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ABSTRACT

In this paper we discuss several statistical techniques which
may be used to test the validity of a possibly nonlinear and multi-
variate regression model, using the information provided by estimating
one or more alternative models on the same set of data. The first such
techniques in econometrics were proposed by Pesaran (1974) and Pesaran
and Deaton (1978), based on the work of Cox (1961, 1962). In Davidson
and MacKinnon (1980), we recently proposed, for the univariate case,
some new techniques which are conceptually and computationally simpler.
The first major result of this paper is that the techniques we have pro-
posed can be regarded as alternative implementations of Cox's basic idea
for non-nested hypothesis testing; under the null hypothesis all of the
test statistics are asymptotically the same random variable. A second

major result is that, for the univariate Tinear regression case, our

tests and Pesaran's test have asymptotic relative efficiency of unity

for local alternatives. We then propose several generalizations of our
procedures to the case of multivariate regression models, and show that
one of these generalizations is asymptotically equivalent under the null
hypothesis to the test proposed by Pesaran and Deaton. Finally, we
present the results of a sampling experiment for univariate Tinear models
which shows that the small-sample performance of our J-test and Pesaran's

test can be quite different.




Introduction

Economic theory typically suggests not one but a multiplicity of

models that might explain any given phenomenon. Only a small fraction of
these can reasonably be dealt with in any particular piece of empirical
work. It is therefore important that the applied econometrician have
available not only techniques which allow him to choose which of the
available models is the best, but also ones which can a]]ow him to decide
whether any of the available models is satisfactory. Conventional nested
hypothesis testing is not always adequate here. Since there‘must always
be some maintéined hypothesis, it allows of no formal test by which even a
maintained hypothesis that is plainly wrong can be rejected. All one can
do is reject é mode]l against a more general one, and perhaps decide that
the ]atfer is unsatisfactory because it makes no economic sense. In this
paper we are concerned with less conventional procedures for testing ndn-
nested hypotheses, which have the property that any or all of the models

in a given set may be rejected.

The first procedure of this type was introduced by Cox (1961, 1962) as
a generalization of the 1ikelihood ratio test. Cox's idea was that one'may
test the validity of a hypothesis, HO’ about how a set of data was generated,
by comparing the vé]ue, from the data, of the Tikelihood function for some
alternative hypotheéié with an estimate of the expected value of this 1ike-
1ihood function if H0 were true. This idea was not implemented in econometrics
until Pesaran (1974) showed how it could be applied to 1inear'regression
models. Subsequently, Pesaran and Deaton (1978) (hereaftef PD) extended

Pesaran's technique to deal with nonlinear and multivariate regression
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models. The procedure they describe will be referred to as the Cox-
Pesaran-Deaton or CPD procedure. It allows one to test whether the truth
of one model can be maintained, given the performance of an alternative
model. The roles of the two models can of course be reversed, and it is

entirely possible that both (or neither) may be rejected.

Two other tests for the univariate regression case, with the same
purpose and substantially the same properties, were receht]y proposed by
us in Davidson and MacKinnon (1980), hereafter DM. These tésts, which
we called the J-test and the P-test, will be described in Section 2 of
the paper. They are conceptually simpler than the CPD tést, and easier
to implement with eXisting computer software. Moreover, both the new
tests can easi]y“be extended so that a model may be tested against several

alternatives simultaneously.

In Section 2 of the paper we describe the tests proposed by DM,

and show that they may be regarded as developments of the artificial

nesting procedure of Atkinson (1970), which solve the identification

problem normally assbciated with such proceduresf We then demonstrate

that our P-test could alternatively have been developed as a way to imple-
ment Cox's idea for non-nested hypothesis testing, and show that under the
null hypothesis all the test statistics are asymptotically the same random

variable.

In Section 3 of the paper we consider what happens when the alter-
native hypothesis is true. For the case of univariate Tinear models we
are able to show that, among the CPD test and our tests, any test compared
with any other has asymptotic relative efficiency of unity for local

alternatives.
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In Sectidn 4 we propose several generalizations of our procedures
to the case of multivariate regression mode]s. One of these generalizations
turns out to be asymptotically equivalent, under the null hypothesis, to
the CPD test. Since the computational advantages of our procedure relative
to the CPD procedure are much greater in the multivariate case than in the

univariate one, the former should be very useful in applied work.

Finally, in Section 5, we present the results of a sampling exper-
iment in which we compare the small-sample performance of our J-test and
Pesaran's test for univariate linear models. It turns out that under the
null hypothesis neither test statistic is very close to N(0,1) when the
sample size is very small or the variance of the error term is large. How-
ever, inferences from the J-test are much more reliable in such cases than
inferences from Pesaran's test, because the density of thé latter seems to
have much thicker tails. Except in cases of extremely small sample size

and large variance, both tests seem to have good power.

2. The P-test and the CPD Test

Throughout this section, we shall consider the alternative non-

nested and in general nonlinear univariate regression models,

- f(Xt, B) + eot ' (2.1)

= g(Zt, y) + €1t - ' (2.2)

The Y (t = 1 to n) are observations on a dependent variable, and the Xt
and Zt are nonstochastic vectors of observations on independent variables,
assumed fixed in repeated samples. The two hypotheses are compound, with

respectively a k-vector B and an %-vector y of parameters to be estimated.
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If HO is true, the €0t are NID(0,0S); if H1 is true, the €14 are NID(U,O%).

The functipns f and g are assumed to be twice éontinuous]y differentiable
with respect to.B and vy respectivé]y, with first partial derivatives denoted
by F(B) and G(y), which are respectively n x k and n x £ matrices, with.
transposes FT(B) and GT(Y). It is further assumed that, as n -+ =, (1/n)FT(B)F(B),
(1/n)GT(Y)G(Y) and (1/n)FT(B)G(Y) all converge to we]]-definéd finite Timits
for all bounded B and v, the first two being positive definite and the third

non-zero.

The tests proposed by DM can be constructed in three separate steps.
The first of these is to nest HO and H1 in an artificial compound model.

At least three such models might seem reasonable. The simplest of them is
(1 - a)f(B) + ag(y) + € (2.3)

where y, f and g now denote vectors and X and Z have been suppressed for

notational convenience. A second compound model is
" (100, 2 A
[ 00 :

- £(g) + aly) +e. (2.4)
Y \(14\)012 + )\0'02 Y -

(1-x)012+A002

This model, which has been investigated by Atkinson (1970), among others,

has a 1ikelihood function which is the same as an exponential combination
of the 1ikelihood functions of Hg and H,, with weights (1-1) and A
respectively. A third compound model is

y = (oo f(B) + (1-11)01 5, g(y) + €, | (2.5)
17770

If HO is eXpressed in the form (y - f(B))/o0 = Up» then if H0 were

true Ug would be distributed as NID(0,1). Model (2.5) results from com-
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bining H0 with H1 in this form with weights (1-p) and u respectively, and

then solving for'y}

It is clear that by suitable reparametrizations (2.4) andv(2.5) can
both be put into the form of (2.3), so that the latter is the only compound
model we need to consider. -As we shall see in Section 4, however, that
will not be true for the multivariate analogues of (2.4) and (2.5). It
should also be clear that, in general, the parameters a, B and y of (2.3)

wi1l}n0t all be identified. In order to test the truth of HD’ we wish to

test the hypothesis that o = 0. That will not be possible if o is not

identified.

The second step in DM's construction of a test procedure is designed
to get around this prob]em.1 To ensure that o is identified, vy is replaced
by its maximum 1ikelihood estimate +vy. Thus one way to test the validity of

Ho'is to estimate the possibly nonlinear regression

y = (1-a)f(B) + ag + e, , (2.6)
where § denotes g(?). This procedure was called the J-test by DM. The
test statistic is simply the ordinary t-statistic for a test of o = 0,

which DM prove is asymptotically N(0,1) under Hg-

It is clear that (2.6) would still yield a valid test statistic if
5 were replaced by any vector which is asymptotically non-stochastic, such
as g(y') where y' is some other estimate of y. In particular, following
Atkinson (1970), one might want to use an estimate of the expectation of
; under Hy. Pesaran (1980) considers this and several otHer choices for v

as ways of modifying the J-test for linear models. His results do not
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suggest that there would be any gain from using estimates other than ;,
and in Section 3 we shall verify that, by the criterion of asymptotic relative

efficiency, there is indeed no gain.

If f s linear in B, performing a J-test simply requires that
one estimate H1 and then compute a single Tinear regression. If f is
nonlinear, however, (2.6) will be a nonlinear regression. The third step
in DM's construction of a test procedure is to linearize the J-test regression

(2.6) around the point (a=0,6=é). This yields the linear regression

~

y-f= Fb + a(a - f) + €, | (2.7)

~ ~

where f = f(B), F = F(B) and b = (1 - a)B. As Durbin (1970) has shown, a
Wald or Tlikelihood ratio test of the hypothesis o = 0 based on the 1linearized
regression (2.7) will be asymptotically equivalent to one based on the nonlin-
ear regression (2.6), under the null hypothesis and for local alternatives.
DM call the t-test of o = 0 in (2.7) the P-test. It is obvious that if f

is in fact Tinear, the P-test and J-test will yield identical results.

The OLS estimate of & from (2.7) is

~ A A ~. AAT/\

[(g-F) "My (y-F)1/L(g-F) M (g-F)]

~ /\/\A1/\

My =1 - F(FTF)FT, (2.9)

It is easily shown (see DM) that the t-statistic for &p is N(0,1) asymptot-

ically if H0 is true. It is also easy to see that since (y-?) is orthogonal

F, ﬁo(y-¥) = (y-f), and hence the numerator of &p is simply

(2.10)
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Thus the P-test (and also the J-test) really just amounts to testing whether
the residuals from H0 are significantly different from being orthogonal to

the difference between the fitted values from H1 and HO'

We now turn our attention to the CPD statistic, the numerator of

which 1is given by

2 2)

TO = (n/2) Tog (01 /010

~ 2 ~2
o © t o, . _ (2.12)

A

Here 002 and 012 are the ML estimates of the regression variances for (2.1)
and (2.2) respectively, and oaz is the ML estimate of the regression variance

for an auxiliary nonlinear regression

P gly) + €, | (2.13)

If H, is true, (1/Vﬁ)T0 will be of order unity and will be asymptotically
normally distributed with mean zero. Following Cox, PD obtain the following

estimate of its variance:

Vo(Tg) = (0570, (F - )Ty (F - 9), (2.14)

where g denotes the fitted values from regression (2.13). It is then

straightforward to compute the test statistic N0 = TO/VVB.

While this is certainly a valid way to implement Cox's idea for non-
nested hypothesis testing in the context of nonlinear univariate regression
models, it is not the only way to do so. Cox provides a series of formulae
which involve true parameters or probability limits, and these must be

replaced by consistent estimates to obtain a useful test statistic. Using
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different consistent estimators will produce different test statistics,

asymptotically equivalent under H0 but possibly different under H For

1°
example, observe that, as n+w, the ML estimates y will in general tend

under H0 to a well-defined Timit y defined implicitly by the equation

Tim (1/n) 6 (Y)(f(8y) - g(¥)) = 0, (2.15)

n->co

2

where By 1s the true value of B in (2.1).7 It is easily seen that the

estimates y from the auxiliary regression (2.13) will also tend to ¥ under
H0 but not necessarily, of course, under other hypotheses. Thus the

auxiliary regression (2.13) is unnecessary. We may replace Saz in (2.12)

by (a - %)T(a - ?)/n‘to obtain a new statistic Té, and é by'a in (2.14)

when computing its variance. The resulting test statistic, ND’ is just
as much an implementation of Cox's idea as is NO’ and since both are
functions of consistent estimates they must be asymptotically identical under

HO'

Eliminating the auxiliary regression can simplify the procedure

substantially in some cases. Suppose, for example, that H1 is

‘yt = ZtY +p ‘yt‘1 - pzt_1Y + Et’ . (2-16)

that is, a Tinear regression with AR(1) errors. In order to compute the auxi-
Tiary regression, one must replace yi in (2.16) by ?t, but one must not
replace Yian by %t-1' Since most computer programs for estimating regression
models with serial correlation would automatically use F lagged on the right
hand side if ? were the dependent variable, computation of the auxiliary

regression might well require a good deal of additional effort on the part

of the investigator.
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We now considef'a statistic S' defined by
S' = (/A/2)(1 - exp(-2Ty/n)) (2.17)

which is simply a first-order Taylor series approximation of Té//ﬁ'around
zero. Clearly S' and Té/¢ﬁ~are asymptotically equal 1va0 is true. More-
over, S' and Té are numerically related in a one-to-one fashion: S' is

always less than or equal to Té//ﬁ; but will be greater in absolute value

if Té//ﬁ'is negative.
It is straightforward to show that
. T 2 T ~
$' = -/ [(g-f)" (y-f)1/ [(y-9) (y-g)1. (2.18)

The numerator of S', except for the minus sign, is identical to the
numerator of Vﬁap in (2.10).  Because both (y-g)T(y-a)/ﬁ and (3-%) ﬁo(g-;)/n
have non-stochastic non-zero probability limits under either HO or H1, it
follows that S' and /ﬁ&p yield exactly the same tests, asymptotically. Thus

the P-test may be regarded as yet another test based on Cox's basic idea.

3. Asymptotic Relative Efficiency of Alternative Tests

In this section we investigate the power of the P-test and the CPD

test. MWe restrfct our attention to the case where both modéis‘are Tinear

and "close" to each other, the sample size is very 1érge, and the alternative
H1 is in fact true. Despite these restrictive assumptions, the analysis is

by no means easy. We maké use of the concept of asymptotic relative efficiency
(ARE) as defined by Kendall and Stuart (1967), which seems to be the most

natural way to compare power in the asymptotic regime.
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ARE requires the existence of a sequence of alternative hypotheses,
He, whjch approath the null hypothesis H0 as 6 » 0. Usually, 6 is a
parameter in a comprehensive model in which both He and H0 are nested,
so that the sequence of local alternatives is easily constructed. With a
non-nested hypothesis test, that is not the case, and the cbnstruction is

consequently somewhat harder.

We assume that the hypotheses HO and H1 are both linear, so that

(2.1) and (2.2) may be rewritten in vector notation as

= XB * g | (3.1)

Iy + €. (3.2)

Since these hypotheses are compound (1;e., B and y are not specified), each
is completely specified by the linear span of the columns of X or Z. The
Tinear span of the columns of an n x k matrix X of rank k is in turn com-
pletely characterized by the orthogonal projection onto it. For X and Z

these projections are
=1 - My = x0T

= 7227177,

1
Mo
L
1

and M I1-M

1

Thus any geometric measure of the distance between the progect1ons M% and

M# can serve as a measure of the distance between H0 and H1

In fact, the most suitable such measure will be the norm of the
matrix M%MOM%. This matrix is evidently symmetric and non-negative definite,
so its norm is just its largest eigenvalue, which cannot exceed unity. Two

cases are of particular interest. If H1 becomes nested in H0 (or becomes

01 1 1701

equivalent to HO), then mMiml = Ml, or, equivalently, M MM Ml 0. On the
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other hand, if &, the number of columns in Z, exceeds k, the number of
columns in X, there must exist a linear subspace, of dimension at Teast

2 - k, of n x 1 vectors which 1ie in the range of both M0 and M%. Thus,
whether or not H0 is nested in H1, so long as % > k, there exists a vector

=Mty oowmd 1, _ Ly vl =
v such that Mjv = M,*v = MMM,V = v, so that [|M1MOM1[[ = 1.

We are now ready to construct our sequence of local alternatives.
For each sample size, n, let H0 and H1 respectively define linear subspaces

in R" by the projection matrices Mo(n) and M1(n). If ¢ <k, M1(n) is to be

chosen so as to satisfy the following conditions:

. 1 1 1 1
(i) M M, Mi[] > 0 and, as n » o, | My Mg MyT] 05

(ii) the rank of M* M0 M%, r, remains constant as n -+ o, with 0 < r< k.

In writing conditions (i) and (ii) we have suppressed the explicit depend-

ence of M% and M0 on n to simplify notation. Here, and subsequently, M0

denotes Mo(n)

, and so on. Condition (i) means that H1 approaches H0 but is
never nested in it for finite n, while condition (ii) means that the eigen-

values of M% M0 M+ are either nonzero or identically zero for all finite n.

If 2 >k, M1(n) is chosen as follows. Let the range of M#, which is

an ¢-dimensional subspace of 1Rn, be expressed as the direct sum of the space

of vectors v for which M%MOM11V = v and the orthogonal complement of that

: 11
space. We denote the latter by C(n), and the restriction of M1M0M1 to C by
N1(n). Then as n - © we require that ||N1|I + 0, with the (nonzero) rank of

N1 remaining constant.

In order that the local alternatives actually approach the null

hypothesis, we must impose the conditions
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HX(n)B _ Z(n)Y(n)H >0

”MO(n) z(n) (n)H > 0

and llx(n)s - Z(n)y(n)|| +0as n > =,

Here we have not suppressed the dependence on n because B, uniquely, does
not depend on n. For % = k, condition (3.3) presents no difficulty. For
L <k, c]ear]y M1l must be chosen in such a way that the distance between
the range of M% and the vector XB tends to zero for large n. For & > k, we
may without significant Toss of generality require that Z vy ¢ C, since non-

zero vectors v with M%MOM1LV = v must always be at a positive distance from

any vector Tike XB in the range of MO‘

In addition, we assume for simplicity that 012 -2 - 02. Allowing

instead the weaker condition that 012 > 002 as n > « would not change our

results in any way. Finally, we impose the condition that

0_1|[Z(n)y(n)|| =y nl/2 (3.4)

for all n and some constant u. In view of our assumptions that (1/n)XTX

T

and (1/n)Z'Z tend to finite, nonzero limits as'n + o, this invo]vés no

loss of generality.

The next step in the determination of the ARE of the P-test and
CPD test is to obtain the expectations and variances of the two test
statistics under the sequence of local alternatives. Let us denote the
two test statistiﬁs by Np and NCPD respectively. Under HO’ these are both

N(0,1) asymptotically. It is shown in DM that under the alternative H1

(V2N = W2 4 0n 12y, and

E1 b
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Ve Npp) = (1/2)(U + ¥ + A)H(U + 0%)17 Ploglt + (U + v)/0%]

S0 (078 (3.5)

- E1(n

where
U= (/)| Mgzl 12
V= (/)| mMgzyl 12
W= (1/n)|[M0M1MOZY[l2-

It is easy to see that

U>V>HN.

Further, since M% Z =17, and using (3.4),

0 < [IMgzyl| = (2 MMtz V2 < g L2 a2 (307)

1701

It is now convenient to introduce the parameter 6 by which we shall
index our sequence of local alternatives. We choose to define 6 = 0_1U1/2,

so that by (3.6)

0 <o <ullm My w2 ) (3.8)

Thus as n + « and IIM% My M# || +0, 8 > 0 through strictly positive values.

Next we show that, as 6 - 0,

V=U(+o0(1) and W =U( +o(1)), (3.9)

where o(1) denotes a quantity which tends to zero as 6 > 0. Let us denote
by ey ... e those eigenvalues of M#MOM% (or of N, if & > k) which correspond

to eigenvectors in the range of M% (or of N). Here m = min(2,k) and clearly

all other eigenvalues are zero. Let e, = IIM%MOM%|| be the largest

eigenvalue, and let é] through e, be the nonzero eigenvalues.
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The n x 1 eigenvectors corresponding to e, to e, may be denoted by z, to Z.

-1/2

Then we may express the vector n Zy as Zm=1 g;z;. We observe from (3.7)

;
that the squared weights g? sum to uzoz, independent of n.

It is now easy to see that

(U-VI/V = (34 g,

2(

2 2 2,02
= eql9g * 2y 9y (ey/e) VM9 + 255 9y

e1/e1)] _<_ e,l. (3.11)

The final inequality in (3.11) can 1egitimate1y be inferred because our
assumptions exclude the possibility of either numerator or denominator

being zero. In view of (3.6) we shall have proved (3.9) when we establish
that 6 - 0 1mp11es ey 0. If not, then there must exist a 6 > 0 and a
subsequence {n .}, k =1,2, ... of the integers such that e(nk) +~0as k >
while e1(nk)i §. However, as k » « and hence n + =, e1(n) ~+ 0, so that only
a finite number of the e1(nk) can be equal to or greater than 5. But from
(3.3) we seekthat e(n) is always strictly positive, so that no finite subse-

quence of 6's can tend to zero. This contradiction finishes the proof of

(3.9).
We may now use this result to rewrite the equations (3.5) in the form

Eq (n't1/2 Np) =0 + 0(n_1/2)
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-E (n-1/2 N

. epp) = 001 + o(1) 1+ 0(n1/2) | (3.12)

where Ee(..) denotes an expectation calculated under the hypothesis in

the sequence of alternatives which is indexed by 6.

For 6 = 0 we know that Var(NP) = Var(N.nn) = 1 + O(n-1/2). Because

CPD
© is a positively linearly homogeneous function of the components of the
vector ZY, and both Np and NCPD depend differentiably on ZY, we may conclude
that in a neighbourhood of 8 = 0, Var, (NP) and Vare(NCPD) can be expressed
as

Var (N.) = 1 + 0(6) + 0(n"1/?), | (3.13)

where Ni denotes either NP or NCPD' This differentiable dependence also

(n-1/2

ensures that the terms 0 ), here and 1in equations (3.11), are

uniform in 8.

These remarks are sufficient to establish the regularity conditions

of Kendall and Stuart, namely

. 9 ) '
Tim [ E,(N.)] / [ E.(N.)1. =1
60 96 6 1 99 8'"i’-8=0
and
Vare(Ni)

1im -

60 Varg(Ny)
Following Kendall and Stuart, we find that the ARE of the CPD test compared with the
P-test is

178

55 Eo(Nepp)/Varg(Nepp) lg-g
5
36 Eo (Np)/Varg (N)g _ g

where the exponent ¢ is defined by the asymptotic relation

0 ; §
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K being a constant. From equations (3.12) and (3.13), we see that K = 1
and § = 1/2 for both the statistics, so that the ARE is just unity. There
is thus no reason to believe, from this analysis, that the P-test is more

or less powerful than the CPD test.

Pesaran (1980) has pointed out that the J-test could be modified by
using some other estimator for y rather than ;, and has suggested several
such modified J—tests for the case of Tinear models. It is straightforward
to compare these modified J-tests to the original J-test (P-test) according
to the criterion of ARE, using the same techniques used above. It turns
out that for two of the tests the ARE is unity, and for one of them it is
Tess than unity. Thus this analysis suggests that there is nothing to gain

by using a more complicated estimator than v.

We conclude that asymptotic analysis of power, at least according

to the ARE'criterion, provides no basis for believing that the CPD test is
more or less useful than the P-test, or indeed any of Pesaran's modified
J-tests. If we are to choose between the tests on grounds of their statistical
properties, we shall have to learn more about theirvperformance in small
samples. This problem is tackled in section 5, below, where we report the

results of some sampling experiments.

4. Testing Multivariate Models

In this section we propose three different generalizations of the P-
test for the case of multivariate models; these emerge from three different
artificial compound models. Each of these tests merely requires one GLS

regression, so that they are far more straightforward than the multivariate
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CPD test. We then show that one of these P-tests is asymptotically equiva-
lent to the CPD test under the null hypothesis. |

We shall be concerned with two non-nested multivariate models, which
may be either a set of (in general nonlinear) seemingly unrelated equations,
or the restricted reduced form of a simultaneous equations model. The two

models may be written as:
- fit(xtaB) + E_it | (4.1)
= 93¢ (Zsy) + ey (4.2)

where i (=1 to m) is the index of the equation and t (=1 to n) is the index

of the observation. For given t, the €it (whose 0 or 1 subscripts have been

dropped for convenience) are assumed to be multivariate normal with covar-
iance matrix 2 or'Q1, and serially independent. The notation for the

independent variables and parameters is unchanged from the univariate case.

It is convenient at this point to introduce further notation which
we shall use throughout this section. In order to simplify as much as
possible the a]gebra that is inevitable in multivariate analysis, we make
use of the Einstein summation convention for indices. With this convention,
any index repeated in a term is to be summed over, provided that one occurr-
ence is a subscript and another is a superscript. In this way it is possible
to represent operatidns involving vectors and matrices easily, without, for
example, needing to resort to Kronecker product notation. Indices from a
through % will refer to equations and will be summed from 1 to m; indices
from p through v will refer to observations and will be summed from 1 to n;
and Greek indices will be used to index the parameters of modé]s (that is,

the elements of g or vy, as indicated by context). If Wap denotes an
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element of some covarijance matrix Q and wab denotes the same element of 9_1,

we can write

where § is the Kronecker delta, equal to unity if its indices are the same,
and zero otherwise. In order to effect summations over observations, we shall

make no distinction between subscripts and superscripts from p through v.

The first step in the construction of a P-test is to nest H0 and
H1 in an artificial compound model. As in the univariate case, at least
three such models seem reasonable, but in the multivariate case they are not

equivalent. The simplest compound model, analogous to (2.3), is:
Yig = (1-0) £5,.(8) + ag (v) + u,. (4.3)

A more complicated model, analogous to (2.4), arises if we combine
the 1ikelihood functions for HO and H1 exponentially with weights (1-)1) and
A respectively. Pesaran (1980) shows that this yields the following com-

pound model:

- (1. Jk jk
Yig = (1 Mg (M )wp frp (B) + Awij(k)w1 gkt(y) U (4.4)

J-(
Here wij(x) is an element of the covariance matrix of the uit's and is
defined by

w1J(A) = (1—A)w83 + Aw;J,

! and 951 respectively. Thus the covariance
matrix of the uit's is the inverse of a convex combination of the inverse co-
variance matrices under H0 and H

where waJ and w}J are elements of QO"

1-
A third model, analogous to (2.5), arises if we first transform HO and

H1 so that their error terms are distributed as N(0,1), then take a convex
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combinations with weights (1-u) and U respectively, and finally

solve for Yit- If we follow this procedure we obtain

Yig = (5005500P3 £ (8) + 40P g () +u,  (4.5)

where PSJ and PN are the ij-th elements of triangular matrices PO and

1
T 1 T gt

and P1 1 1

P1 such that P0 PO = QO

P(u) = (1-p) Py + Py,

and Q(u) = P( )-1. The covariance matrix of the Usi's in (4.5) is then

t

a(u) = Q(w) Q.

In order to construct P-tests based on (4.3), (4.4) and (4.5), we
must first rep]ace y and 91 by ; and 51-to yield identified J-test
Eegressions. Linearizing these about B = é, 2 = 50 and a = 0, A =0
or u =0, as the case may be, yields the P-test regressions. For thé

simplest case, (4.3), this is seen to be

Vig - Fip = Fio 0 alggy - i) v ugy | - (4.6)
Here %it and ait denote the fitted values fit(Xt,é).and git(Zt,§) based
on FIML estimates of H0 and H1 respectively, and fit,v denotes the partial
derivative of fit with‘respect to the v-th parameter of B, so that %1t,v
is this derivative evaluated at é. Note that, under HO’ the u%t are
distributed as N(O,QO), so that (4.6) must be estimated by GLS using an
assumed covariance‘matrix proportional to 50. We'ca11 the t-test of

a = 0 from this GLS regression the PO-test.
App1ying this same procedure to (4.4) and (4.5), we obtain

0 ;{k q f e (4.7)




2 v ~0 ~jk N
fit,v bY + Q P (gkt fkt) + uitf (4.8)

where Q?j is an element of Q = PO'1. Both of these regressions are

to be estimated by GLS using 50 as the assumed covariance matrix. Wé
shall refer to the tests based on (4.7) and (4.8) as the P1-test and the

P2-test respectively.

We should note at this point that in one important respect the
validity of these tests has not yet been established. If a and 51 were
known quantities rather than estimates, the fact that the t-statistics
for a, XA and u in (4.6), (4.7) and (4.8) are asymptotically N(0,1)
under Hy would follow immediately from standard results; see Durbin (1970).
We have to verify that,as DM proved for the univariate case, the use of
ML estimates rather than known quantities does not affect this asymptotic

distribution. This task is relegated to the Appehdix.

Let us now briefly set down the steps needed to perform any P-test

in the multivariate case:

~ ~

Estimate the que]s H0 and H1 to obtain fit’ 9it> QO and 91. Differ-
entiate fit with respect to the parameters of H0 S0 as to obtain the

quantities f. ; this may be done numerically.

it,v

Compute m x m triangular matrices P0 and 51 such that PO P0 = 50'1
5 T3 -1
and P1 P1 = 91 .

~

For the Py-test, form hit as‘(git f1t) For the P,-test, premultiply
the m x n matrix whose typical element is (gjt f t) by the m x m

. A A _1
matrix 9091

0 151 to form h

to form hit’ For the P2-test, premultiply (gjt - fjt) by
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Perform a GLS regression of (yit - fit) on f and hft' That is,

it,v
premultiply the kegressand and all of the regressors, considered as
m x n matrices, by 50 and then run an OLS regression. The t-
statistic on hit is the P-test statistic. Incidentally, if this
last regressor is omitted, all of the coefficients should be

identically zero, which is an easy way to check most of the

computations.

We now turn our attention to the multivariate CPD test, as

exposited by PD. The numerator of the test statistic is

Ty = (n/2) Tog (|2,1/18,,1), | (4.9)

where 910 is an estimate of the probability 1imit under HO of the estimate
of 91. As in the univariate case, 910 is computed as Q + Qa where Qa
is the estimated covariance matrix from an auxiliary multivariate regression

t
variable. The symbol |..| denotes a determinant. Following the

analogous to (2.13), that is, H1 re-estimated using %i' as the dependent

instructions given by PD, one may compute an estimate of the variance of TO,

and thus compute the test statistic.

At first glance, there is no apparent resemblance between (4.9)
and any sort of P-test. The former involves a 1ogarithm,‘two determinants
and an auxiliary regression, none of which would pTay any bart in the latter.
Nevertheless, it turns out that the P1-test is asymptoticél]y equivalent
under the null hypothesis to the CPD tést, a proposition which we now
set out to prove. Many‘of the technical detai]s have beenfrelegated to

an appendix, but a certain amount of algebra is unavoidable.
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The first difference between the CPD test and the P1—test is the

former's use of an auxiliary nonlinear regression to compute 910. As

in the univariate case, this is unnecessary. Let us denote elements

of 510, 2 and 51 respectively by ;.Q, ;Q and ;

i3 9§ Then PD compute @

i 10

using
~0 _ "0 -

wij = wij + (1/n)(f1t = git)(fj

t (4.10)

~

where, as before, the g;4 are fitted values based on estimates y from the
auxiliary regression. It is straightforward to show that under HO
plim y = plim v = y, so that g may validly be used in (4.10) rather than

~

g. For details, see the appendix.

If we replace g by g and then use the same Taylor series approx-

imation (2.17) as in the univariate case, we obtain
. _ho s I ct ot ~1
S' = (/n/2)[1 |w1j + (fit git)(fj gj )/”!/lw1j|]‘

The numerator determinant in this expression can be rewritten as

+ W = wij + (git = fit) (gj = fj )/n|

o}, + ol
1] 1J

_ |Q1j + (2/n) (g5 - Fiy) (vs" - £591. | (4.12)

Consider now a determinant Ixij + eij! where the quantities 6 are an order
of magnitude smaller than the quantities X. The Taylor expansion of the
determinant to first order is

. ji »
L I L OIS U MO (4.13)

where the superscripts again denote the inverse matrix. This formula

may validly be applied to (4.12), because the first term, Wi 5 is of
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4

order unity as n - «, while the second is of order n'%. The result is

by,

t
J J )

ol i 01+ @/mald (g, - ) (y

i 1. - (4.18)

Substitution of this into (4.11) yields

~As 2 ~

S (1VR) 0l gy, - o) (vt - L5 (4.15)

it it J J

The expression on the right-hand side of (4.15) is of order unity,
as it should be, and is analogous to (2.18). We must now show that it
is equal to the numerator of the P1-test statistic. Consider first the

simple GLS Tinear regression:

qJ s oz _an d
N : (y. f. ) = AN

S ;0 ~kg 7
JS Js

gk “1 (925 - fog) * s (4.16)

t

where N is the oblique projection defined by a GLS regression on the %jt‘v

with covariance matrix QO;_for further details, see the appendix. It is

easily proved that the estimate of A and of its t-statistic from (4.16)

will be identical to those from (4.7), except for any degrees of freedom

correction in computing the variance. This is a consequence of\a well-
known result which may be expressed as follows: the estimates of the para-
meters ¢ and of their variances will be identical whether one estimates

by GLS the regression Y = Xc + Zd + u with u éssumed N(0,2), or the
regression NZY = NZXc ; u, where Y is a vector of dependent variables,

X and Z are matrices of independent variables, and NZ is the oblique

projection defined by
Ny=1-2(T Ty 2T

Since N in (4.16) is the oblique projection corresponding to a regression
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on the fit’v with covariance matrix QO’ the required result follows

immediately.

Now observe that

~ J' S _ A _ _ A

~

This result corresponds to the result that M(y - f) = y - % in the
univariate case, and is proved similarly from the 1ikelihood equations
for Hy which define g and 50 (see the Appendix). Thus to perform the GLS

regression (4.16), we may run the OLS regression

F )+l (4.18)

9J s 0 ~ke ( t

~ai _ ~ _ ~ai g -
The numerator of the estimate of A from this regression is

AL M it 0 CKL L s s
g = Fgd v Ng7og oy vy (9,7 - £7).

It follows directly from a result in the Appendix that

Nib S it N0 S it
wg~ N7 5 = N g s

and this along with (4.17) allows us to simplify (4719) to

N ki /" s S
(Y1t - fit) w1 (gj - fj )' (4020)

This is clearly identical to the right-hand side of (4.15), except for

the factor (-1/v/n). Expression (4-20) is the numerator of the t-statistic
from the P1-test regression. Since the denominator will have a non-stochastic,
non-zero probability limit, it follows that S' and the P1-test yield exactly

the same tests, asymptotically.
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We have thus proved that, in the multivariate case as well as in

the univariate one, there exists a P-test which implements Cox's basic
idea. There also exist (at least) two other P-tests which are not
asymptotically Cox tests, and it would be interesting to compare the
power of the three tests. We have not yet obtained any analytical results
on this matter. Limited experience with empirical appiications of the
tests suggests that the P1-test and Pz-test yield very similar inferences,
and are more prone to reject (presumably false) null hypotheses than the

PO—test.

It should perhaps be noted that P-tests can be applied to simul-
taneous equations models without explicitly deriving their reduced forms.
One merely requires, in order to obtain the fitted va]ues,.covariance
matrix and derivatives of a model, that one be able to estimate the model
and solve it for the values of the dependent variables conditional on the
predetermined variables; the derivatives can, of course, be computed
numerically. There would, however, appear to be a problem if the model
being tested were non-linear, so that the covariance matrix of the errors
adhering to the reduced form would not be constant over time. At the
moment it is not clear how any of these procedures could validly be adapted

to deal with such a case.

It should also be noted that P-tests can straightforwardly be used
to test a model against several other models simultaneously. In that
case the test regression will include several regressors 1ike hit’ and
the appropriate test statistic will be a Wald or pseudo-1ikelihood-ratio

statistic.




5. A Sampling Experiment

In Section 2 above we showed that the univariate CPD test statistic
and the P-test statistic are asymptotically the same random variable under
HO’ and in Section 3 we showed that for linear models the asymptotic
relative efficiency of the two tests is unity for local alternatives.

Thus according to the large-sample theory, there is no reason to prefer
one test over the other. The next step, obviously, is to investigate the
performance of the tests in small Samp]es. However, a full analysis of
this matter would be far beyond the scope of this paper. Instead, we
report. the results of a sampling experiment in which the performance of
the two tests is compared for univariate Tinear models. This is compu-
tationally the easiest case to deal with, and surely the most common in
practice. Note that in this case the CPD test reduces to Pesaran's

(1974) test, and that the J-test and the P-test are identical.

A number of_regressors were generated according to simple ARIMA
models, with specifications similar to those characterizing actual quarter-
ly economic time series. These specifications were adapted from some of
those reported by Nelson (1973, Chapter 8). To ensure that related
series (for example, two different price or interest rate series) were
indeed fe]ated, the error terms in the ARIMA models were chosen to be
correlated with each other. The following regressors were generated in
this way: Y, designed to resemble the log of current do]]ér GNP; U,
designed to resemble the unemployment rate; UR = 1og(U/(100-- u)); PC,

designed to resemble the rate of change of the Consumer Price Index; PY,

designed to resemble the rate of change of the GNP deflator; RS, designed

to resemble the log of a short-term interest rate; and RL, designed to
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resemble the log of a long-term interest rate. For each of these regress-
ors we generated 25 observations. For sample sizes Tonger than 25 these
same observations were then repeated, so as to ensure that the X matrices

did not change systematically as the sample size was increased.

The dependent variable, which is not intended to have any particular
economic interpretation, will be referred to as D. Three linear models to

explain D were postulated. They are:

D ag + a1Y + a2U + a3PY + a4RL + €

D=b,+b,Yy +bUR+D

0 1 2 3
D CO + c1Y + c2U + c3PC + c4RL + c5 RS + ¢

PC + b4RS + €

The data were actually generated by H1, with the following parameter values:

3, = .5,»a1 = .8, a, = .02, ag = -.02, 3, = 2. Thus‘H2 and H3 were always
false models. Note that H2 has only one regressor, Y, in common with H1,
and has the same number of parameters. On the other hand, H3 has three
regressors, Y, U and RL, in common with H1, and has one more parameter.

Thus it seems 1ikely that Hy will fit better than H,, SO that a test of

23
H1 against H3 is more 1ikely to result in rejection of the true model

than a test of H1 against H2.

Six differeht experiments wefe performed.' In each case the number
of replications was 500, which is sufficiently large for trustworthy
statistical inferences. The sample size was either 25 or 100, which are
roughly the extremes for time series work with quarterly data. The variance
was .0001, .0004 or .0016. Since the data are in logarithms, these corres-
pond to standard errors of one, two and four percent. Standard errors of

one and two percent seem quite realistic, butba standard error of four




- 28 -

percent seems rather large for time series regressions. Thus the worst

case considered (sample size 25, variance .0016) is surely as unfavorable

a situation for estimation and inference as one is likely to encounter.

We first consider what happens when the model being tested is the
true model, Hy. Asymptotically, both the test statistics should be N(0,1)
in this case. Whether the observed distributions are consistent with this
may be tested by means of a Kolmogorov-Smirnov test. In Table 1, the
numbers reported under KSP are the probabiiities, on abtwo—tail test, of
observing a KS statistic as large as or larger than the one actually

observed, given that the true distribution is N(0,1).

In Table 1 we also report the means and standard deviations of the
P-test and CPD test statistics under "Mean" and- "S.D." réspective]y, to-
gether with test statistics for the hypotheses that the true mean is zero
and the true variance is unity. The latter, which should both be N(0,1)

2Il

under the null, are reported under "Test u" and "Test o The first

of these is simply ;/(SVEUU) and the second, which is based on a large-

~

sample approximation, is (02 - 1)/(84/250)%.

What we are really interested in, of course, is how many times the
two non-nested hypothesis tests will lead us falsely to reject H1. We
therefore report the proportion of times that the two test statistics are
greater than 1.96 and 2.50 in absolute value (under "R1.96" and "R2.50").‘
The former number is of course the .05 critical value for the normal
distribution. The‘]atter corresponds to a .0124 critical level, but, more
important, it is a convenient number to remember, which one might reason-

ably use as a conservative critical value in applied work if one suspected
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TABLE 1

Tests of H] Against Two Alternative Models

Sample Alternative

Size Variance Model - KSP Mean Test u S.D. Test 02

R1.96 R2.50

.0042  .1249 .93 .9540 .56 .038 .014

25 .0001 .0074 -.2144 -4.25 1.1268 3.36  .090* .036*

.0000 .3233 .24 .9992 .03 .076 * .022
.0000 -.3965 .09 .2500 .69 .118* .064 *

.0000 .2515 .67 .9915 .27 .056  .016
.0000 -.3606 .20 .3004 .46 L120* .072%*

.0000 .7805 .64 9364  -2.22 .104* .036*
.0000 -1.0380 .22 .8250 13.83 .208* 134+
.0000  .5480 .47 .9822 -0.58 .070  .024 *
.0000 -.6511 .58 .5192  8.96 .150* .090*
.0000 1.0947 .99 8444  -6.36 .156* ,052*
.0000 -4.1969 77 .6844 15.77 .384* [312%
.4258  .0558 . 9776 -0.73 .036 .008
.3302 -.0981 . .0250 0.76 .040 .018
.0082  .1800 . .0133 .41 .050 .014
.0138 -.1963 . .0738 .10 .074* .022
.4357 0538 . .0049 .15 .048 .016
.2308 -.1037 .15 .0768 A7 0 .064 .024 %
.0000 .3254 .40 .9829 .56 .060 .018
.0058 -.3000 .98 .1225 .26 .084* 046 *
.0000 .2217 5.20 .9530 .60 .050 .012
.0104 -.2204 -4.65 .0600 .74 .082* .038*

.0000 .7204 18.60 .8662 .26 .076 * .024 *
.0000 -.7059 -12.58 .2547 77 .148* .094 *

Note: The first number of each pair refers to the P-test (and J-test) statistic, and
the second refers to the CPD (Pesaran) statistic.
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that the asymptotic regime did not strictly apply. If the proportion of
rejections is significantly greater than .05 or .0124, according to a
normal approximation to the binomial distribution, this is indicated by

an asterisk.

It is clear from Table 1 that the small sample distributions of the
test statistics depend on the sample size, the variance, and the charact-
eristics of the alternative model. When the sample size is 25, the KS

test always rejects the hypothesis that the true distribution is N(0,1).

When the sample size is 100 and the variance is .0001 or .0004, that

hypothesis cannbt be rejected when the alternative model is HZ’ but can

be rejected when it is H3. This is true for both tests.

Both test statistics tend to have non-zero means, of roughly the
same magnitude. The mean for the P-test is always positive, and the mean
for the CPD test is always negative. This is perhaps an unfortunate char-
acteristic, since those are the signs one would expect the test statistics

to have if the alternative model were true.

The major difference between the two'teét statisticé is that the
standard deviation of the CPD statistic js always greater than unity, usually
significantly so, while that of the P-test statistic is qua]Ty 1e$s than
unity and never significantly greater. In the most extreme case (sample
size 25, variance .0016, alternative H3), the sténdard deviation of the CPD

test is almost twenty, reflecting the influence of some éxtreme outliers.

The large variance of the CPD test meéns that it always rejects

the null hypothesis more often than the P-test, and usuaT]y rejects it
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more often than it should. The P-test also rejects the null too often

in some cases, but this is much less marked. Moreover, the distribution
of the P-test statistic apparently has much thinner tails than that of the
CPD statistic. Using 2.5 as the critical value never yields a rejection
rate of more than 5.2% for the P-test, but yields one as high as 31.2%

for the CPD test. This suggests that even in cases where the small sample
distribution is far from N(0,1), one may be able to guard against Type I
error for the P-test by using a somewhat conservative critical value, but

that this will not be possible for the CPD test.

These results also suggest that it will be relatively easy to modify
the P-test to make it approximately valid in small samples, because one would
simply have to subtract an estimate of the mean of the test statistic. In
contrast, any attempt to make the CPD test more useful in small samples would
have to deal with the variance as well as the mean. These matters are the

subject of ongoing research.

In Table 2, we present results for the case where the model under
test is false. We present the proportion of the time that the model under
test is rejected using critical values of 1.96 and 2.50, and the mean,
median and standard deviation of the test statistics. In the Teft-hand
side of the table H2 and H3 are tested against the true model, H1, and

in the right-hand side they are tested against each other.

It has often been observed in practice that when the P-test

statistic is large (say, greater than four), the CPD test statistic is

even larger. This observation is confirmed in Table 2. Most of the

time the mean of the latter is indeed larger in absolute value than the
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TABLE 2
Tests of False Models

Model | False ‘
Tested R1.96 R2.50 Mean Median S.D. Alt. R1.96 R2.50 Median S.D.

Cése 1: Sample Size = 25, Variance = .0001

1.000 1.000 7.14 6.92 1.73 642 208 2. 12 .50
1.000 1.000 -14.75 -14.39 3.72 .930 .846 -3. 3.67 .50

1.000 .998 6.19 6.01 1.63 ©.056 .008 -0. 0.95 0.62
1.000 1.000 -20.97 -19.61 9.37 .054  .002 1. .05 .62
Sample Size = 25, Variance = .0004

.924  .820 3.60 3.54 1.21 328 .114 . .69
976 - .960 -7.84 -7.44 3.71 710 .604 . .08

.832  .678  3.06 2.97 1.20 .068  .018 -0. 0.75
.970  .950 -16.15 -10.02 22.71 .070  .004 O. .85
Sample Size = 25, Variance = .0016

430 .232  1.83 1.78 1.06 124,036
.658 .580 -3.94 -3.02 3.54 572 .490

.308 .160 1.55 ~1.48 1.02 .074  .028
.710  .640 -28.59 -4.18 339.75 .074  .022
‘Sample Size = 100, Variance = .0001

1.000 1.000 13.76 13.71 1.41 1.000 1.000 .
1.000 1.000 -26.73 -26.64 3.23 - 1.000 1.000 .16

1.000 1.000 11.98 12.02 1.32 572 .268 .10
1.000 1.000 -34.91 -34.41 5.92 .558  .230 .03
Sample Size = 100, Variance = .0004

1.000 1.000 6.92 6.89 1.13 932 .798 3.07 3.
1.000 1.000 -13.65 -13.43 3.29 962  .920 -5.19 -4.89

1.000 .996 6.01 5.99 1.10 .254  .106 -1.39 .46
1.000 1.000 -25.21 -18.52 122.69 .246 .094 .37 .45
Sample Size = 100, Variance = .0016

.948 .842 3.48 3.43 0.99 .448  .190 .85 .87
.970 .952 -6.83 -6.35 3.17 .716  .604 -3.58 -2.98

.852 .704 2.99 2.96 0.99 H, .112 .044 .80 .82
.970 .952 -36.91 -9.29 425.64 .100  .032 .79 .83

The first number of each pair refers to the P-test statistic, the second
to the CPD test statistic. ' '
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mean of the former. In such cases the standard deviation of the latter
is also always much larger. By itself, the larger mean WQuld give the
CPD test greater power, while the larger variance would give it less

power.

In fact, it is evident that both tests have amp]é power against
the truth in cases 1, 4 and 5, and reasonably high power in cases 2 and 6.
Only when the sample size is 25 and the variance is .0016 do the tests
seriously lack power. It also appears that, except when testing H

3
against H,, the CPD test has higher power than the P-test. This result,
2

however, is probably spurious, since we know from Table 1 that the sizes

of the two tests are not equal. How we can meaningfully compare power |
when these sizes are unknown is far from clear. A1l we can say with any
confidence is that the CPD test is more Tikely to Tlead to rejection

than the P-test, irrespective of whether the model being tested is true.

The foregoing experimental results suggest the following conclusions:
When the sample size is reasonably large and the variance is reasonably
small, both'the‘tests perform in a satisfactory manner. This will

depend on the characteristics of the models being tested, of course.

As the sample size decreases and/or the Qariance increases, the per-
formance of both tests deteriorates. The CPD test becomes much more
likely than the P-test to reject the model being tesﬁed, whether or
not it is trﬁe. The P-test may still be uéed safely in unfavourable
conditions by adopting a somewhat conservative critica]vva]ue, such
as 2.5 or 3.0, but the CPD test acquires a very large variance under

the null in such conditions and becomes completely unreliable.




- 34 -

3. Further theoretical work to develop tests which can validly be used

in small samples 1is clearly called for.




e
Appendix

In thisvtechnital appendix we demonstrate that both‘§ and ; tend
to the same probability 1imit 7y, under Hg» so that an auxiliary regression like
(2.13) is indeed unnecessary. Using this result, we then show that the
t-statistics from a11.of the P-test regressions (4.6), (4-7) and (4.8) are

asymptotically N(0,1)~under'H0.

The 1ikelihood equations for model H1 which define the estimates

; and{Az1 are as follows:
Wap = (1/0) (ygg = 954 (¥)) (yy™ = 97" (v))

~ AL . t/\
95y, (V) o (yJ-t - 957 (v)) = 0.

In order to discuss the convergence in probability under H0 of v and

we define the functions wab and G:

0
wab(Y’Q’rab) = Wb T %ab * Tab

+ Tim (1/n) (F,(8g) - 9 () (f,%(By) - ¢, "))

N->co

() 0™ (#,58) - 950,

GU(Y’Q’SQ) =s 0t Tim (1/1r1)g1.,c,Ul ;

N
Here wgb and Sh denote the true values of these parameters, and rab and

Su denote as yet unspecified arguments. So that the functions W and G are
well-defined, we must make a few assumptions, some of which were made already

in sections 2 and 4: -

(i) As n >, the limits of (1/n)fat(so)fbt(eo), (1/n)gat(Y)fbt(BO)

and (1/n)gat(y)gbt(y) exist and are finite. Convergence is uniform with
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respect to y in any compact subset of 1RQ, so that the limits are continuous
functions of y. In fact, uniform convergence of enough derivatives is assumed

so that the limits here are twice continuously differentijable.

.. .. t
(ii) As n - o, the Timits of (1/n)fit,u(80)fj ,v(BO)’

(1/n)g jt(

convergence is uniform in compact sets.

(Y)gjt(Y) and (1/n)git u(y)f BO) exist and are finite. Again,

it,u

(iii) There exists a finite solution (Y,R) of the equations
Nab(y,Q,O) = 0 and Gu(y,Q,O) = 0 which corresponds to a global maximum of
2 L,(v,2) = - Togla] - Tim (f, (8y) - g (¥)u(£,E(gg) - 9, 5(¥))
Y e attPo! T Sat b ‘Fo/ = 9p VY-
(iv) The Hessian of L, at (7,7 is positive definite. Of course,
Q as an argument of L1 is restricted to the set of symmetric matrices.
Assumptions (iii) and (iv) ensure that Hy is asymptotically identified under

HO'

We now wish to show that as n -+ «, plim y.= plimy = y. The

equations given by PD for y and the matrix they call f,0 are as follows:

0ty = Ggp * (1/n) (7,4 () - 9, ()I(F(B) - 9" () (A.3)

9i¢,,(1) 013 (F55 (B) - 9" () = 0 | (A.4)

Assumptions (i) and (ii) ensure that if Hy is true the usual maximum 1ikeli-

hood results hold:

8= 8y + 0 (n)

-1

(n2).
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Consequently, both equations (A.1) and (A.2) for y and 51 and equations

(A.3) and (A.4) for ; and §10 can be expressed in the form
Wop (ssryy (vs0, n)) =0 (A.7)
Gu(Y,Q,SU(Y,Q,n)) 0, (A.8)

if rab(-) and su(-) are defined appropriately. For equations (A.1) and (A.2),

for example,

s (rs2un) = (1/n)g;y (1) W'

it,u

« (1/m)ggy () w1 (85

(v) o (5.5

- Tim (1/n) it ;

n->oco

since  yg = foo (Bg) + ey (A.9)

Clearly the random functions rab(-) and s () are all op(1) as n > o

uniformly in compact sets.

Assumptions (iii) and (iv) are precisely what is needed to apply

the implicit function theorem to the equations
Wy (Vs2ryp) (A.10)
G (Y,Q,su) . (A.11)

We conclude that in the neighbourhood of (y,2) and for small enough L and
sp, unique solutions to these equations exist and are differentiable in the
parameters b and Su' But for any realization of the random functions

rab(-) and su('), equations (A.7) and (A.8) will have, for large enough n,
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a unique solution in the neighbourhood of (v,R). Since at this solution
b and su take on values which are op(1), it foi]ows from the remark
following (A.11) that this solution is distant from (v,%) by an amount
which is op(1) as n »~ o, Thus both plim ; and plim ; exist and equal 7.

~

We now wish to derive an explicit expression for fat(B). Using

standard results on maximum 1ikelihood estimators, we obtain

- A bc

fag(B) = Fop + (/mf, PV F e Se0 ) (a2)

0 cs,v b p

where fat denotes fat(BO), and so on. Here F*V is an element of the

inverse of the matrix with typical element Fuv defined by

- ab t

It is convenient here to introduce the oblique projection associated
with GLS regression on the fat . with covariance matrix QO‘ This 1is the

projection conventionally expressed as
Tq =154-1,T, -1
I -2Z2(Z 2 ) 'Z 2
in textbooks. In our notation it takes the form:

NI S - 6136

S w oo s  kj
it - (1/n)f F fk’,va .

t it,u
One can easily check that N is idempotent, so that

k r =N k r

js
No NS it

and one can verifyAthe useful result that

0 JS_ 2 0 '
%% Nty TN T g (R.15)

%s
corresponds to the transpose of Ni ¢

Note that an expression 1ike Niﬁst
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It follows directly from (A.12) and (A.9) that

| ; -
Yat = Tat = + 0, (n7)  (A.16)

Notice further that if one evaluates all the functions of unknown parameters
in (A.13) at the maximum 1ikelihood estimates so as to define N, then it

follows from the 1ikelihood equation

= "1 t_ 2ty g

A

Ajs —A _ )
Nie™ s = Ty6) = vip = Ty

As in equation (4.16), we may write the various P-test regressions

(4.6), (4.7) and (4.8) in the form

A . ~ ~

vds o, sy L is’0 “ke 0

A~

,Q, ! ) ~ A
where w? denotes the k%-th element of the inverse of QO’ 91 or Q1QOT for

the PO-, P1- and P2—tests respectively, and 2y stands for q, A Or p. If

N

aI denotes the GLS estimator of aI from (A.17), then

iap = AV

and the GLS estimator of the variance of SI is (1/n)VI'1,-wheré

N V22 § e TS o3

A ct_ 2ty ig0 gas ke 2
Vp = (/n)(g;™ - £.7) wi” o Nt o1 (9gg = Fyg)-

~

Since QI’ N>, 9t and fit have non-stochastic probability limits, we conclude

from (A.14), (A.15) and (A.16) that the t-statistic for a from (A.17) will be

asymptotically distributed as N(0,1).
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FOOTNOTES

As a matter of historical fact, the J-test was not developed as
a way to get around the problem of identification in artificial

nesting procedures, but perhaps it should have been.

Strictly speaking, we do not require that (2.15) have a solution
Y which is 1oca11y unique. Even if the parameters of H1 are
not identified under HO’ our subsequent results will hold under
the weaker assumption that there exists a plim of g(y) under

Hgs if so, g(y) will have the same plim.

Our previous assumptions imply that X and Z are respectively
nxk and n x & matrices, each of full column rank, and such
that the dimension of the intersection of the linear spans of their

columns is strictly less than min(g,k).

~

Because the y.,, f

it? and éit are bounded, expressions. like

it

t ~t . .
yityj/n and yitfj/n will be assumed to have well-defined

finite 1imits as n » «. On the other hand, expressions Tike

t . A -1 I
yite./n have zero mean and variance of order n '; the expressions

J
-1
themselves are therefore of order n .
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