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Abstract

We establish convexity of a nonrenewable resource extracting agent's
value function in the future interest rate, a random variable. A preference
by the agent for future interest rate uncertainty follows. A rational
expectations, m identical firm industry equilibrium is characterized and the
links between interest rate uncertainty and output price uncertainty are

investigated.
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We established that a non-renewable resource extracting firm with
orthodox convex extraction costs preferred output price uncertainty in

Hartwick and Yeung [1985]. Here we establish the same result for future

interest rate uncertainty and move on to characterize a rational expectations

industry equilibrium for m identical firms. Interest rate uncertainty
induces output price uncertainty in an m-firm industry so the interest rate
shock is a convenient avenue to introduce output price uncertainty at the
level of the industry. Of note is the fact that a realized low rate of
interest induces an upward jump in industry price and vice versa for a
realized high rate of interest. 1In an industry model, the uncertainty is
realized at the level of the firm as a pair of observations, a specific
interest rate and a specific output price. In this case, appealing to
rational expectations, the output price is a deterministic function of the -

realized interest rate.




Interest Rate Uncertainty and Non-renewable Resource Extraction

We begin with an investigation on the optimal strategy of a resource
owner facing.interest rate uncertainty. Let s denote the owner's initial
endowment of a homogeneous non-renewable resource stock and r the current
rate of interest. At time Ta’ a new interest rate will be announced. The
probability distribution of interest rate is as follows: the probability of

the interest rate being equal to r; is ms and the expected mean rate is

equal to r. Hence

T.r. = r
iy
1

Let the instantaneous objective function of the resource owner be

denoted by

f(q(t))

where q(t) "is the quantity of the resource extracted.

The function f(q(t)) becomes [P(t)q(t) - c(q(t))] for a risk-neutral
competitive resource firm facing a given price path P(t) and a cost function
c(q(t)). For a monobo]istic resource firm, the function f becomes
[P(q(t)) « q(t) - c(q(t))] where P = P(q(t)) s the market demand of the
resource. Finally, for a social planner, the instantaneous objective may
be represented by the net social welfare brought about by resource consumption
in u(q(t)). |

The objective of the resource owner is to maximize the expected present

value of discounted instantaneous objective,




where T is the time when the resource is completely exhausted.1

For a given interest rate r and a certain level s, define the function

T
V(s;r) = max .I f(q(t))e'rtdt (5)
q(t) 70

subject to

T
f g(t)dt = s
0

Lemma 1: The function V(s;r) is convex in r.

Proof: Define three interest rates res 1 and * such that

?=ar1 + (1-a)r, (0<a<1)

Denote optimal extraction path which maximizes (5) given s and r

subject to (6) by a(t). We have then

A

-Ft Ty Mt
dt - f(q(t)) dt - (1-
e o jb q e (1-a) jé

For t>0 and ry and r, distinct and positive the term [e”"' -
-r.t t _
ae |- (1-a)e 2 ] in (8) is
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negative since ert is convex in r. For t=0, the term in square brackets
is zero. Hence (8) is negative.
Let q1(t) and qz(t) denote the optimal extraction path when the

interest rate is equal to r and r respectively. One can infer that

T -r,t
J'Ozf(qz(t))e 2 dt 2

Using the result stated in equation (8), one obtains

V(s;?) - V(s;r1) - V(s;r,) < 0.

5)
Hence the function V(s;r) is strictly convex in r; Q.E.D.
In the Appendix, we establish that for the case of our resource extracting firm

facing simultaneous output price and interest rate uncertainty, the latter two

being independently distributed, a preference for uncertainty obtains.

Theorem 1:

A resource extracting agent prefers facing a stochastic interest rate

with mean r beyond Ta to facing a certain interest rate r beyond Ta'

Proof: In order to prove Theorem 1, one has to show that the maximized value
function stated in (3) is greater than the maximized value function for a
program with interest rate equal to r wup to Ta and equal to r for time
te(Ta,cc ).

Let be the optimally chosen cumulative level of extraction up

Ea
to time Ta for the program with interest rate equal to r and r for the
time intervals [O,Ta] and (Ta,a:) respectively. The maximized value function

can be expressed as
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-rT

o - V(< - d < .=
V(s,r,r,Ta) V(s1,r,Ta) + e V(s 51,r)

aV(E&;r,Ta) -rT, aV(s-EH;?)
Since s, s optimally chosen, ———°— = ¢ _ (10)
351 351

Let s, be the optimally chosen cumulative level of extraction up

1
to time Ta which maximizes the value function (3) and hence the maximized

value can be expressed as

-rT
. - . a PO
V(S’r’Ta’Ed’fi) V(s1,r,Ta) + e i 1niv(s s1,ri)
where mo= (n1,n2,...nn) and ri= (r1,r2,...rn)

Once again, since S4 is optimally chosen

aV(s1;r,Ta) _ e-rTa ] av(s-s1;ri)
i 851

351 i=1

Invoking the fact that S4 is optimally chosen (for the uncertain

program), one infers that

) =

V(S;r,Ta,zr_i,L]

Recalling that V s strictly convex in r, one can infer that

-rT
a

V(s1;r,Ta) + e - . V(s—s1;ri) > V(s1;r,Ta) + e V(s—s1,r)
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An optimally chosen S has to satisfy condition (12). This leads to the
basic intertemporal zero arbitrage condition at Ta’ the date of the onset

of the uncertain output price.

Lemma 2: If {q(t)} defines an optimal interior solution then

m.f (g, (TF) (13)

where f‘(q(Ta)) is the left hand limit of f'(.) as t approaches
Ta and f'(qi(Tg)) is the right hand 1imit given that the interest

rate is equal to rs

Proof: We substitute in (12) to obtain this result. First we observe that

for a candidate path {q(t)}

t e (0,T,) (14A)

If there exists a ; (T, which satisfies transversality condi-

tion Of lim f‘(q-(l-)) . q-(|~) -O, then
t’l_i

—ri(Ti-t)
te (Ta’Ti) (14B)

These are zero intertemporal arbitrage conditions for path {q(t)} on either

side of Ta.

The left hand side of (12) can be written as

T
J a e-r‘tf. (Q(t)) dgd(st) dt
0 1

which using (14A) becomes




q T
ang 98(t) . I e | 249(t) g - 4.
1 qTa 1 0 1

The term on the right hand side of (12) becomes using the same procedure
T.-T

Jg bl d?sfzis dt

dg(t) . _ dg(t) df’ (q(t))

"M FTs=sy) T T La(t)) © d(T,-T)

Using (14B) one can express (16A) as

T -T.
ety [ty o

Substitution of (15) and (16B) into (12) yields (13).
Q.E.D.

Consider an example. For the case of a competitive firm facing a
constant price p and a linear marginal extraction cost schedule ba(t), we
have in (14) and (15) respectively

-r(Ta-t)
p-bq(t) = [p-bq(T3)]e t e (0,7,)

-ri(Ti—t)
p-bg (t) = pe t e (0,T,)

-r(T.-t) -r. (T.-t)
We obtain dTﬁ;.éf)) = be 3 and QﬂEé%iEll =rpe ' ' " We now
a i

» -rT
: a
T rT_+e -1

define s-sq = J. dq(t)dt. Now using (17), we obtain Q(Tg) =- %- a
0 .




(s-s1)r

_Y‘Ia

1-e

whence < : . Using (17) and the fact that

—riTi
. 1+e ] whence

e e a __dq(t) . dmc(q(t)) | i
Substitution in Jé dmc(q(t)) dg:- d(g-s1)dt
1

(
q

ields th 1 equal Simitarty [ 1 itt) o dme(e; ()
yields the integral equal to unity. Similarly j .
0 dmc(qi(tij dTi

dT.
—1 dt = 1. For this linear marginal cost case aggregate value functions

ds1
2 -r.T.12 [ -rT J
: =P e T -5 )- = [1-e 2| [:5)).2 _
V(s1,ri,T.) 2bri [ﬁ e J and V((s 51),p,Ta) 1-e (brj {?

i

e—rTa (P‘bq(Ta)J 2} .

We computed an example. A firm faces a constant output price of $105
and interest rate 0.015. It has 1000 tons to extract and marginal -cost of
extraction is simply q(t) (from a total extraction cost of .5q( )2). At
date Ta = 3.5 the interest rate is 0.15 with probability 0.5, or 0.05
with probability 0.5. The optimal solution has 727.729 tons extracted beyond
T_ and this amount is extracted over interval 12.5886 if the interest rate is

a
0.15 or over interval 19.318 if the interest rate is 0.05. The optimized

value for the program is $50,156.25.

At a certain interest rate of 0.1 beyond Ta, thg program's optimal
value is $48,405.184. Beyond Ta 716.704 tons are extracted over interval
14.474. 1t is not a coincidence that more output is extracted beyond Ta

under an uncertain interest rate since more uncertainty (a mean preserving




spread) in r makes the payoff on the average ton higher in the period of
uncertainty relative to the period of certainty. Since stock extracted
after Ta is the control in this problem we can prove our assertion by
appealing to the results of Rothschild and Stiglitz [1970] on increases in

riskiness.

Interest Rate Induced Price Uncertainty in a Competitive Resource Market

In this section, the effect of interest rate uncertainty on market
price in a competitive resource market is examined. Assume that there are
m (a large finite number) identical resource extracting firms in a competitive
resource market. Each firm owns s amount of the homogeneous stock of
initial resource endowment. The cost structures of these m firms are

identical and specified as

where i and c3 >0 for firms j=1,2,...m

The demand curve for the resource is assumed to satisfy the following

conditions.

DLQ(t)], the demand for the resource is assumed to be time
invariant
= F, F is a choke price above which demand is zero

0, the demand curve is downward sloping.

Although the demand curve is downward sloping, the decision of an

individual firm is assumed to have insignificant effect on market price.

The market supply curve is given by




where qJ(t) is the output of the jth firm which is determined

through the maximization behaviour of the firm.

From (20), the market demand can be expressed as

A rational expectations equilibrium for the resource market is a price

process P(t) such that
Qp(t) = Qg(t)

The firms' expectations are rational in that the anticipated price
process coincides almost surely with the actual price process generated on

the market by their maximization behaviour.

th eirm will maximize

Given an anticipated price process, P(t), the k
the expected present value of future discounted profit. First order condi-

tions require

k( for t € [O,Ta]

k
- Ai for t € (Ta,m)

for all interest rate realisations i=1,2,...

where Ak is the costate variable

= k(1) for t € [0,T ]

rx‘;(t) for t e [T ,=]

and all i=1,2,...n




for i=1,2,...n (26)

Condition (25) is the zero profit arbitrage condition at the date Ta of the
arrival of the uncertain interest rate. Condition (26) is a basic end point
condition (see Gelfand and Fomin [1963, p. 56]) and we make use of c'(0) = 0.
Since the m firms are identical, we can obtain industry marginal
extraction cost at each date by summing the relevant marginal extraction
cost schedules for the firms. Alternatively, we can solve the industry
problem in Theorem 1, ignoring the firms, and then obtain the extraction
paths for the identical firms by dividing the industry output at each instant
by m and obtain firm k's marginal extraction cost at each instant by
dividing industry marginal cost by m. See the example -with a linear,
negatively sloped industry demand curve and linear marginal costs below.
The analysis of a rational expectations equilibrium for competitive firms

above can be reduced to a much simpler analysis using the techniques developed

by Lucas and Prescott (1971) and extended by Brock and Magill [1979].

Define the problem of finding the optimal extraction paths of the

m firms which maximizes the integral




Subject to

as the extended integrand problem.

Let EJ(t) denote the optimal extraction path of firm j for time

t e [O,Ta) and Eg( ) denote the optimal extraction path of firm j for
time t e (Ta,m) and interest rate equal to r; of the extended integral problem.

The price path process

J(t)) in time t e [0,7.] and

J(£)) in time t e [0,T,] for i=1,2,...n

is a rational expectations equilibrium for the competitive resource market.
To see this, note that first order conditions for an interior optimum

of the extended integrand problem requires

(1)) - cp(a (1)) - k(o) for t € [0,T,] (29)
k=1,2,...m

for t € (Ta,oo)
k=1,2,...m

i=1,2,...n




for t € [O,Ta]
k=1,2,...m

for t e (Ta,oo)
k=1,2,...m

i=1,2,...n

k(0) a5 ook for k=1,2,...m

At terminal time

k=1,2,...m

Equations (29)-(34) inclusive are sufficient conditions for each
firm to maximize the present value of discounted expected profit.

The existence of a market equilibrium for each state of interest
rate realisation given a certain level of s can be proved using the tech-
nique developed by Eswaran and Lewis (1984). Hence a rational expectations

equilibrium is established.

. ‘ . k k
Lemma 3: (1) > T and (i) A1(Ta) > AZ(Ta) for ro > r
Proof of (i):

Rewrite condition (29) as

- cé(q?(t)) for i=1,2

Since all the m firms are identical, equation (35) can be expressed as

2K E?(t)) for i=1,2, (35')

{(t) = 9; = DM (£)] - ¢

Differentiating the right hand side of (35') with respect to a: one obtains




D LI - (@ () < 0
—x = 0'[-Im - cp(ai(t)) < (36)

aqi

Equation (36) demonstrates that there exists a unique EE(t) for any
In particular, a higher A?(t) is associated with a lower aﬁ(

At terminal time Ty AE(Ti) = F for i=1,2. By (32) Ag(t) decreases

t).

: : T T
more rapidly from time T, back to T, and since J. 2a;(t)dt = f L q?(t)dt = S-Sq,
Ta Ta
7 must be greater than Ty :
Proof of (ii) (by contradiction):
Assume that A?(Ta) < A;(Ta), from (32) and part (i) of Lemma 3, Ag(t)

would be greater than As(t) in the time interval (Ta,TZJ. Hence

T

~k T2~k 9~k

qz(t)dt < J q1(t)dt < f q1(t)dt. The resource constraint is not
T T
"a a

T

satisfied.
Q.E.D.

Let p(ri,T ) stand for market price of the resource at time Ta

a
if interest rate is equal to ry-

Theorem 2: Different interest rate realizations lead to different market

prices at time Ta’ In particular p(r1,Ta) > p(rz,Ta) for ro > ry.

Proof:
Using the results from part (ii) of Lemma 3 one can show that Aﬁ(Ta) >

A;(Ta). Since (36) states that a higher A?(t) associates with a Tower

~k
a5 (t), plry,To) > p(r,,T,).

Q.E.D.




We computed an example. There is a linear industry demand curve
p(t) = 105 - 0.5Q(t). The sum of the marginal cost curves of m identical
firms gives us an industry marginal extraction cost of 0.5Qt). Each firm
is a price taker, has rational expectations, and has 1000/m tons to extract.
Up to date Ta = 3.5 the interest rate is certain at 0.015. At '% the

interest rate rises to 0.15 with probability 0.5 and to 0.05 with

probability 0.5. The price jumps2 to 72.484 at Ta if the low uncertain

interest is realized and 727.729 tons are extracted by the industry (m firms)
beyond Ta over interval 19.318. The price becomes 60.445 at Ta if the
high uncertain interest rate is realized and 727.729 tons are extracted
beyond Ta over interval 12.589. The present value of industry rent is
$50,156.246 at time 0. Expected price at Ta is then $66.464 and the
variance is 36.234.

For the case of a certain interest rate 0.1 at Ta' The price at
Ta is $64.847 and the total industry rent is $48,405.184. The m firms
extract 716.704 tons beyond Ta over interval 14.4738.

We recalculated the case of an uncertain interest rate with a mean
preserving spread of r. (We let r at Ta become 0.17 with probability
0.5 and 0.03 with probability 0.5.) The mean value of price at Ta rose
to 68.45 and the variance increased to 87.53. (The value of the program was
$52,301.43 and extraction beyond Ta was 741.27.) Hence in this particular

sense, increased uncertainty in the interest rate leads to increased uncer-

tainty in output price.
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APPENDIX: A Competitive Resource Extracting Firm Facing Simultaneous

Price Uncertainty and Interest Rate Uncertainty (independently

distributed random variables)

In this appendix, we examine the case of a competitive firm in a
non-renewable resource industry facing price uncertainty and interest rate
uncertainty simultaneous. Price and the interest rate are assumed to be
independent random variables.

Let the probability distribution of the interest rate be the same as

before. The probability distribution of price at time Ta is as follows:

the probability of price being equal to Pj is tj and the expected mean

price is equal to p. Hence

Lemma A: A risk neutral firm prefers to facing a stochastic price with mean
P and a stochastic interest rate with mean v to facing a certain price

equal to p and a certain interest rate equal to .

Proof:

Let q..(t) stand for the optimal extraction path for the case when

iJ
the interest rate is equal to rs and price is equal to pj.

i=1,2,...n

Jj=1,2,...w
for the case when the interest rate is equal to r and price
is equal to pj
for the case when the interest rate is equal to rs and price

is equal to p.




Using Lemma 1, one can show that
-r.t T-J

b g, (1) - cla..(t)]e T at |
3% ij

P.-q .(t) - .
i . 57 9.;(t) - clq

for all prices j=1,2,...3

Recalling the result extablished by Hartwick and Yeung (1985), one

can demonstrate that

503t > [ pact) - c(gle)) e ot
J 0

w T-j
j§1\pj jo [Psa_;(t) - c(q

where q(t) is the optimal extraction path for prices equal to p

and the interest rate equal to T.
From (A-3) and (A-4)

n w Ti'
r I s j Jij].j(t) - c(q. .
i=1 j=1 0

G - c(@n) I e
0
The Tleft hénd side of (A-5) is the expected maximized value function
of the stochastic program while the right hand side is the maximized value
function of the certainty program. Hence Lemma A is proved.
Q.E.D.
Following the analysis of Theorem 1, one can prove that a risk
neutral firm prefers to facing a stochastic price and a stochastic interest

rate beyond Ta to facing a certain price and a certain interest rate

beyond Ta'
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Footnotes

We thank Rick Harris for suggesting that we investigate interest

rate uncertainty.

Existence of a path (not a spike of output at say time 0) requires

f(q(t)) concave for q and t positive. Thus for the case of a

2
firm facing a constant output price p over time, fljf must be

dq
positive.
It is not a coincidence that the numerical values for this problem
are for the most part the same as those for our earlier example.
Subject to the correct adjustment of the slopes of the industry
demand curve and the sum of the firms marginal extraction cost
curves, the problems are of identical formal structure. For example

a problem with a constant price $105 and a marginal extraction cost

q(t) s the same as a problem with a linear demand curve p(t) =

105 - 0.5Q(t) and a marginal extraction cost 0.5Q(t).
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