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A STATISTICAL MODEL FOR THE COSTS OF PASSENGER CAR TRAFFIC ACCIDENTS

by

B.S. van der Laan and A.S. Louter

Abstract

_The total costs of damage caused by passenger car traffic accidents per
distance interval of an individual motorist can be split into two components:
the number of accidents which occur to the motorist, and the amount of damage
associated with these accidents.

In our study we present a probability model for the number of accidents
of an individual motorist. We also discuss models, on empirical results, for
the amount of damage. The integration of both models results in a general
model for the costs of damage.

From this general model we derive a model for the costs of indemnity to
be paid by car insurance companies.

The models are applied to a sample of Dutch car insurance data.
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1. Introduct::[onl’2

In this paper we construct a statistical model for the costs of damage of
passenger car traffic accidents of Dutch motorists. In the literature concern—
ing risks of accidents, models of this type are described by, for example,
Seal (1969), Beard, Pentakdinen and Pesonen (1977), and Panjer and Willmot
(1983), and applied by, for example, Weber (1970). We remark that the original
development of a model of this type dates back to Lundberg (1909). As distinct

from the usual approach, which starts from the number of accidents per unit of

time, we consider the number of accidents per distance driven.

Before we can construct a model, we must indicate precisely what we mean
by an accident. The National Safety Council (1971, inside back cover), €.g.,
defines an accident simply as: "accident is that occurance in a sequence of
events which usually produces unintended injury, death or property damage".
Goeller (1969, p. 170), -e.g., defines an accident as follows. "Accident is
used as a synonym for traffic collision, which occurs between a moving motor
vehiclé and a pedestrian, a fixed object, another vehicle, or the roadway
(e.g. overturning)." These definitions are not suitable for our purposes, SO
we modify them in order to distinguish between special types of damage, re-
sulting from accidents. We restrict our study to the analysis of passenger car
traffic accidents, hereunder called car accidents. We define, particularly for

Dutch circumstances:

"A passenger car traffic accident (or car accident), which occurs to an indi-

vidual motorist, is defined as the event which results in

a. property—damage to the individual's car, the so-called casco damage,

and/or

b. personal injury and/or property damage to one Or more third-parties, not

1 The authors wish to thank Professor J. Koerts for his valuable contri-

butions. The authors wish also to thank AGO Verzekeringen (after a merger
now called AEGON Verzekeringen) at Groningen, a national Dutch insurance
company, which provided us the insurance and claim data on which we based
the empirical part of the study, and the Netherlands Central Bureau of
Statistics at the Hague, which provided us data concerning number of miles
driven per year by Dutch motorists. :

This paper is presented at the International Conference 1985 of the Insti-
_tute of Statisticians on "Statistical Modelling", Cambridge, Kings Col-
lege, 26 — 29 June 1985.




being the driver or the passengers of the car, the so—-called third—party

damage, and/or

c. personal injury to the driver or the passengers of the car,
where the event has been caused by the driver or for which he can be held
liable, where the originator of the event cannot be held liable, or when

the cause of the event cannot be blamed to a natural person.'

The under a. given type of damage concerns in the Netherlands, for
example, damage to one's car resulting from a collision with another object
(or upset of the car), and parking damage to ome's own car. There isAalso dam-
age caused by particular types of accidents, such as damage resulting from
collision with birds or animals, as well as damage resulting from fire, theft,
storm, pane crack, etc. The under b. given type of damage concerns the total
damage of personal injury to persons other than the driver and his passengers,

damage to their properties, and damage to properties of corporate bodies.

The definition given above implies that we regard the case of a collision
between two or more vehicles as a single event.

In the Netherlands we find, in connection with car accidents, the follow-
ing main types of insurances:

- insurance against third-party risks, which covers the risks of causing dam-
age to other persons, not being the driver or the passengers of the car;
limited casco insurance, which covers the risks of the above mentioned par-
ticular types of accidents;
third-party plus casco insurance, which covers the third-party risks, the
limited casco risks, as well as other risks of damage to the insured's car,
where the insured can choose different amounts for an additional excess; v
an insurance for particular personal injury protection of the driver and the
passengers of the car.

In this study we analyse the following types of insurances and damages:
third-party insurance in connection with third-party damage; and
all-risk insurance, which is a third-party plus a casco insurance;‘with the
legaly minimum amount of additional excess, in connection with all-risk dam—
age, which is the sum of third-party and éasco damage, excluding damage re-
sulting from particular types of accidents. v

We do not analyse the all-risk insurances with higher amounts of excess, be- -

cause the numbers of insureds with equal amounts of excess are too low to

analyse them separately. Moreover, we do not analyse the insurance against




damage resulting from particular types of accidents, because the different

types of accidents do not frequently. occur, except damage resulting from pane
crack, their amounts of damage are low in general, and the driver is, in
general, not responsible for the damage. Moreover, a claim for damage of a

, particulaf type of accident does not influence the no-claim discount, nor is
subject to an exceés. In other words, the premium remains unchanged, and the
company pays the whole amount of the damage. Nor we analyse the insurance for
particular injury protection, because we do not have data about this in-
surance.

"We need a model which is suitable for applications in the field of in-
surance data. As is well known, an insurance company does not always pays the
entire amount of damage that is claimed by the insured, due to the excess and
to the sum insured. We need, therefore, to be able to derive a model for the
costs of indemnity paid by insurance companies from the general model for the
costs‘of damage of road accidents, which occur to an individual motorist.

In Section 2 a general model is constructed. Moreover, we discuss prob-
bability models for the number of accidents and for the amount of damage caused
by accidents. It is shown that models applicable to-insurance data are special
cases of the general model. In Section 3 we apply the model to Dutch car in=

surance data. The paper finish with a discussion of the conclusions.

2. A general model for the costs of car accidents

2.1 A general model

For the construction of a model to explain the total costs of damage from
accidents of individual motorists per distance unit we follow the approach of,
for example, Seal (1969, p. 12), and Beard et al. (1977, pp. 21 - 22). We make

the following assumptions:

(1) the driving of a certain distance interval by an individual motorist is
a random experiment with accident as outcomes;

(ii) the amount of damage, associated with an accident, is the outcome of a




random experiment;
the probability distributions of the number of accidents, which occur to

an individual motorist, and that of the amount of damage, have specific
forms, but the parameter values vary from motorist to motorist, due to
factors which influence the risk the motorist is exposed to;

the number of outcomes, n, of the experiment given under (i) does not
depend on the outcomes of the experiment given under (ii); the outcomes
of the experiment given under (ii) are mutually independent, they are
subject to the same probability law, and they are independent of the

distance driven.

On the basis of these assumptions we are able to construct a general

model for the costs of damage of road accidents for an individual motorist. We

define the following random variables.

the number of accidents which occur to an individual motorist driving some

distance interval. Let p(n) be the mass function of N, with n =0, 1, 2, ....
the amount of damage of a given accident. Let F(y) be the distribution
function of this random variable, with y > O.

the total costs of damage of accidents of an individual motorist driving

some distance interval. Let G(x) be the distribution function of X, with

x > 0.

We then get

Assumption (iv) can now be written more exactly in terms of N and Yj'as

follows:

(iv) The sequence Yy, Y5, «¢s, Y, ... is a sequence of independent ident-
ically distributed random variables, satisfying E[leI] < o,
j=1, 2, «eey N, esesy, and N is an integer—valued random variable, sat-

isfying E[N] < », whose values n does not depend on the values of the

Yj'So




The distribution function of X can be written as

G(x) Pr(X £ x] = Pr[Y1 + eee + YN < x]

(o]
¢ PrlY

+ eee + Y < x| N=n] Pr[N = n]
=0 n-=

1
Because of assumption (iv) we get
(2.1) G(x) = £ Pr[¥; + ... + Y < x] Pr[N = n]

n=0

According to Feller (1971, pp. 143 - 148), we define Fn*(x) as the n-fold con-
volution of F(x), and FO*(x) as the atomic distribution, concentrated at the

origin, hence

n*
F (x) = Pr[Y1 + eee + Y < x]
o =

* -
Y= F(Il 1)* x F

0%
F (x) 0 if x<O0
1 if x>0

Then, substituting p(n; k) for Pr[N = n], (2.1) becomes (cf., for e.g., Feller
(1971, p. 159), and Seal (1977, p.12))

6x) = 3 F™*(x) p(n)
n=0

The expected costs of damage for an individual motorist driving a unit
distance equals (cf. Feller (1971, p. 167) |

E[X] = E[N] E[Y]

and the variance is given by (cf. Feller (1971, p. 167)




var(X) = E[N] var(Y) + {(E[Y]}? var(N)

Now we have obtained a general framework for the total costs of damage of
accidents for an individual motorist. When thé distribution functioﬁ F(y) and
the mass function p(n) are known, or estimated, we ére able, in principle, to
derive the distribution function G(x). This implies that we are ablé, in prin-
ciple, to estimate the total costs of damage of accidents of an individual

motorist.
An insurance company, however, does not always pay indemnity for the en-

tire amount of damage resulting from an accident. It pays indemnity for the

amount of the claim, i.e. the amount of the damage reduced by the amount of

the excess, and, moreover, it pays at most the amount of»the sum insured, re-
duced by the amount of the excess. Therefore, we want to adjust the general
model to a model for the costs of claims, suitable for applications with in-
surance clain data.

It is of importance to remark that an insurance company does not have
data about all accidents. It has information only about accidents where indem-
nity has been paid, i.e., about claims. The number of claims is always smaller
than the total number of accidents. For this, three reasons can be given.

1. Not all risks, related to accidents, can be insured; the policy always
contain some restrictions. Moreover, not all motorists have a casco in-
surance.

Claims for casco damage, having an amount of damage lower than the excess,
are not considered for indemnity.

The no-claim discount can rise to some hundred guilders. It may be profit-
able for an insured not to claim a particular damage when its amount is

lower than the sum of the excess and the no-claim discount.

A consequence of this is that accidents having low amounts of damage are un-

derrepresented in the set of data an insurance company has available.

There is known few about the behaviour of insureds with respect to the
no-claim rule. Therefore, it is difficult to take into account this behaviour.
Because of the lack of information on this point, we start from the (far-—
reaching) assumption that all accidents with an amount of damage,exceedigg the
excess, are claimed.

Given some arbitrary interval u = [a, b], where a represents‘the amount

of the excess and b the sum insured, we define the following random variables.




number of claims, i.e., the number of accidents with amounts of dam-
equal to or exceeding a. Let p(k; u) be the mass function of X with
0’ l’ 2’ o0 o0

size of the claim of a given accident, where

0 if Y< a
Y- a if Y ¢ [a, D]
b-a if Y> b

Let H(z; u) be the distribution function of Z, with z > 0.

the total costs of claims of accidents of an individual insured during

*
the driving of some distance interval. Let G (u; u) be the distribution
function of U, with u > 0.

The probability distributions of K, Z, and U can be related to the prob-
ability distributions of, respectively, Y, N and X. In this case K can be un-
derstood as a random sum of N stochastic Bernoulli-variables Riy ooy RN’ with

parameter p = Pr[Y > a] = 1 - F(a). The mass function of K is given by
(2.2) p(k; u) = Pr[K = n] £ Pr[K =n | N=i] Pr[N = i]
i=k

p (5 p* - T ey = 4]
i=k

It can easily be derived that the mathematical expectation of K equals
(2.3) E[K] = p E[N]
an@ that its variance 1s equal to
(2.4) wvar(X) = p2 var(N) + p (1 - p) E[N]
It is easy to verify that, if N is, for example, Poisson distributed with

parameter A, K is also Poisson distributed, with parameter & = pA. Similarly,
if N is negative binomial distributed with parameters r (r > 0) and q (0 < qX<




1), then K is also negative binomial distributed with parameters s = r and Q =
q/(p + q - pq). Similar relationships can be shown for other distributions for
N. Thus from the estimates of the values of the parameters of the probability
distribution of the number of claims per mile travelled, we can derive esti-
mates of the values of the parameters of the probability distribution of the
number of accidents per mile travelled, given that the value of p is known, or
can be estimated. '

The probability distributions of Z can be expressed as a function of the

distribution function of Y as follows

0
(2.5) H(z, u) = { F(zta)
1

The distribution function of

(2.6) G (u; 1)

< u | K=k] Pr[K =k]

cee + 2, < u] Pr[K = n]
=0

The last equality sign follows from the result that, if the sequence Yis o

is a sequence of N independent random variables, the sequence Zl’ coey ZK

Y
n* .
(u; p) as the n-

is a sequence of K independent random variables. Defining H

%
fold convolution of H(u; u) and HO (u; u) as the atomic distributionm, concen=

trated at the origin, (2.6) can be written as




(2.7) G (u; n) = ; HY (u; ) PrlK = k]
' k=0
It is clear that, if we take as particular interval for u the interval
[0, »), (2.7) becomes (2.1).

The moments of U can be expressed in moments of K and Z, and therefore
(with the help of (2.3) and (2.4)) in moments of N and Z. They cannot be ex-
pressed in moments of Y and N, because the distribution of Z is truncated.

The estimation of the values of the parameters of the distributions of K

and Z is straight on. The unknown parameters of the distribution of Z are the
- parameters of the distribution of Y. These parameters can be estimated on the
basis of the conditional distribution of Y, given Y e u, with the help of a
proper computer program. We can estimate the value(s) of the parameter(s) of
the distribution of N on the basis of the estimate(s) of the value(s) of the
parameter(s) of the distribution of K and the estimate of the values of

p = Pr[Y > a]. Thus we conclude that it is possible to estimate the values of
the parameters of the model for the costs of accidents on the basis of claim

data.

2.2 Probability models for the number of accidents

In the extensive literature on accident statistics we mostly find the

numbe; of accidents in which an individual motorist was involved during a time
interval of length t > 0. We can then assume that the number of accidents is
Poisson distributed. For reviews of probability models for the number of acci-
dents used in insurance and road accident studies, we refer to Kupper (1960),
Seal (1969), pp. 13 — 19 and Erlander (1971). The parameters of the distribu-
tions are not equal for all motorists, but vary under different circumstances,
different qualities of the motorist, and other risk factors which influence
the risk the motorist is exposed to.

Many authors emphasize that the number of miles driven per year is an im-
portant risk factor. Mehring (1962) shows that there is a significant associ-
ation between the number of accidents per year and the annual mileage. Jorgen—
sen (1969) considers the notion "accident density", which is the number of ac-
cidents per kilometre per year. He uses this notion,‘however, in combination

with a given road classification. Weber (1970) and Ferreira (1971) also con—




sider the importance of the annual mileage, but for lack of relevant data on
this variable, they did not incorporate it into their studies. Ferreira
(1971), p. 115 states that "territorial location and number of miles driven
are regarded as direct indications of vehicle exposure to potential hazards
and would be considered preferable to biographical factors such as age of
driver even if the statistical correlation between each of these character-
istics and drivers' accidents experience were the same". One of the groups of
factors which the characteristics are generally grouped into, is ‘the group of
"exposure-related factors related to where, when and how often a vehicle is
driven" (Ferreira (1971, p. 115)). White (1976) concludes that 'several
measures of expoéure (...) have been proposed and succesfully used in specific
situations. However, the most common measure and the one used herein is driv-
ing distance expressed in vehicle miles of travel." Foldvary (1975, 1976,

1977, 1978 and 1979) studies road accident per miles travelled "to produce and

analyse accident involvement rates relative to exposure expressed in miles

travelled for a large selection of driver-vehicle variables and their combi-
nation" (Foldvary (1975, p. 191)). Dutt, Reinfurt and Stutts (1977) also con-
sider accidents per (million) miles, instead of accidents per year. Van der

Laan (1979) shows the importance of the number of miles driven per year on the

basis of Dutch statistical data.

To incorporate the relation between the number of accidents and the an-
qual mileage, we can include this factor as an explanatory variable for the
Poisson parameter A, as suggested by Weber (1970). In our opinivi. it is more
satisfactory to consider the number of accidents as a linear function of the

distance covered rather then as a linear function of the time Beriod, as

already proposed by Van der Laan (1971).
We, therefore, make the following assumptions concerning an individual

motorist:

(1) The number of accidents in non-overlapping distance intervals are stoch-
astically independent.
The probability of a certain number of accidents in a given small dis—
tance interval is dependent only on the length of that interval and is
independent of the place on the distance axis. The probability of one

accident in each small distance interval of length h equals

p(l; h) = Pr[N = 1] = xh + o(h)




where A is a positive constant, The term o(h) denotes a quantity which is

o(h)
of smaller order of magnitude than h, i.e., lim — = 0.
h+0 h
The probability of two or more accidents in an interval of length h

equals

p(n; h) = o(h)
n=2

These assumptions are the regular Poisson postulates. Given these assump-
tions it 1is easy to derive that the number of accidents an individual motorist
has during the driving of some distance interval is Poisson—-distributed.3

We can ask whether these assumptions are valid in practical situations.
In the literature about accident analysis several authors consider the three
problems associated with these assumptions. For example, Beard et al. (1977)
discuss the assumptions given above in Section 2.3 (pp. 8 = 10) and in Chapter
10 (pp. 110 - 131).

Assumption 1 does not lead to many problems in car insurance. They can
"often be met by defining (...) a risk unit as a combination of all those

risks lying near to each other, between which contamination is possible"

(Beard et al. (1979, p. 10)). Assumption 3 does not give problems either. "Two
motor vghicles may collide giving rise to a double event. (...) This diffi-
culty can, however, be circumvented by a suitable choice of definition, for
example by regarding the case of collisions between two cars as a single
claim" (Beard et al. (1979), p. 10).

The problems with respect to assumption 2 are much more difficult to deal
with, since it can be expected that the parameter A is a function of several
characteristics, e.g.

a. The driving of some distance interval by a particular motorist may lead to
a higher probability of having one or more accidents than driving another dis—
tance interval of the same length, due to environmental factors such as the
conditions of the road surface, the type of classification of parts of the

road (road crossings, silent country-side roads, etc.), the amount of traffic,

3 For a derivation of the Poisson model, see, e.g., Cramér (1954, pp. 104 -
106), Feller (1968, pp. 446 - 448), Hogg and Craig (1978, pp. 99 - 100), or
Beard, PentikaInen and Pesonen (1979, Appendix A).




and so on.
b. The probability of a particular motorist having one or more accidents while

driving a particular distance interval is subject to change, due to several
risk factors. For example, the time of the day or the time of the yeaf‘this
distance interval 1is covered. It makes a great difference whether some dis-
tance interval is covered during a rush hour or during a quiet hour of the
day, during the day or during the night, during working-days or during hol-
idays. The weather conditions also influence the probability of having one or
more accidents while driving a particular distance interval (for example, a
dry road or icy patches on the road). Personal factors about the driver at the
time he is driving, such as health and traffic mentality, influence the prob-—
ability of having one or more accidents. We can also expect that the state of
the car will influence the probability of having one or more accidents. Other
examples of risk factors of these type can be given. Arbous and Kerrich (1951)
list as the more important of the psycho-physiological qualities of individ-
uals (pp. 344 - 345): health, age and experience, alcohol, and fatigue. They
arrive at a list of just these four on the basis of the results of prior
studies of, among others, Newbold (1926), Farmer and Chambers (1933), and
Vernon (1936). Mehring (1962) considers a number of possible risk factors. He
distinguishes four groups of risk factors: risk factors related to the car, to
the area, to the driving intensity and to the driver. He discusses the
influence of impersonal risk factors such as the state of the road, of objec-
tive risk factors related to the driver such as sex, age, civil status, dur-
ation of the possession of the driving licence and occupation, as well as of
subjective risk factors related to the driver such as intelligence, character,
natural ability, health conditions and traffic mentality.

c. We doubt whether the probability of a certain number of accidents in a
given interval is independent of the place on the distance axis. This prob—
ability will depend on the driver's driving experience, and therefore on the
length of the distance he has covered since he began driving.

d. Besides the problems mentioned above, we run into an estimation prqblem.
Assuming A 1s a constant for an individual motorist, we have to consider the
problem that the value of A can vary from the one individual motorist to

another, due to factors the motorist is exposed to.

With respect to these problems the following discussion may be of rel-

evance.




Firstly, the distance axis may be divided into intervals with equal value
of the parameter A. Then the Poisson distribution holds for each interval. Be-
cause the sum of a number of Poisson variables is again Poisson distributed,
© 'we can ﬁse the Poisson distribution for the whole distance covered.

'Therefore, let some individual motorist drive some given distance within

some given time period. Assume

(i) V'that the network of the roads, where the motorist covérs the given dis-
1tance, can be classified into a number of parts (or sets of parts) of
the network of roads, where for each part the roads, the traffic den-
'sity, etc. are comparable, in such a way that the three basic assump-
tions are satisfied;
that the time period can be divided into a number of s time intervals

 (or sets of intervals), in such a way, that in time intervals with equal

.length the probability distribution of the number of accidents is the

same, and that the numbers of accidents in non-overlapping time periods
are stochastically independent;

(iii) that during the driving of the k distance units the motorist's health
conditions, the weather conditions and the state of the car doés not
change.

We define the interval Gij as the length of a distahce interval which is
~covered driving at the part of the network of roads i1 (i = 1, «e., r), during
a time interval j (j = 1, ..., s). Further we define, for each interval, xij
as the average number of accidents in a distance unit of length 1. Then, ac-
cording to the basic assumptions, the number of accidents, Nij
an individual motorist while driving the distance interval Sij’ is Poisson

distributed with parameter equal to Gijkij' The distribution of the number of

, which occur to

accidents N, occurring to an individual motorist who drives a distance with a

length‘equal to the sum of the lengths of rs intervals, is given by

()" X

;) T s r s
A= 3 z L A, .6,. and &§= I L 6,

. ij
1=1 j=1 313 1=1 j=1 I

Secondly, assuming Ai. is not a constant, but varies owing to changes in




the weather condition, the driver's health, etc., we can consider the differ-
ent values of Aij as the outcomes of a random variable Aij which follows some

probability law, as is proposed by many authors, such as Greenwood and Yule

(1920). If, for example Aij is chosen to be gamma distributed, the resulting

unconditional probability distribution of the number of accidents is negative
binomial. The choice of the gamma distribution as the prior distribution is
obvious, because this distribution is the natural conjugate of the Poisson
distribution. Kupper (1960) remarks: '"Die Einfachheit der entstehenden Waar-
scheinlichkeitsverteilung rechtfertigt diese Wahl" (p. 457). Kupper suggests
other prior distributions, such as the beta and the truncated normal distri-
bution. We think that the beta distribution is not a proper distribution for
Ai" because its values are, in principle, unbounded from above. Instead of
the beta distribution, we introduce the lognormal distribution as a prior dis-
tribution for Aij' _

A disadvantage of this solution is that it may be sometimes difficult to
obtain a proper prior distribution for xij. Moreover, this additional assump-
tion may result in unmanageable formulae, if we do not put restrictions on the
values of the paramaters of the distribution of the random variable Aij’ as

will be shbwn below.

The density function of Aij is given by

Gij
. ~1 -B.. .
B N ¥ v S0
i ij =
I‘(aij) 7

FOg5 ap Byy)

The unconditional density function of Nij’ given that the conditional distri-

bution is Poisson, is given by

T'(n,, + a,.) B, . @
g(n,.; a,., B..) = = =L 1] )
137 7137 13 n,.! I'(a,.) B..+ §

i %3 P13 7 %13

(where n;. = 0, 1, 2, ...). Thus for each combination of some part of the net-—

work of iiads i and some time interval j, the number of accidents_Nij is nega-
tive binomial distributed.
The distribution of N =% I Nij’ the number of accidents driving
§ =11 Gij distance units, however, is only negative binomial distributed,
if Gij/sij is some constant for each i and j, implying that there wquld be a




functional relationship between Gij and Bij' Therefore, one has to choose be-
tween a solution where the resulting distribution is manageable, but where a
more or less unrealistic assumption is made, and a solution where the result-
ing distribution is mathematically difficult to manage.

Thirdly, the difficulty in estimating the probability distribution of an
individual motorist from a heterogeneous population of motorists can be met in
different ways. 1) We can try to construct homogeneous groups of motorists,
and fit Poisson distributions for each group. Problems may arise with respect
to the construction of such homogeneous groups of motorists: the sample may be
too small, or there may be insufficient information about discriminating fac-
tors. 2) We can consider A as a function of a set of (explanatory) variables,
and try to estimate A on the basis of the values of these variables. 3) We can

consider the different values of A as outcomes of a random variable A, which

follows some probability law.

Fourthly, if we want to predict future number of accidents, we meet the
difficulty that we are in principle completely ignorant of the kind of dis-
tance intervals the motorist will drive, the points of time in which these
distance intervals will be covered, the future weather conditions and the fu-
ture driver's conditions, and so on. Moreover, we are ignorant of the prob-
ability distribution of A.

The final answer to the problems mentioned above can only be given by em-—
pirical investigations, with samples of sufficiently large size. As Cramér
(1955) points out: "There can be no doubt that (...) assumptions (...) do in-
volve some idealization of observed facts. Nevertheless, it is believed that
they are sufficiently realistic to serve as a first approximation that may be
practically useful in many cases" (p. 20). We assume, therefore, as a first
approximation, the three basic assumptions to be fullfilled. Moreover, we fit
three compound Poisson distributions, where the Poisson parameter is, sub-

sequently, gamma, truncated normally and lognormally distributed.

2.3 Probability models for the amount of damage

There 1s a lot of literature about models for the number of accidents,
but no extensive literature on probability models for the amount of damage of

accidents. There is no theoretical derivation of a distribution for the amount




of damage. Beard et al. (1977) state that '"the existence of the distribution
function S(z) [of the size of the claims, and therefore of the amount of the
damage (added by the authors)] is an axiom in the theory of risk" (p. 18). An
extensive review of distributions, which can be considered as distributions
for the amount of damage of accidents, is given by Kupper (1962). However, he
does not give empirical evidence for the applicability of these distributions.
Kupper mentions the following distributions: thé gamma distribution (already
suggested by Bithlmann (1958)), the lognormal distribution (already suggested
by Henry (1938), Latsche (1956) and Biihlmann (1958)), the exponential distri-
bution (already suggested by Cramér (1955, pp. 40 = 43), Hofmann (1955),
Amneter (1957) and Segerdahl (1957)), the Pearson type V and type VI distri-
butions, the one-parameter and two-parameter Pareto distributions (also
suggested by Depoid (1961)), and the Weibull and the truncated normal distri-
butions. Weber (1970) suggests a mixture of two exponential distributions, and
a compound exponential distribution. Beard et al. (1979, pp. 36 - 37), mention
the exponential, the Pareto, the lognormal, and the Pearson type IV distri-
bution. ‘

Biihlmann and Hartman (1956) found that a truncated lognormal distribution
fitted very well to data of industrial accidents. Leimkuhler (1963) concludes
with a lognormal probability distribution for the amount of damage of acci-
dents on the basis of a sample of 200 accidents involving tractor—semi-—
trailers. Weber (1970) found that a mixture of two exponential probability
distributions provided a close fit to his sample of claim sizes. Yan der Laan:
and Boermans (1970) found that the lognormal probability distribution agrees
very well with a sample of claim sizes of about 1000 accidents reported, in
contrary with the Pareto and the exponential distribution. We must keep in
mind that these four studies have been based on samples which are probably not
drawn from a homogeneous population. Newhouse et al. (1980) suggest the Box-—
Cox family of distributions. They fit that family of distributions with suc-
cess to a set of data involving medical expenses. Hogg and Klugman (1983)

state that "size—of-loss distributions in casualty insurance have mainly ap-

proximate Pareto, generalized Pareto, Burr and log-t distributions"A. They fit

these probability models to two data sets, one involving hurricane losses and

one involving malpractice claims.
The estimation of the parameters of stated probability distributions will

4 ct. Hogg and Klugman (1983, p. 91).




give rise to similar problems to those met when we discussed the estimation of
the parameter(s) of the probability distributions of the number of accidents.
The parameters of’the'probability distribution of the amount of damage will
vary in principle from the one motorist to another. We must, therefore, try to
construct groups of motorists which are homogeneous with respect to the amount

of damage.

As there are no theoretical considerations which lead to a probability

model for the amount of damage, we shall let our choice depend on empirical
considerations. Five theoretical distributions are considered: the lognormal
distribution, the gamma distribution, the sum of two exponential distri-
butions, a compound exponential distribution (where the parameter of the ex-
ponential distribution is assumed to be gamma distributed), and the normal
distribution, after the observations are transformed by the Box—Cox transform-
ation. This transformation reads as follows. Let Y be some continuous random
variable. Then Box and Cox (1964) state that for some distributions of Y,

R there 1s a value of A, such that the random variable

for A # 0

log Y for A =0

is normally distributed.

3. An application of the model to Dutch car insurance data

3.1 The data

We have available insurance and claim data concerning 11981 passenger car
insurances with respect to the years 1971 and 1972, which we obtained from the
insurance company mentioned in footnote l. This company could not provide data
on the number of miles the insureds drive per year. They could only give in-
formation regarding the insured's statement if he drives more or less than
20000 kilometres (is 12427.5 miles) per year. The data, therefore, had to be

supplemented with data on the number of miles the insureds drive per year.




These data were provided by the Netherlands Central Bureau of Statistics from
an investigation on the possession and the use of passenger cars in the Neth-

erlands. How both sets of data were combined is described by Van der Laan and

Louter (1985). They also give a detailed description of the data used in the

present paper.
Concerning each insured we have information about variables relating to

the insured, such as his age and the degree of urbanization of his residence;
relating to the car, such as its list price, its age, its maximum speed and
its weight; and relating to the insurance conditions, such as the type of in-
surance, the (maximum) casco sum insured, the additional excess casco (if pre-
sent), the area of coverage (home, or home and abroad), and the number of
claim—free years.

In the case of some lnsureds, changes have occurred in the values of some
of these variables, during the timé of observation. When a change took place,
we have information about the type of change, as well as about the month in
which the change occurred.

With respect to each (reported) accident we have information about the
month in which the accident occurred, the amount of indemnity paid for third-
party damage as well as for casco damage, and information whether the accident

was a particular one.

The information available does not entirely answer the purpose for which
it is used in the present paper. For example, we cannot investigate whether
female drivers show an accident behaviour which is different from that of male
drivers, because we lack information about the sex of the insured. Further, we
would like to have available information about the total number of accidents.
The given information concerns information about the number of reported acci-
dents, i.e., for which indemnification has been paid. We lack information
about an unknown number of unreported accidents. Finally, the information
about the annual mileage is rather inaccurate. The data provided by the Neth-
erlands Central Bureau of Statistics are based on estimates from the inquired
vehicle owners. White (1976) concludes that vehicle "owners tend to overesti-
mate VMT (vehicle miles of travel) on low usage vehicles and underestimate the
annual mileage on high usage vehicles. As a result, the use of owner estimates
of annual VMT will invalidate accident involvement rate comparisons aﬁong
those vehicle groups which differ with regard to annual usage.'" However, he

also points out that "individual estimates may be combined to form a very re-




1iable estimate of the mean annual VMT." Unfortunately, more reliable infor-
mation on annual mileage of Dutch vehicle owners is not available, so we must
make the best of what we have.

» Van der Laan and Louter (1985) explore which of the variables, about
which information is available, make a significant contribution to the "expla—-
nation" of the number of claims per mile travelled, and of the amount of dam-
age. It appears that the most important risk factors for the number of claims
are the number of claim-free years, in particular, and the insured's age and
the degree of urbanization, to a less extent. There appears to be a weak as-—
sociation between the claim size and factors such as the price of the car, the
area of coverage of the insurance and the degree of urbanization. On the basis
of their results we conclude to a number of more or less homogeneous groups of
insureds. For a selection from these groups we fit probability distributions

to the number of claims per mile travelled and to the amount of damage.

3.2 Fitting distributions to the data

In this subsection we give, for both categories of insurances, the result
of the process of fitting of four probability distributioms to the number of
claims per mile travelled, and of five probability distributions to the size

of claim.

It is a matter of course that there are big differences between the num—

ber of miles the insureds drove per year. The average number of miles of all

insureds considered is about 10500 miles and the standard deviation is about
4500 miles. We consider; subsequently, the number of claims of those, more or
less, homogeneous groups of insureds, who drove at least m miles during the
period considered, in their first m miles, where m equals 5000, 10000 and
15000, respectively.

.- The parameters of the distributions are estimated on the basis of the
maximum likelihood estimation procedure. The goodness of fit is compared by
means of the chi-square test statistic, Xz, although it is known that when
" this test statistic is based on maximum likelihood estimators, it is not

xz—distributed (cf. Chernoff and Lehmann (1954)).
We remark that the variance of the negative binomial distribution, as
well as the variance of the Poisson lognormal distribution, always exceeds‘the

corresponding mathematical expectation. In the cases that the sample mean ex—




ceeds the sample variance, the fit of this distributions tends to an uncon-
ditional Poisson distribution. The Poisson truncated normal and the Poisson
lognormal distribution show similar results. In such cases we will not fit the
three compound Poisson distributions. This implies that we do not have an.
alternative for the Poisson distribution in these cases. v

Because of the low average number of claims per m miles, on the one hand,
and the division of the sample of insureds in more or less homogeneous groups,
on the other hand, the number of insureds having two or more claims per m
miles is relatively small. Therefore, it is sometimes impossible to test the
goodness of fit with the help of the chi-square test, because the number of
degrees of freedom is sometimes less than one.

Table 1 shows the results of the fits. Group 1 is the group of third-
party insureds, group 2 that of all-risk insureds. The results of both groups
are of interest for the model of the costs of claims. The results of group 2
can also be used to estimate the values of the parameters of the model for the
costs of accidents. It appears that the Poisson distribution fits sometimes
rather well and sometimes very good in all cases of third-party claims, and
also in the cases of all-risk claims for insureds having 0 or 1 claim free
year. The compound Poisson distributions are not applied in six of the twelve
cases, where the sample mean exceeds the sample variance. The fit of the nega-
tive binomial distribution is good in the other six cases, although it must be
remarked that there are relatively few classes with over one observation. The
results of the fits of the other two compound Poisson distributions indicate
that they are comparable with or inferior to the fit of the negative binomial
distribution. Moreover, we point out that these fits take much computer time.

Next, we consider the five distribution of the claim size. The parameteré

of the distributions are estimated with the method of maximum likelihood, and

the goodness of fit is tested by means of the chi-square test statistic, XZ.

We compute for each fit the P-value related to a value obtained by the value
of X2 ‘
the number of classes and r is the number of unknown parameters. Chernoff and
Lehmann (1954) proved that the real value of the P-value is higher than the
one based on the Xz(k—r-l) distribution, but lower than the one based on

the xz(k-l) distribution. Hence, we must take into account that the real P-

, as 1if it is xz—distributed with k-r-1 degrees of freedom, where k is

values exceed the computed values.,
The third-party claim sizes are, in general, equal to the amounts of

third-party damage associated with the accidents. Therefore, we can fit uncon-—




ditional distributions to the third-party claim size. With respect to the all-
risk insureds, we restrict the analysis of the claim size to insureds, who
have the minimal excess of Dfl. 100 or Dfl. 150. We fit conditional distri-
butions to the all-risk claim size. Firstly, we take as point of truncation
Dfl. 150, secondly, we take Dfl. 500. The reason for this higher point of
trunéation is, that we expect that claims with low sizes are underrepresented
in the sample. For, it can be profitable for an insured .not to claim a low
amount of damage, so that he does not lose his no-claim discouht. Moreover,
claims for casco damage of accidents caused by drivers of 23 years old or

' younger are underrepresented, because these drivers had an additional excess
of Dfl. 150 for each claim.

Table 2 gives the approximating P-values for a selection of groups of in-
sureds. From these results it is clear that the lognormal distribution and the
Box-Cox family fit very well to the set of third-party claim data. For all-
risk claim sizes, and point of truncation Dfl. 150, only the Box—Cox family
shows a good fit. To get acceptible fits of the other distributions it is
clear_that we must not truncate the distribution at a point close to the

amount of the excess. Moreover, we see that the gamma distributions gives good

fits only in the case of all-risk claims with a high point of truncation.

Figure 1 gives a picture of the goodness of the fit of the conditional
logno;mal distribution and the conditional Box-Cox family in the case of all-
risk claims of all all-risk insureds with point of truncation equal to Dfl.
500. Although the P-values corresponding to these fits are rather high, the
histogram of the empirical distribution suggest that the set of data is not
homogeneous.

It is known that the maximum likelihood estimation method does not prod-
uce the highest values of the chi-square test statistic. The highest values
are obtained if we apply the minimum chi-square estimation method. However,
this method leads to computation problems if we base the statistic on equi-
probable classes, for, then the statistic is not a continuous function of the
parameters. We can approximate the optimum estimates of the parameters by
means of a trial and error procedure. This is done in the case of the set of
all third-party claims, for the lognormal distribution and the Box-Cox fahily.
‘The approximating value of the P-values are 0.1919 and 0 3097, respectively.
These values are much higher than those we obtained by applying the maximum
likelihood method, where the corresponding values are 0.0056 and 0.0405. The

result of all four fits are pictured in Figure 2, where the number 1 denotes




Table 1 Frequency distributions of the number of claims per m miles

number of observed Poisson Poisson Poisson Poisson
claims frequency gamma truncated lognormal
normal '

Group l: third-party claims, all insureds, m = 5000 miles, 7276 insureds

6965 6961.0 6965.3 6965.4 6965.5
301 308.1 299.8 299.6 299.5

2 6.9 10.9 11.0 11.0

1.54 0.08 .10 .11

third-party claims, all insureds, m = 10000 miles, 1449 insureds

1332 1331.1 1331.8 1331.9 1331.8
111 113.0 111.5 111.4 111.6
6 4.9 5.6 5.7 "~ 5.6

0.27 0.03 0.02 ' 0.04

third-party claims, all insureds, m = 15000 miles, 725 insureds

660 657 4 659.8 ‘ 659.7 659.5
59 6444 59.8 60.0 60.4
6 3.3 5.4 5.3 5.1

2.77 0.09 0.11 0.20

third-party claims, insureds with O or 1 claim free year,
m = 5000 miles, 1523 insureds

1319 1326.0
197 183.7
7 12.7
0 0.6

4.18

third-party claims, insureds with 0 or 1 claim free year,
m = 10000 miles, 205 insureds
147 *
52
6
0




Tabie 1 Continued

number of observed
claims frequency

Poisson

Poisson

gamma

Poisson
truncated
normal

Poisson
lognormal

Group l: third-party claims, insureds with 0 or 1 claim free year,
m = 15000 miles, 97 insureds

67
24

> 6

%2

Group 2: all-risk claims, all insureds, m = 5000 miles, 3061 insureds

2888
161

12

0

Group 2: all-risk claims, all insureds, m = 10000 miles, 1879 insureds

1689
160
27

3

Group 2: all-risk claims, all insureds, m = 15000 miles, 647 insureds

560
73
12

2

Group 2: all-risk claims, insureds with O or 1 claim free year,
m = 5000 miles, 777 insureds

625
140
12
0

6
2

6.
4,
5.

0.14

2881.5
174.2

5.4

9.19

1668.7
198.0

12.2

33.37

551.8
87.8

7.4

8.57

629.2
132.8
14.0
1.0

1.75

2887.8
162.2
10.3
0.7

1.02

1688.5
163.2
23.0
4.3

1.14

559.8
73.9
11.2

2.1

0.08

*

)

2886.3
164.9
9.’3
0.5

1.44

1677.2
180.4
19.2
2.2

5.86

557.7

77.2°

10.6
1.6

0.51

*

)

2887.2
163.4
9‘5
0.8

1.49

1686.9 -
166.7
20.6
4.7

2.88




Table 1 Continued

number of observed Poisson Poisson Poisson Poisson
claims frequency gamma truncated lognormal
normal

Group 2: all-risk claims, insureds with 0 or 1 claim free year,
m = 10000 miles, 368 insureds

249 251.6

101 95.7

15 18.2

> 3 2.5

X 0.96

Group 2: all-risk claims, insureds with O or 1 claim free year,
m = 15000 miles, 145 insureds

87
50
6
2

x2

*
) The sample mean exceeds the sample variance in this case.
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Table 2 P=values of the fits of five distributions to the claim size

lognormal - gamma. . mixed compound Box-Cox
' ' exponential exponential family

Group l: third-party claims

car insurances with car price < Dfl. 10000

inland coverage only 0.3666 0.0006 0.0006 0.0062 - 0.2269
inland and abroad coverage .- 0.1056 0.0000 ~ 0.0000 0.0000 0.7652
total 0.0478 0.0000 0.0000 0.0000 - 0.0589

car insurances with car price > Dfl. 10000

inland coverage only 0.4073 0.1511 0.2346 0.1718 . 0.2346
inland and abroad coverage 0.0703 0.0000 0.0022 0.0492 0.2500
total 0.4064 0.0001 0.0292 0.0432 0.5967

all third-party car insurances '
inland coverage only 0.7202 0.0001 0.0001 0.0008 0.2906

inland and abroad coverage 0.1379 0.0000 0.0000 0.0000 0.3227
total 0.0056 0.0000 0.0000 0.0000 0.0405

Group 2: all-risk claims, point of truncation: Dfl. 150

insureds living in
- villages and small towns 0.3662 0.0000 0.2613 0.0140 0.6449

- medium sized and big towns 0.0216 0.0005. 0.0203 0.1695 0.5371
total ‘ 0.0201 0.0000 0.0060 0.0013 0.0373

Group 2: all-risk claims, point of truncation: Dfl. 500

insureds living in

- villages and small towns 0.6245 0.2210 0.1102 0.4101 0.4574
-~ medium sized and big towns 0.2963 0.2505 0.2535 0.4747 0.3257
total 0.0831 , 0.0056 0.0333 . 0.0801 0.1896




FIGURE 2
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the application of the minimum chi-square method, and the number 2 that of the
maximum likelihood method. The picture shows clearly that the Box—Cox family 1

gives the best fit.

4, Conclusions

In this paper we derived a statistical model for the costs of claims of
insureds, deduced from a model for the costs of passenger car traffic acci-
dents. We showed that, given some assumptions, it is possible to estimate the
parameters of the distributions of the number of accidents and of the amount
of damage on the basis of claim data of insureds.

The application 6f the model was hampered by the fact that we had only
available a limited set of data relating to 1 or 2 years. The number of in-
sureds with 2 claims or more appeared to be, relatively, small. Therefore, we
could not expect satisfactory results when we fit distributions to the number
of claims. Nevertheless, the results obtained indicate that the Poisson dis-

tribution fits very well to the number of accidents occurred to an individual




motorist diving some distance interval. The value of the Poisson parameter can
be estimated more accurate from insurance and claim data, when we consider it
as a function of a set of characteristics relating to the insured, his car,
and the type of insurance, in spite of the no-claim rule.

'We cannot derive, on theoretical grounds, a distribution for the amount
of démage; however, two distributions show a very good fit to our set of claim
data: the lognormal distribution and the Box-Cox family. The estimation of the
parameter A of the Box-~Cox family 1s hampered by the fact that its maximum

likelihood estimator cannot be determined analytically.
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