA 1.1: Since s is not weakly dominated there exists a belief p„. E .)

with full support such that si is a best response to pi. Since gi has full support, the

conditional probability of tti is defined for every vertex x E X. Let /ix denote this

conditional probability. Let x E X. Define si as follows. If x E X(s), then si B.1

s.(x). If x X(s). then s(x) is a successor of x that is consistent with a best responsei 
to /ix in G(x). It is easy to see that si can be defined in such a way. (Define si

inductively from the end of the game tree to the initial vertex). Define pi (x) 'ix. It is

easy to see that si is a best response to Ai, therefore it is rational. Since si differs from

Si only on vertices which are inconsistent with si, si is equivalent to si.

The proof of lemma 1.2 relies on the following lemmata.

LEMMATA 1.2.1: Let s be a rational strategy for player i. For every x E X

there exists a profile i E S(x) such that Si is a best response to is. i in

the game G(x).

PROOF: Let x E X. Since si is rational, there exists a belief I/1(x) on S_(x) such

that s maximizes the expected utility of player i w.r.t. the belief p,.(x).

Since at x player i can guarantee himself vi(x), his expected utility (w.r.t.

iii(x)) is greater or equal to vi(x). Therefore, there is at least one profile,

in the support of iii(x) such that Ui[z(si, > vi(x). It follows that

there exists a path p(x) from x to a terminal vertex z such that: 1. Si is
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consistent with p(x); 2. vi(x) < ui(z). A simple induction on the height of

x in the game tree shows the following: There exists a path j(x) from x

to a terminal vertex ei". such that for every x' on (x), vi(xl < To

see this define y to be the highest vertex on the path p(x) with the

property that u(z) < vi(y). (If there is no such y ii(x) = p(x).) By the

induction hypothesis there exists a path ji(y) from y to some terminal

vertex w that satisfies u(w) > v(y1) for every y' on the path (y). WeI
set w, so that ii(x) is the path from x to w. It is easy to see that

consistent with the path ii(x). If player i deviates from (x) then 
Si

brings player i down to the maxrnin, i.e. for every y E G( x) that is not on

the path (x), s max ui(si,i14) = vi(y).
iES(y)

We now show that si is a best response to s_i in the game G(x). Consider a

deviation of player i from the path (x). So suppose that at some xi E Xi which is

on the path (x), player i deviates and plays to a vertex y which is not on the

path. Since y is a successor of xi vi(y) < vi(xi). By the construction of D(x)

vi(xi) urz). Thus, player i cannot gain from such a deviation.

PROOF OF LEMMA 1.2: We need to construct a belief p E L(S 1) with full support, such that

. is a best response to p. Define:

mm n u.(z) — u.(w) I
z, wEZ
z # w

w max J u(z) u.(w)
z, wEZ



v

36

In the class of games that we consider, 71 > 0 for every game. By Lemmeta 1.2.1.

we can associate with each vertex xEX a profile i_i(x) E S(x) such that for

every si E Si(x) such that (sip -1_4(x)) # z(si, Li(x)), ui(z(si,s_4(x))) —

ui(z(si, i(x)). We will construct p so that for every x E X(Si) n Xi the move

•s(x) is consistent with a best response to /Ix in the game G(x). Oix is the 

conditional of p at x). It is easy to see that this implies that si is a best response

to p. Let x E X. We claim that if px satisfies the inequality (1) below, then

•s(x) is consistent with a best response to x in G(x). 

(1) (1 —fix[(x)])W < px[(x)]n.

To see this, compare the payoff of player i from a strategy si that is consistent

with the path p(si, Li(x)) with his payoff from a strategy si such that si(x)

s iti(x). With probability x[k_4(x)} the payoff of player i from si is greater than

his payoff from si by at least 77, and with probability 1 — Axrs1.4(x)] his payoff
from s will be lower than his payoff from s by at most W. If (1) is satisfied,
the payoff from si is higher. We will now construct p so that for every x E X(Si)
/Lx satisfies the inequality (1). Define inductively a sequence of sets of vertices X11
c X(s) and a sequence of sets of strategies SI_14 c S i as follows:

{xn}

1 {(x0)}

Xn {XIX E X(Si) —
n-1 ;

XJ there exists a profile s • E S11:1 and aJ.1 —1 —1
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vertex y such that y is on the path p(si, y Xi and x is a

successor of y}

{(x) I x E Xn}.

The set Xn is the set of vertices that are obtained by a single deviation of a player

j i from a path p(si, s_i) where s_i E 0;1. The definition is complete at stage

k where Xk+1 = 4). Let m be the number of vertices in the game tree and let E

> 0 be a number which satisfies m • E • W < (1—E)• n. We define p as follows:
The probability of the set S n = 1,...,k, is En-1 — En and all the strategies in

the set have the same probability. The probability of the set S i
Uk 
=1 S

n. is Ek— n 
and again all the strategies in the set have the same probability. Now consider a

vertex x E X(s). We want to show that the inequality in (1) is satisfied. It follows

from the definitions of the sequences Xn and Sn. that there exists a number n

and a vertex x E Xn such that x is on the path p(si, i_i(x1). The proof of

lemmata 1.2.1. shows that we can assume that i_i(x) = Since there are at

most m strategies in (because there are at most m vertices in Xn),
> 1._ (1_0 en-1.. On the other hand .(x) — .(x)] < En. We have

ArS14(X)littESA(X) -514(X)] = px[-S14(X)] / 1 — Ax[S.1.4(X)]. It follows from the choice

of c that px[i_i(x)1 satisfies (1).
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