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Abstract: In this paper we establish a complete characterization of the strategic interaction of firms in
sequential entry models. The limit price plays an important coordinating role in non-cooperative sequential
entry models. We show that for many firms in a large range of sequential entry equilibria, the limit price is
effectively parametric, so that firms make investment decisions in a quasi-competitive manner. Entry

deterrence is only pursued by firms at the beginning of the sequence if it is profitable; otherwise it is delegated
to the last firms to enter.



"Despite the great progress that has been made in oligopoly theory and entry deterrence, relatively little is

known about the interactions between strategic entry deterrence and market structure”.

Richard Gilbert (1989,p. 516)
1. Introduction

The modern literature on strategic entry deterrence can be seen as a reaction to and
a refinement of the Bain-Sylos-Modigliani limit price model of mornopoly entry deterrence.
Numerous contributions, surveyed in Gilbert (1989) and Ware (1991) have combined
Schelling’s (1962) concepts of commitment and strategic behaviour with Selten’s (1975)
subgame perfection to explain monopoly entry deterrence as an equilibrium phenomenon.
However, the one incumbent-one entrant framework framework typically used suppresses
interesting questions regarding the ability of multiple incumbents to non-cooperatively deter
entry.

In the non-cooperative oligopoly case, there is a fundamental tension not found in
the monopoly case. On the one hand, investment in entry deterrence has attributes of a
public good. The entire set of incumbents benefit from the investment in entry deterrence
made by each firm. If these investments are costly firms may attempt to delegéte the
responsibility for entry deterrence to rivals. On the other hand, investment in entry
deterrence may confer a strategic advantage on the firm vis-a-vis other incumbents, implying
a larger market share in the (entry deterring) perfect equilibrium.

In this paper we construct an equilibrium model of market structure with sequential
entry in which these opposing forces can be analyzed. We describe the conditions under
which the costs of entry deterrence dominate equilibrium behavior and those under which
market share considerations are paramount. We determine the circumstances under which
delegation occurs and distinguish between the circumstances under which delegation is
profitable and those in which delegation imposes costs on later entrants. In particular we
highlight the role of the Limit Price in summarizing the investment decisions of incumbent
firms. ‘Although the actual strategy of each firm considers deviations from equilibriumin the

normal way, many of the firms in an equilibrium entry sequence to our model choose
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quantities as if the limit price were parametric, in much the same way as would a
competitive firm.

Game theoretic models of sequential entry have provided a rich framework for the
study of the interaction of strategic investment and market structure. The framework
involves firms entering sequentially, making an irreversible commitment to produce by
incurring sunk costs. Each firm’s sunk investment provides the means to behave strategically
with respect to future entrants. Firms recognize that their investment choice will induce an
equilibrium market structure: they will induce the one most profitable to themselves. A
perfect equlibrium of this game is equivalent to perfect foresight on the part of each entrant
about the number and size of future entrants. In addition, an equilibrium market structure
has the property that the profitability of additional entry is non-positive.

The richness of the framework arises from considerations of the potential market
structures that a firm can induce by its investment. For example, the first firm must consider
whether the second firm will deter entry or allow the third firm to enter. The second firm
will have to consider whether the third firm will deter the fourth an so on. Within a
modelling framework of this type, the work of Eaton and Ware (1987), Schwartz and
Baumann (1988), Vives (1988) and McLean and Riordan (1989) has addressed the issue of
non-cooperative entry deterrence.

The specification of the cost function in Eaton and Ware, Vives, and McLean and
Riordan is not general enough to capture the costs and benefits of the provision of entry
deterrence. Either market share considerations always dominate cost considerations so that
entry deterrence is never delegated (Eaton and Ware(1987); Vives (1988); Gilbert and
Vives(1986)) or the cost considerations always dominate the market share implications and
it is always delegated (McLean and Riordan). The simulation work of Schwartz and
Baumann is suggestive, but by its very nature it provides little analytical or intuiiiye
explanation for the observed equilibrium market structures.

In our model firms have U-shaped average cost curves, the marginal cost of
production is incréasing and firms can commit directly to quantities. As a result the
marginal cost of providing entry deterrence is also increasing. This leads to a natural trade-

off between the market share benefits of investing in greater entry deterrence and the

~
7



3

increasing cost of providing additional entry deterrence.

Two concepts play an important role in our analysis of the equilibrium market
structure. The first is the limit pricing output (LPO). A firm is producing at its limit pricing
output when it chooses the quantity at which marginal cost equals the limit price. Secondly,
a firm is producing its Stackelberg quantity when it takes as given the quantity choices of
earlier entrants, and anticipates unconstrained (by the threat of entry) optimal chioces by
later incumbents.

We find that there are two possible equilibrium configurations. In the first the extent
of economies of scale and strategic behaviour are such that any delegation which takes place
is profitable for later entrants. In this case there are typically three goups of firms. The first
entrants produce at the LPO. After these firms there is one firm which produces more than
the Stackelberg output but less than the LPO. The final group of entrants produce their
Stackelberg quantities. In this equilibrium configuration firms find it profitable to increase
their investment in entry deterrence, if it is required to deter entry, since marginal profit is
positive when output is less than the LPO.

In the second equilibrium configuration, delegation imposes costs on later entrants.
In this configuration there are typically two groups of firms. Early entrants produce ‘at the
LPO and delegate responsibility for additional entry deterrence to later entrants. Later
entrants produce above the LPO and hence the marginal profit for firms in this group is
negative. Early entrants in the sequence of investment have an incentive not to bear an
equal share of the costs of entry deterrene in the knowledge that later entrants will be
forced to pick up the slack. The option for later entrants of allowing entry is not credible
unless in the equilibrium to the accommodation subgame the later entrants earn higher
profit. If this is not the case, early entrants delegate costly investments in entry deterrence
to later entrants with the knowledge that it is optimal for the later entrants.to deter entry.

As the minimum-efficient cost and scale decrease, the free-entry number of firms
increases, the limit price approaches the competitive price and the extent of strategic
behaviour diminishes in perfect equilibrium. A greater percentage of firms produce at the
LPO and treat the limit price as parametric. Provided the minimum efficient cost and scale

are bounded away from zero, the perfect equilibiriumis characterized by strategic behaviour.

~
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Robson (1990) has attempted a more general description of sequential investment models.
He established that in the limit as the minimum efficient scale goes to zero, the equilibrium
of a sequential entry model with U-shaped costs and quantity commitment is the competitive
equilibrium.

We also comment on the definition of underinvestment in entry dettence by
incumbent firms and the possibility that the delegation of entry deterrence will result in
underinvestment. We find that compared to a multiplant monopolist, the non-cooperative
solution always involves fewer firms. Despite delegation, the non-cooperative equilibrium
involves overinvestment.

The remainder of the paper is organized as follows. Section 2 describes the model.
Section 3, the analytical core of the paper, characterizes the equilibria into blockaded and
strategic, and within the strategic category, shows that exactly five sub-categories of
equilibrium will always occur. Section 4 discusses the underinvestment issue, and Section 5

draws conclusions.
2. The Model

Consider a market for a homogenous product with linear demand given by P(X) =
A - X, where A is a positive constant and X is total output. The cost function for firm1 is
given by c(x) = X + F, where x is the output for firmi and F is the fixed cost of entry.
Though simple, two features of this cost function distinguish our analysis from previous work:
marginal cost is increasing and hence average cost is U-shaped. Denote average cost of firm
i by a(x), and the vector of quantities for n firms as x = (%, %, . - -, x,). We assume that
there is a set N of potential entrants, N = {1,..n}, where n is such that P(x)<a(x) for at
least onei= 1,...,n for any x where x, > 0V i. That is, not alln firms are viable at striétly
positive outputs.

The séquential entry game we analyze is one of perfect information and it consists
of n stages. In -staéei firmi decides whether or not to enter the market and if it enters, it

commits to an output level. When selecting its output firmi takes as fixed the choices of
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firms 1 throughi - I and it recognizes that there aren - i firms to follow. Firmi’s behaviour
is Cournot \lvith respect to its predecessors; Stackelberg with respect to its successors. If we

let Y; = }:xj , ie the cumulative output of the firms preceding firm i, then a strategy for
j=1

firmi(iz]) is a function R; which assigns a level of production for firmi to every possible Y;.
The strategy of firm 1 is simply an output level! Given a strategy for each firm 2 through
n and a quantity for firm 1 we can recursively determine the implied output vector, x, since
Y, = x and Y;,; = Yi+x = Y, +R(Y;) Vi> 2. Hence x =

{xl,x2=R2(xl)=R2(Y2),x3=R3(Y2+x2)=R3(Y3),- -+ x,=R (Y, +x,,)=R,(Y,)}

The profits of firmi are defined as m;(x) = P(x)x - c(x).
A subgame perfect equilibrium to this game is a set of strategies R =

{%,,Ry,Rs,..,R, } such that the following two conditions are satisfied:

@) X, =argmax m, (xlsg R,' (Y, (xl )))=P(x1 "'_22: Ri (Y; (xl)))x1 _C(x1)

3 R}. (Y,(x,)))""P(Y, Xt E Rj(Yj(xi)))xi"—c(xi)

]=i+1

=i+

@) R(Y;)=agmaxm, (Y,x,
J
Vi=2,.,0.

Condition (i) requires that the output choice of firm 1 be profit maximizing, given the
responses of firms 2 through n. Condition (ii) states that R; must maximize the profits of
firmi for any Y;, given the responses of firmsi + I throughn.

In general for sequential entry games with U-shaped average cost and downward-
sloping demand, Robson (1990) has established the following two intuitive properties, and

in what follows we will make use of them::2

11n any sequential game of perfect information, once the strategies of all but the first mover are specified,
the first move determines the outcome.

2Both of these results are also derived in Eaton and Ware (1987) for the case of Leontief costs.

~
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(P1) A necessary and sufficient condition for entry by firmi is that
its profits, conditioned on Y,, but ignoring the subsequent
equilibrium output choices by firmsi + I throughn, be positive
(Robson, 1990, Lemma 3, p. 74)

(P2) Active firms are first. If m firms produce with positive output in
the subgame perfect equilibrium, these will be firms 1 through
m. Firms m + 1 through n will be inactive (Robson, 1990,
Lemma 4, p. 75) .

Thus, in our subsequent analysis, whenever we refer to anm firm equilibrium, (P2)

implies that these are the firstm firms.
3. Equilibrium Strategies

In this section we characterize the equilibrium strategies of firms, and the
corresponding equilibrium market structures. It is useful to define two types of subgame
perfect equilibria. A blockaded equilibrium is defined to be an equilibrium to the game in
which m<n firms are active, such that if the game is redefined by setting n”=m (.e. by
restricting the total number of potential entrants to m), the equilibrium to the redefined
game coincides with the original # firm equilibrium. In a blockaded equilibrium firms 1
through m do not engage in strategic entry deterrence. In a manner to be made precise
shortly, this means that they do not expand their output with the intent of deterring
subsequent entrants. All other equilibria not satisfying this restriction are described as
strategic equilibria.’ '

Thelimit output (LO) is defined by the smallest value of Y; which solves the equation

maxnl.‘(Yi,xi ) = 0 That is, the limit output is the cumulative output by firms 1 through -

X;

3This terminology was introduced by Eaton and Ware (1987)
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1, Y,, such that if firm i were to enter and select its profit maximizing quantity without
regard to firmsi+I throughn, the profits of firmi would be zero. We assume that if Y; =
LO (implying post-entry profits of at most zero), entry of firmi is deterred, and by extension,
entry of firms i + I through n will also be deterred. Define the limit price (LP) by

LP=P(LO). It is a simple matter to derive explicit expressions in our linear-quadratic model

for these values; LO =A - 2J2F and LP =2y/2F . The LO and the LP are both functions

of the fixed costs of entry: LO(F) is decreasing in F; LP(F) increasing. Decreases in F
reduce the minimum market share a firm requires to earn profits post-entry. Hence to
continue to deter entry the incumbent firms must expand their output when F decreases.

With these definitions in mind proposition 1 is straightforward.

Proposition 1: Industry output in equilibrium is at least as large as the limit output; industry

price is no larger than the limit price

Proof. Suppose that the equilibrium output vector is such that firms 1 throughm are active
and cumulative output, X, is less than the limit output. Then by definition firmm+1 .could
enter and earn positive profits, regardless of the equilibrium behaviour of firms m+2

through n, by (P1); which is a contradiction. QED.
Blockaded Equilibrium’
Anm firm blockaded equilibrium corresponds to the familiar game of Stackelberg

with m firms and no fixed costs. The Stackelberg reaction or best response functions for

firms 2 through m are defined, by

\
4See Eaton and Ware (1987) Corollary 2, p.8 for a similar result.

SWe have recently become aware of Economides (1991) which offers an analysis of the blockaded case
which is similar to our own. '

~
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] 5 (@) =P, ”‘:*E S e -ck) (D
j

=i+l

S;(;)=argmaxm, (Y, x;,
j

=i+

Strictly speaking, firm 1 does not have a reaction function, rather it selects

4 = argmaxm, (5,3 8600 =P 6+ 3 80560 -¢ ).
J= ]=

However, if we recognize that Y; = 0, the analysis for firms 2 through m can be used for

firm 1. The first-order condition for firmi, from (1) is

m-i

oY, .
P+P|1 s,
" +§ i

x, -c/(x,)=0 (2)

1l

where we have for the sake of clarity suppressed the functional arguments and used the

prime notation to indicate a first derivative.

Lemma 1: The first-order condition for firmi can be written as

m-i

1
[1+ S’iﬂ.]
1

x,-c'(x)=0 )

1

P+P

j=
The second order condition for firmi in the linear-quadratic case is

-2 -2<0

H (1 +S/i+j)
=

m-i Y. . .
Proof: The term 1+), S’ ax”’ in (2) is the effect on total output from a unit increase
= -

1

in the output of firmi. The definition of Y;,; and recursive manipulation yields
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m-i Y. . m-i
143 8= =] [1+5%,]

j=1 9x; ja

which when substituted into (2) gives (3). Differentiation of (3), noting that S"() =
d’(x) = 0 for the linear quadratic case, yields the second order condition. QED.

Recall that in the linear-quadratic model, P(X) = A - X and ¢(x) = ¥ + F. In the
following series of Lemmas, we solve for and characterize the reaction function of firm: in

the linear-quadratic case.

Lemma 2: The m firm blockaded reaction function for firm i(#m) in the linear-quadratic

model is

m-1

II (1+57)
S,(%)= (4 -v,)— *)

2[ﬁ (1+8%,)+ 1]
j=i

Proof. The blockaded reaction function for firmm is

S (Y,)= (,4_-4}’1) (42)
Using (3), (4a) and backwards recursion wg obtain (4) QED
From (4) it is immediate that the reaction function for firm i (1) is linear.
Lemma 3. -.1 <S(Y;)<0
Proof. ‘Follows from backward recursion én (4) and (4a). QED

Note that Lemma 3 implies that the second order condition is always satisfied.
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Lemma 4: The effect on total output from a unit expansion in output by firm i is greater

than zero, but less than one, ie
m-i
0<JJ [1+57,]<1.
J=t
Proof. Follows immediately from Lemma 3. QED.

Define ¥ (Y;,m) = {S(Y;), S+1(Yis1)s- Su(Ym)} as the vector of outputs for firms: through
m, contingent on Y;, when they each follow the blockaded reaction functions, (4). Let the

aggregate output produced by firmsi throughm associated with this vector be X;(Y;,m), Le.
Xi (Y;,m)= j§o Sisg (Yi;)
and thus X (m)=x1+Y S;(Y))

j=2

Lemma 5: (First-Mover Advantages) In the m firm blockaded equilibrium,

X >% >...>xandm >m, >0,

Proof.In equilibrium, each firm is producing at an output level where its marginal revenue
equals its marginal cost:

P - x,=c'(x;) Vi ©)

i

m-i
T (1+8,1
j=1 p

Marginal revenue is a decreasing function of the firm indexi since from Lemma 3,

m-i
LH [1+S], ;1| is increasing in the firm index i and firms face a common price. As
=1 -

marginal cost is increasing in output, equilibrium firm output is monotone decreasing in the

index i. The profit ordering follows naturally from the output ordering. QED

~
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Lemma 6: The LPO is strictly greater than the output of firm i (x = S(Y;)) when the

outputs of firms j > i are determined by §.

Proof: When a firm is producing at the LPO, price equals marginal cost. For all i, marginal

revenue is less than price when firms j > i follow strategy §. See equation (5).

In the following section, we determine the strategies firms will follow in a strategic
equilibrium. It turns out that in our linear-quadratic model, the Stackelberg reaction
functions for firmsm - 2, m - 1, and m play a leading role. The reaction function for firm

m is (4a); using (4) and (4a), the reaction functions for firmsm - 1 andm - 2 are

i 3A-Y,,)
Sm-l (Ym—l ) = —'14 ! (4b)
and
33A4-Y,,)
Sm-Z (Ym-Z) = _178 2 (40)

Strategic Equilibrium

In this section we begin our discussion of strategic equilibriumin a descriptive manner
for the monopoly, duopoly and triopoly cases. The intuition and principles developed here
will be established rigorously following this discussion.

Figure 1 shows the demand curve, the marginal revenue curve for a monopolist, the
marginal cost curve, the limit pricing output and the limit output. The monopoly price and
output are P, and x, respectively. For values of F > F, (1), the equilibrium is a Blockadéd
monopoly. For values of F < F,(1) further entry will result if the monopolist does not
increase its output.\ Proposition 1 indicates that in the most profitable market structure firm

1 can induce, the highest price will be the hmlt price. By setting its output equal to the limit
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output, the monopolist can deter entry. This will be more profitable than any other
alternative provided marginal cost is less than the limit price, since relative to any other
alternative, the monopolist makes a positive marginal profit on each unit between x,, and
the LO.

At F,(1), the monopolist is producing where the LPO equals the LO and hence the
limit price equals marginal cost. For values of F < F,(1), continues deterrence of additional
firms by the monopolist will require that the monopolist produce units with a negative
marginal profit, i.e. marginal cost greater than the limit price. The alternative to deterence
is to choose an optimal accommodation strategy, recognizing that the choice by potential
entrants must eventually deter further entry. In order to evaluate the payoff to allowing
entry, the incumbent monopolist must know the post entry equilibium market structure.

The most profitable two firm market structure for the monopolist would be blockaded
duopoly. It involves both firm 1 and firm 2 producing according to § i = 1,2. We establish
in Lemma 7 that for the relevant region that this will also be an equilibrium market structure
since aggregate output will exceed the limit output. The optimal accommodation equilibrium
for the incumbent monpolist involves both a reduction in market share (Lemma 5), and a
reduction in price since blockaded duopoly output exceeds the limit output (Lemma 6).

Consequently, it will be profit maximizing for firm 1 to continue to deter entry by
producing above the LPO as long as the costs from continued entry deterrence are less than
the reduction in profits from allowing entry. Decreases in F will require increasing output
further and further above the LPO, and since blockaded duopoly profits are independent
of F, eventually the costs of entry deterrence exceed the benefits, and firm 1 allows firm 2
to enter® Denote this value of F by F(1).

Figure 2 shows the equilibrium outputs in the monopoly and duopoly cases. Figure
3 shows the marginal cost of firm 1 and firm 2 in the monopoly and doupoly cases. As F
continues to decline, the LO rises, and eventually at F, (2) the blockaded duopoly output

equals the limit output. Continued deterrence of firm 3 will require the two incumbents to

\

S0f course, for this to be an equilibrium, we must check that for this value of F, blockaded duopoly still
deters entry. '

~
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expand their output. Once again, both firms know that the most profitable market structure
will involve price equal to the limit price. At the blockaded output levels, limit price exceeds
marginal cost. Hence, if given the opportunity, each is willing to expand output to keep
aggregate output equal to the limit output. By virtue of the order of movement, firm 1 has
this opportunity first, and expands output such that given the reaction of firm 2, S,,
aggregate output will equal the limit output. Firm 2 produces optimally according to S,; with
such a response, entry will be deterred.

Further decreases in F increase x; : firm 2 responds optimally by decreasing x,. This
will continue to be its most profitable strategy as F declines until it is producing at the LPO.
Thereafter for firm 1 to continue to deter entry, marginal profit will be negative since
marginal costs will exceed the limit price. However, it knows that the optimal response of
firm 2 if firm 1 produces at the LPO is to deter entry by producing the difference between
the LO and the LPO, since the limit price is greater than marginal cost. This will continue
to be the case until F is such that both firms producing at the LPO just deters entry (E,(2)).
In this region, output of firm 2 will increase up to the LPO; the output of firm 1 tracks the
LPO and since the LPO is declining in F, so is the output of firm 1.

For F < E,(2), continued deterrence by firms 1 and 2 of firm 3 will require at least
one of them to produce above the LPO. Continued entry deterrence will now be costly, in
the sense that marginal units will be produced at a marginal cost which exceeds the
equilibrium price. Firm 1 will delegate this costly entry deterrence to firm 2. Firm 2 then
faces the choice between producing the additional units necessary to attain the LO or
allowing entry. By the same reasoning as we used in the monopoly case, firm 2 will prefer
to continue to deter for some interval of F, because further entry will entail at the very least
a reduction in output and possibly a reduction in price as well.

For firm 2, the profits from this continued deterrence strategy are decreasing as F
decreases. Allowing entry, given that firm 1 has chosen the LPO(F), becomes more
profitable as F decreases, since the output of firm 1 will be smaller. Thus at F;(2) firm 2
will be just indifferent between deterring and permitting entry, by choosing a blockaded
duopoly quantity, conditioned on the choice of firm 1 at x, = LPO(F).

For smaller values of F, firm 1 must also produce above the LPO, or entry will occur.

-
7
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It is willing to do this for some range of F, because allowing entry will give it a smaller
market, but the same price, LP(F).7 In order to maintain deterrence of firm 3 in
equilibrium, firm 1 must produce enough so that firm 2 is kept just indifferent between
deterrence and accommodation itself, with firm 1 choosing a quantity which makes up the
difference between firm 2’s production (given the indifference constraint) and the limit
output. Figure 4 shows why firm 1 still has an incentive to engage in costly entry deterrence,
even though the equilibrium price is the same (the limit price) whether it allows entry or not.
By producing more to keep firm 3 out, firm 1 produces units at a marginal cost exceeding
the limit price, incurring a loss on these marginal units of the shaded area A in Figure 4.
By allowing entry, although the price will be the same, it will lose market share, and
produce below the LPO(F) in equilibrium. The loss on marginal units, relative to producing
at the LPO is given by the cross-hatched area B. At the value of F at which area A exceeds
area B, firm 1 gives up its strategy of deterrence, and a new three firm equilibrium will result
with firms 2 and 3 producing on their Stackelberg reaction functions, and firm 1 producing
the residual necessary to make up the limit output.

With three incumbent firms it turns out that the types of equilibrium which occur
encompass all possible equilibria which occur for the general case of m firms. We will
briefly describe the three firm case, and then present a series of propositions, lemmas and

corollaries which establish these equilibrium types for the m firm case.

Type I strategic equilibrium

Firm 1 now has an incentive to expand output, as F decreases, up to the LPO. As
in the one and two firm equilibria above, entry deterrence is profitable in this range because
profit is being earned on marginal production (given the equilibrium limit price). Firms 2

and 3 continue to produce on their Stackelberg reaction functions.

TWhen firm 1 accomodates entry, the price stays at the limit price. This is an application of Lemma 8 (see
below).

~
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Type II strategic equilibrium

As F falls firm 1 will eventually produce at the LPO(F). It has no incentive to expand
output further, since in any equilibrium with further entry, it could guarantee itself both the
limit price and output equal to the LPO(F). Hence, firm 1 continues to produce at the
LPO(F) as F is decreased further. The equilibrium behaviour of firms 2 and 3 is exactly as
described by the duopoly case above, conditioned on a production of LPO(F) by firm 1.
Firm 2 expands output up to the LPO(F), and firm 3 remains on its Stackelberg reaction

function.

Type Il strategic equilibrium

In this region firm 3 expands to the LPO(F) as F falls. Firms 1 and 2 continue to
produce LPO(F). Again, the equilibrium behaviour of firms 2 and 3 is the same as the
duopoly case, given x;, = LPO(F).

Type IV strategic equilibrium

When firm 3 gets to the LPO(F), we have a symmetric three firm equilibrium with
% =% =% = LPO(F). Exactly as in the duopoly case, for smaller values of F, firms 1 and
2 delegate continued entry deterrence to firm 3, who has an incentive to produce above the
LPO(F). The lower bound of this region occurs where firm 3 is indifferent between allowing

entry and continuing its costly entry deterrence.

Type V strategic equilibrium
As in the duopoly case, firm 2 has an incentive to expand output above LPO(F),
maintaining firm 3’s indifference between deterrence and allowing entry, and producing just

sufficient output to continue to deter firm 4. Firm 1 continues to produce LPO(F).

The lower bound for the type V equilibrium occurs with indifference for firm 2
between continued deterrence and allowing entry, exactly as described above for the duopoly
case, and illustrated in Figure 4. When entry 6ccurs, a Type I equilibrium with 4 incumbent
firms results, and Equilibrium Types I through V re-occur in sequence, followed by a Type

~
1
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I equlibrium with S firms, and so on.
A complete description of strategic equilibrium with m firms

Having described, somewhat loosely, the sequence of equilibria, we can now
characterize them more formally, for the general case of m firms, in the following
propositions, lemmas, and corollaries. Define F, as the level of fixed costs such that X3 (m)
= LO(F,). For this value of the fixed costs the aggregate output in the m firm blockaded
equilibrium is just sufficient to deter firmm + 1. For any F < F,, the aggregate output of
them firm blockaded equilibrium is less than the limit output and at the very least we know
by (P1) that firmm + I could enter and earn positive profits. We also know that the effect
of further entry on the profits of the m incumbent firms will be adverse. The profit of each
of the m incumbent firms will decline if there is further entry, due to a reduction in both
market share and the equilibium price. The alternative is that the cumulative output of the
m incumbent firms expands to the limit output; in this section we determine the
circumstances under which them incumbent firms will non-cooperatively expand their output
to deter entry and how the required expansion in output is allocated among the m firms.

In equilibrium, given the output choices of its predecessors, each firm will invest in
an output level which induces the most favourable market structure. Proposition 1 indicated
that the equilibrium market structure involves aggregate output equal t o or exceeding the
limit output. Thus, the various alternative market structures that a firm can induce can be
summarized by the limit price. This considerably reduces the complexity of the analysis.

Define F, as the level of fixed costs such that m LPO(F) = LO(E,): it is the level
of fixed costs such that when all of the m incumbent firms produce the limit pricing output,
the aggregate output equals the limit output. In Xj(m) each of the m incumbents is

producing at an output level where marginal revenue equals marginal cost. Marginal cost

‘ :
8Marginal revenue is defined here in the Stackelberg sense as

MR) - P - 11 11+ 8.1k
T |

~
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for each firm in the blockaded solution is less than the limit price, thus
m LPO(E,) = LO(E;) > X;{(m) = LO(F,).
and hence F; > E,

Proposition 2: For E, < F < F,, the subgame perfect equilibrium strategy for firmi is as
follows:
() Y + X(Y;m)2 LO(F), then x = §(Y)
() I, + X(Y,m) < LO(F), then = min {LO(F) - X,,(¥; + %,m) - ¥; ,
LPO(F)}

Proof: See Appendix A.

Proposition 2 rests on the fact that, given that aggregate output will be at least the
limit output, it is profitable for an incumebent firm to expand output such that total output
equals the limit output, provided the required expansion does not exceed the limit pricing
output. Firm i knows that if it expands in such a fashion, firm j > i will profit maximize by
setting x by § since entry will be deterred. By doing so firm i deters entry and is assured
a positive margin on each unit up to the LPO. It is not profitable for firm i to expand
beyond the level required to induce aggregate output equal to the limit output, given that
its followers are seting output according to their Stackelberg reaction functions. If firms j
> i are setting output by S, then the profit maximizing choice for i is § and any deviations
from this reduce its profits. Expanding beyond the amount necessary to induce the limit
output represents an uﬂnecessary reduction in profit from the Stackelberg level. Moreover,
firm i need not expand beyond the LPO to deter entry, since it knows that firms j > i will
expand output up to the LPO to deter entry (marginal profit is positive). For this range of
F, it is advantageious to provide entry deterrence, given that some firm must, and delegation
is profitable. The early mover advantage is summarized in the following corollary.

Corollary 1. In the subgame perfect equilibrium for E, < F < F,, the equilibrium outputs will

N
4
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be such that for 0< j< i< m, x = LPO(F); providedi < m, then for j = i+1,% =LO(F)
-X2(Yiyz) - Yigp and fori + 2< j<smyx = §(Yj). Thus x =% = X2 X1 > X4 > Xy

and consequently m; =m, = m; 2 My > Miyp > M.
Proof. Follows immediately from the proof of proposition 2 and lemma 5.

Corollary 1 states that, in general, when F, < F < F,, the firsti firms will be producing
at the limit pricing output, where the equilibrium limit price equals marginal cost; firmi +
1 will be producing above its blockaded reaction function, but below the limit pricing output,
and its marginal cost is greater than its marginal revenue but less than the limit price; firms
i + 2 through m will be producing on their blockaded reaction functions, where marginal
revenue (incorporating the response of subsequent entrants) equals marginal cost. Moreover
the output and profit of the firsti firms will exceed the output and profits of firmi + 1,
which in turn exceed the output and profit of the firms which are still on their blockaded
reaction functions.

For values of F < E,, continued deterrence by the m incumbent firms will entail one
or more firms producing at an output level where marginal cost exceeds the limit Pprice.
Provided another firm is willing to invest in the required entry deterrence, a firm will not
find it profitable to expand its output beyond the limit output. In effect early entrants have
an incentive to delegate the burden of entry deterrence to firms entering later in the
sequence’.

In the analysis of the remaining types of equilibrium the following two lemmas will

prove to be useful.

Lemma 7: The market structure x = {LPO,LPO, ..., LPO, S, (Ya), Sn+1(Ym+1)} is entry

LO

deterring. That is (m - 1)LPO + X7 ((m - 1)LPO,m + 1) > LO, where m = 7F0"

\

9The concept of delegation in sequential entry models appears first in McLean and Riordan (1989).
Because our model has a richer strategy space for firms, the paterns of delegation are correspondingly richer.

~
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Proof. See Appendix A.

The importance of lemma 7 is that the market structure where firmm optimally

accommodates entry by firmm + I, given Y, = (m - 1) LPO, is entry deterring.

Lemma 8: The market structure x = {LPO, LPO, ...,S; 1 (Yn1):Sn (Y )sSn+1(Ym+1)}is not

Lo

entry deterring. That is (m - 2) LPO + X3 ;((m -2) LPO, m + 1) < LO, where m = 776"

Proof. See Appendix A.

The import of lemma 8 is that the blockaded alternative for firm m - I, when it

optimally accommodates entry by firmm + 1, invites further entry.
Proposition 3: For F; < F < F, the equilibrium strategy for firmi is

(i) for1<i<m-1,x = LPO(F)
(ii)  for firm m, x,(F) = LO(F) - (m - 1) LPO(F)

F, is implictedly defined by my(Yg,mF;) = 75 (Yy,,m+ 1) where m, (Y,,mF) = LP(F)
x,, (F) -c(x, (F)) are the profits of firmm if it deters firmm + 1 and 7y (Y,, m + 1, F) =
P(Y, + X3(Y,m+1)) Su(Yn) - c(Su(Yy)) are the profits of firm m if it optimally

accommodates firmm + 1.

Proof: We begin with part (ii). We first show that the market structure x (Y,,m+ 1) deters
further entry, where Y, = LPO (m - 1). That is, the most profitable alternative for firm
m, when it elects to let firmm + 1 enter, deters entry. This is true by lemma 7.

\

The second step in the proof of the proposition is to show that firmm is willing to

~
1
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continue to deter entry for some F < F,. Figure 5 shows the blockaded marginal revenue
function of firmm when there arem + I firms where Y, = (m - 1) LPO, the marginal cost
of firmm, and the limit price. To deter entry at F,, firmm produces at the LPO, where the
limit price equals marginal cost. If firmm optimally accommodates firmm + 1, firm m will
produce x5 (m+1). From Lemma 6 we know that this is less than the LPO. If price was to
remain unchanged, firm m would forgo profits equal to the shaded area: ie units of output
for which the limit price exceeded marginal cost. However, the diminution in the profits of
firmm is greater than this area. In lemma 6 we established that the aggregate output When
firmm optimally accommodatesm + I exceeds the limit output and hence the price is less
than the limit price. For F < F, firm m must expand beyond the LPO to deter entry and
this obviously involves a loss in profits. However this loss, at least for values of F close to
F, is less than the loss involved in accommodation. Compare the shaded area with the lined

area in Figure 5.

However the willingness of firmm to continue to increase its share of the costs of
entry deterrence is limited. As F decreases, the LPO decreases, reducing Y, = (m - 1)
LPO. This contraction in output by firms 1 throughm - I has two effects. On the one hand
it shifts the blockaded marginal revenue of firmm up, increasing x;. This combined with
the reduction in the LP decrease the loss in profits from optimally accommodatingm + 1.
On the other hand, firmm must increase its output if it continues to deter entry. Combined
with the decrease in the LP, this means that it is more costly for firmm to continue to deter
entry. Not only must it expand its output, but the difference between the limit price and
marginal cost is increasing. Eventually F; is reached where firmm finds it more profitable
to allow entry than continue deterrence.

Part (i) follows from part (ii). Entry deterrence is profitable up to the point where
marginal cost equals the limit price. Thereafter it involves expanding output to levels where
marginal cost exceeds the limit price. Hence if firmm is willing to deter entry, none of its
predecessors have an incentive to expand output beyond the LPO. QED

For this range of the fixed costs, the last firm has been delegated unprofitable or
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costly entry deterrence. Earlier firms need not bear the costs of entry deterrence since they
know that its provision is optimal for firmm. The implicit threat by firm m not to deter
further entry is not credible since its profits from the best market structure in which firther
entry is accommodated are less than those from detering further entry. The consequences

for firm size and profits are summarized in the following corollary.

Corollary 2. In the subgame perfect equilibrium for F; < F< F, %, > x = % andm; = m;

> m, forij = 1,2,..m- 1.
Proof. Follows immediately from proposition 3

For values of F less than F;, firms 1 throughm - 1 know that firmm cannot be delegated
any more costs of entry deterrence. However, in the next proposition, we show that firms

1 throughm - 2 can delegate the cost of further entry deterrence to firmm - 1.
Proposition 4: For F, < F < F;, the equilibrium strategy for firmi is
(i) forl<i< m-2, % =LPO(F)

@) for firmm - I, x,;(F) = LO(F) - (m - 2) LPO(F) - x,(F)

(iii) for firmm,

| LPE) + {LPE)} - 4w um + 1F)

%, F) ;

F, is implictedly defined by Ty (Ya1,mFs) = Mg (Yaqm + 1, Fy) where 1 (Y, m,F)
are the profits of firmm - 1 if firmm + 1 is deterred from entry and 7 ,(Y,,,m + 1L F)
are the profits of firm m -1 if it optimally accommodates the entry of firmm + I, and
further entry is detérred. In both cases the price is LP(F).
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Proof: See Appendix A.

Proposition 4 shows that firm m - 1 is delegated the costs of entry deterrence within
a range of F. Firm m - 1 will expand ouput where marginal cost exceeds LPO(F), so as to
just ensure the production of the LO(F), where firm m is being kept just indifferent between
deterrence and accommodation. The critical value F, occurs when firmm - 1 itself becomes
indifferent between deterrence and allowing entry.

From proposition 4, part (iii), the equilibrium output of firm m declines as F
decreases over the range F, < F < F,;. For these values of F in equilibrium, firmm is just
indifferent between deterring entry and accommodating entry. However its accommodation
profits are increasing as F falls since a decrease in F reduces the LPO and hence Y, On
the other hand firm m’s profits from entry deterrence decrease as F decreases since the LP
decreases as F decreases. Consequently, to remain indifferent the output of firmm must
decline. Corollary 3 summarizes the relative size and profitability of the m incumbent firms

for this range of the fixed costs.

Corollary 3: In the subgame perfect equilibriumfor F, < F < F;, x; > %, > X% =% and
M =W > Mgy > My forij = 1,2,...m - 2.

Proof. See Appendix A.

An implication of Corollaries 2 and 3 is that the size of a firm and the profitability
of a firm are not necessarily positiveley correlated!® When delegation is profitable, there
will be a positive correlation between the size and profits of a firm. When delegation
imposes costs, there will be a negative correlation between the size and profits of a firm.
When delegation is costly, our model predicts that later entrants will be larger than early

entrants and less profitable.

<

\

105chwartz and Baumann (1988) observe this pattern in their simulation results.

~
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Proposition 5: For F < F,, the m incumbent firms allow entry by firmm+ 1.

Proof. From propositions 4 and 5, neither firmm orm - 1 are willing to continue to expand
output to deter firmm + 1. It is easy to establish that none of firms 1 throughm - 2 will
expand to deter the entry of m + I. Consider firm m- 2. Lemma 7 established that the
market structure x = {LPO, LPO, .. ,S;1(Yn1) Sa(Ym)s Sp+1(Yms1)} is not entry
deterring, ie (m - 2) LPO + X} ((m - 2) LPO, m + 1) < LO. From proposition 4, if firm
m - 2 were to continue to produce the LPO, firmm - 1 would permit the entry of firmm
+ 1, but not firmm + 2. Thus in the most profitablem + 1 firm market structure that firm
m - 2 can induce has x,, = LPO. Continued deterrence of firmm + I would entail x;, ,
> LPO. This is clearly less profitable. A similar analysis applies to firms 1 throughm - 3.

QED.

Proposition S can be intuitively understood by recognizing that unlike firmsm andm -
1, firms 1 through m - 2 would not suffer a decrease in output if they allow further entry.
Whether they choose quantity so as to deter firm m + 1 or so as to allow that firm’s entry,
the price will be LP(F). Hence their is no incentive engage in costly entry deterrence (by
producing where marginal cost exceeds LP(F)). With regard to figures 1 and 2, the shaded
area does not exist, since the post-entry output is still the LPO. There are no units for
which the limit price exceeds the marginal cost which will not be produced if firmm + 1
enters. Hence these firms are not willing to incur costs to avoid losing these units: the

rationale which led firms7 andm - I to expand their outputs above the LPO.

Corollary 4: The equilibrium outputs when firmm + I enters are
i) fori<sm-2,x =LPO
(i) fori=mm+ 1,x = S(Y;)
(iii) fori=m-1,x =LO-(m-2)LPO - S;(Yp) - Sps1(Yms1)

\

Proof. Follows immediately from propositioﬁs S and 6.
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Propositions 3, 4, 5 and 6 and their corollaries characterize completely the possible

outcomes in strategic equilibria to the model. The following corollary is immediate.

Corollary 5: The equilibrium output in a strategic equilibrium equals the limit ouput and the

equilibrium price in a strategic equilibrium is the limit price.

Proof: Propositions 3, 4, 5, and 6 characterize all possible strategic equilibria; In all cases

output equals the limit output, and price equals the limit price.

At F, when them incumbent firms independently allow the entry of firmm + 1, the
aggregate output of them + I firms exceeds the blockaded output (X} (m + 1)), since only
the last two firms are on their blockaded reaction functions and firms 1 throughm - I are
producing above their blockaded reaction functions. Indeed the implication of propositions
3, 4, 5, and 6 is that for all values of F < f‘, where X{(2) = LO(I—*;), blockaded equilibria do
not exist and the equilibrium price is the limit price. In the linear-quadratic model, there

are only blockaded monopoly and blockaded duopoly solutions.

We can specify the critical values of the fixed costs, F, i = 1,23,4, as a function of
the number of firmsm, F,(m). Suppose thatm = 1. Then the equilibrium market structure,

for the following values of the fixed cost are

F(1)<F Blockaded Monopoly.
F,(1)< F < F (1) Strategic Monopoly, x < LPO
F;(1) < F < E)(1) Strategic Monopoly, x > LPO

For F < F;(1), firm 1 allows entry by firm 2 and the equilibrium market structure for the

following values of fixed costs are

\

F,(2)< F < Fy(1) Blockaded Duopoly
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F,(2) < F < F(2) Strategic Duopoly, x; < LPO i = 1,2
F;(2) < F < F,(2) Strategic Duopoly, 5 = LPO, %, > LPO
F,(2) < F < F3(2) Strategic Duopoly, %, > x > LPO

For F < F,(2), the two incumbent firms would permit the third firm to enter.
Depending on the value of F, them firm strategic equilibrium will be one of the five types
sketched at the beginning of this section. Whenm > 2, the behaviour of firms 1 through
m - 3 is invariant to the type of strategic equilibrium. In all five types, these firms always
produce at the LPO. The strategic interaction is only between the last three firms and the
next potential entrant. As F declines, the number of firms in the industry increases and the
limit price approaches the competitive price. While the relative importance of the strategic
behaviour diminishes it does not disappear, since these five phases always exist.The five
types of strategic equilibrium are completely characterized in Appendix B, and the important

features are summarized in Table 1 below'!.
[Table 1 should be placed approximately here.]
4. Under- and Over-investment in entry deterrence

Non-cooperative models of commitment and entry deterrence may involve inefficient
levels of investment in entry deterrence, from the perspective of the group as a whole. The
outcome is the result of two well understood opposing forces: first, the incentive not to
invest in costly entry deterrence, which leads to free-riding and a tendency towards
underinvestment in equilibrium. Second, a larger quantity committed to implies a larger
market share in equilibrium, so that shouldering the burden of entry deterrence may be

advantageous up to a point!?

\
11The characterization of strategic equilibria draws on lemma 5 and corollaries 1 through 5.

12 see Gilbert and Vives (1986), McLean and Riordan (1989), Waldman (1987) and (1988) and Appelbaum
and Weber (1990) for some clarification of these issues.

N
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Several precise definitions of under and over investment in entry deterrence can be

considered. We consider the following:

Definition: An m firm perfect equilibrium displays underinvestment in entry
deterrence if, for some range of fixed costs where m is the equilibrium number of
firms, a multiplant monopolist with m-1 plants, would not have added the mth plant.

Overinvestment is defined analogously.
We are now in a position to state proposition 7 on overinvestment.
Proposition 7: The perfect equilibrium of the model involves overinvestment for all m.

Proof: Consider an m-plant monopolist producing the limit output so as to deter entry. It

will be efficient to switch to m+1 plants where

Cm) >C(m + 1)
and
2
Cm)=m [EQ] + mF
m
Simplifying, the switch-point can be summarized in terms of the level of fixed costs as
2
Fro__ 4
(/2 + ym@m+1) ¥

It remains to show that at F m firms producing the LPO would deter entry, and thus

F* implies a perfect equilibrium of at most m firms. The F value at which m firms

producing the LPO just deters is given by the solution to
‘ ‘ LO(F) = mLPOF)

Substituting and solving for F, we obtain
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2
F“ - A
2(m + 2y
It is easy to show that F > F~ which completes the proof. QED

The intuition for these results follows from the rationale for firms m and m-1
producing above the LPO in the non-cooperative equilibrium. In the collusive solution there
are obviously no adverse market share consequences from reducing output below the LPO.
That is if the m collusive plants each reduce their output below the LPO, the market share
of the profit unit (the m-plant monopolist) does not suffer, because another plant is added.
When the standard of comparison is the collusive solution, it is market share considerations
which drive the overinvestment result.

It is instructive to compare our definition of under and over-investment with that
adopted by McClean and Riordan (1989) and Waldman (1991). These authors define
underinvestment as existing when some subset of the firms that actually enter in perfect
equilibrium could make themselves better off had they invested more in entry deterrence.
Consider a value of F just below F,(2), at which firm 1 just prefers to allow entry of firm 3,
rather than produce more so that entry continues to be deterred. At this point, x; < x; (see
Table 1), and if firms 1 and 2 were to collude and continue to produce LO, they could
clearly lower joint costs by producing equal quantities. Moreover, their joint profits would
exceed the sum of profits of firms 1 and 2 in the three firm perfect equilibrium following
entry. Thus, this parameter value of F satisfies the above definition of underinvestment.
However, it is easy to explain the apparent paradox. We can show that a cartel of firms 1
and 2 would not in fact choose to deter firm 3 at F,(2), but would accommodate the entry

of firm 3. This observation is then perfectly consistent with Proposition 7 above.

13 In the light of this observation, however, we question whether the McClean and Riordan and Waldman
definition of underinvestment is the most appropriate one for models of sequential entry.

~

/
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5. Conclusions

In some previous work on models of sequential eritry, the possibility of odd patterns
of investment among the incumbent firms has been observed. Schwartz and Baumann
(1988) for example, note from their simulation results based on a Cobb-Douglas technology,
that equilibrium investment for an individual firm may first rise, then fall, then rise again as
the fixed costs of entry decrease. Robson (1990) also solves a simulation model, in which the
last firm produces more than all of the earlier entrants, all of whom choose identical outputs.
Our analysis in this paper offers a complete explanation for these observations. In the first
case the firm is expanding quantity up to the limit pricing output, then contracting quantity
as the limit pricing output falls with fixed costs, and then finally increasing output above the
limit pricing output when it is required in order to deter entry. In the Robson case we have
an equilibrium in which all firms produce at the limit pricing output except the last firm,
which expands output to deter entry.

Our paper offers for the first time a complete characterization of the strategic
interaction of firms in sequential entry models. We show how the limit price summarizes
the equilibrium behaviour of firms in an intuitively appealing way. Delegation of “entry
deterrence is shown to be pervasive, and to have a natural sequential property that matches
the structure of the game (the last firm bears all the costs, then the last but one, etc.).

Our results are derived for a model with linear demand and quadratic costs. This
allowed us to characterize all possible types of equilibrium explicitly and completely. We
believe that the qualitative nature of our results would extend to more general demand and
cost formulations, provided that average costs are U- shaped. In particular, the concept and
significance of the limit pricing output would seem perfectly general, as would the pattern

of delegation.



29
References
Appelbaum, E. and Weber (1990) "Precommitments and Probabilistic Entry Deterrence in
Oligopoly", Working Paper, York University

Bain, J. (1949) "A note on pricing in monopoly and oligopoly", American Economic Review,
39:448-464.

Barham B. and Ware, R. (1990) "Excess Capacity, Entry Deterrence and Market Structure:

a Note", mimeo, University of Toronto.

Eaton, B.C., and Ware, R. (1987). "A Theory of Market Structure with
Sequential Entry." Rand Journal of Economics, Vol. 18 ,pp. 1-16.

Economides, N. (1991) "Quantity Leadership and Social Inefficiency," Stern School of
Business, NYU, Working Paper.

Gilbert, R., (1989) "Mobility Barriers and the Value of Incumbency," Handbook of Industrial
Organization, Ed. R. Schmalensee and R. Willig. 2 vols. Amsterdam: North-Holland,
1:475-536. |

Gilbert, R., and Vives, X. (1986). "Entry Deterrence and the Free Rider
Problem." Review of Economic Studies, Vol. 53 ,pp. 71-83.

McLean, R., and Riordan, M. (1989). "Equilibrium Industry Structure with
Sequential Technology Choice," Journal of Economic Theory.

Modigliani, F. (1958) "New Developments on the Oligopoly Front", Journal of Political
Economy, 66:215-232 ' |

Robson, A. (1990) "Stackelberg and Marshall," American Economic Review, 80:69-82

Schwartz, M., and Baumann, M. (1986). "Entry-Deterrence Externalities and Relative Firm
Size." International Journal of Industrial Organization, Vol. 6, No. 2 ,pp.181-197.

~
7



30
Sylos-Labini, P. (1962) Oligopoly and Technical Progress. Cambridge Mass.: Harvard
University Press

Waldman, M., (1987). "Non-Cooperative Entry Deterrence, Uncertainty and the Free Rider
Problem." Review of Economic Studies, Vol. 51, pp. 301-310.

Waldman, M., (1989). "Underinvestment in Entry Deterrence: When and Why." mimeo,
University of California, Los Angeles.

Ware, R. (1991) "Entry Deterrence" in Norman, G. and LaManna, M. ed., New
Developments in Industrial Organization, Edward Elgar, London.



31

Appendix A: Proofs of Propositions, Lemmas and Corollaries
(i) proof of proposition 2

Given that Y, is such that, Y; + X;(Y;, m) > LO(F), then firm: will profit maximize
and deter further entry by utilizing its blockaded reaction function, x = §(Yi), sincei knows
that the profit maximizing response of firmsi + 1 throughm is to produce according to their
blockaded reaction functions. This establishes (i).

Consider firmi where & < LO(F) - X,;(Yis1, m) - Y; < LPO(F) and let X,(Y;) be
the subgame perfect equilibrium output that corresponds to %. From propositions 2 and 3
there are two possible cases: (a) X.(Y;) > LO(F); (b) X. = LO(F). In either case % cannot
be profit maximizing. Consider (a). In this case by producing x = LO(F) - X, (Y, m) -

Y; the equilibrium price will rise to the limit price and the profits of firm/ will increase due
to two effects. First since the equilibrium price rises, the margin on each of the % units
increases; secondly, for & < x < LPO(F), the limit price exceeds the marginal cost of
production and hence marginal profit is positive. For case (b), the profits of firm will
increase if it expands its output to x = LO(F) - X;,; (Y41, m) - Y, due to the second of the
preceding two effects .

Suppose that & > LO(F) - X{,;(Yi,;, m) - Y;. Then firmi could increase its profits
by reducing its output to x, = LO(F) - X{,,(Y+1, m) - Y,. By definition such an x would still
deter entry. The profits of firm i would increase since the deviations from its profit
maximizing output S§(Y;), given that firmsi + 1 throughm select output according to §(Y)),
would be minimized. This proves (ii). |

By assumption m LPO(F) > LO(F), thus from (i) and (ii), entry will be deterred by
the m incumbent firms and the equilibrium price will be the limit price. Thus no firm will
be willing to produce more thaﬁ the limit pricing output since for units of output greater
than LPO(F), marginal cost is greater than the limit price and such an expansion in output
is not' required to deter entry. This establishes (ii). QED.
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(ii)  proof of lemma 7

We require the market structure x = {LPO, LPO, . .., LPO, S, (Yn), Sn+1(Ym+1)}
to deter entry at the F value at which firmm is indifferent between continuing to deter entry
and switching to an accommodation strategy. The latter would consist of choosing the profit
maximizing quantity conditioned on the previous choices, and anticipating an optimal choice
of the entrant, firmm + 1.

If firmm allows entry in this way, total industry output can be computed as:

By m - 1)>3LPo
56 56

Setting the above expression equal to LO(F) and solving for F, we obtain

JF > [ 33 2} A (A1)

m - 1)33 + 11

as the inequality defining the minimum bound for which the market structure x = {LPO,
LPO, ..., LPO, S, (Y,), So+1(Yns+1)} deters further entry.

It remains to show that the switch-over point for firm m exceeds this minimum bound.
Rather than solve for the switch-over F value directly, we proceed by a more indirect route,
and show that at the value of F given above in (A1), entry is the preferred strategy. Since
we know that deterrence profits are incréasing in F, and profits from allowing entry are
(weakly) decreasing in F, it follows that the switch over F value lies in the region of
inequality (Al) ie. that when firm m defects from deterrence to accommodation; its

preferred accommodation strategy will deter further entry.

' Profits from continued deterrence by firm m, holding the outputs of firms 1 to m -

1 constant at LPO(F), can be derived as

~
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mh = ((n + 3W2F - A)A - (m + 1)/2F)

Profits from allowing entry in the market structure x = {LPO, LPO, . . ., LPO,
Sm(Ym)’ Sm+1 (Ym+1)} aré equal to

B _ 9 _ _
My = ‘]TZ'(A (m 1)‘/—2}‘_)2

By evaluating these two expressions at the critical F value given in (A1) we obtainmg, > 5.
We can easily show that 75 - 73 is decreasing in F, so the switch over value of F lies in the
region given in (Al). QED.

(iii)  proof of lemma 8
For x = {LPO, LPO, ... ,S; 1 (Yn1):S2 (Yn):Sn+1(Yms1)} to be entry deterring,
(m - 2) LPO + S5y (V) + Sa(Y) + Sy (Yaus) < LO @)
For the linear-quadratic model,

Sn1 (Y1) + Sa(Ya) + Sps1(Yms1) = (5183/9968)(A- (m - 2) LPO)

by (4a), (4b), and (4c); Substituting the values of LO and LPO into (A2) establishes the
inequality. : |

(iv) . proof of proposition 4

\

A consequence of proposition 3, is-that for F < FE;, firm m would optimally

accommodate firmm + I if its predecessors continued to produce at the LPO. Given part

~
¥
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(ii), that firm m - I will increase its output to deter entry, firms 1 throughm - 2 have no
incentive to expand their output beyond the LPO. Since the limit price will be the
equilibrium price, they have every incentive to produce at the LPO. This establishes (i).

In order to establish (ii) we need first show that the market structure xg ; (Y., m +
1), where Yp; = LPO (m - 2) does not deter further entry. That is, the most profitable
alternative for firm m, when it elects to let firmm + I enter deters entry. This is true by
lemma 7.

However from lemma 6 the market structure x = {LPO,LPO, ..., LPO, S, (Y,),
Sn+1(Ym+1)} has aggregate output in excess of the limit output. Thus by proposition 2, the
most profitable market structure for firmm - 1 if firmm + 1 enters is strategic with vector
of outputs: x = {LPO,LPO, ..., Xy (Yp1, m + 1), S, (Ya), Sn+1(Ym+1)}, where x5 (Y,
m + 1)is implictedly defined by

Ym-l + Xm-l(Ym-l’ m + 1) + sm(Ym) + Sm+1(Ym+1) = LO

In the linear-quadratic model

3344'- (m - 2)LPO) - 112/2F
33

x, &, ,m+ 1) =

Having identified the most profitable market structure firmm - 1 can induce if it does
not deter firmm + 1, we now establish that for some F < F;, firmm - I will deter firm m
+ 1. The willingness of firmm - I to deter the entry of firmm when F < F; arises since
the most profitable alternative for firmm - 1 reduces its output below the LPO. Figl__lre 4
illustrates the limit pricing output, the equilibrium output for firmm - 1 when firmm + I
enters, and the limit pricing output. At F; firm m - I is producing at the LPO and relative
t0 Xp 1 (Y, m + 1)its profits are greater by the amount of the shaded area. As F falls, for
firmm + 1 to continue to be deterred, firmm - I must increase its output to levels where

marginal cost is greater than the limit price. The cost of the deterrence strategy is indicated

~
)
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by the lined area in Figufe 4. For values of F below and close to F; firm m-1 is clearly

willing to incur these costs in order to continue to earn the profit indicated by the shaded
area.

As with firm m however, as F continues to fall, the profits protected by deterring
entry (the shaded area) decrease as both the limit price and Y,,; = (m - 2) LPO decrease.
Moreover the same two effects increase the cost of continued entry deterrence (the lined
area increases). When F = F,, firmm - I is indifferent between the strategic equilibrium

withm firms and the strategic equilibrium with m + I firms. This proves part (ii).

Part iii) follows from proposition 3. Entry deterrence by firmm - I above the LPO is costly.
Hence firm m - 1 will minimize the necessary amount of the expansion. It will expand such
that firmm is just indifferent between optimally accommodating firmm + I and continuing
to deter firmm + 1. The most profitable alternative market structure for firm m, if it
optimally accommodates firmm + I,continues to be x = {LPO,LPO, . .., x,;, Sy(Yp),
Su+1(Ym+1)}. Lemma 6 established that x = {LPO,LPO, ..., LPO, S,(Y,),
Sp+1(Yps1)} deterred entry. From lemma 4 and x,; > LPO, x = {LPO,LPO, ..., x,,,
S (Yn), Sme1(Yms1)} is also entry deterring. Setting my, (Y, m, F) = LP(F) x, (F) - c(x, (F)),
the profits of firmm if it deters firmm + 1, equal tom;(Y,, m + 1, F) = P(Y, + X3 (Y,
m + 1)) S, (Yy,) -<(Syu(Yn)) the profits from accommodation and solving for x,, gives (iii).
QED.

(v)  proof of Corollary 4

We need only show that x;, > x_ ;. The rest follows from proposition 4. For this
range of F, both x, and x,; exceed the LPO. The extent to which they are willing to go
above the LPO is a function of their output in the most profitable market structure they can
induce if they allow entry. Whichever has the smallest output in this alternative market
structure will be willing to incur the greatest cost of entry deterrence and hence have the

larger equilibrium market share.
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The alternative for firmm - 1, is from proposition 4, defined by
LO - (m - 2) LPO - §,((m - 2) LPO + %) - Sp41((m - 2) LPO + %5 + §; = Ry

The alternative for firmm, is from proposition 3, defined by S, (x,; + (m - 2) LPO) = x_,
where x, ; is the equilibrium output for firmm - 1 and it is greater than S, (Y,, ) but less
than LPO. If
LO > (m-2)LPO + S,;((m-2) LPO + &)
+ Spr((m-2) LPO + 2,4 + §;) + Sp(%pq + (m - 2) LPO)

then &,; > %;. Fromlemma 7, LO > (m - 2) LPO + S;1(Ypa) + Sa(Ya) + So+1(Yant1)-

Using lemma 3 and comparing terms shows that the inequality is satisfied. QED.
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Appendix B: The Five Types of Strategic Equilibrium.
If E,(m) < F < F;(m - 1), then either

Type I () for1<i< m-3,x = LPO(F)
(i) for firmm -2, x,, = LO(F) - (m - 2) LPO(F) - Sp3 (Ya1) - Su(Ya) <
LPO

(i) forfirmm-1,x,; = S;;(Yp1)
(iv) for firm m, x; = S;(Yy)
or
Type 11 (i) forl<i< m-2,x = LPO(F)
(i) for firmm - 1, x,; = LO(F) - (m - 2) LPO(F) - S;(Yn)
(iii)  for firm m, x, = S (Yn)
or
Type 111 (i) forl<i<m-1,x =LPO(F)
(ii)  for firm m, x, = LO(F) - (m - 1) LPO(F) < LPO

depending on the value of F. This follows from proposition 2.
If F;(m) < F < F,(m), then from proposition 3,

Type IV (i) forl<i<m-1,x =LPO(F)
(ii)  for firm m, x, = LO(F) - (m - 1) LPO(F) > LPO

If F,(m) < F < F;(m), then from proposition 4,

Type V (i) forl<i< m-2,x = LPO(F)
(i) %z, = LO(F) - (m - 2) LPO(F) - x, > LPO

i) x - LPF) + ‘[(LP(F))Z ~4(V,,m + 1F)

'm 5 > LPO
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Table 1: Summary Characteristics of the Equilibrium

Type of Equilibrium Quantity Rankings xi <=>LPO(F) Profit Rankings
Xl >x2>...>Xm x1<LPOVi Tc1>1t2>...>7tm
Blockaded
xi=LPOV1,m-3
X1 =X2=..=Xm-3 xm_2_<.LPO M=N2=..=MAn -3
2Xm-2>Xm-1>Xm x: <LPO Vm —1.m 2Mm_2>Tm_1>Tn
1 ’
Strategic Type I
xi=LPOV1, m-2
X] =X2= .. T Xm-2 Xm-1<LPO M =M2=..=Np_2
2 Xm-1>Xm Xm < LPO 2Mm-1> Ty
Strategic Type II
§1=X2=...=Xm_1 Xi=LPOV1,m—1 1t1=7t2=...=75m_1
= Xm xm < LPO 2T
Strategic Type III
)élxzx2=---=xm—l x;=LPOV1,m-1 M= =...=T -1
m Xm > LPO > Tm
Strategic Type IV
X1 =X2= .. =Xm-2 xi=LPOV1, m-2 M=TM2=..=Tm-2

Strategic Type V

<Xm-1<Xm

xi>LPOVm-1,m




