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ABSTRACT

One aspect of calibration in macroeconomics is the notion that the free

parameters of models should be chosen by matching certain moments of the

simulated models with those of actual data. We formally examine this notion

by treating the process of calibration as an econometric estimator. A

numerical version of the Mehra-Prescott (1985) economy is the setting for an

evaluation of calibration estimators via Monte Carlo methods. While these

estimators sometimes may have reasonable finite-sample properties they are

not robust to mistakes in setting non-free parameters. In contrast,

generalized method-of-moments (GMM) estimators have satisfactory

finite-sample characteristics, quick convergence, and informational

requirements less stringent than those of consistent calibration estimators.

In dynamic equilibrium models in which GMM is infeasible we offer some

suggestions for improving estimates based on calibration methodology.



1 INTRODUCTION.

This paper examines the properties of a method used by some economists

to attach numerical parameters to theoretical models and which has come to be

known as calibration. This method was introduced to macroeconomics by

Kydland and Prescott (1982) (see also Prescott, 1986) and some aspects of the

procedure have been applied by Long and Plosser (1983), Hansen (1985),

Kydland (1987), and Greenwood, Hercowitz, and Huffman (1987).1 For this

reason it has become associated with real business cycle models and criticism

of the method has not always been distinguished from that of the models. In

this paper we make this distinction sharp by constructing artificial

economies and embedding in them supposed calibrators. This allows us to

provide an (unavoidably model-specific) answer to the following question. If

the qualitative form of the model posited by a theorist were true would

calibration reveal the correct parameters? In our Monte Carlo analysis we

formalize this correctness by treating the process of calibration as an

econometric estimator. Although we refer to a particular model we believe

that our evidence on calibration applies to a wide class of dynamic economic

models.

A subsidiary purpose of this paper is to compare calibration estimators

1
Slutsky (1937, page 119) may be regarded as having calibrated a time series

model by comparing the coefficient of variation in its cycle length with this

measure in business cycle data. He also (pages 109-110) compared visually the

plots from various models with an index of the nineteenth century British

business cycle.



with generalized method-of-moments (GMM) estimators which are natural to

apply in the model that we consider. We compare the estimated probability

density functions of GMM and calibration estimators under various parametric

assumptions.

Section 2 describes calibration. While sharing elements and language

common to both classical and Bayesian modellers,2 calibrators for the most

part have eschewed formal statistical inference, the calculation of posterior

odds, forecasting, and the like in favour of relatively informal model

evaluation. As practiced so far, this method also involves particular views

on detrending and on the relationship between microeconomic and macroeconomic

data. We abstract from these issues later in order to evaluate critically

the view that a model's free parameters should be chosen by matching certain

properties of the model with those of data.

Section 3 examines calibrators in a numerical version of the

Mehra-Prescott (1985) economy as described by Backus, Gregory, and Zin

(1986). For the most part these calibrators face a perfect correspondence

(with no errors of measurement) between their model and the data generation

process. They choose free parameters just as real calibrators do.

Section 4 presents simple Monte Carlo experiments in which the densities

of the calibration and GMM estimators are compared and contrasted. Here we

2
For these approaches see McAleer, Pagan, and Volker (1985) and Leaner (1983)

respectively.



estimate nonparametrically the density functions.

Section 5 provides a summary of the results and offers specific

recommendations for improving the performance of calibration as an estimation

strategy.

2. CALIBRATION.

The method we shall examine was introduced by Kyd land and Prescott

(1982). These authors gave the following necessary criterion for evaluating

theories:

The test of the theory is whether there is a set of

parameters for which the model's co-movements for both

the smoothed series and the deviations from the

smoothed series are quantitatively consistent with the

observed behavior of the corresponding series for the

U.S. post-war economy.(1982, page 1359, italics in

original)

Series first are smoothed with an arbitrary linear filter. Then a subset of

parameter values is imposed based on the long-run or average values of

certain variables. As Manuelli (1986) notes, this use of growth (as well as

cross-section) observations to calibrate the (cyclical part of the) model

does not seem to agree with the view that the same model should explain both

growth and fluctuations. For a critique of this first step in the

calibration methodology see Singleton (1987).

A second, and larger, set of parameters is selected with reference to

An added requirement ... that the parameters



selected not be inconsistent with the relevant micro

observations ...(1982, page 1360)

This use of cross-section or survey data in a model of cycles and growth is

innovative. As Prescott (1986) notes

A fundamental thesis of this line of inquiry is that the

measures obtained from aggregate series and those from

individual panel data must be consistent. After all, the

former are just the aggregates of the latter. (page 14)

Other analysts of real business cycles also seek this consistency. For

example, Long and Plosser (1983) find values for the parameters in their model

by using input-output studies. This approach may be contrasted with that of,

say, Taylor (1980) or Grossman and Weiss (1983). These authors treat contract

length and transactions frequency respectively as free parameters, estimated

in macroeconomic time series data. Their models can be tested by comparing

these estimates with actual microeconomic observations. This reverses the

method of Kydland and Prescott.

The evaluation of this method using simulation evidence would require a

meta-data-generation-process relating cross-section to time series

observations.
3
 We choose instead to evaluate the third step in the

calibration method, namely the selection of free parameters. As Lucas (1987)

notes

3
For some criticisms of mixing microeconomic and aggregate evidence, again

see Singleton (1987).
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Kydland and Prescott began by estimating as many parameters as

possible from a wide variety of out-of-sample evidence ...

without even looking at the time series they were attempting to

fit. ... [They] then chose values for [the free] parameters so as

to make certain low order moments (variances, covariances,

autocovariances) predicted by the model "match" the corresponding

moments from the collection of time series in the sample they

used. The result of this last step completed the estimation, and

the matches between the theoretical and actual moments they

reported are the only reported 'test' of the model's ability to

'fit' these series. (pages 42-43)

Kydland argues that a good theory is one with few free parameters so that

the formulation permits the imposition of a great deal of

quantitative discipline, and covariance or correlation matrices

can easily be computed, both between contemporaneous and lagged

variables, and compared with those of the aggregate data.

(1987, page 6)

While we evaluate the method of selecting parameter values by matching

certain properties of data and models, note that nothing in most calibrated

models precludes the use of standard econometrics. Altug (1985) and

Eichenbaum, Hansen, and Singleton (1987) study real business cycle models

from this perspective.

In describing calibration, Kydland and Prescott wrote

We chose not to test our model versus the less restrictive

vector autoregressive model. This most likely would have

resulted in the model being rejected, given the measurement

problems and the abstract nature of the model. Our approach is

to focus on certain statistics for which the noise introduced

by approximations and measurement error is likely to be small

relative to the statistic. (page 1360)

This approach involves conducting a grid search over the free parameters so

5



asto match the correlations of nominal variables with income, variability

(root mean-squared percentage deviation from trend), or the number of peaks

and troughs in the model with those in the smoothed series. How can the

results of this exercise be evaluated? Lucas, a sympathetic critic, writes

that "a more detailed comparison of the artificially generated series with

their observed counterparts is not so encouraging." (page 40) However,

Kydland and Prescott argue that

The variables in our model do not correspond perfectly to those

available for the U.S. economy so care must be taken in making

comparisons. A second problem is that there may be measurement

errors that seriously bias the estimated correlations and

standard deviations. A final problem is that the estimates for

the U.S. economy are subject to sampling error. (page 1363)

Likewise Prescott (1986) suggests that cyclical errors in measurement mig
ht

account for some of the deviation between the data and the predictions of h
is

model. In fact,

An important part of this deviation could very well disappear

if the economic variables were measured more in conformity with

theory. That is why I argue that theory is now ahead of

business cycle measurement and theory should be used to obtain

better measures of the key economic time series. This feedback

between theory and measurement is the way mature, quantitative

sciences advance. (page 21)

In this paper we abstract from issues concerning measurement error.

Again quoting Lucas,

Whether [the results of calibration] are viewed as 'good' or

'bad' is a difficult question, as is the related question of

which comparisons of theoretical to sample moments are most

interesting. (page 45)



In what follows, we formally address these questions.

3. CALIBRATION AS ESTIMATION.

In our study of calibration we abstract from two elements in this

methodology, namely (1) the method of detrending or pre-filtering practiced

by calibrators, and (2) their views on testing theories. We concentrate on

the effects of two other elements, namely (3) the division of the parameters

of a model into free parameters and those selected on the basis of

extra-sample information, and (4) the use of simulation estimators and the

choice of particular moments to match. Our concern is to measure the

combined effects of these two elements in small data sets.

To begin, suppose that an economic theory predicts that a variable pt

satisfies

f(Pt, xt, WO, w1, w2) = 0 (1)

in which wo, cal, and w2 are parameters and xt is a state variable which

evolves as

(2)

7



and et is a drawing from a probability density G(e, w2).4 An estimator may

be seen as consisting of (i) a partition of the parameter vector (Gib, col,

.(42), and (ii) rules for choosing estimates in each part. In what follows we

assume that the parameter of interest is wo and examine conditional

estimators, that is rules for inverting the system above to learn wo which

are conditional upon rules for choosing wl and w2.

Many estimation strategies can be studied in this framework. For

example, in calibration the parameters wl and w2 are chosen on the basis of

microeconomic studies or long-run values of time series.s Denote the values

so chosen (4 and (4 and the calibrated forcing process xct = (4, et).

The free parameters 6)0 are chosen to match certain properties of the seri
es

pt generated artificially from

f (pCt, xCt wo, wCi wC2 = 0

with those of the actual economic series pt.

(3)

In contrast, GMM estimation involves choosing a value for the paramet
er

wo so that the sample analogue of equation (1) is as close to zero as

•

4
In what follows we consider the univariate case for simplicity but vector

processes for endogenous and state variables could be analysed similarly.

We treat this selection as exogenous since we do not posit a meta-data

generation process which gives rise to both time series and cross section

data. But we do examine the effects of errors in this selection.

8



possible. If (1) is a set of equations with more elements than there are

parameters to be estimated then over-identifying restrictions could be

tested.

These two strategies can differ for several reasons. First, the

predictions of a theory may be examined using calibration even when error

terms for use in GMM cannot be formulated (see Labadie (1984) for an

example). Second, calibrators may match different moments from those

restricted in GMM estimation or they may focus on other properties of actual

and simulated data. Third, where the two methods adopt the same moments,

calibration will be inefficient since it uses simulated rather than actual

data. 
6

For asymptotic measures of this inefficiency see Ingram and Lee

(1987) and also Pakes and Pollard (1986). This distinction between the

methods obviously will not apply if the state variable is unobservable.

Moreover, measurement errors in the data may give the state variable an

element of unobservability which makes the comparison between estimation

strategies an interesting one. Fourth, calibration estimators of wo are

conditioned on values assigned to the parameters w1 and w2 whereas GMM

estimators normally do not require knowledge of these parameters. Clearly

the quality of estimates of the free parameters in calibration may depend on

the accuracy with which other parameters are set.

6
The grid search used in calibration may also account for differences in

general. Regularity conditions which rule out this effect apply in the

examples below.



For these reasons analytical comparisons generally are not possible and

hence the comparison of estimation stategies must be undertaken empirically.

While we observe one realization of {Pt} in history, in the Monte Carlo

analysis to follow we may create many such histories by numerical methods in

order to evaluate estimators.

This exercise presumes knowledge of the functions f and g and of the

density G from which the forcing variable is generated. Without these one

cannot possibly obtain estimates of cob. Economic theory may give rise to a

specific function f but is unlikely to be very precise with respect to the

function g or the density G. Our goal here is to investigate the usefulness

of the calibration estimator when the economic environment generating the

data is known up to a specific parameterization. Thus we examine the

properties of calibration estimators for the most part under ideal

conditions.

To make our discussion of these estimators more precise, we consider the

economy described by Mehra and Prescott (1985). A representative consumer

has preferences represented by the utility function

Z u(ct,i)
j=o

(4)

in which Et denotes the expectation conditional upon information at time t,

is a positive discount rate, u(c) = c
1-a

/(1-a) (log(c) if a = 1) and a is a

positive, constant coefficient of relative risk aversion. The consumer's

endowment yt evolves exogenously according to

10



Yt+i = xt+i Yt (5)

in which the growth rate, xt, follows a process which is Markov on a di
screte

state space A. This process has transition probability density Q and

is stationary and ergodic.

An equilibrium in this economy is represented by a set of prices 
for

which consumption equals the endowment at all times and in all states.

Relative prices are calculated by equating them to marginal rates of

substitution. The price of a one-period, riskfree, discount bond which

provides one unit of the endowment at time t+1 is given by:

Pt = 13 Et u'(yt+i)/u'(yt) 
(6)

We shall focus on the series {pt}t=0.

Following Mehra and Prescott let the growth rate take on s 
(finite)

values which we denote A i , i = 1,2, ..., s. In principle this is not

restrictive (since s may be as large as we wish) and it considerably

simplifies computation. The probability structure is discrete-state Markov

with transition probabilities

qij = Prob [xt+i = A;I xt = Ail i,j = 1,2, . , s.

The equilibrium or unconditional probabilities are given by q
i = Prob [xt =

A i] V t. If the current state is (yt, A i) then the price (relative to one

unit now) of one unit of the commodity next period if state j 
occurs is:

11



qij f3 u' (yt+i)/ul (Y t) = qij g u' Ai YO/u' (Yt.) (7)

The mean, variance, and autocovariance can be calculated as follows

s s

EEPti = qi chi Ai—cc 
(8)

ii

V[p]= e qi qi
ii

C[pt,pt.-1]

S S S

132 qi

i j k

-CC
tCljkAk

S S

qi qij
ii

, -cc

S S

qi q,
ii

(9)

(10)

To simplify further we parameterize the transition probabilities as

qii = (6ii (11)

in which 8ii = 1 if i = j and 0 otherwise (see Barton, David, and Fix, 1962).

_
The persistence parameter 0 must lie in (-(s-1)

1
, 1) to ensure non-negative

probabilities. This description not only reduces the number of parameters

from s(s-1) to s+1 but also allows us directly to control the degree of

temporal dependence in the fxtl series by varying 0. If 0 is zero, states

are independent over time while if 0 is positive (negative) growth rates will

be positively (negatively) autocorrelated.

12



Under the simple persistence decomposition (11) the moments (8)-(10)

become:

E[pt] = g qi Ai -cc (12)

V[pt] = 13
2
0
2 qi qj - Ai-srx

)12 (13)

C[pt,pt-11 = 0 V[pt1 (14)

These population moments will prove helpful in interpreting the Monte

Carlo evidence of section 4. Notice that under this parameterization the

mean of the price does not depend on the serial correlation in the growth

rate series. The variance and autocovariance increase as (i) the discount

rate g increases, (ii) the persistence parameter 0 increases in absolute

value, (iii) the growth rates A i become more different, and (iv) the

coefficient of relative risk aversion a increases. There is no price

variability when either a or 0 is zero.

Note that equations (6) and (5) in this theory correspond to equations

(1) and (2) above. Since fxtl is a Markov process pt is a function only of

the current state. The transition probabilities in (11) and the state values

Ai correspond to the parameters (4)1 and w2 respectively and are assumed to be

chosen in the initial calibration. Given choices of Q and A one can estimate

a, which corresponds to the free parameter wo. This correspondence seems

appropriate given the wide range of values attributed to this parameter in

13



empirical studies. For example, Hansen and Singleton (1983) and Grossman,

Melino, and Shiller (1987) find estimates of a that vary between 0 and 400

depending upon the model estimated. Mehra and Prescott allow a to vary in

order to determine whether the model can rationalize observed equity premia.

In order to limit the number of experiments we assume that there are

only three states (s = 3) with growth rates A i = (0.9873 1.0055 1.0177) and

equilibrium probabilities qi = (0.25 0.5 0.25). These growth rates

correspond roughly to the mean and plus and minus twice the standard

deviation of the observed quarterly rates for per capita U.S. consumption

from 1950:1 to 1985:4 (see Backus, Gregory, and Zin). The equilibrium

probabilities imply a larger volatility in consumption than that observed

over this period. Following the arguments of Prescott (1986), for quarterly

data, the discount rate is g = 0.99.

Our investigation of calibration as estimation in this model involves

five steps:

CD Create an artificial economy by choosing a and 0.

(2)

(3)

Generate R realizations or histories {pt} each of sample size T which

we denote { prt} , t = 1, . , T and r = 1, , R.

Calibrate a further artificial economy by using either

(i) the same 0 as in step (1), OP

(ii) a different 0, or

(iii) an estimated transition matrix see the discussion below).

14



(4) Simulate the second economy over a range (itself based on some theory)

of a, denoted A, for each calibration in step (3)
7
. Restrict

A = [0,16] (with a step size of 0.05) which mimics the inequality

restrictions used by calibrators. Select the element of A, a, which

minimizes a certain loss function (discussed below) over this range

using history {pit} and calibration series {p.} for c = i, ii, iii from

step (3). For each of the R histories, each calibration (i,

^
.or iii) and loss function produces an estimate of a which we denote a

r, ,

r = 1, ..., R.

(5) Estimate nonparametrically the density function of a.

Step (4) in this sequence, for a given history, mimics a single, actual

calibration exercise. In this framework the calibrator uses the correct

growth rates (as set up in step (1)), the correct number of states (A i , i= 1,

...,$), the corresponding equilibrium probabilities (qi ), and the discount

rate g. To complete the parameterization of the artificial economy values

for a and the simple persistence parameter 0 are required. Three different

calibrations for 0 are considered in step (3). The first assumes that the

true value of 0 is used, the second uses a 0 different (incorrect) from the

one generating the data, and the third estimates the transition matrix (qij)

The sample size at this stage need not correspond to the sample size T of the

historical data in step 2. In fact, Ingram and Lee have shown that the

efficiency of simulation estimators increases as this simulation sample size

gets large relative to T.

15



from the observed history of the consumer's endowment yt for each of th
e R

histories.

Studying the first of these calibrators gives us the density of vari
ous

estimates of a under ideal conditions, in which the supposed calibrato
r is

fortunate enough to set each parameter equal to the truth. We should

emphasize that we are not assuming that the calibrator knows the tru
e values

of the parameters. If this were the case, it would be trivial to calculate

exactly the a which generated the data. This solution could be based on an

examination of a few data points. Instead, we limit the number of possible

calibration exercises and hold some parameter settings fixed at t
heir true

values. While these conditions may favour calibration more than those found

in practice, focussing on a few parameters clarifies our anal
ysis. Moreover,

Ingram and Lee (1987) have shown that this simulation estimator i
s

VT-consistent and asymptotically normally distributed, subject to

identification. Our results on step (3) (i) provide evidence on the

small-sample properties of such ideal estimators.

The second calibrator assigns an incorrect value to 0. To be realistic

we assume the assigned value is the true value ± 0.1. With an incorrect 0 we

should reasonably expect inconsistent estimates of a. A key question

concerns the robustness of such estimates.

The third calibrator attempts to learn about a by first es
timating the

transition matrix (qij) which generates the time series of 
observed growth

rates. This matrix is estimated by maximizing the log likelihood (
see

^1-
AndersonamiGoodrion(195-0).Thisyieldsestimatescli.,for each of the r =

16



1, R histories, given by

number of transitions of growth rates from Ai to Ai in the r
th 

sample

number of times the growth rate is in Aj in the r
th
 sample.

This estimator is VT-consistent for qii and hence for large T the outcome in

step (3) (iii) should mimic that in (1).

In step (4) the criteria are the sample analogues of:

(V) & = argmin Lv(a) = var(prt) - var(p(a))1

a E A

, r r
(C) Etc = argmin 

I 

Lc(a) = covtpt,Pt-
a E A

- cov(pct (a) , (a) ) 11

{(M) &M = argmin Lau) = E [prt - 1:)(a)i2

a E A

Criterion (V) matches the variances of the two series, criterion (C) matches

the autocovariances, and criterion (M) minimizes the mean, squared differen
ce

between the two series.
8 

With one endogenous variable we cannot study the

cross-covariances which might also be used in calibration more generally.

Note also that criterion (M) is perhaps least representative of well-know
n

calibration studies (see Prescott 1986, page 16).

a
Note that (11) does not match the mean squared innovations of the two 

series.

17
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CC EA
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8 
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cross-covariances which might also be used in calibration more generally.

Note also that criterion (M) is perhaps least representative of well-known

calibration studies (see Prescott 1986, page 16).

8
Note that (11) does not match the mean squared innovations of the two series.
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An alternative calibration criterion would be to match autocorrelations

of the series (as in Greenwood, Hercowitz, and Huffman, 1987) . Using

equations (13) and (14) the population autocorrelation coefficient in our

model economy is simply O. Thus the autocorrelation in {pt} is independent

of a so that adopting this criterion in a calibration exercise would provide

no quantitative discipline. Nevertheless, despite the fact that a cannot be

identified from the autocorrelation coefficient, the calibration procedure

would select some a that most closely matched the sample autocorrelation

coefficient. Unfortunately, the density of such an estimator would be

uniform over the grid interval [0,16] for the R histories; hence for the

calibration exercise any a could be justified. Although more general

parameterizations of the transition matrix could imply identification of a

from the autocorrelation coefficient this example clearly illustrates the

potential drawbacks of blindly 'matching' some properties of artificial data

to historical data in order to estimate a.

Finally, we consider two generalized method of moments (GMM) estimators

over the same R histories and replace steps (3) and (4) by the following:

(G1)

(G2)

CCG 1

OCG 2

= argmin LGi(a) = [E (pt+i - xt,i)
_a

a E A

f 

-a ]2} .
= argmin LG2(a) = E [zt (pt+i - (3 xt,i )] ,

a E A

where for these experiments we set p equal to 0.99.

zt = 1 X t

18



The estimator iciG1 is based on an orthogonality condition arising from

equation (6). The orthogonality conditions are obtained by noting that pt =

- -a a
13Etxt+i

a 
from equation (6). Then pt - 

- 
gxt+, = pt, where 'it. = xt+i

Etxt+i
-a
. Therefore Etvt = 0 and the two GMM estimators follow directly.

The estimator aG2 is an instrumental variables estimator with the current

growth rate xt serving as an instrument. This method is adopted by Hansen

and Singleton (1982) and Tauchen (1986). Further lags of x also could be

used. One common occurrence in GMM estimation is that theory may suggest a

number of different restrictions which may yield different estimates (as in

Grossman, Melino, and Shiller (1987)). In calibration the choice of

moment(s) to match seems arbitrary. Our GMM estimates are obtained by grid

search over the same interval as is used for the calibration estimates above.

A subsidiary aim of this study is to investigate the small-sample properties

of two simple GMM estimators for data generating processes of economic

interest arising from an optimization problem.

It is worthwhile to compare the GMM and calibration estimators. The

most obvious distinction between the two is based upon their differring
•

informational demands. The GMM estimators seek a simply by orthogonality

restrictions directly based on the theory. To identify a in (G1) we require

only the value of the discount rate g, about which we have precise prior

beliefs. When the instrument set is enlarged as in (G2) we may in principle

estimate both a and g. Moreover, the use of further instruments leads to

9
One potentially could gain efficiency by taking into account

heteroskedasticity in Vt as in Hansen (1982).
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direct tests of the model through over-identifying restrictions (see Hansen,

1982).

In contrast, the calibration approach requires a complete

parameterization of the model. It involves assigning values to all

parameters of the model including those describing the evolution of the state

variable Xt. As the number of free parameters increases the dimension of the

grid search increases as does the computational cost of the procedure. It is

natural to ask whether all of the parameters can be identified by matching a

small number of moments. Regrettably, the procedure selects parameter values

regardless of their identifiability. Our results are of interest precisely

because we examine the case with one free parameter, the case in which

Identification should be easiest.

A more subtle distinction between the GMM and calibration estimators

concerns their replication. Note that two calibrators presented with the

same historical data series, using identical models, and adopting identical

loss functions in principle could arrive at entirely different estimates (we

shall provide a detailed example below in section 4)
10

. Since the calibration

estimates do not come with standard errors (although in principle these could

be found by replication) but are themselves realizations of random variables,

it is not immediately clear how much confidence to attach to any estimate

10
In this sense the calibration estimators resemble bootstrap estimators. We

could reasonably expect that as the number of calibrators becomes large the

average estimate for fixed T converges to some (not necessarily true) value.
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even if the model were true. In contrast, the GMM estimates are unique given

the data set (subject to some identification conditions) and have a

well-articulated asymptotic theory, although many finite-sample issues are

unresolved.

4. MONTE CARLO EVIDENCE.

• Many possible Monte Carlo experiments could be conducted within the

model outlined above: Our intent here is simply to provide some insight into

the issues and problems that arise when applying the calibration and GMM

estimators. We examine the properties of these estimators as we vary (a)

sample size (T = 100, 500), (b) the relative risk aversion parameter (a = 2,

4), and (c) the degree of persistence in the dividend process (0 = 0.2, .0.8).

The number of experiments is limited, but we believe that the results

convey an accurate impression of the sensitivities of the estimators with

respect to changes in the underlying economic environment.

The probability densities are estimated using a quartic kernel and a

Parzen window as discussed by Silverman (1986, page 45)
11

. In all experiments

we set the number of histories, R, equal to 1000. The state variables for

generating the R histories and the calibration simulations are generated from

11
We adopt a quartic kernel since the support of all the estimators we

consider is finite, obtained from a fixed grid search (see Tapia and

Thompson, 1978). Following Silverman, the kernel estimator uses a variable

window width given by: 0.698 min[s, IQR/1.341 where s is the sample standard

deviation and IQR the inter-quartile range of the estimates over the R

histories.

21



a uniform density between 0 and 1 using a pseudo-random number generator

(G05) in the NAG subroutines. States are defined on this interval according

to the appropriate transition probabilities. Thus for the R histories (step

(1)) the transition probability in equation (11) is employed. The

calibration simulations in steps (3)i and (3)ii also use (11) while that in

step (3)iii defines the states based on the estimated transition

probabilities. In all cases the first observation is determined from states

defined from the true equilibrium density.

The R histories of data, prt (r = 1, . R), are generated from a

preassigned seed so that we may produce identical histories for the different

calibration and GMM estimators. Thus the calibrations in 3i, ii, and iii and

the two GMM estimators are based upon the same histories. Thus the

differences between these estimators are due solely to their differring

calibration criteria or orthogonality conditions and not to sampling

variation. Note that the artificial data used in calibration, p, are

generated from an non-replicable seed, a procedure which mimics that used in

actual calibration.

Figure 1 shows estimated densities for the calibrated estimators when a

= 4 and 0 = 0.2. In all figures the first row applies to T = 100 and the

second row to T = 500. The densities are labelled with the letters

corresponding to the loss functions used in calculating them. Figure 2 shows

the two GMM estimators (the two are virtually indistinguishable) under the

same data generation process. Figures 3 and 4 present the estimated

densities under the same conditions except that 0 = 0.8.
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We shall first discuss results for a = 4 and later consider their

generality. Figures 1 and 3 illustrate cases in which all parameters but a

are set at their true values, so that the parameter vectors in steps (1) and

(3) coincide. For these cases, Ingram and Lee show that estimators such as

(V) and (C) are A-consistent and asymptotically normally distributed. Our

concern is to establish their finite-sample properties. Estimator V

(matching variances) gives excellent results with the estimated density

centred on the true value of a with a relatively small variance. As sample

size increases the density of the V estimator converges rapidly. Tables 1

and 2 record the average biases (13), mean-squared errors (Ms), and

12
approximate 95 per cent confidence intervals (0.95) for all experiments.

From table 1, for estimator V with a = 4, T = 100, and 0 = 0.2 the average

bias is only -0.02 with an approximate 95 per cent confidence interval of

[3.3,5.0]. This interval is compressed to [3.7,4.4] at a sample size of 500.

When 0 = 0.8 so that the data are more serially correlated the same general

pattern for the V estimator emerges except that the estimator is much less

efficient. For example, the 95 per cent confidence interval for 0 = 0.8 and

T = 100 is [2.3,7.6] with an average bias of -1.3.

In contrast, estimator C (matching autocovariances) performs

poorly for low values of 0 and yields reasonably precise estimates of a

only when 0 = 0.8 and T = 500. The confidence interval for 0 = 0.2 and T =

12
Since the density itself is estimated the true 95 per cent confidence

interval would be wider than shown. We ignore this added complication and

present an approximate interval.
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100 is wide: [1.2,13.7].

Perhaps the poorest calibration estimator is that based on matching mean

squared errors (M). Its density is more concentrated than that of estimator

C (but less so than V) but it converges to the true a very slowly. On

average it underestimates a; with an econometric sample size of 100 the

average bias is 0.9 for 0 = 0.2 and 2.11 for 0 = 0.8. Particularly with

high 0 the actual data have persistent cycles so that this estimator wil
l

minimize mean-squared error by choosing an a which generates cycles of
 lower

amplitude. To be consistent with this smoothing, the estimated a will be

less than the true a. While the M estimator is consistent we have found that

there can be substantial bias with as many as 5000 observations.

Figures 3 and 4 illustrate the GMM estimators. These are virtually

identical, except at 0 = 0.8 and T = 500. The estimated densities of these

estimators are centred at the true value with small average biases. A

comparison of tables 1 and 2 shows that the bias increases with t
he value of

a. This finding accords with those of Tauchen (1986), who considers 
a DGP

similar to ours in which a takes on the values 0.30 and 1.30. The bias also

declines with more persistence in the state variable. The confidence

intervals for T = 100 are fairly wide and become narrower as 0 rise
s, as

might be expected for these estimators. Convergence is relatively rapid; the

confidence intervals narrow by 50 per cent across the sample sizes 
we

consider.

n the experiments discussed so far the V estimator outperforms th
e

other calibration estimators and the GMM ones. But this result is misleading

24



since the calibration estimators are conditioned on correct settings of the

other parameters (as in step 3i). Next, we deviate from these ideal

conditions and examine steps 3ii and 3iii. In step 3ii an incorrect value of

0 is assigned, given by the true value ± 0.1. For a = 4 figure 5 gives the

density estimates for the three calibration estimators in the case in which

the true 0 = 0.2 but the calibrator assumes that 0 = 0.1. With this

miscalculation the densities of the V and C estimators are translated to the

right and centred roughly at a = 8. Moreover for large T the densities

converge to roughly twice the true a. In figure 7 the true 0 is 0.8 but the

calibrator now overestimates, the persistence parameter and selects a value of

0.9. In this case the effects of the misspecification are much less severe,

with a slight underestimate.

Figure 10 gives a numerical example based on the analysis of section 3,

which rationalizes some of these findings. The calculations are based on

equation (13) above, with the same state values and equilibrium probabilities

as in our experiments. Population variances are measured on the vertical

axis and the a's deduced from them are given on the horizontal axis. These

relations are drawn for various persistence parameters. The solid lines

denote variances. The evaluations are based on the equilibrium probabilities

and state values given above and the horizontal line gives the variance for a

= 4 and 0 = 0.2.
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Variance

Figure 10

0=0.9
0=0.8

0=0.2
0=0.1

8 a

Clearly the effect of small mistakes in setting 0 depends on the data

generation process. If 0 is small then mistakes in selecting its value will

lead to large errors in estimates of a based on matching variances and even

larger errors based on matching covariances (recall from equation (14) that

C = OV). Conversely, for large values of 0 mistakes in its setting will not

lead to large errors in conditional estimates of a.

These results show that there is a trade-off between efficiency and

robustness inherent in these calibration estimators.
13
 They also prompt us to

examine step 3iii in which the transition matrix is estimated from the

13
We have also examined small errors in setting

as our analytical results would also predict.

these have little effect,
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history prt. Figure 6 illustrates the case in which 0 = 0.2 and figure 8 that

in which 0 = 0.8. These may be compared with figures 1 and 3 respectively,

in which the first stage of calibration is correct. Estimating, as opposed

to correctly setting, the transition probabilites gives rise to wider

confidence intervals. The discrepancies are smaller the larger the sample

size and the larger the value of 0, as one would expect.

While the discussion so far has concerned a true a of 4, our qualitative

findings do not depend on this value. A complete set of experimental results

for an a of 2 is provided in table 2.

Finally, figure 9 illustrates the distinction between calibration and

more conventional estimators mentioned at the end of section 4 above. This

distinction is based on the potential irreplicability of calibration

estimates. To illustrate it we repeat steps (1) to (5) above except that in

step (2) R = 1 so that there is only one history. We conduct step (3i) so

that the model and DGP coincide. Then in step (4) we model three groups of

calibrators with one thousand members in each group. The groups are

identified with the three calibration loss functions. Figure 5 gives the

results for a =4, 0 = 0.8, and an econometric sample size of 100. Note that

the densities are those of estimates rather than estimators since there is

only one history. Note also that averaging findings within a group would not

lead its members collectively to converge to the true a.

One way to eliminate the variability in estimates based on common data

and models is to derive estimates from population moment conditions.

Specifically, each of equations (13) and (14) may be used with its observed
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sample counterpart for the historical data to solve for a. (Of course, the

estimates need not be the same.) Greenwood, Hercowitz, and Huffman (1987)

have adopted this strategy in estimating their free parameters. The quality

of these estimators again will depend on settings of other parameters.

However, if the initial parameter settings are correct (as in step 3i above)

then these estimators will be more precise than those which simply match the

sample moments of artificial and historical data. We consider such an

estimator based on solving for a from the population moments for V and C

under step 3i, with all other parameters set at their true values. In this

experiment we set a = 4, 0 = 0.8, and T = 100. The estimates from V have an

average bias of -0.36 and a 95 per cent confidence interval of 3.0 to 4.7.

The corresponding measures for estimates from C are -0.28 and 2.7 to 4.8

respectively. Compared to the earlier results reported in Table 1 for the

same setting (where the confidence intervals for V and C are 2.3 to 7.6 and

2.1 to 9.2 respectively) there is a dramatic gain in precision. Clearly

estimates based upon population moments can improve efficiency.

5. SUMMARY.

The aim of this paper is to evaluate calibration as an estimation

strategy. This evaluation takes place in the Mehra-Prescott model, since

this model is simple enough to allow both analytical results which help

interpret the simulation evidence and the application of more familiar

estimation methods. While our results are specific to this model, we believe

that the properties of calibration as estimation discussed here apply to more
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general, dynamic, optimizing models.

Important features of a dynamic model often may be revealed by

simulating the model over a variety of parameter values. Having simulated

the model and generated artificial data it is natural and useful to to

compare these with actual time series data and to compare the moments and

patterns (turning points for example) of the two series. One can regard the

parameters which yield the best match in such comparisons as estimates of the

true parameters. Our results show that these estimates are very sensitive to

choices of other parameters made in the first stage of calibration. They can

be highly misleading if the first stage involves misspecification.

Our Monte Carlo evidence suggests that generalized method-of-moments

estimators are the most reliable (though they may lack precision) and

converge quite rapidly to the true parameter. Notwithstanding this

observation, there are many dynamic equilibrium models for which GMM

estimation is impractical or computationally demanding. In these cases in

which GMM is not feasible, we offer the following suggestions on calibration

which may improve applications of this method.

1. A key difficulty with calibration is that parameters are selected

regardless of their identifiability. Therefore, where possible, analytical

expressions for the moments (or other properties matched in calibration)

should be derived so that potential singularities may be identified. These

expressions should suggest which parameter estimates are likely to be

sensitive to the choice of moment in calibration. They may also show which

moment condition is the most appropriate.
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2. When analytical expressions for population moments cannot be found. We

recommend that the model be simulated many times (with large sample sizes) to

achieve convergence, perhaps by calculating the mean of the estimates across

replications.

3. Parameters describing the evolution of the state variable should be

consistently estimated whenever possible. Following this suggestion leads to

a noisy calibration estimate but a consistent one.

4. Obtaining close matches between simulated and actual moments may not be

compelling evidence in favour of a model. Our evidence suggests very close

matching may yield misleading estimates. Calibrators should provide evidence

on the sensitivity of the moments in the artificial economy to alternative

settings of the model (much like describing likelihood functions).
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TABLE 1 a = 4

Average Biases, Mean-squared Errors, and Approximate 95% Confidence Intervals

Pt Pt

0=0.2

0=0.8

V G1 G2

T B/Ms 0.95 B/Ms 0.95 B/Ms 0.95 B/Ms 0.95 B/Ms 0.95

100 -0.02 3.3 -1.0 1.2 0.9 2.2 -0.6 2.4 -0.6 2.4

0=0.2 0.14 5.0 8.8 13.7 1.1 4.1 4.9 12.0 4.9 11.9

500 0.002 3.7 -0.17 2.6 1.03 2.3 -0.08 3.1 -0.08 3.1

0.03 4.4 0.85 6.1 1.17 3.7 0.41 5.8 0.40 5.8

100 -4.10 6.7 -4.59 2.6 0.24 2.9

0=0.1 17.33 9.7 31.32 15.3 0.28 4.8

500 -4.04 7.4 -4.35 5.4 0.31 3.1

16.43 8.8 21.69 12.2 0.18 4.4

100 1.32 2.2 0.42 0.8 1.60 1.5

0=0.3 1.81 3.4 5.85 12.1 2.77 3.4

500 1.34 2.4 1.22 1.8 1.72 1.7

1.81 3.5 1.89 4.2 3.05 3.0

100 -0.62 1.6 -0.15 1.6 1.06 1.5

8.01 13.9 9.94 14.0 1.93 5.2

500 -0.21 2.5 -0.23 2.9 1.06 2.0

1.54 7.2 0.87 6.2 1.37 4.0

100 -0.30 2.3 0.50 2.1 2.11 0.3 0.13 0.2 0.12 0.2

0=0.8 1.80 7.6 3.32 9.2 5.54 4.7 2.86 10.9 2.82 10.3

500 -0.02 3.3 -0.02 3.1 2.86 0.3 -0.22 3.5 -0.21 3.5

0.18 5.1 0.24 5.1 8.49 2.4 1.35 8.4 1.22 8.0

100 -0.91 2.6 -1.00 2.4 1.84 0.3

0=0.7 3.03 8.8 3.97 9,7 4.78 5.2

500 -0.62 3.7 -0.64 3.6 2.65 0.3

0.61 5.7 0.72 5.9 7.38 2.8

100 0.15 2.0 0.01 1.9 2.32 0.2

0=0.9 1.31 6.7 2.23 7.4 6.26 4.3

SOO 0.42 2.9 0.42 2.8 3.02 0.2

0.32 4.5 0.35 4.6 9.36 2.1

100 -0.64 2.6 -0.75 2.5 1.96 0.3

2.94 8.7 3.65 9.8 5.35 4.7

500 -0.05 3.3 -0.08 3.2 2.84 0.2

0.16 5.1 0.20 5.1 8.39 2.5

The first column gives the DGP while the second column gives the calibrated

model. In each section the first row corresponds to step 31, the second and

third to step 31i, and the third to step 3111. For each estimator and sample

size there are two columns of entries. The first gives the average bias

(B) and mean squared error (Ms); the second gives the lower and upper

boundaries of the approximate 957. confidence interval (0.95).



TABLE 2 c= 2

Average Biases, Mean-squared Errors, and Approximate 95% Confidence Intervals

Pt

0=0.2

0=0.8

qii

Pt

V

T B/Ms 0.95 B/Ms 0.95

G2

B/Ms 0.95 B/Ms 0.95 B/Ms 0.95

100 -0.004 1.7

0=0.2 0.03 2.5

500 0.002 1.5
0.007 2.5

100 -2.04 3.3

0=0.1 4.29 5.0

500 -2.01 3.8
4.06 4.2

100 0.67 1.2

0=0.3 0.47 1.7

500 0.65 1.2
0.44 1.5

100 -0.39 0.8

3.36 7.4

500 -0.1 1.2
0.40 3.7

-0.81 0.5
5.54 10.9

-0.08 1.3
0.21 3.2

-3.04 1.3
16.87 3.5

-2.18 2.6

5.57 6.1
-0.04 0.3
4.5 12.2
0.61 0.9
0.49 2.3

-0.93 0.7

6.96 12.0

-0.11 1.4
0.26 3.2

0.46
0.27
0.49
0.27
0.13
0.08
0.15
0.05
0.80
0.71
0.82
0.70
0.51
0.47
0.50
0.31

1.1
2.0
1.2
1.8
1.4
2.5
1.6
2.1
0.7
1.7
0.8
1.4
0.7
2.7
1.0
2.1

-0.33
1.83

-0.03
0.09

1.2
5.9
1.6
2.9

-0.31
1.50

-0.03
0.09

1.2
5.9
1.6
2.9

0=0.8
100 -0.12 1.2

0.38 3.7
500 -0.001 1.6

0.05
100 -0.45

0=0.7 0.83

500 -0.29
0.14

100 0.1

0=0.9 0.57

500 0.22
0.08

100 -0.32

ij 1.07
500 -0.02

0.04

2.6
1.3
4.6
1.8
2.6
1.0
3.3
1.4
2.2
1.2
4.2
1.6
2.5

-0.23 1.0
0.84 4.6
-0.006 1.5
0.06
-0.57
1.37
-0.30
0.16
0.02
0.91
0.21
0.09
0.42
1.63
-0.02
0.05

2.6
1.2
5.2
1.8
2.7
0.9
3.8
1.4
2.3
1.2
5.2
1.6
2.6

1.14
1.61
1.48
2.28
1.03
1.42
1.38
2.01
1.25
1.82
1.56
2.50
1.04
1.96
1.47
2.25

0.1
3.5
0.2
1.2
011
3.2
0.1
1.5
0.0
2.4
0.0
1.0
0.1
4.0
0.1
1.2

-0.02 0 -0.02 0

1.48 5.9 1.49 5.9

-0.11 1.8 -0.10 1.8

0.56 4.3 0.38 4.3

The first column gives

model. In each section

third to step 3ii, and

the DGP while the second column gives the calibrated

the first row corresponds to step 31, the second and

the third to step 3iii. For each estimator and sample

size there are two columns of entries. The first gives the

and mean squared error (Ms); the second gives the lower and

of the approximate 95% confidence interval (0.95).

average bias (B)

upper boundaries



KEY TO FIGURES 1 TO 8

Estimated densities of a are labelled according to the loss function used in
step 4:

- matches variances

- matches autocovariances

- minimizes mean, squared error of differences between series

- unconditional GMM (G1)

- conditional GMM (G2)

Subtitles in the figures give the a, 0, and sample size T in the DGP of step

1. Subtitles also describe steps 31i and 3iii in which 0 is set with error

and estimated respectively.
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