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PROPOSITIONS, PRINCIPLES AND METHODS:

THE LINEAR HYPOTHESIS AND STRUCTURAL CHANGE

ABSTRACT

This paper seeks to distinguish between the principles upon which
testing of statistical hypotheses may be based and the practical methods
which these principles generate. Seber's (1964) conclusion, that the Wald,
Lagrange Multiplier and Likelihood Ratio Principles all lead to exactly the
same test statistic in the case of a linear hypothesis, is re-—examined in
the light of a strict interpretation of the principles. Simple relationmns
between various test statistics and their distributions are outlined.

These are then applied to two well-known methods of testing for structural

change. It is found that the cusum of squares test using recursive resi-

duals is based upon the Lagrange Multiplier Principle while the prediction

interval (or Chow-) test is based upon the Wald Principle. Relations

between these tests and some straightforward extensions are outlined.

Gordon Fisher
June, 1980




PROPOSITIONS, PRINCIPLES AND METHODS:

THE LINEAR HYPOTHESIS AND STRUCTURAL CHANGE

- Gordon Fisher -

PREAMBLE

The testing of propositions put forward hypothetically is funda-
mental to the advancement of knowledge in science, because it permits the

classification of potentially fruitful lines of enquiry into those that

are worth pursuing and those that are not. Unfortunately, the outcome of

a valid testing procedure may be disputed because, inter alia, it comprises
an arbitrary element, and hence it is possible for two admissible tests of
the same kind to yield conflicting outcomes. For these reasons, testing

may well raise more questions than it answers and the way forward may not

be clear. Characteristics of this kind are especially true of testing stat-
istical hypotheses. Consequently, it is well to have clear in our 'minds,
before such a test is applied, what its special characteristics might be

and how, in view of these, it might perform relative to some alternative
test. In this respect, it is helpful to distinguish the principles on which
testing is to be based from the practical statistical methods which these
principles generate. By a principle here is meant a general rule which spec-
ifies how tests are to be devised. By a method is meant a specific statis-
tical procedure arising from application of a principle to a particular prob-
lem. The distinction is helpful because it is common for many methods of

testing to be devised on the basis of a single principle, but not vice-versa.
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The development of theory is then more straightforward and consise in terms
of principles than in terms of methods, since the former avoids unhelpful
repetition of notation and ideas. Moreoever, knowledge that different methods

have a common root in a particular principle is a useful aid to memory.

2. PRINCIPLES AND METHODS

The distinction to be drawn between principles and methods may be
illustrated by reference to three common forms of testing nested hypotheses
in large samples. These are Wald's (1943) test, Rao's (1948) test based on
efficient scores, and the Lagrange-multiplier test (Aitchison and Silvey,
1958; Silvey, 1959), each of which was originaliy developed on the basis of
maximum-likelihood theory. The second of these is exactly the same as the
third, by virtue of first-order conditions on the Lagrangean, and so the two
will be considered as one. The main outcome of the théory of these tests is
that they all yield large-sample equivalents of the likelihood-ratio test
and corresponding estimators whose distributions are almost always asymptotic

normal. In consequence, any estimators that correspond to these (i.e. which

have distributions that are also asymptotic normal) may be used to form cor-

responding tests. Similarly, since many standard tests arise as a consequence
of exact or approximate normality of the estimators involved, it is to be
expected that a whole range of standard methods are either straightforward
applications, or small-sample refinements, of the same tests.

Consider, for example, the estimation of a vector-valued parameter ©
from a random sample of n observations from a given distribution; © is unknown,

save that it lies in p-dimensional Euclidean space Q(p<n). It is desired to
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test HO: 8 ¢ w, where w represents a sub-set of points in 2 which obey the
r<p restrictions h(6) = 0. If GQ denotes maximum-likelihood estimate of

8 in Q (Z.e. unrestricted maximum-likelihood estimation), then the Wald (W-)
test for Ho is given by
(2.1) W =nh"(8.)[D.{h®,)}1 ey
: Q0 Q2 Q
a standardized quadratic form in h(QQ), where DQ{-} denotes dispersion matrix

corresponding to (unrestricted maximum-likelihood) estimation in 2. Subject

_1 —
to regularity, n 6h(6Q) is distributed as N(O,HgBelHe) asymptotically, where

He is the matrix of partial derivatives BhT(G)/BG and Be is the information

matrix corresponding to a single observation, both being evaluated at the

true value of 6. Consequently,

-1.T -1

— T —
(2.2) DQ{h(GQ)} =n He 5 He at 6 =6

Q

and hence

T T -1 -1
(2.3) W =nh (64)[Hy B, H, 1 "h(6,)
Y/ GQ 99 GQ Q2

is approximately distributed as xz(r) under HO.

Similarly, if GQ now refers to another asymptotic normal estimator of
0 in & and DQ{'} denotes its dispersion matrix, then W is again a Xz(r) var-
iate under HO; or if h(*) is linear and eQ is unbiased and exactly normal,
then a small-sample refinement of W based on the F-distribution may be ob-
tained. I will return to this below.

Notice that, whatever W-test is used, its associated estimates are
invariably based upon unrestricted estimation; that is, upon estimation of 6
in §, disregarding the restrictions h(8) = 0. For this reason, we may assoc-

iate the Wald (W-) Principle with the notion of testing restrictions using
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standardized quadratic forms of them based solely upon unrestricted estima-
tion. In contrast, the Lagrange-multiplier (M-) Principle is based solely
upon estimation of 6 in w; that is, upon restricted estimation, using ¢w,
the estimate of the vector-valued Lagrange multiplier corresponding to

h(0) = 0. The large-sample test based upon the M-principle is given by

(2.4)  M=06"[D (6 )1 %

wowe W w

where Dw(') denotes dispersion matrix corresponding to (restricted) esti-
mation in w. For example, if L(y,0) denotes the value of the likelihood

function corresponding to a given observed n-sample y at the point 6 then
the (restricted) maximum-likelihood estimates must satisfy:

Dylog L(y,0 ) - H6w¢w

h(@w)

and the first of these implies Delog L(y,Gw) = He ¢w. Moreover, it may be
w

1
-—Z
shown that, subject to regularity, n 2¢w tends in distribution to

N(O,{HgBélHe}_l), and hence that

-1, T.T - -1 T -1
(2.5 M=n " Hy BgHy 6 =n " {Dylog L(y,0,)} By {Dylog L(y,8, )}

W owow w
is approximately distributed as Xz(r) under HO. The last expression in (2.5)
is the score test (Rao, 1948). Incidentally, there is no need to insist on
maximum-likelihood estimation: the estimated Lagrange-multiplier ¢w may,
for example, apply to least squares or some other method of estimation, pro-
vided the estimates involved have well-defined normality properties of the

kind required.
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Corresponding to the W- and M-principles, we have the Likelihood
Ratio (L-) Principle which makes use of both restricted and unrestricted
estimation. In view of the bases of the tests, intuition would then sug-
gest that application of the W-principle will, in general, reject HO at
least as often as application of the M-principle, while application of the
L-principle will lead to results that lie somewhere in between the two.
This is because unrestricted estimation corresponds to the case when HO is
rejected, while restricted estimation corresponds to its 'acceptance'. 1In
a sense, the use of both restricted and unrestricted estimators might be

considered as an attempt to strike a 'balance' between the one and the other.

3. APPLICATION

We shall now consider a particular application of the principles
introduced in Section 2. Seber (1964) has investigated the testing of lin-
ear hypotheses in small samples according to the W-, M-, and L-principles
and has concluded that all "...lead to exactly the same test statistic"

(p. 265). While this conclusion is correct, Seber's method of establishing
it does not conform to a strict application of the principles involved.

The purpose of the following argument is to re-establish Seber's result
while remaining faithful to the principles to be applied.

Consider the vector y which ranges over n-dimensional Euclidean

space 6; according as N(u,InOZ). It is given that Ut € , a p-dimensional

sub-space, but otherwise U and 02 are unknown. Corresponding to the sub-

2
space {, the least squares estimates of U and O are denoted by me and sq
respectively. It is desired to test the linear hypothesis HO: Hewy wCq,

where w is (p-r)-dimensional. The number r represents the number of linear
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restrictions on § to define w. Least squares estimation under HO yields
2
m_ and s .
w w
The standard test-statistic for Hy is:

T
y (PQ_PU))Y . n-p
r

(3.1) F=—
y (I Py
where P denotes an orthogonal projection: PQ is on 2 along Ql and Pw is on
w along wl, orthogonal complementation () being relative to é;. More ex-
plicitly, if w is defined by w = § F\N[AT], where AT is a known r x n matrix
of rank r = p, then any x € { which obeys ATx = 0 must lie in w. Hence
another statement of HO is: ATu = 0, U ¢ Q. Corresponding to this latter
statement, it is well known that the unique orthogonal projection on wl(W Q,

namely PQ_Pw’ may be written as:

_ T. -1,T
(3.2) PP, = PRA(ATRRA) APy,

1
provided R[A] N & comprises the origin only (Seber, 1964, p. 262). It is
then easy to demonstrate that F in (3.1) embodies the W-principle since

m

o = PQy and heéce

v egry @ ng@ley 1T @y

(3.3) F = > =
rSo

where DQ(°) denotes dispersion matrix evaluated at 02 = s;, the latter being
given by sé = {l/(n—p)}{yT(In—PQ)y}. Of course, F in (3.1} and (3.3) each
have the central F(r, n-p) distribution under HO. Further, rF is a quadratic
form based upon the unrestricted estimates m, and 32 and the given restric-

9] f

. . 2 2 .
tions only; upon replacing 5o with 07, it is seen to be a quadratic form in
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standardized normal variates, exactly under HO. Since also sé is asymptot-
ically equivalent to Oé, the maximum~likelihood estimator of ¢, it is ob-
vious that rF 7 Xz(r) for large n. 1Indeed, if S; is replaced by Oé, we may
write rF = W to comply with the original definition of W.

The corresponding small-sample test for HO based upon the M-principle
may be obtained via minimization of (y—U)T(y—u) subject to ATU =0 for u € Q.

This requires finding a stationary point on
T T T
(3.4) L= (y-w) (y-u) + 207A¢ - 2u"(I-P)K

for variations in U and the vector Lagrange multipliers ¢ and K which min-
imizes (y—u)T(y~u) while satisfying ATp=0 for some u € Q. The small-sample
application of the M-principle is based upon the estimate of ¢ from (3.4)
and the implicit hypothesis corresponding to HO, namely: ¢ = 0. Note care-
fully that the entire procedure is based upon least squares estimation of u
in w. Writing fw for the estimate of ¢ corresponding to m s the first-order

conditions from (3.4) lead to:

This yields:

T -1,T T -1
In_PQA(A PQA) A PQ PQA(A PQA) oy

T. -1.T T. -1
£ (ATPA) AP ~(ATRGA)

T

_ _ T, ,\=1,T
PQy and m = PQy PQA(A PQA) A PQy. Corres-

in particular, fw = (ATPQA)—lA

ponding to these estimates
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e e y @)y emy)  Gemy)

w n-p+r n-p+r

. . . 2 . e
is an unbiased estimate of 0 under H The small-sample test statistic

0
based upon the M-principle uses only estimates corresponding to estimation

of U in w. If the statistic is M, then

B fi[Dw(fw)]_lfw

-1
T T -1 T -12 T -1.T
y PQA(A PQA) [}A PQA) S, } (A PQA) A ng

Seber's (1964) demonstration that both the W- and the M-principles
lead to exactly the same test statistic lies in noting that, if Oé, the un-
restricted maximum-likelihood estimate of 02, replaces si in (3.7), then
the resulting expression is {nr/(n-p)} times the F-statistic of (3.1).
Unfortunately, this step involves evaluating the dispersion matrix of fm’
—102 2 2

, at the point 0 = Op, that is, at an unrestricted esti-

mate. Clearly this violates the M-principle as established above, since

namely (ATPQA)

this principle requires the use of restricted estimates only. Moreover,
. 2 . 2 . .

using GQ in place of s, 18 unnecessary to demonstrate that the two prin-

ciples lead to the same F-statistic, as the following argument reveals.

Equation (3.7) is readily seen to reduce to
T
¥ (Po=P )y
(3.8) M=-———"* (a-ptr)
y (T -B )Y
upon application of (3.2). Under HO, {M/ (n-p+r) } is distributed as

Bl(z, EER) exactly, since

T T
y (PQ-Pw>y ) oy (PQ-Pw)y

(3.9) T T T
y (L -RP)y vy (B-P )y +y (I -Po)y
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and the two components in the denominator of the right-hand side of (3.9),

each divided by 02, are independent chi-square variates with r and (n-p)
degrees of freedom, respectively.

There is, of course, a direct correspondence between the Bl %3 5%}%
distribution and the central F(r, n-p) distribution. If, for example,
v v 81(33 %ﬁ and v = u/(1L + u), then u = v/(1-v) and u Vv Bzéﬂ, %ﬁ; moreover,
mu/q has the central F(q,m) distribution. Thus although F and M will yield
dif ferent calculated numbers in a practical example, there will be no con-
flict in using them to test HO since they have different, though correspond-

ing, distributions. The relation between W = rF, of equations (3.1) and

(3.3), and M, in equation (3.8), may be written

W M
n-p + W n-p+r

(3.10)

(see e.g. Weatherburn, 1952, chap. VIII; Wilks, 1962, p. 187). Moreover,

if )\ is the likelihood ratio corresponding to HO, it must depend on the

values of the likelihoods corresponding to estimation in Q and w. Thus A

is based upon information contained in both W and M. This is readily seen

2
n

from the definition of A: A = {Oé/Oi} where Oi refers to maximum-likelihood

. 2,
estimate of ¢~ in w. Thus, for large n,

A = {M/w} = {sé/s(i}

holds approximately, whereas for any finite n, the following holds exactly:

2

(3.11) AR . 0P

=
W n-ptr

Note also that
2

3.12) W= A"-1)(-p) .
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Hence, there can be no conflict between the small-sample tests based upon
the W- and L-principles. It follows immediately that there can be no con-
flict between the small-sample refinements of tests based upon the W-, M-
and L-principles.

With regard to the calculated values of the test statistics, it is

clear from (3.9), (3.10) and (3.12) that
2
(3.13) W= (\"-1) (n-p) 2 M{(n-p)/(n-p+r)}

which may be regarded as the exact small-sample relation between the three

tests corresponding to the general large-sample relation:

(3.14) w{n—r_l—l;} 2 {-2 log A} 2 M{—2—}

n-ptr

each of which has the Xz(r)—distribution for large n.

Relations (3.10) - (3.12) admit of proper application of the princi-
ples involved and we see that, while the calculated values of the W- and M-
statistics will differ, there is no conflict between the tests since each
is based upon its own distribution. Finally, since there is a oﬁe—for—one
correspondence between A and W, all three principles are seen to lead to
the same test statistic; for convenience, this may be taken as the F-stat-
istic given in (3.1).

Finally, notice that, in the linear case examined here, the essential
difference between a test based upon the W-principle and one based upon the
M-principle lies in the estimate of 02 that is, or should bg, used. In the
former case, an estimate of 02 in Q is required, for example GQ or sé; when

. . ey s . 2
the M-principle is applied, it is necessary to use an estimate of 07 in w.
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4. AN EXAMPLE

It is common in applications of regression analysis that estimates
of the coefficients have been obtained on the basis of m observations and
another (n-m) observations become available. It is then important to en-
quire whether, on the basis of the data, the extra (n-m) observations may
be deemed to have been generated by the same process that generated the
initial m. Various tests have been devised to deal with this, and similar,
situations. If the regression is linear with p<m unknown coefficients and
has independent, homoskedastic, normal errors then, given (n-m)>p, the
analysis of covariance is an appropriate procedure. If (n-m)Sp, the predic-
tion interval test may be used. Essentially, this has exactly the same lin-
ear structure as the analysis of covariance, except the latter has to be
modified to deal with the singularity introduced by the condition (n—m)ip.
The origins of this test are a little obscure, but Chow (1960) was certainly
the first to apply the test specifically to the idea of structural ghange
in economics. Another test, called the cusum of squares test, using recur-
sive residuals, was introduced by Brown et al. (1975) to help examine the gen-
eral question of the constancy of regression relationships over time. Harvey

(1976) has discussed the prediction interval (or Chow-) test in terms of

recursive residuals and has extended its application to sequences of blocks

of observations. The purpose here is to consider the Chow and cusum of squares
tests, and the relations between them, in the light of the discussion in Sec-
tions 2 and 3.

It will be helpful to begin by regarding each of the extra (n-m) obser-

vations as generated by a new process. Let Ve be an observation on the depend-
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ent variable at time t and Et a zero mean regression error at the same time.
Each of these is normally distributed, independently over t, with common

. 2 . . .
variance 0°. The regression relationship is written:
= T =
(4.1) Y, = xtBt + €, t=1,2,...,my,mtl,...,n,
there being p components in the vectors»xt and Bt, the latter being unknown

save that Bt = Bm for t = 1,2,...,m. It is presumed that the X, are fixed

in repeated samples. This formulation may also be written:

y B

e e L—

In equation (4.2), Yo and e are m x 1 vectors, corresponding to the first
m observations, otherwise Y, and Et are scalar-valued as in (4.1); Xq (gq=m)
denotes the (fixed) matrix of rows XE, t=1,2,...,q9.

The least squares estimate of Bm in (4.2) may be found; but

B B

e are not estimable via least squares because each is assoc-
mtl’ w2’ ﬁn q

jated with one observation only on each of y and x. Thus, for these obser-

vations, it is always possible to 'estimate' Ve without error, by appropriate

choice of Bt. To accommodate this detail, the non-singular matrix Xq is

introduced.




, q=p+tl,pt2,...,m,mtl,...,n

I
n-q

where in = Xn' The least squares estimate of the mean of y in (4.2) may
be regarded as lying in the span of Xq when gq=m, since Bm+l’6m+2""’6n
are essentially arbitrary in this case, and hence may be taken as Y, itself
for t = m+l,m+2,...,n. An additional advantage in using Xq is that the

sequence of hypotheses: Bm = B Bm+2; and so on, may each

g Bm - Bm+l -
be associated with a corresponding ﬁq for successive values of q. The per-
pendicular projection on the span of iq is P which takes the form:

—1XT
q

X (XX )
qqq

0

In this setting, suppose it is desired to test the hypothesis HO=Bt=8

for all t,against the alternative Ha: B = BI for t = 1,2,...,m; B

t =By for

t
t = mtl,m+2,...,n, that is, the null hypothesis that all the B's are the

same, against the alternative that there is one value up to t=m and another
after that, from t = mtl to t = n. Assuming (n-m)Sp, the prediction interval

(or Chow-) test is

T/\ N

y (P_-P )y -
(4.5) F = mn 0P

T(I _ﬁ )y n-m

Y n m

which has the central F(n-m, m-p) distribution under HO. Clearly F in (4.5)
is based upon the W-principle since the denominator divided by (m-p) is the
unbiased least squaresvestimate of 02 from the 'unrestricted regression'

(4.2), namely the regression corresponding to the first m observations. In

the restricted case




(4.6) = XnB +e ,

and so the restricted estimate of 02 is {(n—p)-l}{yT(In—Pn)y}. Thus the
test corresponding to the M-principle is
T/\ A
y (B -P )y
(4.7) M=——>—" (0-p)

y (1P )y
where M/ (n-p) has the B (E_B. ——15 distribution under HO. In terms of earlier
notation, £ is the span of Xm and w is the span of ﬁn' Moreover, (4.5) cor-
responds with (3.1), and (4.7) with (3.8). Of course, if (n-m)>p, it is more
appropriate to apply the analysis of covariance in the sense that this test
is never less powerful than the prediction interval test (see e.g. Saw, 1964).
However, this is a mere detail since all that is involved is a re-definition
of ﬁm in an obvious way: namely, replace the sub-matrix In—m in §m by the
perpendicular projection on the span of the matrix comprising (n-m) rows XE’
t = ml,m+2,...,n.
As far as recursive residuals are concerned, if the first m observa-
tions alone are considered, there are (m-p) recursive residuals uq,

q = p+l,p+2,...,m, defined by:

-X'Db
(4.8) = yq 99-1

1
-1%q-1 %

1
2

(1- x (X

where bq is the least squares estimate of Bm based upon the first q observa-
tions. 1If all n observations are considered, the upper bound on q may be

extended to include all the extra (n-m) observations. An alternative expres-—

sion for uq is:

=y (I -P )y -y (In— - 1)y




or

(4.9) 2 -y @ - q = p+l,p+2,...,mmtl,...,n.

Thus Z$+lu2 = yT(In—ﬁm)y, i.e. the residual sum of squares from the regres-
sion on the first m observations, since ﬁp = In. For proofs of these re-

sults see Phillips and Harvey (1975) and Brown et al. (1975). Equation (4.5)

may be re-written as

n 2
Zm+luq/(n—m)

(4.10) F =

m 2
2510y @)

and equation (4.7) as

(4.11) M " (n-p)
Zp+luq

In the above examples, there are presumed to be good a priori reasons
for asking whether the extra (n-m) observations belong to the same regime as
the first m. The alternative hypothesis in this case requires Bm+l=8m+2=...=8n,
but to be different from BI (the coefficient for the first m observations)
within the specification (4.2). 1In other cases, the form of the change may
notbbe specified, and the point (or points) at which change has taken place
need not be known. In cases of this kind the alternative hypothesis is left
deliberately more vague than it is in respect of the tests examined in (4.5),
(4.7), (4.10) and (4.11); indeed as vague as is displayed in equation (4.2)
itself. When such vagueness is in order, the cusum of squares test, as out-
1ined in Brown et al (1975), may be used. Thus, if it is believed that struc-

tural changes may have occurred within the total of n sample points available

at any point s = p+l,p+2,...,n, then the test statistic is QS where:
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ZS u2
+
(4.12) - ptl 5 =
S )T
ptl q

T A
)
y (In S)y

T A
y (I Pn)y

which is type 1 beta distributed with parameters {(s-p)/2} and {(n-s)/2},
under the null hypothesis that all the Bt's in (4.1) are equal. Comparing
(4.12) with (4.11) and (4.7), (l—QS) is exactly {M/(n-p)} with m=s, which
may be recognized by writing MS = (n—p)(l—QS). In this sense, QS may be

regarded as based upon the M-principle. Moreover,

(1-0)/(a-s) v @Ry

n-s

(4.13) — = N
Qs/(s P) yT(In_PS)y

is the F-statistic (4.10) corresponding to (4.12). This has the central
F(n-s, s-p) distribution under the null hypothesis and is based upon the

W-principle. Indeed (4.13) is obviously the Chow-test corresponding to the

points s = p+l,p+2,...,n. Writing Fs for (4.13), it follows that

(4.14) QF (n-s) = (1-Q ) (n-s), s = p+l,p+2,...,n-1.

Again, if for some s (n-s)>p, it is more appropriate to apply the analysis
of covariance rather than the prediction interval test, in which case we
make the change corresponding to the one previously noted: in Es’ replaced
In—s by the perpendicular projection on the span of the matrix comprising
(n-s) rows XE for t = s+l,s+2,...,n.

Returning to the case (n-s)3p, all of the above results arise from

the fundamental orthogonal decomposition of the total sum of squares under

the null hypothesis Z.e. when E(yt) = sz = U writing Y for the n x 1

vector of components Moo the decomposition is:
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N

T T T ~ A T A
— - = — — + — -
(4.15) (y-0) " (y-) = (- (=) +y (B4 PIy+y (P, Pyt ...
T » ~ T ~
Y @)Y Y (T, Po4p)Y

which is readily re-written in terms of (4.9), namely

T ~ 2 2 2
(4.16) y (In—Pn)y =u + uo_q + ... + up+l .

Thus both the cusum of squares test and the corresponding Chow-test are
straightforward applications of the theory of the linear hypothesis, the
former being based upon the M-principle and the latter upon the W-principle.
Moreover, since there can be no conflict between these tests (provided the
correct distributions are applied in each case), choice between them is
entirely a matter of convenience. In this respect, the facility of easy
sequential regression calculation that recursive residuals permit is clearly
a great advantage. However, in applications of the TIMVAR programr(Brown

et al.,1975), it must be remembered that the exact distribution of Qs is not

used. There may thus be some conflict between the test results of TIMVAR

and the corresponding calculations using the exact distributions of QS, or FS.

In the above test all n observations are invariably used as the obser-
vations at t=s are varied over the range s = p+l,p+2,...,n. Harvey (1976)
has considered a natural extension of the Chow-test when information is first
available at time S1> and then another (sz—sl) observations become available;
and then, after that, another (s3—sz) bringing the total to S35 and so on in

blocks s.-s,

178510 i=1,2,...,q9, say, where sq=n. Harvey's test is a natural

extension of the Chow-test in the sense it permits new observations to be
tested but allows their number to vary at each stage. Moreover, the observa-

tions are naturally ordered in time and so, as we shall see, permit a decompo-
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sition of the total sum of squares into components which are familiar in
the testing of several hypotheses by the method of 'pooling non-significant
sums of squares' (see e.g. Seber, 1966, Chap. 6).

The general purpose is to test whether Xth has the form ut = XSB

for q blocks of observations: Sl’ sz—sl,...,n—sq_l; sl > p. Corresponding

to the blocks of observations, we may define perpendicular projections

A A

Pl’PZ""’Pn corresponding to the matrices XS ,XS ,...,Xn, as defined in
1

(4.4), it being presumed that for all i, §,78;_1 = P- Consider the decompo-

sition under HO: Bt=B for all t, corresponding to (4.15):

~

41 o e = 0B o + v @Ry + v Ry

T/\/\ TAA T A
+y (Py,-P)y +y (P =Py +y (I By

Based upon this decomposition, the following sequence of test statistics'may

be calculated:

T A ~ T A ~ T A A
y (P~P))y  s;7P vy (Py=Py)y  s,7P y (Pq_l—Pn)y Sq=1"P
(4.18) . , . e = L,

T 3 s,—S T 3 s,—S T
y (L Pl)y 2 71 y (I Py 372 y (T Pq_l)y q-1

all of which have F-distributions under the null hypothesis. Testing begins

with the first factor in the sequence (4.18) and continues through the sequence
until a significant value is obtained. Notice that the residual sum of squares
in any denominator, save the first, is precisely the sum of the numerator and
denominator of the previous ratio. For this reason, the procedure is seen to

be one of 'pooling non-significant sums of squares'; and each test is essentially
asking: '"Given the previous Si_1 observations belong to one regime, do the

next (si—si_l) also belong to the same regime?" If each test in the sequence

is not significant, a final check may be made by carrying out an F-test on the
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whole (n—sl) 'new' observations. So long as (n—sl) > p, this F-test should
be the analysis of covariance. Indeed, if at any point ;s (si—si_l) > p,
then the analysis of covariance may also be carried out at this stage. 1In
this light, the decomposition (4.17) may always be cast in terms of perpen-
dicular projections ﬁq which are either as given or are of a corresponding

kind.

. T
Let the blocks of s., s,-s., S~ observations on X,

17 527810 %375 o 5qT%¢1
be represented by Xl’ X2, X3, cees Xq respectively. When the number of rows

in any Xi is greater than p, the corresponding perpendicular projection on

its span is Pi = Xi(XEXi)_lxi; while if the number of rows is less than or

equal to p, the corresponding perpendicular projection is taken to be the

identity matrix of the same order as the number of rows. §i is then block
diagonal, comprising, in order, symmetric idempotent matrices, Pi for some i

and identity matrices as appropriate. This yields a series of perpendicular

1 ﬁz, cen ﬁq (§q=§n) and the decomposition (4.17) is again approp-

riate, as is the series of tests (4.18), after proper adjustment for degrees

projections P

of freedom in the obvious way. By this device, the series of tests (4.18)
becomes a mixture of the analysis of covariance and the prediction interval

(or Chow-) test, and so represents a generalization of Harvey (1976).

5. SUMMARY

Three principles of testing hypotheses have been applied to the general
linear hypothesis to clarify Seber's (1964) conclusion that the W-, M- and L-
principles all "...lead to exactly the same test statistic". The W- and M-
principles have been applied to tests for structural change in regression and

it has been demonstrated that the Chow-test is based upon the W-principle while
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the cusum of squares is based upon the M-principle. Both tests are, conse-

quently, straightforward applications of tests of a general linear hypoth-
esis. For this reason, it has been possible to consider mixed tests and
thereby to extend Harvey (1976). Moreover, while Harvey (1976) requires
specialized proofs, the development here points to the underlying unity of
several tests; by virtue of this, it avoids the need for specialized proofs
and permits an easy extension of known results. Harvey's (1976) test

has also been demonstrated to be a special case of the method of pooling non-

significant sums of squares in the testing of several hypotheses.
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