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In a recent study, Fishelson (1989) examined the implication of
continuous changes on the classical (static) Hotelling (1931) model. The
changes took place in the demand for the resource, the costé of extraction of
the resource and the costs of a backstop technology that produces a substitute
for the resource. The common simplifying assumption for these three changes
was that the rates of change were constants and a priori known. The purpose
of this note is to examiﬁe the effects of random changes in the parameters of
the Hotelling model. One Qay to.do it is to return to the Hotelling static
modéi and examine the effects of uncertainty in its parameters on the market

path.

The Role of Uncertainty

The role of uncertainty in the economics of exhaustible resources was
‘examined previously. Long (1975) allowed the reserves to change (via
natiohalization) sometimes in the future._ Heal (1979) ailowed for a single
discovery of a random size at a random point in time. Kemp (1976) and Loury
(1978) look at exploitation when reserves are unknownvwhile Deshmukh and
Pliska (1982) and Arrow and Change (1982) introduce stochastic discoveries, -
i.e., allowing the reserves to increase by a random (positive) quantity. The
~role of uncertainty is more pronounced in the analysis of markets of renewable
resources (see Pindyck (1984) and references theréin). Again the uncertainty
is applied to the rate at which the resource is renewed, i.e., to the reserves
that would be available.

The uniqueness of the present note is that the uncertainty is not limited

to the reserves but shows up at any of the parameters determining the




-instantaneous markét outcome and thus the market path. For the sake of
simplicity we assume that the various random effects are independent over
parameters and over time. This enables a separate analysis for each
parameter. The setting is of a competitive market, i.e., all mine owners are
aware of the uncertainty and are identical in their attitude towards risk.

The effect of uncertainty of any of the parameters of the system on the
market path depends upon the relationship between the parameter and the two
endogenous, although not independent, variables of the system,‘the initiai
pricé-and the length of the extraction period. We recall that under certainty
once one of these two is determined the price at each point in time and the
quantity extracted are determined.

We start the analysis for the random world by looking at a non random non

changing world. We assume that the demand for the resource is linear and

stable: Q = a - bP (b > 0). Optimality at each point in time, denoted by O,

requires that from then .on

t

(1) (P, - ) = (B, - c)e’

t

where c is the constant marginal (average) extraction costs and r a constant

interest rate.

Employing these two conditions for solving for the two unknowns: the
initial price, PO' and the length of the remaining extraction period, T,

yields respectively two equations each with one of two unknowns.




bP cP

0
-(a - be)(1n —2—3 + bPo + o - a- be - rR0 = 0,

(%) rT(a - be) + ae”™ 4 bee™ - a - be - Ry - 0

One might view equations (3) and (4) as the reduced form equations of the

market system. Thus, one can solve them for changes in the (exogenous)

parameters,dPo/dx, dT/dx ,as long as there is no structural change in the

market. The inference with regard to the instantaneous output, Q, is derived

from the solution for P given the relation between P and Q, the market demand.
In order to find the effect of a change of the demand parameter "a" on

Py, equation (3) is totally differentiated w.r.t. "a" and P, from which the

0
sign of~dP0/da is determined. Then,  the term dPo/da is again differentiated

w.r.t. "a" which yields the d2P /da2. The same is done with equation (4)
Y 0/ ¢ .

which yields dT/da and d2T/da2.

Given uncertainty the objective function of each of the mine owners
changes from that of maximizing the present value of the stream of incomes to
that of maximizing'the expected utility from that present value. As is
however well known if the firm is risk neutral the maximization of the
expected value of the present value is identical to that of maximizing the
expected utility. Thus for the sake of simplicity we assume,at this stage,
that each of the mine owners is risk neutral. Hence, the market's objective

function is




subject to

given that the demand function is stable and its expected expression is

(5¢) 8%, where a® = E(a) anda b’ - E@®)

Uncertainty implieg that either the cost of extraction, ¢, Or the demand

~ parameters, a and b, are random. This uncertainty is crucial since the
quantity to be mined has to be deterﬁined before the market is realized.
Furthermore, due to uncertainty the market realization would differ from one
period to another. 1If the random effects on the demand parameters and the
cost per unit are independent ovef time there is also no way to infer from the
realization in one period on the realization next period or ét any future
peripd. Thus, when solving the problem stated in equations (5),in spite of

the uncertainty each firm decides on the path of quantities it would mine, at




each point in time corresponding to the expected prices that emerge from the

process. Thus, also under uncertainty the initial price, P and the planned

O'
extraction period, T, determine the path of quantities, Q0 to QT' that would

be mined.

The solution;however,with regard to P, and to the corresponding planned T,

0

are affected by the uncertainty of the demand and costs parameters. The

directions of the effects depend upon the relations between the random

variables and PO and T. In order to.identify the relations one has to know

the signs of the first and second derivatives of PO and T w.r.t. the random

variables. This takes us back to what was said above regarding the effect of
a change in a parameter on PO and T.
Hence, to evaluate the effects of uncertainty upon PO and T one has to

find whether they are linear, convex or concave in the random variables.

Figures la and 1lb below look at any parameter, X.

o

A




Curves (i) imply linearity, thus there is no effect of the uncertainty of X
upon Po (E(PO) - POIX - kEiX)). Curves (ii) imply convexity, thus the
determined Po would be larger due to uncertainty of X (%jPO) > POIX - E(X})).
Curves (iii) imply concavity thus the determined P0 willXiower due to

uncertainty (E(Po) < POIX = E(X)). The characteristics of the six curves

are:

6?0
3}—{-— > 0 and

op
or 'Big- > 0 and correspondingly

and correspondingly

. o, ry 5 9%t
In the following section the terms ® ' O K and ax2 are determined -

using equations (3) and (4).

Results and Conclusions

Table 1 contains the signs of the first and second derivatives of PO with

respect to the market parameters (equation (3)). Table 2 contains the signs




of the first and second derivatives of T with respect to the market parameters
(equation (4)).

The reaction of Q_._~ with respect to the variability of R was found by
others to be negative (Loury (1978), Heal (1979)). Pindyck (1984b) calls this
result a "precautionary" effect and explains it by the fixed reserves (he
found a positive effect of the variance of future reserves on production
explaining it by the possibility to adjust production as reserves change). We

reestablish this negative sign. The signs of the other first derivatives are

also known (see Herfindahl (1967)), but nqbne looked at the second

derivatives. As is well known, the sign of the second derivative determines
the direction of the effect of uncertainty on the expected value of the
variable. Hence, using the findings in Table 1 one can predict the direction
of change of the expected value of PO once the market parameters become random,
and the response of Po as the variances of the random component increases (a
mean preserving spread experiment). |

Correspondingly, the reaction of the initial price, PO’ and later prices,
Pt (initial and later expected quantities) to randomness when compared to a

world in which the parameters take values that equal their expected values of

perfect certainty are:




Table 1:

0 :
2 with respect to market parameter, X.

Parameter

Derivative

First

Second

Type of Figure la 1b la . 1b la

and Curve (i1) (1ii) (iii) (iii) (iii)

Table 2:

dT d2T
Signs of.ai-and ——§-with respect to market parameters, X.
dx

Derivative

First

Second

Type of Figure 1b 1b la la la

and Curve (iii) (iii) (ii.) (ii) (iii)




Reserves: the expected price is larger than the price

that corresponds to the expected R and expected T is

lower than the one corresponding to expected R.

Extraction Costs: the expected price is lower than the
price that corresponds to expected costs and the expected
extraction period is lower than the one corresponding to

expected costs.

Demand Slope: the expected price is lower than the price
that corresponds to the expected slope and the extraction

time is lower than that for E(b).

Autonomous Demand: the expected price is smaller than that
corresponding to expected‘h”and the extraction period is

larger than the one corresponding to E(@).

Interest: the expected price is smaller than the one
corresponding to expected interest while the expected time

is 1arger than the one corresponding to E(r).

Given these results one sees that the precautionary motives are working
not only with respect to the randomness of the reserves, but also with respect
to all other parameters that are involved in the determination of the

equilibrium path of prices. Given uncertainty in extraction costs the




expected price would be lower than the one at the same level but with
‘certainty and the expected length of extraction is smaller. Similarly with

uncertainty of interest rate the expected price is below the one that

corresponds to the same interest level (equals the expected one) and the

expected extraction period is larger than the corresponding one. Hence
uncertainty in the net present value of the returns (royalties) per unit

reserves lowers the initial price and shortens the extraction period.
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